§8.3 (TRIG SUBSTITUTION)
§8.5 (PARTIAL FRACTIONS) NAME: SOLUTIONS
12 July 2018

Evaluate the integral using any technique we have learned so far.

) Jw%zd*

SOLUTION: Let x = tan(0). Then dx = sec?(0) do, and

1 sec? 9 sec? 0
——dx=|———d0=| ——=d0 = |d0 =0+ C = arct C.
J T+x2 & J 1+tan? 0 J sec? 0 J * arctan(x) +

2 Jln(x) dx

SOLUTION: Integration by parts, with u = In(x) and dv = dx.

3) J Vax? —1dx

SOLUTION: Trig substitution, with x = % sec 0.

X
@) J\/12—6x—x2 d

SOLUTION: Complete the square under the radical, 12 — 6x — x2 =21 — (x + 3)%, and then substitute
u=x+3.

5) Jsins(x) cos> (x) dx

SOLUTION: Rewrite sin®(x) = (1 — cos?(x)) sin(x), and let u = cos(x).



(6) Jx sec? (x) dx

SOLUTION: Use integration by parts, with u = x and dv = sec?(x) dx.

1
@) J Ncaerke

SOLUTION: FEither substitute u = 3x and use the formula for the derivative of sin~ ' (u), or substitute
X = 3sin0.

(8) szx/x—i—] dx

SOLUTION: Make the substitution u = x + 1. Then du = dx and x* = (u—1)%? = u? —2u+ 1.

1
9 | ———3 dx
® J (x+1)(x+2)3
SOLUTION: Use partial fractions to decompose

1 A N B N C N D
(x+1)(x+2)3 x+1 x+2 (x+2)2  (x+2)3

1
(10) J it &

SOLUTION: Substitute u = x + 12.



1
11 J dx
(1 VX249
SOLUTION: Let x = 3sec. Then dx = 3secOtan6 do, and xZ —9 = 9sec?0 —9 = 9(sec? 0 — 1) =
9tan? 0, so we have

1 2 _
J dx:l[gsecetanedezjsecede:1r1|sec6—|—tan6\+C: In f_,_ X =9 +C
xZ+9 3tan0 3 3
(12) [x/r2=50x
SOLUTION: Substitute u = x? — 5, so then
Jxmdxz‘[%ﬁdu:%u3/2+cz %(X2_5)3/2+C

3x+5
1 _oxTY
(13) sz—4x—5dX

SOLUTION: Factor the denominator as x> —4x —5 = (x + 1)(x — 5). So we're trying to do partial

fractions with
3x+5 3x+5 A n B
x2—4x—5 (x=5)(x+1) x—-5 x—1

Clearing denominators, we have
3x+5=A(x+1)+B(x—5).

Setx =5toget A = 13—0. Setx =—1togetB = —%. Then we have

3x+5 % n —%
-5 x+1

x2—4x—5 x

Therefore,

3x+5 100 1 101 10 1
=0 N e Ok = L1+l
Jx2—4x—5dx 3 J(X—S) dx 3Jx+1 dx =] 3 Inp =5/ = 3Ink+1]+C




(14) J e?* cos(x) dx

SOLUTION: Use integration by parts with u = e?* and dv = cos(x) dx. Then
J e?* cos(x) dx = e** sin(x) — JZeZX sin(x) dx.
Do integration by parts again, this time with u = e?* and dv = sin(x) dx. So we have
J e?* cosx dx = e?* sin(x) — J'Zezx sin(x) dx
= e?sin(x) —2 (—ez" cos(x) — J(— cos(x))2e?* dx)
= e**sin(x) + 2e?* cos(x) — 4 J e?* cos(x) dx
Now add 4 | e2* cos(x) dx to both sides, so we have
5 J e?* cos(x) dx = e sin(x) + 2e%* cos(x) + C

Divide both sides by 5 to get the answer,

1 2
gez" sin(x) + gez" cos(x) + C

(15) Jcos2 0 sin” 6 do
SOLUTION: First use the identity cos? @ = 1 —sin? 0 to write
Jcosz 0sin’0do = Ju —sin? 0)sin®0d6 = Jsinz 0do — Jsin“ 0 do.
Using the reduction formula for sin™(x),

Jcosz 0sin’0do =

sin? 0 do — (l sin> 0 cos 0 + % J'sin2 0 de)

sin> 0 cos 0 + % Jsin2 0do

Bl B —

1 1 1
. 3 o e o
sin 6c059+4 ( 251r16c059+2J' d9)

T3 1. 1
=|zsin Gcose—gsmecose+§e+c




(16) Jcos(x) sin® (x) dx

SOLUTION: Substitute u = sinx, du = cos(x) dx.

6 . 6
Jcos(x) sin®(x) dx = Ju5 du = % LC— 31“6(") Lc

1
17) Jix(x—nz dx

SOLUTION: Use partial fractions to write

1 A B C
x(x—1)2  x x—1 (x—1)2"

Clearing denominators gives
1=A(x—1)2+Bx(x—1)+Cx.

Setting x = 0 gives A = 1; setting x = 1 gives C = 1 and setting x = 2 gives B = —1. The result is

I
x(x—12 x x—1 (x—1)2

Now we can integrate.

1 1 1 1 1
— —_ —_ = 1 _1 _1 - .
Jix(x—l)zdx dex Jx—]dX+J(x—1)2dX nlx|—In|x—1| x—1+C

(18) Jcos2 (4x) dx

SOLUTION: Use the substitution u = 4x and du = 4 dx. Then
1
Jcosz(4x) dx = 7 Jcosz(u) du

1/1 1 .
=7 (2u+ 7 sin(u) cos(u)) +C

1 1
= EX + 3 sin(4x) cos(4x) + C




3
19) | —————
( )J(x+1)(x2+x)
SOLUTION: Do partial fractions

dx

3 B 3 A B C
I 02 A D) X x T 12

Clearing denominators gives 3 = A(x + 1) + Bx(x + 1) + Cx, and setting x = 0 give A = 3; setting
x = —1 give C = —3. Now plugin A =3 and C = —3 to get

3=3(x+1)%+Bx(x+1)—3x

Then set x =1 to get B = —3. Therefore,

3 1 1 1
J(X—H)(xz—i—x) d"_3J§d"_3Jx+1 d"_g’J IS

= 3ln\x|—3ln|x+1|+i+C
x+1

(20) J(lner 1)1/ (xInx)2 +1dx

SOLUTION: Letu = xInx. Then du = (1 +1Inx) dx, and
J(lnx+ 1)1/ (xInx)2 +1dx = J VuZ +1du.
Then substitute u = tan 0. Then du = sec? 0 d® and u? + 1 = tan? 0 + 1 = sec? 0. Therefore,

1 1
J\/uz—i-] du:Jsecgedez EsecGtanO—FEln\secG—HanGl—i—C.

Substitute back tan 6 = u and sec® = vVu? + 1, so
1 1
J\/u2+1du:§u u2+1+iln\u+\/uz+1|+c.

Finally substitute back u = xInx.

1 / 1 /
— 2 _ 2
ZXII’IX (XIHX) +1—|—21r1 xInx + (xlnx) +1 ‘

Fun fact: Mathematica wouldn’t do this integral for me, but I could do it by hand!




