HOMEWORK 3 NAME: SOLUTIONS
Math 1910, Summer 2018 Due 24 July 2018

(1) Evaluate the following integrals, or state that they diverge.

(a) Joo e *cos(x) dx
0

SOLUTION:

First evaluate the indefinite integral using integration by parts, with u = e™,

dv = cos x dx. Then du = —e %, v = sinx, and

J e *cosxdx = e ¥sinx — J sinx (—e™*) dx = e *sinx + J e *sinxdx

Now use integration by parts again, with u = e™, dv = sin x dx. Then du =
—e *dx, v =—cos x,and

J e “cosxdx =e *sinx+ {—e" COSX — J e *cos xdx} :
Solving this equation for [ e cos xdx, we find

1
Je" cosxdx = —e *(sinx —cosx) + C.

2
Thus,
J~R o cosxdx — 16_" (sinx—COSX)|oR _ sinR—cosR  sin0—cos0 _ sinR —cos R l’
0 2 2eR 2 2eR 2
and

© . sinR—cosR 1 1 1
Jo e Xcosxdx:Rhﬂr{}o (T+§) :0—1-—:5.



(b) Jj T

9 —x2

SOLUTION:

We begin by letting x = 3sin 0, which gives dx = 3 cos 0d0. Substituting into
the integral, we obtain

r dx _J§ 3cos0d0 _JE‘ cos 0d0 _JE‘ cos0d0 _JE‘ 0T
0 V9 —x2 9—-9sin20  Jo V1—sin? Jo cosO 0 2
© | g &
4 (x=2)(x—3)
SOLUTION:
The partial fraction decomposition takes the form
1 A B
= + )
(x—2)(x—3) x—2 x-—3
Clearing denominators gives us
1=A(x—3)+B(x—2).
Setting x = 2 then yields A = —1, while setting x = 3 yields B = 1. Thus,
dx dx dx x—3
J X 2x_3) _Jx—3 _JX—Z =Inlx—3—-Injx—2/+C=1n x—Z‘ +C,
and, for R > 4,
JR dx =In X_3R—11r1 R=3 —lnl
s (x=2)x=3) " |x-=2|, |R-2 2’
Then
e 1 . R—3 1 1




1
1
@ |,

SOLUTION:
To begin, let u = x1/3. Then du = 3dTX/3- Thus we have
X

1 1 3u 3u
1/2 . /2 - . = — — d
e e e e e

Since
u u+l-—1  u+l 3 3
3 :3 = — — J— ,
u+1 u+1 u+1 u+l u+1
we have 5
J?’L :J3—— =u—3In(u+1),
U1 u+1
and thus
1
1 1/3 1/3 1 _
Lm:3x —3In(x""7+1)lp =3 —31In(2).



(2) Find a constant C such that p(x) is a probability density function on the given interval,
and compute the probability indicated.

C

CENIE on [0, 00); PO<X<<T).

(@) p(x) =

SOLUTION: Compute the indefinite integral using the substitution u =x+1,
du=dx:

1
Jp(x)dx = Jﬁdx = —ZC(X—H)*Z +K

For p to be a probability density function, we must have

°° R
1 :J p(X)dXZ—%C lim (x—l—])*z‘o = IC—lC Jim (R+1)72 = 1(:

0 R—o0 2 2 R—oo 2
sothat C =2, and p(x) = ﬁ Then using the indefinite integral above,
1
2 1 1 1 3
PO<X<1N)=| —/——==—>-2- N2 =—41="2,
(O=X<1) Jo(x+1)3 7 2 =gt =g
b Ce™ _ <
(b) p(x) = e o (—o0,00);  P(X < —4).
SOLUTION:
Compute the indefinite integral using the substitution u = e™; then du =
—e *dx, and
C —X
JP(X)dX = J 1:7(1){ = _CJ];i_—uuZ = —Ctan_1 u+K= —Ctan_1 (e_x) + K.
Using the identity
1
—1 -1 _ T
tan 'y +tan Y2

the indefinite integral can be expressed as
Jp(x)dx = Ctan ' () + K/,

where K’ = K — ZC. For p to be a probability density function, we must have

00 0 00
1:J p(x)dx:J p(x)derJ p(x)dx
—00 —0 0
. 1/ [0 : 1/ —x\ (R
- —C (Rgr_r}x)tan ! (e X)]R-l—Rh_}rgotan ! (e X)|O)
(T -1 (_-R . -1(,—R) _T
= (3 - im tan” (¢) + fim an”! (%) - )
T T
:_C(_E+O):§C



so that C = 7% and p(x) = 7t(12f—;2") Then using the definite integral above,
—4
2 2 2
< 4y — — lim Ztan! (54 = Ztan (e — 2 Lim tan—! (&R
P(X < —4) J_Oop(x)dx R_l}t_nooﬂtan (e¥)lr —tan (e ) 7TR_1)1r_noo an (e >

= %tan] (674) ~ 0.0117



(3) The distance r between the electron and the nucleus in a hydrogen atom is a random

variable with probability density p(r) = 4a,>r?e~2"/% for r > 0, where qj is the
Bohr radius, ap ~ 5.29 x 107" m.

(a) Calculate the probability P that the electron is within one Bohr radius of the

nucleus.
SOLUTION:
The probability P is the integral of p(x) from O to ay. To calculate P, use the
substitution u = ﬁ—g:
ao ap 3 2
P :J p(r)dr = %J rle 2/ %o dr = ig % J u?e tdu.
0 ap Jo ay 8 0

The constant in front simplifies to %, and the formula in the margin gives us

p— %K we tdu = % (— <u2 +2u+2) e—u) ‘i - % (2— 10e—2) ~ 0.32.

Thus, the electron is within a distance ag of the nucleus with probability 0.32.

(b) Calculate the average distance between the electron and the nucleus.

SOLUTION:
The mean of the distribution is

(e.e] o0 4 (ee]
H= J Tp(r)dr = J r-dagirie ¥/ 00dr = _3J r3e 2T/ doqr,
0 0 az Jo

To calculate this integral, use as before the substitution x = (21—; to get
4 ad ay (™ ap [

L= —- -0, _OJ X3€_de = —OJ x‘?’e_xdx.

0 4 Jo

To calculate this integral, we use integration by parts, with u = x3, and dv =
e *dx, so that du = 3x%dx, and v = —e ; then

= % (—x3 e*"‘go + 3J0 xzexdx>

The first term is evaluated as follows, using L’'Hopital’s Rule multiple times:
R R3
0 R—o0 €
2
= lim —3i = lim —6—R = lim —i =0
R— oo eR R—o0 eR R—o0 eR

3 e—x‘go = lim (—xse_x)
R—oo




The second term, by part (a), is

Joo x?e Xdx = lim ((—u2+2u—|—2) e*“> ’: = lim (2— M) =2

0 R—oo R—o0 eR

using L'Hopital’s Rule as in the previous formulas. Thus, finally,

(0+3-2) = Za,.

_ % 3
= 2



(4) The solid S obtained by rotating the region below the graph of y = x~! around the x
axis for 1 < x < oo is called Gabriel’s Horn.

(a) Compute the volume of S.

SOLUTION:

The volume is given by

00 1 2
V:J n(—) dx.
1 X

First compute the volume over a finite interval

oG ()

V = limJ x 2dx = limﬂ(1—l) =7

R—o0 J1 R—o0

R 2 R 1
J n(l) dx:nJ x_zdx:ﬂx—
1 X 1 —1

Thus,



Question (4), continued.

(b)

(©)

Compute the surface area of S.

SOLUTION:

For x > 1, we have

11 1 X111 VXA 2
- ]+—4:— = > = —" = —
X

X X x4 3 T X3 x> x

The integral [{° J—(dx diverges, since p = 1 > 1. Therefore, by the comparison

test,
Jool\H +ldx also diverges
10X x4 8
X x

diverges, and thus the surface area of the solid is infinite.

Finally,

What is surprising about this? Would you rather use one of these as a cup or
cut it up and use the pieces as paper?

SOLUTION:

The obvious answer here is that we would typically expect a surface to have
finite surface area if and only if it has finite volume. This is just another example
of how weird infinity can be.

The choice is tricky. A cup with infinite surface area would be pretty awesome
to have. On the other hand, if you had infinite paper, you could sell paper
as cheaply as you wanted and become rich as the world’s number one paper
supplier. Cool cup or infinite riches? Kind of a toss up, I suppose.



(5) Find the surface area of the torus obtained by rotating the circle X4+ (y—b) =12
around the x-axis.

SOLUTION: y = b+ va? — x? gives the top half of the circle, and y = b — v a? — x?
gives the bottom half. Note that in each case,

2 Xz (12

T+ () =1+

Z_x2 22

Rotating the two halves of the circle around the x-axis then yields
a a
— Va—x2) —2 Va2
SA ZWJ_G (b+ a x) mdx%—ZﬂLa <b a x> az—xzdx

a
dx = 4ﬂbaJ ;dx
—a (12 — X2

=4mnba (g — <—§)) — 47ba

a
a
:ZWJ 2b———
—a vV az—xz
— 4mtba - sin”! <§> ¢
a

—a

10



