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CONVERGENCE TESTS FOR SERIES

o0
e The divergence test: If nlgi;o an # 0, then Z an diverges.

n=1

A series that looks like a, = cr™ is called geometric.

(a) If [v] > 1, then it diverges.

crk

(oe]
(b) If |r| < 1, then Z cr’t =
n=K

1—r

The integral test: Assume that a, = f(n) forn > M.

o'e) oo
(a) If J f(x) dx converges, then Z an converges.
M

n=0

o'e) o0
(b) If J f(x) dx diverges, then Z an diverges.
M

n=0

The comparison test:

o0 [e0]
(a) If ap, < by, and Z by converges, then Z an converges.

n=0 n=0

(b) If Z an diverges, then Z bn diverges.

n=0 n=0
e Limit comparison test: Let {a,} and {by } be sequences with positive terms. Let L = 1i_r)n ;—n.
n—oo n
@If L>0 ,then ) a, converges if and only if } by, converges.
b)) If L=oco and ) an converges, then ) by, converges.
(©If L=0 and ) by, converges, then ) an converges.



PROBLEMS

(1) Determine the limit of the series or show that the series diverges.

(a) é (l)n

SOLUTION: This is geometric, and converges to P]W =

YIS
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n=0

SOLUTION: limp 00 €™ = 00, so this diverges.

© Y &
n=1

OLUTION: This is the Harmonic series, which diverges.
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(d) Z nn-—1)
n=2
SOLUTION: This is a telescoping series. First perform partial fractions to see that

1 —1 1

nm—1) n n-—1

Then the sum is



ad n
(©) T; vVn? +1

. . n . . .
SOLUTION: Since T}l_rgo ey i 1 # 0, the series diverges by the Divergence Test.

oo
® >
n=0
SOLUTION: We can write

R [ORO

Since ) (9/5)™ diverges (as 9/5 > 1), the entire series must diverge.

(g) Z cos(mmn)

n=1
SOLUTION: Notice that cos(nn) = (—1)™, so this series diverges.

(h) ; cos %

SOLUTION: We have lgn = cos 0 = 1, so this series diverges by the divergence test.
n—oo



@) Z (lelt Comparison Test)

o . 2 . 2
SOLUTION: Use the limit comparison test. Let a, = ——. Since for n large, —*
nt—1 nt—

apply Limit comparison with by, = €

n2:
n? 4
. an . n4—1
lim -— = lim “5— = lim 47—17&0
n—oo by nooo L nSoomn
n2
[o.¢]
We know that E — converges because it's a p-series, so }_"_; an also converges.

(Comparison Test)
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SOLUTION: Forn > 1, we have
n
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The series ) o, (%) converges since it is geometric with v = 1/2. So the comparison test tells
us that this series converges too.

(k) Z ninn)Z (Integral Test)

SOLUTION. Integrate

Substitute u = Inx, du = % dx. Then

o0 1 ] 1
. dx = —du=——
Jz x(Inx)Z Jlnz TEA T

The integral converges, so the series converges as well.
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(2) Give a counterexample to show that each of the following statements is false.

(a) If the general term an, tends to zero, then }_ an converges.

SOLUTION: Z % diverges even through % — 0asn — oo.

(b) The Nth partial sum of the infinite series defined by {an} is equal to ay.

SOLUTION: Almost any nonzero series will work as a counterexample here. For instance, consider
the series in 2(a), below.

o0
(¢) If an, — L, then Z an = L.
n=0
SOLUTION: If ay, is a positive sequence for which } _ an converges, then we must have a,, — 0,
but } an > 0. (Again, if you are looking for a concrete example, consider the series in Problem

2(a).)

(3) Determine a reduced fraction that is equal to 0.217217217217.....

SOLUTION: The decimal can be regarded as a geometric series

217 217 217 = 217 > 1T\™ 2177103 217
. m e 4T 4= = 217 — ) =12 — =2~
0217217217 = 353 + 706 T 709 * T; 1030 T; <1o3> 1=1/105 999
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(4) Letby = 2
n

1 &« k
(a) Show thatInb, = o kZ In m

SOLUTION: Start by taking logarithms:

n

l
Inbn, = hrlﬂ =In Vnl—Inn = llnn! —Inn = ! (Inn! —mlnn).
n n n
Next, notice that
Inn! =Innn—-1)(n—-2)---(2)(1)]

n
=Inn+Inm—1)+---+In2+In1= > Ink,
k=1

and so we have

mn
bn = l(lnn' nlnn):]<Zlnk—nlnn>
n n\ 5
1 — l &, k
= (Ink—Inn) = EZIHE’
k=1 k=1

which was what we wanted.

1

(b) Show that Inb,, converges to J Inx dx. Use this to compute lim by,.
0

SOLUTION: Notice that % YroiIn % is precisely the right hand approximation to fg) Inx dx;
since In x is continuous, we will have
1 1
lnbn—>J Inxdx = (xInx —x) =-—1.
0 x=0

Hence Inb, — —1 implies by, — e 1.



