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IMPROPER INTEGRALS

The improper integral of f over [a, 0o) is defined as

0o R
J f(x) dx = lim J f(x) dx.
a R—o0 Jq
We say that the improper integral convergesif  the limit exists ,and divergesif  the limit does not exist

If f(x) is continuous on [a, b) with an infinite discontinuity at x = b, then the improper integral of f over
[a, b] is defined as:

Jb f(x)dx = lim JR f(x) dx.

a R—b~ Ja

If f(x) is continuous on [a, b] and f has an infinite discontinuity at f(x) = ¢, where a < ¢ < b, then the
improper integral of f over the interval [a, c] is defined as:

b R b
J f(x) dx = lim J f(x)dx+ lim J f(x) dx.
a R—c™ Ja R—ct JR
QUESTIONS
(o)
(1) Consider the integral J x dx.

a
(a) Compute all_{r;o J; x dx.

SOLUTION: S ia 5 5
a —
limj xdx = lim =| = lim (a_( o )zO.
a—oo |_g a—oo a a—oo \ 2 2
(o9)
(b) Isit fair to say that J x dx converges? If not, then how should we define the improper integral
00 —0o0
J x dx?
—0o0

SOLUTION: The definition of the doubly infinite improper integral is

(o)

JOO f(x) dx = Jjoo f(x) dx—i—J f(x) dx.

—00 a



(2) Which of the following integrals is improper? Explain your answer but don’t evaluate the integral.

2
dx
@ | s

SOLUTION: Improper. The function x~'/3

is not defined at 0.

*° d
®) | oz

SOLUTION: Improper. Infinite interval of integration.

(c) ro] e *dx

SOLUTION: Improper. Infinite interval of integration.

(d) ﬂ e *dx

SOLUTION: Proper. The function e™* is continuous on the bounded interval [0, 1].

s

(e) J secxdx
0

SOLUTION: Improper. The function sec x is not defined at 7t/2.

(f) J sin xdx
0

SOLUTION: Improper. Infinite interval of integration.

]
(8) J sin xdx
0

SOLUTION: Proper. The function sin xis continuous on the bounded interval [0, 1].

(h) ,[1 _dx

0 V3—x2
SOLUTION: Proper. The function 1/v3 — x2 is continuous on the bounded interval [0, 1].

(1) fo Inxdx

SOLUTION: Improper. Infinite interval of integration.

G) E Inxdx

SOLUTION: Improper. The function Inx is not defined at 0.



(3) Determine whether the improper integral converges, and if it does, evaluate it.

1
—~g d
(@) L 320779 &

SOLUTION:
o0 1 . a 1
L 320719 dx = C}E{}OL 320719 dx
a
= lim (—19x_1/19)
a—oo 1
. 19
= Jim (19 )
=19-0=[19]
1
(b) J ~dt
20t

SOLUTION: The integral doesn’t converge, because it’s a p-integral withp = 1.

>
(©) L <9720 X

SOLUTION: The function x~'9/20 is infinite at the endpoint zero, so it is improper.

5 5
P ]
x19720 4= W | (19720

0
5
= lim <2Ox1/20)
a—0 a
— lim (205‘/20—20a‘/2°)
a—0

3
1
d j dx
@ 1 vV3—x
SOLUTION: The function f(x) = —=

—X

is infinite at x = 3, so it is improper.

-

3 a 1

J dx = lim J —— dx

1 v3—x a—3J1 V3 —x
a

= lim (2\/3—x)
a—3 1
= lim 2/3—a—2V2

a—3

—2V0-2v2=|2V2]




4 ]
© Lz CESIERS

SOLUTION: The function f(x) = (x +2)~ /3 is infinite at x = —2, so it is improper.

4 1 4 1
L. IV F o
Lz xr 3 & ain_‘zL x93 &

3
= lim 2 22/3
= 1m22(x+ )

a— a
_1; 3 3/2 3/2
= (111_>n122 (6 (a+2) )
_ 3,273 13,23
T2 (6 _O) - 26




THE COMPARISON TEST

The Comparison Test: Assume that f(x) > g(x) > 0 for x > a. Then,

o0

(o0}
o If J f(x) dx converges, then J g(x) dx also converges.

a a

o

o If J g(x) dx diverges, then J f(x) dx also diverges.

a a

Most frequently, we compare integrals to the p-integrals:

1 4
e Forp > 1: L 7 dx  converges and Jo vl dx  diverges
> ¢
e Forp < 1: L oy dx  diverges and ,[o oy dx  converges
QUESTIONS
1 1
(1) What happens when p = 1? Do the p-integrals J < dx and J " dx converge or diverge?
a 0
SOLUTION:
o0
J —dx = lim In|R|—Inla] = co
a X R—o0
4
J —dx = lim (In|a] —In|R|) = o0
o X R—0
Both diverge.

o0

dx converges by comparing it with J x 2 dx.

oo
1

1
1 Vx4 41
SOLUTION: We first check that ﬁ < X]—Z: we know that x* < x* +1,s0 Vx* < Vx4 +1, or

equivalently, x* < v/x% + 1. Therefore,

(2) Show that J

1 1

>
X2 T Vx4
o0 2 o0
So we can use the comparison test: if J X~ “ dx converges, then so does J ———— dx. But the first
P 1 8 1 Vx4 41

one does because it’s a p integral with p > 1.



(3) Determine whether the following integrals converge or diverge.

1 —sinx
——d
@ L x3 +x x

1 —sinx 2 2 *°
SOLUTION: Converges: < —s foreveryx € (1,00) and | — converges, so

x3+x T x34+x T x 1 x3
by the comparison theorem our original integral converges as well.

1 eXx
X

1 L
SOLUTION: Diverges; e—z > — for every x € (0,1), and J = diverges, so by the comparison
X X 0 X

theorem our original integral diverges as well.

oo
(4) Show that 0 < e < e * for x > 1. Then use the comparison test to show that J e”‘2 dx
converges. -

SOLUTION: Note that e ** < e~ for x € (1,00) (make sure you see why this is true) and

9] R
J e Xdx = lim J e Xdx = lim —eR+e ' =l
1 R—o0 J1 R—o0

e¢]

Applying the comparison theorem we get that J e dx converges.
1

Similarly, e < eX*forx € (—oo,—1),and

—1
J eXdx =e !,
—0o0
—1 5
so applying the comparison theorem we get that J e dx converges.
—0o0
Thus,
00 0 1 —1
J e dx = J e dx + J e dx + J e dx
—00 1 —1 —00

where the two improper integrals converge, and the middle integral is just a constant (since e is

continuous on the bounded interval (—1, 1)).



