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Chapter 1

Affine and convex geometry

1.1 Affine subspaces

The geometry of polytopes begins with the study of affine spaces and convexity.
An affine subspace of Euclidean space is any translation of a linear subspace. Since
most geometric concepts such as distance, angle and colinearity are invariant un-
der translation we should expect them to behave reasonably in affine spaces. The
translation of a subset A of R? by v € R? is defined by

A+v={x+v:xe A}

An affine subspace of R? is a subset of R? which is either empty or of the form W +v,
where W is a linear subspace. Familiar examples include points, lines and planes.

Problem 1 Suppose A=W +v =W'+v' is an affine subspace of R:. Prove that
W =W' Also, A+ (—=y) =W for everyy € A.

As is the case with linear subspaces, the notions of dimension, span and in-
dependence are critical to understanding affine subspaces. The dimension of the
empty set is defined to be —1, otherwise the dimension of an affine subspace W + v
is defined to be the dimension of the linear subspace W. The previous problem shows
that this is well defined and that the dimensions of points, lines and planes are what
we expect: 0,1 and 2.

Problem 2 The intersection of a set of affine subspaces of R? is an affine subspace
of R%.
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Let A C R Consider the intersection of all affine subspaces which contain A.
This is a nonempty intersection since R? is such a set. By the above problem this
intersection is the smallest affine subspace which contains A. It is called the affine
span of A and we denote it by aspan(A).

The affine analogues of linear combinations are called affine combinations. A
linear combination of the form

Xy + -+ apX,

is an affine combination if a; +---+ a, = 1.

Problem 3 The affine span of A equals the set of all affine combinations of elements
of A.

What is the affine notion corresponding to linear independence? If {xy,...,x,}
is a finite set of distinct point of R?, then we say they are affinely independent if
their affine span has dimension n — 1.

Problem 4 A subset A of RY is affinely independent if and only if no element of
A can be written as an affine combination of the other elements of A.

The definition implies that the empty set is affinely independent as is any set of
cardinality one.

Just as linear maps are the natural morphisms for linear spaces, affine maps
are the natural morphsims for affine spaces. A function f : R — R is an affine
map if f(x) = T(x) + v for some linear map T : RY — R¢ and fixed vector v € R®.

Problem 5 If f : R? — R¢ is an affine map and A is an affine subspace of R%, then
f(A) is an affine subspace of R°. Suppose B is an affine subspace of R¢. Is f~*(B)
an affine subspace of R?

Exercise 1.2

1. Prove that A C RY is an affine subspace if and only if A is the solution to a
set of simultaneous linear equations in d variables.

2. Recall that for two distinct elements x and y, the line determined by them
consists of all points of the form tx+(1—t)y, t € R. Prove that A is an affine
subspace if and only if for all x # y in A, the line determined by x and y is
contained in A.
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Let A and B be two affinely independent subsets of RY. Prove that if |B| > |A|,
then there exists x € B — A such that AU {x} is affinely independent.

. An affine hyperplane of R? is an affine subspace of dimension d — 1. If H

1s an affine hyperplane, then there exists constants aq,...aq, and ¢ such that
H={(x,...,29) € R : a121 + -+ + a,z, = c}. Let A be an affine subspace
and H an affine hyerplane which does not contain A. Prove that if ANH # 0,
then dim(AN H) = dim A — 1.

Prove that if A is an i-dimensional affine subspace of R%, then A is the inter-
section of d — i affine hyperplanes.

Let
T1,1 T1in
X1 = yee s Xp =
Td1 Tdn
be n elements of R? written as column vectors. Prove that xi,...,%X, are

affinely independent if and only if

1 1
R T11 . T1n
X1 = s G Xp = .
Ld1 Ldn

are linearly independent in R,

. Let T : RY — R be a linear map and v a fived vector in RY. Then S : R — R®

defined by S(x) = T'(x + v) is an affine map. Show that not all affine maps
are of this form. Characterize which ones are.

1.3 Convexity

One way to view affine subspaces is as those sets which are closed under forming
lines (Exerc. . Convex sets are those that are closed under forming line segments.
For two points x,y € R% the line segment between them, which we denote by [x, y],
is the set of all points of the form ¢t x + (1 —t)y, 0 <t < 1.

Definition 1.3.1 A subset A of R? is convex if for all x,y € A the line segment
x,y] € A
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.
Figure 1.1: Some convex subsets of R?

Problem 6 The intersection of a collection of convex sets is conver.

As was the case with affine spaces, the above problem implies that for any
subset A of R? there is a smallest convex set which contains A. It is called the
convez hull of A and we denote it by ch(A).

As can be seen from the above examples convex sets can be empty, open,
closed, neither open nor closed, bounded or unbounded. In a fashion similar to
using affine combinations to form the affine span, convex combinations can be used
to form the convex hull of a set. A convexr combination is a linear combination

a1xXy + -+ apXy,

such that 0 < a; <1 and a; + --- + a, = 1. Equivalently, a convex combination is
an affine combination with all of the scalars nonnegative.

Problem 7 The convex hull of A consists of all convex combinations of elements

of A.

At this point we know that if y € ch(A), then y is a convex combination of
points of A. However, we do not yet have a bound on the number of elements needed.

Problem 8 (Carathéodory) Let y € ch(A), where A C R® Then there eists
X1, ...,Xgy1 (not necessarily distinct) in A such that 'y is a convexr combination
of the x;.

Exercise 1.4

1. If K is convex and T is an affine map, then T(K) is convex.
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2. Let K be a convex set and x,y be distinct points not in K. If x € ch(K U{y}),
then'y ¢ ch(K U{x}).

3. Let f : R — R be a twice differentiable function with f(x) >0 and f"(x) <0
for all x € R. Prove that for any a < b the points under the curve y = f(x),
1.€.

{(z,y):a<z<by< flz)}

is a convex subset of R2.

1.5 Simplices

Simplices are one of the fundamental examples and building blocks of polytopes.
They are the higher dimensional analogues of line segments, triangles and tetrahedra.
The d-simplex, which we denote by A? is the convex hull of the standard unit
coordinate vectors ey, ..., eqy; in R4 Equivalently,

A" ={(zy,...,0q41):0<2; <1, and 2y + -+ 244 = 1.}
The dimension of a convex set is the dimension of its affine span. Since the
affine span of A? is the hyperplane x; + - - - + 24,1 = 1 it is d-dimensional.

A d-simplex (as opposed to the d-simplex) is the convex hull of d + 1 affinely
independent points. A d-simplex can live in any R® as long as e > d. For instance,
any triangle is a 2-simplex.

Exercise 1.6

1. A d-simplex is d-dimensional.

2. Some texts define the d-simplexr as the convex hull of {6, er,...,eq in R4}
Denote this version of the simplex by A%. Prove that if S is a d-simplex in R®,
then there exists an injective affine map T : R — R® such that T(A) =S. To
what extent is T uniquely defined?

3. Let S = ch(xo,...,xq4} be a d-simplex. A face of S is the conver hull of any
subset of {Xo,...,Xq}. Prove that if F' is a face of S other than S itself, then
there exists a hyperplane H such that = SN H.

4. Is the closure of a convex set convex?

5. Is the convex hull of a closed set closed?
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Chapter 2
What is a polytope?

Some of the first geometric objects that a child encounters are convex polygons and
polyhedra. Squares, hexagons, cubes and pyramids are familiar to almost anyone
over the age of five. What are the higher dimensional analogues of these shapes?
There are several approaches to this question. Here we will consider two apparently
different possibilities. The first idea is that a polyhedron is the smallest convex
subset which contains its vertices. The second approach is to examine the problem
from the point of view of linear optimization.

2.1 V-polytopes

Definition 2.1.1 A subset P of R? is a V-polytope if it is the convex hull of a
finite set of points.

By definition the empty set is a V-polytope. What are some examples of V-
polytopes? Perhaps the easiest to write down are the d-simplex, the d-cube and the
d-crosspolytope. We have already seen the d-simplex. The d-cube is defined by

0= {x=(z1,...,2q) : || < 1,i=1,...,d}.

So, the 2-cube is a square and the 3-cube is a cube. The d-cube is a d-dimensional
V-polytope. The d-crosspolytope is the convex hull of {4e; : 1 < i < d} in R% By
definition it is a V-polytope and it is easy to see that it is d-dimensional. We denote
it by . The 3-crosspolytope is the octahedron.

Problem 9 Let f : R? — R® be an affine map and P a V-polytope. Is f(P)
necessarily a V-polytope? What about f~'(P)?
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Problem 10 Let P be a V-polytope in R, If A is an affine subspace of R?, is PNA
a V-polytope?

An alternative way to generalize convex polygons is from the point of view of
linear optimization. The general idea of linear optimization is that you are asked to
find the maximum (or minimum) of a linear objective function when restricted to a
number of linear inequalities. Here is an example to illustrate the point. Suppose
that you are responsible for purchasing the gold and platinum your company needs
during the coming year. The company has contracts with two mines, one for each
metal. In order to insure continued business with the mines you must purchase at
least 2 tons of platinum and 3 tons of gold. Your budget, plus the fact that platinum
is approximately 50 percent more expensive than gold, implies that if you purchase
x tons of platinum and y tons of gold, then 2z + 3y < 24. Your last constraint is
that due to political pressure from the owner of the platinum mine you must be sure
to purchase at least 2 more tons of platinum than gold. As usual, your objective is
to maximize the company’s profit. Currently the items with more platinum have a
greater profit margin, so you can estimate the profit by the expression 6z + y. We
can sum up your problem as trying to maximize 6x + y given that

r > 2
y > 3
2c + 3y < 24
r -y = 2

The situation is depicted in Figure The shaded quadrilateral is the intersection
of the four inequalities above and represents the feasible region, those points (x,¥)
which satisfy all the constraints. The dotted lines represent the objective function.
From the diagram the optimal answer is 6 tons of platinum and 4 tons of gold.
Notice that no matter what the objective function is, as long as it is linear and
your goal is to maximize (or minimize) it, then an optimal solution is at one of the
vertices of the polygon. (Can you explain why?) In practice the number of variables
and constraints can easily be several thousand.

With the above model in mind we now introduce H-polytopes. The dual of R?,
which we denote by (R%)*, is the real vector space of all linear functions a : R¢ — R.
We will denote the value of a at x € R? by a - x. This notation suggests the usual
dot product on RY, and if we coordinatise (R%)* in the usual way it is the ‘usual’
dot product. A closed half-space of is any subset of the form

Hyp={x€R':a-x>b}

for some fixed a # 0 in (R?)* and b € R. While Hy is not a closed half-space, we
will use this notation where appropriate. Obviously Hg is either all of R? or empty
depending on the sign of b.
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Definition 2.1.2 An H-polytope is a bounded set which is the intersection of finitely
many closed half-spaces.

Since closed half-spaces are convex, any H-polytope is convex.
Problem 11 % 0%, and any simplex are H-polytopes.

As a hyperplane is the intersection of two closed half-spaces we can see that if
P is an H-polytope and H a hyperplane, then PN H is an H-polytope. By (Exerc.
any affine subspace can be written as the intersection of hyperplanes. So,
Problem (10| is very easy when applied to JH{-polytopes.

Problem 12 Is the affine image of an H-polytope an H-polytope?

2.2 Examples of Polytopes

Here we give some examples of polytopes. In each case it will be obvious from the
definition that it is either an H or V-polytope, but no so obvious if it is the other.

The permutahedron in R? is the convex hull of all possible permutations of the

coordinates of the vector
1

2
d
. .o . 1 2
For instance, the permutahedron in R~ is the line segment between 9 and 1
Let P be a convex subset of R?. The prism of P is defined by

prism(P) = Px[0,1] = {(x1, ..., 24, 2411) € R (21,...,24) € Pand 0 < z4.4 < 1.}

Figure is a simple example. As we will see in Exercise 3, if P is an H or
V-polytope, then so is prism (P).

In order to define our next example, order polytopes, we recall the definition
of a partially ordered set. A partially ordered set, which usually called a poset, is a
pair (I, <) such that for all z,y, z € 11

o 1z < z. (reflexivity)
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Figure 2.2: Prism (P)

o If r <yandy <z, then z = y (antisymmetry).

e If z <yandy <z, then x < z (transitivity).

When the binary relation is clear we will frequently suppress <. If x <y or y < z,
then x and y are comparable. Otherwise they are incomparable. It may well
happen that the binary relation is empty, in which case all pairs of distinct elements
of the poset are incomparable and II is called an antichain.

Examples of posets are everywhere in mathematics. Familiar ones include the
rationals or reals with the usual ordering. For any set X, we use Bx to represent
the poset of all subsets of X with C as the binary relation. In particular, the poset
of all subsets of [n] is denoted B,. Another interesting poset is (Z*,|) where the
binary relation is “divides”. For instance, in this poset 3|6 but 3 f 5. We will use
D,, to denote (Z*,|) restricted to the finite poset consisting of those elements which
divide n. For instance, D, has three elements, 1 < 2 < 4.

An isomorphism between posets (II, <) and (II', <’) is a bijection ¢ : I — I’
such that x < y if and only if ¢(z) <’ ¢(y). The face poset of a convex set K,
denoted F(K), is the partially ordered set of faces of K with the subset relation.
(Faces of convex sets are defined below, Definition

Let [n] = {1,...,n}. A natural poset on [n] is a poset structure ([n], <p,)) such
that if i <p,; 7, then @ < j (the usual < on the integers). The order polytope for
([, <) is

{(@1,... @) € 0,1]" 2 If i <ppyp J, then z; < w;.
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By definition, order polytopes are H-polytopes.

Exercise 2.3

1. What is the dimension of the permutahedron in R%?
2. What is the dimension of prism (P)?
3. Show that if P is an H or V-polytope, then so is prism (P).

4. Let (L, <) be a finite poset with |L| = n. Show that there exists a natural poset
on [n] isomorphic to (L, <).

5. Let (L, <) be a poset with L countably infinite. Is there a natural poset on Z
isomorphic to (L, <)?

6. Let ([n],<p)) be a natural poset on [n|. What is the dimension of its order
polytope?

7. Show that the order polytope of the usual linear order on [n] is a simplex. What
are its vertices?

As you can see, sometimes V-polytopes appear to be better while other times
H-polytopes look more useful. Our analysis of the exact nature of the relationship
between these two definitions will occupy the next two chapters. In the mean time
we will use ‘polytope’ to refer to both types. Central to the study of any polytope
are its faces.

2.4 Faces of polytopes

What are the higher dimensional generalizations of the vertices, edges and faces of a
three-dimensional polyhedron? A brief examination of the cube shows that each of
these is the intersection of the cube and a hyperplane where the cube is completely
contained on one side of the hyperplane.

An inequality of the form a-x < b,a € (RY)* x € R b € R is valid for a
convex set K if it holds for all x € K. An important special case is 0 - x < 0.

Definition 2.4.1 A face of a convez set K in R? is any subset of the form HapNK,
where a-x < b is a valid inequality for K.
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Since 0-x < 0 is always valid, K is always a face of K. It is called the improper face
of K. The maximal proper faces of K are called the facets of K. If K is bounded,
then it is easy to see that the empty set is a face of K. The wvertices of K are its
zero-dimensional faces. Similarly, the edges of K are its one-dimensional faces. Since
the intersection of convex sets is convex, faces of convex sets are convex.

Problem 13 Let P = ch(xy,...,x,) be a V-polytope. Then the vertices of P are a
subset of {x1,...,%,}.

We can easily see that if F' is a face of a 3-dimensional polyhedron and G is a
face of F, then G is also a face of the polyheron. We will see later that this holds
for any polytope. However, it is not true for arbitrary convex sets.

Problem 14 Construct an example in R? of a convex set K with a face F such
that F' contains a face G which is not a face of K.

When are two polytopes ‘the same’? Two possible approaches to this question
are affine and combinatorial equivalence.

Definition 2.4.2 Two convex subsets K C R? and K' C R® are affinely equiv-
alent if there exists an affine map f : RY — R® such that f restricted to K is a
bijection onto K.

Affine equivalence allows us to assume that whatever convex set we are investigating
has full dimension.

Problem 15 Let K be a convex set. Prove that K is affinely equivalent to a convex
set K' C R? where d is the dimension of K.

The notion of affine equivalence is very restrictive. For instance, there are
convex quadrilaterals in the plane that are not affinely equivalent (Exercise . In
order to make precise the idea that any two polygons with the same number of sides
should be considered equivalent we introduce the face poset of a convex set.

Definition 2.4.3 Two convex sets K and K’ are combinatorially equivalent if
their face posets F(K) and F(K') are isomorphic.

It is now easy to see that any two polygons with the same number of sides are
combinatorially isomorphic.
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Problem 16 Prove that if P and () are two affinely equivalent convex sets, then P
and Q) are combinatorially equivalent.

One class of polytopes which have received a great deal of attention are sim-
plicial polytopes. A polytope P is simplicial if all of its proper faces are simplices.
For instance, any polygon is simplicial as is the octahedron and the icosahedron.
However, the cube and the dodecahedron are not simplicial.

One of the most fundamental algorithms in linear optimization is Dantzig’s
simplex algorithm [4]. The idea is that the maximum (or minimum) of an objec-
tive function will always be at the vertices of the feasible region. Combined with
an intelligent method for searching the vertices yields an algorithm which is very
effective in practice. This leads to the natural question of what is the maximum
number of vertices the simplex algorithm will have to examine given a fixed number
of constraints? In Chapter [5| we will see that this is equivalent to asking what is the
maximal number of facets in a simplicial polytope with a given number of vertices.
It turns out that this is answered by the cyclic polytopes.

The moment curve in R? is given by v : R — R%, ~(t) = (¢,2,...,t%). For n >
d+1 the cyclic polytope C(n,d) is defined to be the convex hull of {~(t1),...,7v(t,)},
where t; < .-+ < t,. Evidently C'(n,d) depends on the choices for ¢;. However, as
we are about to see, the face poset, and in particular the number facets, does not
depend on these choices!

Problem 17 C(n,d) is a simplicial d-dimensional V-polytope.

We will eventually show that the vertices of a face F' of a polytope P are the
vertices of P contained in F. Furthermore, any face (including P) is the convex hull
of its vertices. Hence, we can determine all of the faces of a simplicial polytope P
by specifying which vertices are the vertices of facets. By Problem [13| this amounts
to figuring out when the hyperplane determined by a d-subset of {v(¢1),...,v(t,)}
gives a valid inequality.

Problem 18 (Gale evenness condition) A subset V= {v(t;,),...,y(ti,)}, ti <

< < t, is a set of vertices for a facet of C(n,d) if and only if for all t; < t,, with
t; and t,, not in V, the cardinality of {l : j <l <m and t, € V'} is even.

Exercise 2.5

1. Suppose K is a convex proper subset of R®. Is the empty face necessarily a
face of K7
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Let K be a convex set. If F' is a proper face of K, then dim F' < dim K. If the
dimension of a face of K s exactly one dimension less than the dimension of
K, then F is a facet of K. Is the converse true?

What are the faces of (097

What are the faces of o?

Give an example of two convex quadrilaterals in R? which are not affinely
equivalent.

Give an example of two compact convex sets of different dimensions whose face
posets are isomorphic. Can this happen if the two convex sets are polytopes?

Assuming that any face of a face of C(n,d) is a face of C(n,d), show that
cyclic polytopes of dimension four or higher are two-neighborly. That is, the
line segment between any two vertices of C(n,d) is a face whenever d > 4.

Let f;(P) be the number of i-dimensional faces a d-polytope P. Compute

for the d-cube, d-simplex and d-crosspolytope.



18

CHAPTER 2. WHAT IS A POLYTOPE?



Chapter 3

Convexity

In this chapter we develop the tools necessary to understand the relationship between
V and H-polytopes. Our presentation is based on Griinbaum’s classic text [7].

3.1 Projection

Our initial investigation of the relationship between H and V-polytopes revolves
around convexity. Here we establish a number of important properties of convex
sets. Perhaps the single most useful property is the existence of projections for
closed convex sets.

Problem 19 Let K CRY K # (), be a closed andy € R Prove there exists x € K
which minimizes the distance to y. Specifically, there exists x € K such that for
allz € K,||x —yl|| < ||z —yl||. Prove that if K is also convex, then there exists a
unique such X.

The point x whose existence and uniqueness is given by the above problem is called
the projection of y onto K and is denoted proj k(y).

Any hyperplane {x € R?: a-x = b} partitions R? into three sets, H, = {x €
R?:a-x > b}, Hy, = {x € R : a-x < b}, and Hg, the hyperplane itself. The
two half-spaces H,I p and H_, are called the sides of the hyperplane and when no

confusion is possible we will simply write Ht and H~. The hyperplane separates
two sets A and Bif AC HT and B C H~ or vice versa.

Problem 20 If K is a closed convex set and x ¢ K, then there exists a hyperplane
which separates K and {x}.

19
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Looking at polygons and three-dimensional polyhedra it is fairly obvious that
any point on the boundary is contained in a proper face, and the only face a point
in the relative interior is contained in is the improper face. This holds for any closed
convex set.

Theorem 3.1.1 Let K be a closed d-dimensional convex subset of R, If x is on
the boundary of K, then x is contained in a proper face of K.

Proof: W.L.O.G. we assume that 0 is in the interior of K. Let K, = {ex:x €
K}. Since x € 0K,x ¢ K1 for 0 < e < 1. (Why?) By the previous proposition,
for each such e there exists a hyperplane H. which separates x and K(;_). The
collection of all the H. must have at least one limit hyperplane H which will satisfy
the proposition. (What is a limit hyperplane? Why does one exist? Why does it
work?) O

Problem 21 Fill in the details left out in the above proof.

Exercise 3.2

1. Fvery closed convex set is the intersection of the closed half-spaces which con-
tain .

2. Is the interior of a convex set convexr?

3. For any closed convex K, proj i is a continuous idempotent (proj g oproj g =
proj k)

4. Ifx € H;b andy € H™a,b, then any path from x to'y passes through Hg.

5. Let K and K' be closed convex sets in RY. Prove that if one of them is
bounded, then there exists a hyperplane which separates them. What if nei-
ther is bounded?

3.3 Extreme points

Our intuition from two and three dimensional polyhedra suggests to us that a com-
pact convex set is the convex hull of its vertices. But Probem [14| warns us that this
is not the case. The next best thing involves the extreme points of a convex set.
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Definition 3.3.1 x is an extreme point of a convexr set K if x is never in the
relative interior of a line segment contained in K. We denote the extreme points of
K by ext K.

If you look at any compact solution to Problem [I4] you will notice that the
convex set is the convex hull of its extreme points. Before we can prove this in
general we need some elementary properties of extreme points.

Lemma 3.3.2 Let K be convez.

o Fvery vertex of K is an extreme point of K.
o [f K =ch(A), then ext K C A.

o [f F s a face of K, then ext F' = F Next K.
Problem 22 Prove the above lemma.
Theorem 3.3.3 If K is a compact conver set, then ch(ext K) = K.

Proof: Evidently, ch(ext K') C K. We prove the reverse inclusion by induction
on the dimension of K. Dimension one is obvious.

Suppose that x € K. If x is an extreme point then obviously x € ch(ext K).
So, let [yo, Zo] be a line segment in K containing x in its relative interior. Extend
this segment in both directions. It will intersect the boundary of K at two points, y
and z. By the previous proposition there exist faces £y and F, which contain y and
z respectively. Each of these faces has dimension less that K, so by the induction
hypothesis, Fy, = ch(ext Fy) and F, = ch(ext F,). As x € ch(ext Fy, U ext F,) and
the lemma tells us that ext Fy, Uext F, C ext K, we are done. ]

3.4 V and H-polytopes

As the reader may (or may not) of guessed by now, the main theorem of polytopes
is that V and H-polytopes are the same. We are finally ready to prove this.

Theorem 3.4.1 P C R? is a V-polytope if and only if P is an H-polytope.
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Y=F

Yo

Figure 3.1: ch(ext K) = K

Proof: Using an affine equivalent polytope if necessary, we can assume that P
is d-dimensional. Let P be an H-polytope. We prove P is a V-polytope by induction
on dimension. As usual, dimension one is trivial.

Write P as a minimal intersection of closed half-spaces P = N, H;. By min-
imal we mean that if we set P, = N;x;H;, then P; # P for any . Minimality guar-
antees that the boundary of P is contained in the union of the (d — 1)-dimensional
faces of P and there are m of these.

Problem 23 Why?

By induction, each such face has a finite number of extreme points. All of the
extreme points of P are on the boundary. Hence, the previous lemma and the
last theorem imply that P has a finite number of extreme points and must be a
V-polytope.

Now suppose that P is a d-dimensional V-polytope in RY. Write P = ch(V), |V | =
n. By the previous theorem, we might as well assume that V' = ext P. Any k-face of
P is determined by (k4 1) affinely independent points in the face. Hence, for every
k the number of k-dimensional faces is less than or equal to (,X'l) In particular it
is finite. Let F; enumerate the facets of P and let H; be the corresponding closed

half-spaces. The proof is complete once we show the following.
Claim: P = NH;.

Proof: (of claim) Certainly P C NH;. Suppose x ¢ P. For each face G; of P
of dimension d — 2 or less, let A; be affine span of G; and x. The A; form a finite
collection of affine subspaces each of which has dimension at most d — 1. Therefore
their union does not cover the interior of P.

Problem 24 Why?
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Figure 3.2: P =nNH;

So, there exists y in the interior of P so that y is not in the union of the A;.
Consider the line segment from y to x. Since y € P and x ¢ P there exists z on
the boundary of P and the line segment from y to x. By Theorem there is a
proper face of P which contains z. As y is not in any of the A;, it must be the case
that z is on the boundary of one of the H;. Hence, x ¢ NH,;. O

Theorem [3.4.1| makes it clear the V and H-polytopes are the same. As we have
already seen, each point of view has its advantages and disadvantages. In chapter
we will see that this is only the beginning of the story.

Exercise 3.5

1. Open conver sets have no extreme points.

2. A convex set K is centrally symmetric if whenever x € K, then —x € K.
Prove that if P C R® is a nonempty centrally symmetric polytope, then there
exists d > 0 and an affine map f : R — R® such that f(o%) = P.

3. Every face of a polytope is a face of a facet.

4. Let F' be a face of a polytope P, and let G be a face of F. Prove that G is a
face of P.

5. Let I be a k-dimensional face of a d-dimensional polytope P. Show that F is
the intersection of d — k facets of P.
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6. (The basis of the simplex algorithm) Let {vy,
tope P C R?. Prove that for any a € (R?)*

supa-x = max{a - vy,
xeP

CHAPTER 3. CONVEXITY

..., Un} be the vertices of a poly-

oAUt



Chapter 4

Shelling

The boundary of a d-polytope is homeomorphic to the (d — 1)-sphere. It turns out
that this boundary can be built up by gluing the facets together in a ‘nice’ way. This
will lead us to some remarkable enumerative results for the f-vector of the polytope,
especially when P is simplicial. The f-vector of a d-polytope is (f_1, fo, f1,-- -, fa),
where f; is the number of i-dimensional faces of P. Until further notice, P is a
simplicial d-polytope in R,

A shelling of P is an ordering F}, ..., F}, of the facets of P such that for all
j > 2,F;N (UZF) is a nonempty union of facets of Fj. If P has a shelling order,
then we say P is shellable. Figure [4.1| shows a shelling of the boundary of the
octrahedron, while figure shows an ordering of the four facets of the boundary
of the octahedron which is not the beginning of any shelling.

Now view the ordering of the facets as a way of building up dP. Each facet
adds new faces of P as we take the union of the facet with the previous ones. The

- -4 -4

Figure 4.1: A shelling of the boundary of the octahedron

25
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Figure 4.2: The beginning of a non-shelling of the boundary of the octohedron

{

(empty set)

/ \

Figure 4.3: Minimal new faces of the shelling

shelling condition insures that there is a unique new minimal face added at each
step. Indeed, at the j™ step Fj N (U/Z, F}) is a union of facets of Fj. The minimal
face is M; = ch({vj,,...,vj, }), where the v;, are the vertices opposite the facets
of F} in the intersection. Figure shows the minimal new faces of the shelling in
Figure 4.1

Problem 25 Prove that M; is the minimal new face at the j™ step of the shelling.

Exercise 4.1

1. Any ordering of the facets of A% is a shelling of its boundary.

2. Are there any other simplicial polytopes such that any ordering of their facets
are shellable?

3. Is O o% shellable?

4. Can a simplicial polytope with f-vector (1,7,19,20,8,1) be shellable?
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The concept of shellability is very important and extends to a number of situ-
ations including abstract simplicial complexes. An abstract simplicial complex
consists of a set V, the vertices of the complex, and a set of faces A C 2V The faces
must be closed under subsets. If ' € A and G C F, then G € A. The maximal
faces (with respect to inclusion) of A are the facets of the complex. The dimension
of a face G € A is |G| — 1. The dimension of A is the maximum of the dimensions
of its faces.

Example 4.2 Some examples of abstract simplicial complezxes.

1. Boundaries of simplicial polytopes. The faces are the subsets of vertices whose
convex hull is a proper face of the polytope.

2. Simple graphs. The faces are the pairs of vertices which have an edge between
them.

3. LetV be a subset of vectors in a vector space and let A be the subsets of V' which
form independent subsets of vectors. What are the facets of this complex?

The definition of shellable for a pure abstract simplicial complex is almost
exactly the same as for simplicial polytopes; for j > 2, F; N (u{;} F;) must be a
union of facets of the boundary of F;. The boundary of a face of A is all subsets
of F; of cardinality less than or equal to |Fj| — 1. An abstract simplicial complex
is pure if all facets have the same dimension. For instance, if V' = [4] and the
facets of A are {1,2,3},{1,4},{2,4}, then A is not pure, but does satisfy the above
conditions. There is a notion of nonpure shellability, but we will not discuss that
here. Whenever we are considering shellability the complex will be pure.

Problem 26 Show that connected graphs and the complexes described in Example

[@) are shellable.

Example 4.3 Let G be the graph in Figure[f.4). Let the vertices of A be the edges
of the graph. The faces of A are those subsets of edges whose removal does not dis-
connect the graph. Specifically, 0, all singleton, and all doubletons except {a,b} and
{c,d} are the faces of A. We represent A in Figure . Singletons are represented
by vertices, doubletons by edges. Ordering the edges (which are the facets of A) as
shown, we see that () is the minimal new face for 1, and the minimal new face is a
single vertex for faces 2,3,4 and an edge for faces 5,6,7,8.

Suppose that G above represents a network and each edge has equal and independent
probability of failing p,0 < p < 1. What is the probability that that network will
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Figure 4.4: G and A

remain connected? Directly checking each possible subset of edges which keep the
graph connected we see that this probability is

(1=p)” +5p(1 = p)* +8p*(1 = p)* = (1 = p)°[1 + 3p + 4p°].
Notice that the coefficient in each degree 7 of the last factor is the number of steps
in the shelling in which we added a minimal new face of cardinality <.

Suppose A is a shellable abstract simplicial complex and we are given a shelling.
For each i, let h; be the number of facets whose unique new minimal face has
cardinality ¢. The h-vector of A is (hy,...,hq).

Example 4.4 The shelling in Figure gives h-vector (1,3,3,1).

The shelling polynomaial of the shelling Fi, ..., F,, is
(4.1) ha(z) = how* + hyx®™' + -+ 4+ hy_12 + hy.

The shelling polynomial appears to depend on the shelling. We can also encode the
f-vector of A in a polynomial. The f-vector of an abstract simplicial complex A is
defined like the f-vector of a polytope, f; is the number of i-dimensional faces and
the f(A) = (f_1, fo,---, fa_1), where (d — 1) is the dimension of A. Define the face

polynomial of A to be

fa(@) = foaz®+ for ™+ frztP 4+ faa

Theorem 4.4.1 ha(x + 1) = fa(z).
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Problem 27 Prove this theorem.
Corollary 4.4.2 The h-vector of A does not depend on the shelling order.

Problem 28 Write down formulas for h; in terms of f; and vice versa. Which
f; does h; depend on (and vice versa)? Show that if D is a collection of abstract
simplicial complexes and A € D has the property that h;(A) > hi(A") for all 0 <

i <dand A" € D, then fi(A) also mazimizes all f;(A") in D. Is this still true if we
reverse the role of the f- and h-vector?

Aside from the formulas established in Problem 2§ there is another method for
computing h-vectors known as ‘Stanley’s trick’. We write the f-vector (including
f-1 = 1) along the right-hand side of a triangle that looks like Pascal’s triangle.
Then put ones along the left-hand side. Fill in the rest of the triangle as you
would Pascal’s triangle, except subtract instead of add. Compute one extra row of
subtractions and you get the h-vector. Here is an example which shows that the
f-vector (1,7,21,14) becomes the h-vector (1,4,10, —1).

1
1 7
1 6 21
1 5) 15 14
1 4 10 -1

Problem 29 Prove that Stanley’s trick works.

4.5 Geometric simplicial complexes

We saw in Example a geometric object, the boundary of a simplicial polytope,
represent the combinatorial data of an abstract simplicial complex. Is this possible
for all abstract simplicial complexes? The answer lies with geometric simplicial
complexes.

Definition 4.5.1 A geometric simplicial complex A in R? is a finite set of
simplices in R? such that

o A#£I(.
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o [fF e A and G is a face of F, then G € A.

o [f Fy and F» are in A, then Fy N Fy is a face of both Fy and Fy. (Recall that
the empty set is always a face of both.)

Examples illustrating the above definition are in Figures [£.5] and

g

Figure 4.5: A geometric simplicial complex in R?

Figure 4.6: Two examples which are not geometric simplicial complexes in R?

Suppose that A is a geometric simplicial complex. Let V' be the 0-dimensional
faces in A. The abstract simplicial complex associated to A has as its vertices V,
and as its faces those subsets of vertices whose convex hull is a simplex in A. For
instance, the figure on the right hand side of Figure [£.4] is a geometric simplicial
complex in R? whose associated abstract simplicial complex is the one described
in Example [£.3] Does every abstract simplicial complex come from a geometric
simplicial complex?

Let A be an abstract simplicial complex with vertex set [n]. The geometric
realization of A is the subset of R" given by
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Al = | chl(Uier e:).

FeA

It is immediate from the definition that the abstract simplicial complex asso-
ciated to |A] is A. A geometric realization of an abstract simplicial complex A (as
opposed to the geometric realization) is any geometric simplicial complex whose
associated abstract simplicial complex is A. Any two geometric realizations of the
same abstract simplicial complex are homeomorphic. The idea is simple. Map corre-
sponding vertices of the two complexes to each other and ‘extend linearly’. Because
it does not matter what geometric realization is used, we will simply say that A is
homeomorphic to a given space if any of its geometric realizations is.

There are many geometric realizations for a given abstract simplicial complex
A. One of the big disadvantages of |A| is that it lies in R™ for n much bigger than
necessary. The geometric realization of the complex in Example 4.4] would be in
R5, but obviously only R? is needed. In general, what is the smallest R? needed to
realize a given complex?

Problem 30 Let A be an abstract simplicial complex of dimension d. Prove that
there is a geometric realization of A in R24+1,

Note that the bound in the above problem is optimal. Indeed, there are one-
dimensional complexes, such as Ks, which can not be realized in R?. Because of
the close connection between abstract and geometric simplicial complexes we will
simply say simplicial complex from here on and hope that the context makes it clear
which type we mean.

4.6 Line shellings

A little experimentation shows that not all simplicial complexes are shellable. Dis-
connected graphs and two triangles with exactly one vertex in common are two
examples. What about the boundary of a simplicial polytope? For a long time it
was simply assumed that any simplicial complex homeomorphic to a ball or sphere
was shellable. However, this turned out not to be true! In 1958 Rudin demon-
strated how to construct a simplicial complex homeomorphic to a ball which was
not shellable [I1]. Finally, in 1971 Brugessor and Mani proved that all polytopes
were shellable [3]. What does it mean for a nonsimplicial polytope to be shellable?
To make sense of this we need the notion of a polytopal complex.
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Definition 4.6.1 A polytopal complex in R? is a nonempty finite set of polytopes
A in R? such that

o If Pisin A and F is a face of P, then F is in A.
o If P, and P, are in A, then Py N Py is a face of Py and Ps.

The prototypical example of a polytopal complex is the boundary of a polytope. Of
course, any geometric simplicial complex is a polytopal complex. Just as in the case
of simplicial complexes a polytopal complex is pure if all of its maximal polytopes (in
the sense of inclusion) have the same dimension. As before, the maximal polytopes
of A are called facets. The definition of a shelling of a polytopal complex is almost
the same as for a simplicial complex.

Definition 4.6.2 A shelling of a polytopal complex A is an ordering Py, ..., P,
of the facets of A such that for all j > 2,

j—1
P <U R-)
i=1
is a union of a subset of the facets of P; which form an initial segment of a shelling
order for OP;.

In view of Exercise the above definition reduces to our previous def-
inition if A is a geometric simplicial complex. Note that the definition is very
inductive!

The shellings that Bruggessor and Mani constructed for polytopes are called
line shellings. Let x be a point in the interior of P, a d-polytope in R?, not necessarily
simplicial. Now choose a line [ through x with the following two properties:

1. [ intersects all the hyperplanes of the facets of P. (These are the affine spans
of the facets.)

2. [ does not intersect any nontrivial intersection of the hyperplanes of the facets
of P.

Problem 31 Why is it obvious we can always choose such a line?

Now imagine you are in a rocket ship inside the planet P heading along the line [
in a chosen positive direction. Initially you can not see anything as you are inside
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Figure 4.7: Line shelling of a polygon

the planet. By (2) you will emerge at a facet, F;. As you travel away from P you
will see one new facet each time you pass through its corresponding hyperplane.
The shelling order for these facets is the same as the order you see them. By (2)
you will never see two (or more) new facets simultaneously. Eventually you will go
far enough towards “4o00” so that you can see as many facets as possible in that
direction. Now begin your return to P coming from the “—o0” direction. At this
point you can see all the facets you could not see from the “+o00” direction. As you
pass through each of their corresponding hyperplanes the corresponding facet will
disappear from your vision. The shelling order continues from before in the order in
which the facets disappear from your vision. By (1) each facet of P occurs exactly
once in your shelling order.

Problem 32 Show that this is a shelling of P. Where did you use convexity?

The fact that every simplicial polytope is shellable already shows there are
strong restrictions on their f-vectors. For instance, (1,6,15,18,7,1) is not the
f-vector of any simplicial 4-polytope. Indeed, this would give (1,2,3,2,—1) as
the h-vector of its boundary, and this is impossible. In fact, for the same reason,
(1,6,15,18,7) is not the f-vector of any shellable abstract simplicial complex.

What happens if we travel along [ in the opposite direction? This simply re-
verses the shelling order. But now, if P is a simplicial polytope, then each facet
which originally contributed to h;, contributes to hy_;. Since the h-vector is inde-
pendent of the shelling order we obtain the Dehn-Sommeruville equations.

Theorem 4.6.3 [J], [12] If P is a simplicial d-polytope, then h; = hq_;.
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This is an even stronger restriction on the h-vector of P. Combining this theo-
rem with Problem , we can see now that once we know fy, ..., fla/2, we know the
entire f-vector of P. Are there any other restrictions on the h-vectors of simplicial
polytopes? In order to discuss this we must introduce some notation.

Let a,? be natural numbers. Then there is a unique way of writing

a; ;-1 CLj .
a={ .|+{. +ooot+ ) > a0 >0 > a5 > .
1 1—1 7

Problem 33 Prove the above statement.

Example 4.7 a = 14,7 = 3. Then 14 = (g) + (g) + G)

With a decomposed as above define

. 1 41 1
o = (T () e (W),
1+ 1 1 J+1

Example 4.8 So, 14<3> = (Z) + (g) + (;) =154+4+2=21.

In 1971 P. McMullen conjectured that necessary and sufficient conditions for
(ho, ..., hq) to be the h-vector of the boundary of a simplicial d-polytope are

h; > 0.

hi = hd—i'

ho < hy < < higy-

For i < d/2, define g; = h; — h;_;. Then for i < d/2, g;11 < g7 .

Stanley [13] proved necessity, while Billera and Lee [1] proved sufficiency. These
results give a complete characterization of h-vectors (and hence f-vectors) of the
boundaries of simplicial polytopes. For instance, here are two problems that are
now fairly easy.

Problem 34 Show that Cy(n) maximizes every f; among all possible simplicial d-
polytopes with n vertices. What is fewest number faces in dimension i that a sim-
plicial d-polytope with n vertices can have?
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Looking at many examples, it appears that the f-vector of a simplicial polytope
is unimodal. A sequence (fo, f1,..., fa) is unimodal if there exists i such that fy <
fi << fi > fix1 =+ > fa). By Stanley’s proof of the necessity of McMullen’s
conditions, the h-vector of a simplicial polytope is symmetric and unimodal. It can
be shown that the f-vector of a simplicial d-polytope is unimodal when d < 19
[6]. Shortly after Billera and Lee proved the sufficiency of McMullen’s conditions,
Bjorner [2] and Lee [9] gave examples of 20-dimensional simplicial polytopes with
trillions of vertices with fi1 > fi2 < fis.

What can we say about f-vectors of nonsimplicial polytopes? You may have
guessed from Exercise that the alternating sum of the face numbers of a
polytope only depended on the dimension. Analogously to our definition for sim-
plicial complexes, for a polytopal complex A we define f;(A) to be the number of
i-dimensional polytopes in A.

Definition 4.8.1 Let A be a d-dimensional polytopal complex. The Euler char-

acteristic of A is
d

X(A) =) (1) fi(P).

=0

Theorem 4.8.2 Let P be a d-polytope. Then x(P) = 1. Equivalently, x(OP) is
zero if dim P is even (dim 0P is odd) and two if dim P is odd (dim OP is even).

Proof: The proof is by induction on d. In fact, we will prove something
stronger. Let FY,..., F; be a line shelling of the facets of P. Define A; = U;Zle. So
Ay = F) and Ay = OP. We will show that x(4A;) = 1 for i < t and x(4A;) = x(9P)
is as claimed in the theorem. Our induction hypothesis is this stronger statement.
It is easy to check that it holds for d equal to zero, one or two.

Now assume the induction hypothesis holds for (d — 1)-polytopes. We proceed
by induction on i. For i =1, Ay = Fy, a (d — 1)-polytope. So x(A;) = 1. What
is A;_1 N F;? When ¢ < t the intersection is the initial segment of a partial shelling
of the boundary of F;. When ¢ = ¢ the intersection is the entire boundary of F;. In
either case

X(Ai) = x(Ais1 U F) = x(Aiz1) + x(F) — x(Aima N E).

The theorem now follows by all of the inductive hypotheses. 0

The fact that the Euler characteristic of a polytope is always one is just the tip
of a remarkable iceberg. For instance, the Euler characteristic of any polytopal com-
plex homeomorphic to a ball is one, and if A; and A, are two polytopal complexes
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which are homeomorphic, then y (A1) = x(Az). The interested reader is invited to
check out any of the many texts on algebraic topology where vast generalizations of
these results are derived.



Chapter 5

Duality

Duality takes many shapes and sizes in mathematics. We have already met (R?)*,
the linear dual of R?. In this chapter we take a closer look at polytope duality, and
more generally, duality for closed convex sets. Anyone who has done Exercise [2.5][§]
will (hopefully!) have noticed that f;(00%) = f;_;(0%). This is one manifestation of
the fact that the d-cube and the d-cross polytope are dual to one another. For a
myriad of reasons, some of which we will see, duality in this context is an important
idea with many applications.

5.1 K~

Definition 5.1.1 Let K be a closed convexr subset of R?. Then the dual of K is
K*={ac(RY)*:a-x<1forallxec K.}
Example 5.2
o K = B,(0) CRY K* = By,(0) (in (RY)*).
e K =[1,2] CR. K*=(—00,1/2] C R*.
o K={(z,0)eR?: -1<z <1} K*={(z,y) € R*)*: -1 <z <1.}
o (O = o and (¢o4)* = 0O
Without further restrictions the dual of a closed convex set may be of a different

dimension, be unbounded when the set is bounded, or vice versa. However, with
very mild restrictions it is very well behaved.

37
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Lemma 5.2.1 Let K be a compact convex subset of R with the origin in its inte-
rior. Then K* is a also a compact convex subset with the origin in its interior.

Problem 35 Prove the above lemma.

One of the most useful properties of duality for convex sets is that under mild
conditions K = K**. In order to even make sense of this statement we need a method
of identifying R? and (R4)** = ((R9)*)*. So far we have frequently identified R? with
its dual (RY)* using the dot product. This isomorphism between R? and its dual
depends on the choice of the unit coordinate vectors as a basis for R?. In a certain
sense (which we will not follow up on here) this is unavoidable. So perhaps it is a
little surprising to discover that there is a natural choice of isomorphism between
R? and its double dual which does not depend on any choices.

Let x € R%. Define an element of (R?)** by

for a € (RY)*. While it is immediate that x** is a function from (R%)* — R, the real
value of this definition is the following.

Problem 36 Prove that x — x** is a linear isomorphism between R and (RY)**.
Now we can make precise one of the most useful properties of K*.

Proposition 5.2.2 If K is a closed convex subset which contains the origin, then
under the above identification K = K**.

Before we begin the proof we observe that the hypothesis that K contains the origin
is unavoidable since K*, and hence K**, contains the origin.

Proof: Using the isomorphism from Problem [36] and Definition [5.1.1]

K™ = {xeR?:a(x)<1forallaec K*}
= {x€eR?:a(x) <1 forall a € (RY)* such that a(y) <1 forally € K.}

Hence any x € K is in K**. To see that K** C K we show that if x ¢ K, then
x ¢ K**. So suppose that x is not in K. Then, since the origin is in K, there exists

a hyperplane H_, that separates K and x with K C H_ . In particular, a € K*.
However, a-x = a(x) > 1. Thus x ¢ K**. O
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Figure 5.1: A planar graph and its dual

In addition to linear duality, the reader has probably seen graph duality. For
any (embedded) planar graph G it dual is defined by assigning a vertex to each
region of the plane that G divides R? into and an edge between any two regions
separated by a single edge of GG. See Figure for a typical example.

One way to view this process is as a way of changing the dissection of R?
induced by the graph G. Zero-dimensional faces (the vertices of ) are replaced by
two-dimensional faces (regions) of its dual. Similarly, edges are replaced by other
edges and two-dimensional faces are replaced by vertices. Under mild conditions
this is another kind of duality encoded by K*.

Let K be a compact convex subset of R? with the origin in its interior. For
each subset F' of K define ¥(F) C K* by

U(F)={ae K :a(x)=1forallx e F.}
Theorem 5.2.3 Let K be as above.

1. IfG C F, then U(G) 2 U(F).
2. If F is a face of K, then V(F) is a face of K*.
3. If F is a face of K, then V(¥ (F)) = F.
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Proof: The first property follows easily from the definition. For the second,
we first consider two extreme cases. If ' = K, then, since K contains the origin,
U(F) = U(K) = . On the other hand, if ' = (), then it is immediate that U(F) =
U(()) = K*. So from here on we assume that F is neither of these extremes. Let x
be in the relative interior of F' (equal to F' when F' is just a point).

Problem 37 H_y . 1 is a valid inequality for K* and V(F) = K* N H_x 1.
Hence V(F) is a face of K*.

The last property we leave as a problem. O

Problem 38 Prove that if F' is a face of K, then V(U (F)) = F.

One way to sum up the above result would be to observe that if K is a compact
subset of R? with the origin in its interior, then ¥ induces an inclusion reversing
bijection between F(K) and F(K*). The order dual of a poset (II, <), which we
denote by (IT*, <*), is the poset whose ground set is also IT and whose order relation
is given by x <* y if and only if y < z. Hence, F(K) is isomorphic to F(K*)*.

What consequences can we derive for face posets of polytopes? To begin with,
we need the following.

Problem 39 If P is a polytope, F a face of P and G a face of F, then G is a face
of P.

Problem 40 If P is a d-polytope in R?, then P* is also a d-polytope.

A chain in a poset is a sequence
Lo <1 <+ < Ty

of distinct elements of the poset. The length of the chain is one less than the number
of elements in the chain. The above chain has length m. A chain is maximal if it
is not contained in any strictly longer chain. For instance, in D3y, 1 < 3 < 6 < 30
is a maximal chain asis 1 < 5 < 10 < 30. (Recall the definition of D,, in Chapter
However, in B3, 0 < {2} < {1,2,3} is not a maximal chain. A poset is graded if
the length of every maximal chain is the same. If I is a graded poset, then the rank
of an element = € II is the maximum length among all chains which end with x. The
rank of a graded poset is the maximum rank obtained by its elements. Equivalently,
the common length of all of its maximal chains. For examples of graded posets see
Exercises 2] and [3]
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Problem 41 If P is a d-polytope, then F(P) is a graded poset of rank d+ 1. More
generally, the rank of any face F of P in F(P) is 1 + dim F.

The dual of a simplicial polytope is called a simple polytope. A simple com-
binatorial characterization of simple polytopes is contained in the exercises below.
By Problem [41], ¥ interchanges i-dimensional faces of a rank d-polytope with (d—i)-
dimensional faces of P*. Thus the complete description of possible f-vectors of sim-
plicial polytopes with n vertices given in Chapter 4] also gives a complete description
of the possible f-vectors of simple polytopes with n facets. In addition, Problem
gives an exact formula for the maximum number of vertices for such a polytope.

Exercise 5.3

1. Let K be a closed convex subset of R? which contains the origin. Then K*
contains an affine subspace of dimension i if and only if dim K < d — 1.

2. B, is a graded poset and the rank of A C [n] is equal to |A|.
3. D, is a graded poset. If a € n and the prime factorization of a is
a=pi' Py’
then the rank of a is e; + -+ + e,.

4. Let P be a d-polytope. If F is a (d — 2)-dimensional face, then F' is contained
in exactly two facets.

5. P is a simple d-polytope if and only if every vertex is incident to d edges.

6. Any simplex is both simple and simplicial. Are there any other polytopes with
this property?

7. Are there any polytopes such that P = P*? Polytopes with the property that
F(P) ~ F(P*) are called self-dual. Simplices are self dual. Are there other
self dual polytopes?

8. What can you say about self dual convezr subsets?
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Chapter 6

The Mobius function

In order to further advance our study of face posets of polytopes, their connections
to hyperplane arrangements and graph coloring, we now turn to Mobius inversion.
This is now one of the standard techniques of modern combinatorics. Introduced by
Weisner [14], M&bius inversion is a poset based generalization of inclusion-exclusion.
Its real value as a powerful approach to many enumerative problems was pioneered
by Rota [10]. Throughout this chapter II is a finite poset. While the theory applies
to locally finite posets, those such that every interval [z, y] is finite, we will have no
need of this generality.

6.1 The Mobius function

The Mobius function is a simultaneous generalization of inclusion-exclusion and its
more famous number theory namesake. It is the function p : II x I[I — Z defined
inductively using the following properties:

1. If x £y, then u(x,y) = 0.
2. plx,z) =1

3. If z <y, then

Z w(zx, z) =0.

z<z<y

As long as [x,y] is finite, u(x,y) can be computed using the last two properties
inductively. See Figure for a simple example where u(x,y) is computed for a
specific poset and a fixed x in the poset.

43
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Figure 6.1: Computing u(z,y).

While the above inductive procedure gives a finite algorithm to compute the
Mobius function for any two elements in I, it is known that for general posets and
elements it is not computationally fast. However, in many specific cases it can be
computed easily. Here are two examples. (Recall the definitions of B,, and D,, in

Chapter [2])

Problem 42 Compute (A, B) for any A, B € B,,.
Problem 43 Compute u(s,t) for any s,t € D,,.

Another class of posets for which the Mobius function is (very) easy to compute
are Eulerian posets. A poset is called Eulerian if it is graded, contains a unique
minimal element and a unique maximal element, and its Mobius function satisfies

pla,y) = (1)@=

for all x < y. Here, p(z) is the rank of z. The easiest example of an Eulerian
poset is B,,. Perhaps the most interesting class of Eulerian posets are face posets of
polytopes.

Problem 44 If P is a polytope, then F(P) is an Eulerian poset.

Another large class of Eulerian posets are the face posets of simplicial complexes
homeomorphic to spheres or odd-dimensional manifolds.

The Mobius inversion formula is probably best understood by introducing the
incidence algebra of a poset. The incidence algebra of II, denoted by I(II), is the
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space of all functions n : II x IT — R such that n(z,y) = 0 whenever z £ y. It
comes with the usual real vector space structure associated to spaces of functions to
the reals. It also has a multiplicative structure which looks suspiciously like matrix

multiplication (if you are an algebraist) or convolution (if you are an analyst). For
n,1 € I(I1) define n o in I(I1) by

(nov)(z,y) = {ngzgyn(x,z) zy) i<y

This multiplicative structure is easily deciphered from the point of view of
matrix multiplication. Let n = |II| and let § : [n] — II be a bijection so that the
induced order relation <p,, given by i <y, j if and only if 3(i) < 3(j), is natural.

(See Section [2.3])

Problem 45 The incidence algebra I(I1) is isomorphic to the matriz algebra of
n X n real matrices M such that M; ; = 0 if i £y J.

All of the properties of I(IT) below follow easily from the above problem.
Corollary 6.1.1
1. (noy)ov=mno(¢ov) (associativity).

1 =
2. Define §(x,y) = 0 i#z

Then nod =0 on (existence of identity)

1 z<y
3. Define ((z,y) = 0 cdy

Then po = Cou=243 (inverse of the Mobius function).
Let f and g be functions from II to Z. Mo&bius inversion is a method for

analyzing the situation when

or its order dual relation

It might seem that such a relationship would be quite rare. As we will see, it occurs
quite frequently. Here is a simple example. Let ¢(n) be the Euler totient - ¢(n) is
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the number of positive integers less than or equal to n which are relatively prime to
n. (Have no common factors other than one.) For instance, ¢(12) = 4 since 1,5,7, 11
are the only such integers.

Proposition 6.1.2

> o(d) =n.

dn

Proof: Write down the fractions %, %, ..., . Then put them in lowest terms.
For instance, for n = 12 we end with

11115 17 235111

Notice that only denominators d which divide n occur, and each such denominator
occurs exactly ¢(d) times. O

Theorem 6.1.3 (Mdbius inversion) Let f and g be functions from 11 to Z.

9y) =) flx)

z<y

if and only if

Dually,

if and only if

The above formulas look like multiplication of vectors and matrices and that
is the main idea behind the proof of the theorem.

Problem 46 Prove the Mobius inversion formulas.
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The number theoretic Mobius function, for which the poset version gets its
name is defined for n € Z* by

1 n=1
pu(n) =< (=% n=p;--pg, the p; distinct primes
0 otherwise.

Corollary 6.1.4

bn) = 3" uln/d) -d

din

Proof: Problem [43| and Mobius inversion. O

Our first combinatorial application of M6bius inversion involves graph coloring.
Let G be a graph without loops. Denote the vertices of G by V(G). A A-coloring
of G is a function f : V(G) — [A]. The coloring f is proper if no vertices with the
same color (i.e. image) share an edge. Define xg(A) to be the number of proper
A-colorings of GG. Evidently x¢ is only defined for A > 1.

What kind of function is xg? It is called the chromatic polynomial, so it
is a good guess that x¢ is a polynomiall Any A-coloring of G induces a partition of
the vertices which has at most A many blocks. The partition-induced subgraph
of G corresponding to the coloring f is the graph whose vertices are the same as G,
but whose edges are those whose end points have the same color. Thus a proper
coloring corresponds to the graph consisting of the vertices of G and no edges. For
another example, consider the graph in Figure [6.2] If f mapped vertices A and D
to color 1, and vertices B and C' to color 2, then the partition-induced subgraph
would consist of the vertices and the single edge between B and C. Notice that the
same thing would happen if f mapped vertex A to 1, vertex D to 2 and vertices B
and C' to 3.

The poset of vertex-induced subgraphs of G, which we denote by L, consists
of all possible partition-induced subgraphs of G (over all possible colorings, not just
those of a fixed A) ordered by inclusion. Its least element is the graph with no edges
and its maximal element is G itself. The Hasse diagram for the graph in Figure
can be seen in Figure [6.3] What else can we say about Lg?

Problem 47 Lg is graded. The rank of a partition-induced subgraph H of G is
|V| — # components of H.



48 CHAPTER 6. THE MOBIUS FUNCTION

A

Figure 6.2: A simple graph

In order to connect Ls with the chromatic polynomial, for H € Lg define
fr(H) to be the number of A-colorings of G such that H is the associated partition-
induced subgraph. By definition, yg()) is fx(0), where 0 is the least element of
Lg. Can we apply Mobius inversion? For any graph H let ¢(H) be the number of
components of H.

Problem 48

YeO) = 37 (0, H)NUD = X 37 (0, H)A@) -0,
HeLg HeL(G)

From this we easily see that yo()) is a polynomial of degree |V|, contains A% as a
factor and the coefficient of A% is u(0, G). The last term of the right-hand side of
the above equality makes sense for any (finite) graded poset with a unique minimal
element 0.

Definition 6.1.5 Let I1 be a (finite) graded poset with unique minimal element 0
and let r be the rank of 1. The chracteristic polynomial of II s

) = 37 (0, 2)x .

zell

We will meet the characteristic polynomial again in the next chapter on hyperplane
arrangements.
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Exercise 6.2

1. An element v € I(I1) is multiplicatively invertible if and only if v(z,x) # 0
for all x € 11

2. Inclusion-exclusion is the following combinatorial principle. Let Ay, ..., A,, be
finite sets. For each nonempty subset I of [m] define A = NMicrA;. Then

AL U U A, =) 0> (=) A

i=1 |I|=i
Prove this by showing it is a consequence of Mdbius inversion on By,.

3. Let G be a connected graph. Prove that if X does not divide uLG(O, G), then G
has a proper A-coloring. Prove the converse holds if A\ = 2.

4. Fizn > 1. The partition lattice, 7, is the poset whose elements are parti-
tions of [n] and whose order relation is given by refinement. For instance, in
7y the least element is the partition with three blocks, {1},{2},{3}, the great-
est element is the partition with one block, {1,2,3}, and there are a total of
five elements. In general m, has a unique minimum, 0 = {1},... {n} and a
unique mazimum 1= {1,...,n}. Compute u(0,1) in ,.

5. A different approach to the chromatic polynomial is through deletion-contraction.
Let G be a graph. It may have parallel edges (more than one edge between a
pair of vertices) and/or loops. Define xa(\) as before. If G has a loop, then
X(G) = 0. Let e be an edge of G. The deletion of e, denoted G — e, is the graph
obtained by removing the edge e. The contraction of G along e, denoted G/e is
the graph obtained by contracting the edge down a vertex and identifying the
two vertices of the edge down to one vertex. This may introduce loops and/or
parallel edges. For instance, if G is a triangle, then the contraction of G along
any of its edges is a graph with two vertices and two parallel edges. Prove that
for any edge e of a loopless graph,

XG()\) = XG—e()\) - XG/e()‘)‘

6. Compute xg when G is a tree, a connected graph with no circuits.



Chapter 7

Hyperplane arrangements and
Zonotopes

On the surface, hyperplane arrangements are easy to describe. They are simply
a finite collection of hyperplanes in R?. As noted earlier, any hyperplane Hg, di-
vides space into three disjoint convex sets, the hyperplane itself and two open half
spaces, HI ap and H_,. The two full-dimensional sets are called regions. As we add
hyperplanes there will be more regions. The main question we will address is, “How
many regions are there?” Along the way we will discover a connection between this
question, “Does y(—1) mean anything”, and how many pieces a d-dimensional cake
can be cut into using n slices.

7.1 Hyperplane arrangements

A hyperplane arrangement in R? is a finite collection A = {Hy,..., H,} of
hyperplanes in R?. The arrangement is called central if the hyperplanes are all
linear, i.e. all contain the origin. Otherwise A is called affine. If the intersection
of all the hyperplanes in a central arrangement is exactly the origin, then it is
essential.

A central arrangement divides space into various subsets which are called cones.
Definition 7.1.1 C is a cone in R? if for allx € C and t > 0, tx € C.

By definition, the empty set and R? are cones in R?. Examples of cones include closed
half-spaces of the form H,,a # 0 and their intersections. A cone is polyhedral if it
is the intersection of a finite number of such half-spaces. In general, the intersection

ol
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of cones is a cone. As usual, this means that for any subset Y of R? there is a
smallest cone containing Y which we denote by co(Y'). It consists of all of the rays
starting at the origin and containing a nonzero point of Y. Hence nonempty cones
in R? are in one-to-one correspondence with subsets of the unit sphere in R

Let A = {H,,...,H } be a central arrangement in R%. For x € R? we can
record using {+,0, —}" whether a; - x is positive, zero or negative. The resulting
sign vector s4(x) is in {+,0, —}". As long as there is not confusion we will suppress
the subscript A. Note that s4(x) depends on the choice of direction of a;. For a
potential sign vector s € {+,0, —}" we want to describe the points of R? with the
given sign vector. For this purpose, define

a,-x=0, s(i1)=0
c(s):{xeRd: a;-x <0, s(i):—}.
a-x>0, s(i)=+

Figure shows a typical example in R%. The covectors of A are those sign vectors
s € {+,0,—}" such that

a,-x=0, s(i1)=0
{XERd: a;-x <0, s(i):—}
a-x>0, s(i)=+

is not empty. For instance, for the arrangement in Figure[7.1] ¢(+, —, 4) = ¢(+, —,0) =
¢(—,0,0) = ¢(0,0,0) = {0}, but only (0,0, 0) is a covector of the arrangement. With
this notation, part |3 of the next proposition shows us that our original question can
be rephrased, “How many covectors are there with no zeros in their sign vector?”

Proposition 7.1.2

1. ¢(s) is a closed convex cone.

2. Suppose that s and t are covectors of A. Then c(s) C ¢(t) if and only if s can
be obtained from t by changing some +’s and/or —’s to zeros and this holds if
and only if c¢(s) is a face of ¢(t).

3. If s is a covector of A, then dim c(s) = dim N;.5()=0H;.
Problem 49 Prove the above proposition.

Looking at Figure [7.1]and Proposition suggests that the various cones c(s) are
arranged in a way somewhat similar to the way polytopal complexes are configured.
To make this precise requires the notion of a fan.
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Figure 7.1: Several sign vectors

Definition 7.1.3 A finite set of cones C = {C},...,C,} in RY is a fan if
1. Any nonempty face of a cone in the fan is in the fan.
2. For all C; and C; in the fan, C; N C; is a face of both C; and Cj.
The fan is called complete if its union is all of RY.

Problem 50 If A is a central hyperplane arrangement, then the collection of the
cones c(s),s a covector of A, is a complete fan.

A second example of a complete fan is the face fan of a polytope. Let P be
a d-polytope in R? with the origin in its interior. We form a fan by collecting all
subsets of the form co(F'), F' a proper face of P and then including the origin. See
Figure for an example of the face fan of a polygon. Since the dimension of co(F')
is the dimension of F' plus one, the number of cones of dimension 7,1 <7 < d in the
face fan of P is just f;_; of P.

Problem 51 Let C be the face fan of a d-polytope P with the origin in its interior
and let f;(C) be the number of i-dimensional cones in C. Prove that

d

Y (F1(C) = (-1

=0

The key to relating face fans to the fans coming from hyperplane arrangements
are zonotopes.
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Figure 7.2: Face fan of a polygon

7.2 Zonotopes

An polytope Z in R is a zonotope if it is the affine projection of a cube. Specifically,
there exists an affine map f : R — R® such that f((0¢) = Z. Since faces of cubes
are translates of cubes, it is not unreasonable to hope that faces of zonotopes are
zonotopes.

Problem 52 Let f be a projection of a polytope P onto a polytope Q. If F' is a face
of Q, then f~Y(F)N P is a face of P.

Corollary 7.2.1 Faces of zonotopes are zonotopes.

At first sight it is not apparent how zonotopes might be related to hyperplane
arrangements. A hint that there might be a connection comes from an alternative
characterization of zonotopes via Minkowski sums.

Definition 7.2.2 Let X and Y be nonempty subsets of R?. The Minkowski sum
of X and'Y 1s

X+Y={x+y:xeX yeY}

Since addition is commutative and associative Minkowski sums are commu-
tative and associative. Furthermore, it is easy to see that {6} acts as the identity
with respect to Minkowski sums. Several operations we have seen can be described
in terms of Minkowski sums. Figure suggests how to construct cubes, translate
subsets, and form prisms using Minkowski sums.
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BN R
po—

Figure 7.3: Cube, translation and prisms as Minkowski sums

Problem 53 Z is a zonotope in R? if and only if there exists X1, . ..,%, in R? such
that Z can be written as a translation of a Minkowsi sum

Z = [_Xbxl] +- 4+ [_Xnyxn]

(Recall that [—x;,%;] is the line segment from —x; to x;.)

Now suppose A = {H_ ,,..., H, o} is an essential central hyperplane ar-
rangement. Consider the zonotope in Z4 in (R%)* given by

[_a17a1] + -+ [_anu an]

Since A is essential, Z4 is a d-polytope with the origin in its interior. What does
the face fan of Z% in (R%)** = R? look like?

Theorem 7.2.3 The face fan of Z3 equals the fan of the hyperplane arrangement
A. Specifically, F is a proper face of Z4 if and only if the smallest cone containing
U(F) equals c(s) for some covector s # (0,...,0) of A.

Proof: We begin by considering the faces of Z4. By Problems [52| and [53| we
know that a proper face F' of Z is the image of a face of the cube [1". So there is a
partition of [n] into three blocks [n] = Pl U Mi U Ze such that

n ifie Pl, then \;=1
(7.1) F= {a:a:Z)\iai, if i € Mi, then \; =—1 }
=0 ifie Ze, then —1< )\ <1

Note that while every face is of this form, it is not true that every partition corre-
sponds to a face.
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When is x = (z1,...,24) € R? in U(F) (the face in Z% dual to F)? When
a-x=1forallae Fand a-x < 1 for all a in Z. From this we can see that
tx,t > 0isin co(¥(F)) if and only if x-a = a-x is maximized over alla € Z4 on F.
Looking at F' we first notice that this means that a; - x must be zero for all 1 € Ze.
Otherwise, for a € F of the form specified in (7.1)), a - x would not be constant.
Similarly, a; - x > 0 for ¢ € Pl, and a; - x < 0 for ¢ € M. Otherwise a - x is not
maximized over Z 4 on the face F. Thus, each co(F') is equal to ¢(s) for the covector
s which is + for all ¢« € Pl, — for all : € Mi and 0 for all ¢ € Ze. Conversely, any
nonzero covector s determines F' by reversing the above reasoning. U

Corollary 7.2.4 Let A be a central arrangement. Let C be the fan of the arrange-

ment.
d

Y (A0 = (-1

1=0

Proof: When A is essential this follows immediately from Theorem and
Corollary [51]

Problem 54 Prove the above formula when A is not essential.

7.3 The intersection poset

In order to use the above result on the number of cones in the fan of a central
hyperplane arrangement we introduce the intersection poset of A. It consists of
all intersections of hyperplanes ordered by reverse inclusion. This includes the
intersection of no hyerplanes, R?. The intersection poset is denoted L4 and always
has a minimal element 0 = R%, and a maximal element 1 equal to the intersection
of all of the hyperplanes. One way to get a feeling for L4 is to look at graphic
arrangements.

Let G be a graph without loops or parallel edges, whose vertex set is [d] and
edge set is E. For each edge ¢ = {i,j} € E define the hyperplane H, in R? by
x; —xj; = 0. The set Ag = {H.}ecp of all the H, is the graphic arrangement
associated to GG. Evidently A is a central arrangement. However, it is never essential
(see Exerc. [5)).

Problem 55 L4, ~ Lg.
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The most well known graphic arrangements are the braid arrangements - the graph
arrangements associated to complete graphs, K,,. There is a close connection between
the fan of the arrangement Ak, and the permutahedron (see Exerc. @

This suggests several properties of intersection posets of all central hyperplane
arrangements. A poset is a lattice if every pair of elements of the poset have a least
upper bound and a greatest lower bound. Suppose L is a lattice. The least upper
bound of z and y in L is called their join and is denoted by x V y. The greatest
lower bound of x and y is called their meet and is denoted x A y. The operations of
meet and join are commutative and associative. When L is finite we can take the
join of all of the elements to see that L has a unique maximal element 1. Similarly,
the meet of all the elements of L shows that there is a unique minimal element 0.
In any poset which contains a unique minimal element 0 the elements which cover
0 are called the atoms of the poset.

Problem 56 Let A be a central arrangement in R

1. Ly 1s graded. The rank of A € Ly is d — dim A.

2. Ly is a lattice.

3. Let x,y € L. Then p(z) + p(y) > p(xVy)+ p(x Ay). (La is semi-modular.)
4. Every x> 0 in L4 is the join of atoms of L. (L4 is atomic.)

Any finite lattice which satisfies the last two properties of the above problem is
called a geometric lattice.

Problem 57 Are there any geometric lattices which are not isomorphic to Ly for
some central hyperplane arrangement?

We are finally ready to prove the promised formula for the number of regions
of a central hyperplane arrangement. For A € L4 define f(A) to be the number of
cones in the fan of A whose affine span equals A. Thus the number of regions of the
hyperplane arrangement equals f(0).

Theorem 7.3.1 [1]], [8] Let A be an essential central hyperplane arrangement in
RY. Then

F(0) = (=1)"xz, (-1).
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Problem 58 Prove the above formula.

What if A is not essential?

Problem 59 Let A be a nonessential central arrangement, dimNH; = n > 0. Then
there exists an essential central arrangement A in R such that L ~ Lz and the
covectors of the two arrangements are identical.

Exercise 7.4

S v e

=

Classify all open cones in RY.

Classify all convex cones in R2.

An n-gon is a zonotope if and only if n is even.
The Minkowski sum of two polytopes is a polytope.
If G is a simple graph, then dim NeepH, = ¢(G).

Let A be the arrangement guaranteed by Pmblemfor Ak, . Show that Z is
combinatorially equivalent to a permutahedron.

Give an example of a lattice L with no mazimal element.

Let L be a finite poset such that x Ny exists for all z,y € L. Show that L, the
poset obtained by adding a unique mazximal element to L, is a lattice. Does
this work if L is infinite?

Let E be a finite set of vectors in a vector space V. Define Lg to be poset of
all subsets of the form ENW, where W is a linear subspace of V, ordered by
inclusion. Prove that Lg is a geometric lattice.
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Hints

8.1 Affine and convex geometry

[ If W is a linear subspace, then W + v is a linear subspace if and only if v € W
and (hence) W +v =W.

2l Translate.

Bl Show by induction on the number of terms in the affine combination that every
affine combination is in the affine span.

A Equate to linear independence.

Bl Write in terms of linear maps.

6 Just like Problem [21

[l The set of all convex combinations of elements of A is convex.

B Write y as a convex combination of elements of A with as few terms as possible.
If there are more than d 4+ 1 terms then there must be an affine dependence among
the elements of A in the expression.

8.2 What is a polytope?

O Compare to Problem

[10l This will be easier in the future.

11} (z1,...,24) € 0o if and only if |z] + -+ + |ag| < 1.
12l See [0l
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[[3} If y is not one of the x;, then it must lie on a line segment contained in P.
[14 You have seen an example.

[[5] K lies in an affine space of dimension d.

[16] Use the previous problem.

. Use Exerc. @ to show that (t;,),...,7(t,,,) are affinely independent.

[18 For a potential set {y(t;),...,7(t;,)} of vertices for a facet of C(n,d) use
determinants to find a formula for the hyperplane containing those vertices.

8.3 Convexity

[19 Compactness for existence. If K is convex and there are two points X, X which
minimize the distance to y, consider the triangle A(x1,Xs,y).

. Consider the line segment [y, x] where y is the projection of x onto K.

21} For a fixed affine hyperplane H, there are many possible ways to write H, =
H. be Try to normalize them so that a, and b, converge.
22] How do hyperplanes intersect line segments?

23l Induction on m.

241 Tnduction on dimension.

8.4 Shelling

25 When is a face new?

26| For connected graphs, start with a spanning tree. For the last, order the vertices
any way you want, and list the facets lexicographically.

27 Induction on the number of facets.
28 Use the previous problem.

29 What is the effect on the coefficients of a polynomial in ¢ when you multiply by
t—17

30} Put the vertices in general position.
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8.5 Duality

. Mostly straightforward. For instance, if B,(0) C K, then K* is contained in
B1/-(0).
B6l dimR? = dim(R?)* = dim(R?)** = d.

B7 Suppose that ais in K*NH_x« 1 but not in ¥(F). Thena-x =1,anda-y < 1
for some y € F.

B8 There is an a in K* such that FF = Hy; N K.

39l Rotate the hyperplane which defines F' ‘correctly’.
M0l What are the hyperplanes which define P*?

41l Problem 39 and Exercise [3.53]

8.6 Mobius inversion

M2 First compute p(0, [n]) in B,.

M3 First compute p(1,n) in D,,. For this, consider two cases. When n is the product
of distinct primes and when n has a factor which is a square of a prime.

44l Induction on dimension. Euler characteristic.
M5l For v € I(IT) define 3(v) to be the matrix whose 4, j entry is v(3(:), 5(j)).

[6] For f: I — R define 3(f) to be the vector in R” whose i*" coordinate is f(/3(i)).
What is 5(C) - B(f)? (Notation as in the previous hint.)

d7 If H C G can they have the same number of components?

. Consider f : Lg — R, where f(H) is the number of A-colorings of G such that
H is the associated partition-induced subgraph.

8.7 Hyperplane arrangements and zonotopes

. If s is a covector, then the affine span of ¢(s) = Nyu)=0H;.

50l Proposition [7.1.2]

1] Polytope Euler characteristic.

52l Use the projection f : P — @ and the a € (R%)* which defines F.

b3l A linear map is determined by the image of the unit coordinate vectors.
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b4l Let H = NH;. Consider AN H.

. x is in H,, where e = {4, j} if and only if the i"* and the j** coordinates are
equal.

b6l Translate to linear algebra.
b7 The Fano plane.

b8 Corollary [7.2.4]
B9 See the hint for Problem [54].



Chapter 9

Solutions

9.1 Affine and convex geometry

. Suppose that W is a linear subspace of R? and v is a vector such that W +v is a
linear subspace. Then v € W and W +v = W. To see this, note that since 0cWv,
we know that —v, and hence v, is in W. As linear subspaces are closed under vector
addition, W + v C W. Similarly, for any y € W,y = (y+ —v) +v € W + v, so
W CCW+v.

Now assume that W +v = W' + v'. Then, W = W’ + (v/ — v) and the above
discussion shows that W = W',

2l Let A = N,A, be an intersection of affine subspaces. If A is empty there the
result is immediate. So, let v € A. Each A, — v is a linear subspace, hence their
intersection W is a linear subspace. But A =W + v.

Bl Let Y be the set of all affine combinations of elements of A and let y € Y.
We show by induction on n, the number of terms in the affine combination, that
y € aspan(A). For n = 0 or 1 this is obvious. From Problem [I| we know that
aspan(A) = W + v for any v € aspan(A) and W a fixed linear subspace. For the
induction step we consider two cases. If a, = 1, then v =y — x, + X,,_1 is in
aspan(A) which implies that y = v — x,,_1 + X, is also in aspan(A). When a,, # 1,
the induction hypothesis implies that

v = (a1X1 + -+ ap-1Xp-1)

1—a,

is in A which implies that v — x,, is in W. So (1 — a,)(v — x,,) is also in W. Hence
y = (1—a,)(v—x,)+x,is in aspan(A).

Now that we know that Y C aspan(A) it remains to show that Y is an affine
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subspace. Equivalently, Y — v is a linear subspace for any element of A. However,
Y — v consists of all linear combinations of elements of A whose coefficients sum to
zero. As this set of linear combinations is a linear subspace we are done.

. Let X = {x1,...,X,}. Suppose that x; = asXs+---+a,x, with as+---+a, = 1.
Then ay(x9—x1)4+- - -+a, (X, —X1) is a nontrivial linear dependence in aspan(X)—x;.
So, the dimension of X is less than n — 1.

Conversely, if dim X < n — 1, then there exists Xs,...,x, in X such that
Xy — X1,...,X, — X7 have a nontrivial linear independence relation. If the sum of
the coefficients of this relation is zero, then one of x»,...,x, can be written as an

affine combination of the others. If the coefficients do not sum to zero, then by
first multiplying the linear relation by the reciprocal of the sum of the coefficients
we can reverse the process of the first part to write x; as an affine combination of
X9, ..y Xy

. Write f = T + v with T : R? — R® a linear map. Then f(A) = f(W +v) =
f(W) + f(v) which is an affine subspace.

Now suppose that B is an affine subspace of R3. If f~1(B) is empty then by
definition it is affine. Suppose that B = x is a single point and f~!(B) is not empty.
Then f~1(B) = f}(x) = T }(x—v) = W+y, where y is any element of T~ (x—v)
and W is the kernel of T. So, in this case f~!(B) is affine. For the general case,
write B=U+z,s0 [ Y(B)=f'U+z) =T ({U+z—v)=T'U)+T Yz—V)
which is an affine subspace.

6} Let C = MyeqA and let 2,y € C. Since each A € A is convex, [z,y] € A for
every A € A. Hence [z,y] C C.

[ If A is empty there is nothing to prove. Set C to be the set of all convex
combinations of elements of A. First we show that C' C ch(A). Let x € C and write
it as a convex combination

X =a1X1 + -+ apX,

of elements of A. If n = 1 or 2, then by definition x is in every convex set containing
A and hence is in ch(A). For larger n we proceed by induction by observing that

1

i,

To see that ch(A) C C' it is sufficient to show that C' is convex. Let y and z be
elements of C. By setting several coefficients to zero if necessary, we can write both
y and z as convex combinations of the same finite number of elements of A.

n n
Yy = E a;X;, 7z = E blxz
i=1 i=1

(a1x1+ -+ an_lxn_l)} + apXy,.

n



9.2. WHAT IS A POLYTOPE? 65

Hence for any 0 <t <1,

n

(L—t)y +iz= Z[(l — t)a; + thi]x;,

i=1
is a convex combination of elements of A.

B Write y as a convex combination of the elements of A with as few terms as
possible. We want to show a contradiction if there are d + 2 or more terms. So,
suppose

Yy = aX) + -+ 45X
is a minimal expression with j > d + 2. Since R? is d-dimensional x, . .. ,X; must

be affinely dependent. Let
b1X1—|—"'+ijj:0

be an affine dependence. Without loss of generality we can assume that b; > 0 and
a

among all b; with b; > 0, b—J < g . Forl1<i<j—1setc=a;— Z—Jbl Now check
J z J

that Zf;ll ¢i=1,¢;>0 and
y=oaXy+ -+ GiaaXog.

This gives our desired contradiction.

9.2 What is a polytope?

O Yes. The affine image of convex combinations is a convex combination. So,
f(P) is the convex hull of f(x1),..., f(x,), where P is the convex hull of x3, ..., x,.
However, if f is a projection of R? onto R!, then the inverse image of any set is
unbounded. In this case f~!(P) can not be a V-polytope.

[10] As we will see in Chapter [3] the answer is yes.

[[1] The d-cube is the intersection of all closed half-spaces of the form z; < 1,z; >
—1. The d-crosspolytope is the intersection of all closed half-spaces of the form

51271+"‘+Ed37d§1,

where €; = £1. The d-simplex is the intersection of z14+---+x4 < 1,214+ -+x4 > 1
and all inequalities of the form z; > 0 and z; < 1. This is definitely not the most
efficient way of presenting A? as an H-polytope.

M2l See[IOl
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13| For our previous work we know that any element y of P is a convex combination
of x1,...,%,. If v is not one of the x;, then it must lie on a line segment ¢ which is
completely contained in P. We know from Exerc. that the intersection of any
hyperplane H,; with ¢ must be empty, all of ¢ or just one point. In the last case the
line segment must be on both sides of the hyperplane. But this makes it impossible
for y to be a vertex of P.

141 The upper left hand corner of Figure [1.1

[15] Let A be the affine span of K. By definition dim A = dim K. Since A is an affine
subspace it is equal to W + v where dim W = dim K. Let f : R4 X — 1/ be any

linear isomorphism. Then ¢(x) = f(x) + v is an affine map which is a bijection on
K' = ¢~ !(K).

. By the previous problem we may assume that P and @ both lie in R? and the
affine map given by the definition of affine equivalence is an affine isomorphism.

Hence it maps hyperplanes to hyperplanes. Now it is easy to see that it maps faces
of P to faces of () and vice versa.

[17 Tt is sufficient to show that any collection of d+ 1 distinct yt;, ), ..., 7(ti,,,) are
affinely independent. (Why? Is it necessary?) To do this we apply Exerc. @

For notational convenience we use t1,...,tqy1. Consider the (d+ 1) x (d+ 1) matrix
(1 1 ... 1 1]
ti te .. ta tam
oty .ty thy
A1 jd-1 gd-1 d-1
tld tzd tdd thrl
L

This matrix is usually called the Vandermonde matrix and its determinant is called
the Vandermonde determinant and it is
d+1
I u-t
1<i<j<d+1
To see this, proceed by induction and perform elementary row operations to show
that the above determinant is equal to the determinant of

1 1 e 1 1 |
0 to—t ... ta—t tay — t

0 tlt—t1) ... talta—t1) tapi(tap —t1)
0 t5%(ta—t1) ... t97%(ta—t1) 5. 7(tas1 — 1)
0 15 '(ta—t1) ... t5 M (ta—t1) t5 i(tars — t1)]
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18, Let A = {v(ti,),...,7v(t;,)} be the vertices of a potential facet F' = ch(A) of
C(n,d). For x = (x1,...,74) € R? define

1 1 ... 1 1]
T til e tid,1 tid
2 2 2
S = det | 2 e T
i A1 -1
xd—l til tidfl tid
R - SR

The theory of determinants (for instance, Laplace expansion) tells us that
§(x) = 0 is a hyperplane H in R Tt also tells us that y(t;,),...,v(t;,) are all
contained in H. Hence, H is the hyperplane determined by the ;.. In addition, we
now know that F' is a facet of C(n, d) if and only if for all ¢; ¢ A the signs of §((t;))
are all the same.

Now consider the function p(t) = §(y(¢)). This is a polynomial of degree at
most d. On the other hand, ¢;,,...,¢;, are d-distinct real roots of the polynomial.
Therefore they are the only roots and the sign of §(¢) changes between each root.
This implies that the number of vertices in A between any two vertices not in A
must be even.

9.3 Convexity

9 Let z any element of K and set r = ||z — y||. Since f(v) = [|[v —y]|| is a
continuous function and the closed ball B,.(y) intersected with K is compact, there
exists at least one point x in K which minimizes the distance to y. To show that x
is unique when K is convex, suppose there are two such points, x; and x5. Consider
the triangle A(xy,x2,y). Since K is convex the line segment [x;, %3] C K. However,
elementary Euclidean geometry tells us that the distance from the midpoint of the
line segment to y is strictly less than the distance to either x; or x,. Contradiction.

20l Let y the projection of x onto K. The hyperplane H which is the perpendicular
bisector of the line segment [y, x| separates x and K. Indeed, if z € H N K, then so
is [z,x] and by elementary Euclidean geometry there would exist v € K closer to x
than y.

Since 0 is in the interior of K there exists a ball B,(0) contained in K. To see
that x ¢ (1 — eK) suppose it is. Then y = 1/(1 — €)x is in K and hence x € [0,y].
But this implies that x is in the interior of the convex hull of y U B,(0) which is
contained in K, contrary to the assumption that x is on the boundary of K.
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Now, for each € > 0 let H= be a hyperplane which separates (1 — ¢) K and x.
Write each H- = H__, , where we normalize so that a. is a unit vector pointing
away from K (this determines b.). The unit sphere in R? is compact, so there exists
a subsequence of the a. which converge to a limit a. Set b = a - x. By definition
x € H, N K, and an easy limit argument shows that Hay is a valid inequality for

K.

First observe that the intersection of any hyperplane and a line segment is either
empty, the whole line segment, or a single point.

Now, let x be a vertex of K. Since x is a vertex, x = K N H_,, where Ha}
is a valid inequality for K. If x is not an extreme point, then it is in the interior of
a line segment [y,x] C K. By the above observation H_, N [y,z] = x. But this is
impossible since H,} is a valid inequality for K.

To see that ext K C A whenever K = ch(A), it is enough to show that if
X =Xy + -+ a,X,, n > 1is a convex combination with distinct x; and all a;
nonzero, then x is in the interior of a line segment contained in ch(xy,...,x,). This
is easily established by induction on n.

For the last item, it is immediate that F' Next K C ext F. For the reverse
containment, suppose x € ext I’ but is not an extreme point of K. Then x is in the
relative interior of a line segment [y,z] in K. Since F' is a face of K, there exists a
valid inequality Hayp for K such that F' = K N Hg,. Once again, consideration of
ly,z] N Hayp shows that either Hy ) is not a valid inequality, or [y,z] C F|, contrary
to the assumption that x is an extreme point of F.

23]

We show that if A is the union A;U---UA,, of a finite number of affine subspaces
of R? each of which is of dimension (d — 1) or less, then A does not contain any
nonempty ball B,(x). The proof is by induction on d, where the initial case d = 1
is obvious.

For the induction step, suppose B,.(x) C A. Let H be any affine hyperplane
which contains x. For each A; either HN A, is an affine subspace of dimension at most
d — 2, the empty set, or all of H. As there are only finitely many A; and infinitely
many potential hyperplanes H, we can eliminate the last possibility by a judicious
choice of H. But now the induction hypothesis implies that B,(x) N H € (AN H).

9.4 Shelling

25l Let G be a face of F; which is not contained in the union of the previous facets.
Then each v;, must be a vertex of G, otherwise G C F},. Hence every new face
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. .. . i—1
contains M;. Conversely, any face containing M; was not in U_j F;.

26l

27 We proceed by induction ¢, where Fi, ..., F} is a shelling order on the facets of
A, Ift =1, then ha(t) = t¢ and fa(t) =t + (Dt 4 4+ (I )t+1=(t+ 1) =
ha(t + 1). For the induction step, let M; be the minimal new face, |M;| = i. Set
Ay = Fy U---UF;. The main point is that f;(A;) = fi(A;_1) plus the number of
new k-faces. How many of these are there? In dimension ¢ — 1 there is one - M;.
In dimension i there are (dzi) - those faces of F; which contain the 7 vertices of M;
and one other. We now see that in dimension ¢ — 1 + k there are (d*]’jk) new faces.
Thus, for 0 < k < d —1,

fimrk(85) = fimiru (A1) + (d ;;r k)

In terms of fa this means that fa,(t) = fa, ,(t)+ (¢+1)?"". On the other hand, by
definition, ha,(t) = ha,-1(t) +t*~". Hence, by the inductive hypothesis,

fa, () = fa, @)+ ¢+ 1) =ha,  (t+1) + (E+ 1) = ha,(E+1).
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Appendix A

Analysis

For the sake of completeness we include the basic facts from analysis that we need.
More detailed information can be found in any number of textbooks.

A.1 Compactness

The notions of open, closed, bounded and compact sets are some of the most fun-
damental ideas behind understanding the geometry of RY.

Definition A.1.1 A C R? is open if for all x € A, there exists an open ball
centered at x, B,(x) ={y € R?: ||x —yl|| <r},r > 0, which is contained in A.

Examples of open subsets of R? are open balls, the empty set, all of AR? and
the interior of any polygon. A line segment and a polygon are not open. The union
of open sets is always open.

Definition A.1.2 A subset A of R? is closed if it is the complement of an open
set.

Polygons, affine subspaces, any finite number of points and {(0,1/n) : n €
Z7}U{(0,0)} are examples of closed subsets of R?. The intersection of closed sets
is closed. As usual, this means there is a smallest closed set containing a given set

A. Tt is called the closure of A. For instance, the closure of the rationals in R is all
of R.

A bounded subset of R? is any subset which is contained in some ball B,.(0).
Compact sets form one of the most well-behaved classes of subsets of R.
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Definition A.1.3 A C RY is compact if it is closed and bounded.

Two of the most useful properties of compact sets are described by the following
theorem.

Theorem A.1.4 Let C be a nonempty compact subset of RY.

o Let f: RY — R be a continuous function. Then there exists x € C which
maximizes f on C. Similarly, there exists y € C' which minimizes f on C.

o Let (X1,Xa,...) be an infinite sequence in C. Then there erxists a subsequence
(Xi,, Xiy, - - - ) Which converges to some x € C.

The hypotheses that C' be closed and bounded are both necessary.
Exercise A.2

1. Polytopes are compact.

2. Construct a nonempty subset A, C R? which is closed and a continuous func-
tion f : R — R such that A. does not contain a point which mazimizes f on

A..

3. Construct a nonempty subset A, C R? which is bounded and a continuous
function f : R — R such that Ay, does not contain a point which mazimizes

f on A,.

4. Construct a nonempty subset A, C R% which is closed and an infinite sequence
of elements of A. which does not contain a convergent subsequence.

5. Construct a nonempty subset A, C R? which is bounded and an infinite se-
quence of elements of A, which does not contain a convergent subsequence.

Intuitively it seems obvious that the proper faces of a convex set lie on its
‘boundary’. To make this precise requires we define what the boundary is!

Definition A.2.1 The boundary of a subset A of R? consist of all points x € R?
such that any nonempty ball B,.(x) contains points of A and points not in A.
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The boundary of A is denoted by dA. Note that it is not required that the points
in the boundary of a set are actually in the set. For instance, the boundary of the
half-open interval (0, 1] in R is {0,1}. One of many properties of the boundary of a
set is the following.

Complementary to the boundary of a set is its interior. A point x in A is an
interior point of A if there exists a nonempty ball B, (x) contained in A. Any closed
set is the (disjoint) union of its interior and boundary.

Proposition A.2.2 x is in the boundary of A if and only if there exists a sequence
of points in A which converge to x, and there exists a sequence of points in the
complement of A which converge to x.
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