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ABSTRACT.

1. Introduction
2. Formulation of the Problem

Let f be a continuous function on the circle R/27Z. The partial sums of the
Fourier series of f may be written as convolutions of f with the Dirichlet Kernel

(2.1) Suf@) = [ Da)f(e—1) di
for

(2.2) Dy (t) = %(1 + Qgcos(k:t)) = ;W
We have

(2.3) /W Do (t)dt =1
but

(2.4) /:r |D,,(t)|dt = O(logn)

so the Dirichlet Kernel fails to be an approximate identity, and in general the
partial sums do not converge to f. Fejer observed that the averages
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N

(2.5) ou(£)@) = 57 sk ()(@)
k=0

are also given by convolution with Kernels K,, given by

N . (N+1
1 1 sin(S5=t)
2.6 Kt=7§Dnt: 2 2
(2:6) v (1) N+14 0= man! sin(1t) )
But now K, (t) is nonnegative, so
(2.7 1= K, (t)dt = / | K, (8)|dt

and in fact K, is an approximate identity. Specifically, we have the estimate

&
2.8 / K,(t)|dt < —
(23) Ml <

for some ¢ and all € > 0.
So if we define the modulus of continuity of f by

(2.9) me(f) = sup lst‘u<p |f(z —1t) = f(z)]
then
1w f = flloe < [ 15 —0) ~ fla0de+ [ 2fllK (0
(210) [t|<e ) ) [t|>e
<me(f) +2||f||mm(m)2
2

Thus we obtain Fejer’s theorem that K, * f converges uniformly to f as N — oo
in a quantitative form.
Now suppose we are given a sequence

(2.11) 0=np<ng<ng <ng<...

and we consider the sparse averages

1 N
(2.12) Fulf) = 577 2o 5 ()
k=0

analogous to (2.5). Then, analogous to (2.6), we have

(2.13) Gulf) = Qu + f for
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JR—. 11 L sin(ng + 3t

@1 Qv = 557 2 P = 5o 50 2

2

In order to show that o,(f) — f uniformly for continous f we need to verify
that @, is an approximate identity:

(2.15) / " Oyt =1
(2.16) /Tr |Qn(t)|dt < M for all n

(2.17) / Qa0 < ()

with ]\;im we(N) =0 for all € > 0 Indeed, just like (2.10) we obtain
— 00

(2.18) |@Qn * f = fllooc < Mme(f) 4 2|[f|lccpe(N)

and hence @, *x f — f uniformly.
Of course, (2.15) is an immediate consequence of (2.3).

Main Question:
Under what conditions on the sequence n; do we have (2.16) and (2.17)7

3. A Counterexample

In this section, we show how to modify a construction of the Fejer of a contin-
uous function whose Fourier series diverges at a point to exhibit a sequence n; and
a continuous function such that o, (f)(0) is unbounded. The basic building block
is the function

Fon(2) = cos(m)x ~ cos(m+ 1)x . cos(m+n— 1)z
_cos(mt+n+1lz  cos(m+n+2)z  cos(m+2n)x
. 5 e
Note that
0 if N <
' Fom(z) fNZ>=m+2n
(3.3) F,m(0)=0
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We also have the uniform boundedness of all Fj, ,, as a consequence of the
uniform boundedness of >_7_; %km)

Now we choose ng, myp so there is no overlap between the exponentials in
Fy, m,. For example, this will hold if mj > 1 + mg_1 4+ 2ni_1. Then we choose

positive coefficients ay such that

(3.5) iak < 00 and set
k=1
(3.6) f= i arFy, m, , the series converging uniformly
Note that -
(3.7) Snitmi f(0) = kS pmi Fry m, (0)

since all the other terms vanish. Thus

(3.8) Shytmi f(0) = O(aklog(ny))
and we can make this diverge by the appropriate choice of ny and ay. For
example, a;, = k? and ny = my, = 2(5") " Thus the sequence 2 % 2(K%) gives a

negative answer to the Main Question in the previous section.

4. The Linear Case

In this section we deal with the case

(4.1) n, = pk

where p is a positive integer. The case p = 1 gives the Cesaro sums, so @y is
exactly the Fejer Kernel. We will see that the behavior of QQn is not as nice as the
Fejer Kernel. The statement

(4.2) Jim Qx(t) =0

holds uniformly for any fixed € > Ofor|t| > € for p = 1 but it is false for
p > 2, as there are specific choices of t (for example 2?”) where Qn (t) is a nonzero
constant. Nevertheless, we will prove that @y is an approximate identity, using
the average decay (2.17) as a substitute for (4.2).

LEMMA 4.1. For ny = pk we have

11 sin((BN 4+ 5)t)sin(
2N+ 1 sin($t)sin(

(N +1)t)
t)

N

(4.3) Qn(t)

NS (bl
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PROOF. In view of (2.14) it suffices to show

N o . .
4 > sin(kp+ %t) _ (BN + 232)(5573(2(]\[ +1)t)
k=0 P

Now the left side of 4.4 is equal to

) i(N+1)pt _ » —i(N+1)pt __
i(e%t(ﬁil) _ €7t(ﬁ—1
24 eirt — 1 et — 1
1 edteiVEDEE sin(N + 1)§t) 1 e7te iN+DEE sin(N 4 1)8¢
20 eiht sin(L)t 2i e i5t sin(L)t
; P

_ L ian+hn _ mignhoy SN 5L

21 sin(5)t
~ sin((EN + Dt)sin(E(N +1)t)

sin(5t)

But when p = 2 we have

On(7) 1 1 sin(N+3m) lim sin(N + 1)(m — s)

T TN +1 sin(g)  s—=0 sin(m — s)

1 1 . sin(N +1)s
== (DN (=N lim T8
271'N—|—1( ) (=) 20 sin(s)
-1
C2r

We have a similar computation for general p

LEMMA 4.2. Let j < 5. Then

(4.5) Qn(=—) =

PROOF. As before,

and
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sin(5(N + 1)t) | i sin(5(N + 1)(%]'71- +3))

sin(5t) =30T T 550 sin(%jw + s)

o sin(jr(N +1) + 5(N +1)s)
50 sin(jm + §s)
in(P
— (1) pigp TGV 1)s)
5—0 sin(5s)

= (=D)M(N +1)

THEOREM 1. For nj, = pk, Q, is an approximate identity, so o,(f) — f
uniformly for continuous f

PrROOF. We need to prove (2.16) and (2.17) since (2.15) is automatic. Note
that we can write (4.3) as

(4.6) QD) = 5= 5 h (O (pt) for
B sin(2Lt)
(4.7) hn(t) = |T(%t)|

Of course when p = 1 we obtain the Fejer Kernel which we know satisfies (2.16)
and (2.17) by (2.7) and (2.8). By the Cauchy-Schwarz inequality,

Z|QN(t)|dt<%(ﬁZ hN(t)th)%(Nil/ hN(pt)th)%

€

so it suffices to show that % ffﬂ hy (pt)?dt is uniformly bounded. But this is

equal to ﬁ% f;r hy (t)2dt by a change of variable and hy is periodic of period

27, so this is equal to ﬁ J7_hn(t)?dt, which is uniformly bounded by (2.7).
U
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