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Harmonic Maps Between Graphs

Abstract
by
ELIZABETH SAMANTHA ELDER

In the first chapter we present historical background. We present definitions and exis-
tence results for harmonic maps between Riemannian manifolds and harmonic maps from
Riemannian manifolds into nonpositively curved metric spaces. We also present a classical
Poincaré inequality. In the second chapter we define harmonicity for a certain class of maps
between arbitrary finite graphs. We give several examples of harmonic maps and prove an

existence result. We also prove a Poincaré inequality for this class of maps between graphs.



Chapter 1

Background and Motivation

In this section we discuss the definitions and results about harmonic maps in the context of
maps between Riemannian manifolds and maps into singular spaces as motivation for the
approach taken in section 2 for maps between graphs.

For the discussion of the differential equations approach to harmonic maps between Rie-
mannian manifolds, we essentially follow [4]. Let f : M — N be a smooth map between
Riemannian manifolds M and N where dim(M) = m and dim(N) = n. The differential df
of f can be viewed as a section of the bundle T*M ® f~'T'N, and there is a connection V
on T*M ® f~'TN induced by the connections on T*M and f~'TN. One then defines the
operator

7(f) = trace(Vdf).
A harmonic map h : M — N is a map with
7(h) = 0.
In local coordinates, this equation has the form:

1 0 a . .0 .0
- af _~ i aﬁl—w‘ i sk —
a%;k V7 Oz (\/ﬁ7 8xﬁf) 7 Jk@a:af (%cﬁf 0

for all 4, where (7,5) is the metric tensor on M with respect to local coordinates (z', ..., 2"),

Y% = (Vap) ', 7 = det(7ap), and T, are the Christoffel symbols on N.
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There is the following existence theorem of Eells and Sampson [1] with improvements by

Hartman [3] for harmonic maps between Riemannian manifolds:

Theorem 1 (Eells-Sampson-Hartman). Let M and N be compact Riemannian manifolds
of dimensions m and n respectively, and suppose N 1is nonpositively curved. Then any

continuous map f : M — N s homotopic to a harmonic map.

There is another way of defining what it means for f : M — N to be a harmonic map
between Riemannian manifolds M and N, and that approach is the one which suggests how
one may proceed in the case of maps into singular spaces, when defining harmonicity via
differential equations is no longer an option. Here we follow [6].

Let M and N be Riemannian manifolds of dimensions m and n respectively, and let
be the Riemannian inner product on M and ¢ the Riemannian inner product on N. Then

for a smooth map f: M — N, the energy density of f is given by:

() = Traces(f'g) = 3 v*a)y (1)) o 90

a7ﬂ7i7j

with notation as above. The energy functional is then:

E(f) = /M e(f)dp,

where dji is the Riemannian measure on M.

The following theorem ties the energy functional to harmonic maps (see [6], theorem 3.5).

Theorem 2. Let M be a compact Riemannian manifold and N a complete Riemannian
manifold with non-positive sectional curvatures. If f: M — N is a smooth harmonic map,

then E(f) < E(g) for any g : M — N homotopic (rel. OM ) to f.

This suggests a way to define what it means for a map from a Riemannian manifold into
a general complete metric space to be harmonic; namely, define a similar energy functional
and define harmonic maps to be those which minimize the energy functional. This approach

is described in much more detail in [7].
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Let (™, g) be a Riemannian domain, i.e. an n-dimensional open subset of a Riemannian

manifold whose closure is compact, and (X, d) a complete metric space. Let f € LP(Q2, X),
ie., / d’(f(x),Q)dpg(x) < oo for some @@ € X. Then define the energy density of f at a
Q

point = € Q to be:
eo(x) = <n+p>/ d"(f(x), f(v)) dy

B(xz,e) v €"

for € > 0. One next defines, for ¢ € C.(2), the energy functional associated with f:

Finally, the energy of f is:

E(f) =sup{limsup E(¢) : 0 < ¢ < 1, € Cc()}.

e—0

Although it is possible to define harmonicity for general LP(€2, X') maps, we will define it
here only for continuous maps with finite energy. A continuous map h : {2 — X is harmonic
if it minimizes energy in its homotopy class.

In order to state an existence result for harmonic maps of this type, we need to introduce

the concept of non-positive curvature for a metric space.

Definition 3. A complete metric space (X,d) is said to be non-positively curved (NPC) if

the following conditions hold:
1. (X,d) is a length space.

2. For any three points x,y,z in X and geodesics Yy, Vy-, and 7., connecting them, the
following property holds: For X € (0,1), let y be the point on v, such that if d,,, is the
distance from y to z, then d(y,yx) = Ady. and d(z,yy) = (1 — N)dy,. On the Euclidean

triangle of side lengths dyy, d,., d., and opposite vertices Z, T,y there is a point

= 1=Ng+ )z
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The NPC' condition is that d(z,y\) is smaller than the corresponding FEuclidean dis-

tance ||T — yx|l2- The actual bound is

d*(z,y5) < (1= N)d*(z,y) + A\d*(x,2) — A(1 — N)d*(y, 2).

Remark 4. The terminology is due to the fact that a manifold with non-positive sectional
curvatures possesses the second property in the definition of NPC' for metric spaces above.

(See [5], section 2.7, “Comparison Theorems for Triangles”.)

We then have the following existence result (see [7], section 2, “Harmonic Maps Into

Non-Positively Curved Metric Spaces”):

Theorem 5. If (2", g) is a Riemannian domain and (X, d) is a complete metric space with

NPC, then in every homotopy class of maps from €2 to X, there is a harmonic map.

As the last proposition in section 2 is a Poincaré inequality, we now present a classical

Poincaré inequality (see [2], Chapter 7, “Sobolev Spaces”).

Theorem 6. Let Q) be a bounded domain in R™. For f € WOI’Q(Q), the following inequality

holds:

Il < (al) " 10712

where w, = and |Q| is the Lebesgue measure of .

(5 +1)
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Chapter 2

Maps Between Graphs

In this section we extend the concept of the energy functional to maps between graphs.

We first assign a metric d to a graph by associating each edge with the unit interval and
measuring distance between two points on the same edge with the standard Euclidean metric.
For two points on different edges, the distance between the points will be the length of the
shortest path connecting them, lengths of paths measured by adding the length contained
in each edge.

We also assign a probability measure to each graph. If G’ C G where G is our graph,
then

Z m(G'Ne)
W@ = e€E

> mle)

eceE

where F is the set of edges in G and m is Lebesgue measure on each edge.

Definition 7. A vertez-preserving map (VPM) f between graphs Gy and Gy is a continuous

map [ : Gy — Gy such that if v is a vertex in Gq, then f(v) is a vertex in Gy.

We now define an energy density and an energy functional for VPMs, similar to that

defined in section 1.

Definition 8. The local energy density e.(f) of a VPM f : Gy — Gs at a point x € Gy,
where x is not a vertex is:

()t S (2. £ )

e—0 €

where . is a point in Gy with d(z.,x) = €, when this limit exists. The energy density is

defined to be 0 for x € G a vertex.
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Definition 9. The energy of a VPM f : Gy — G5 is defined by

E(f) = / (e )uta).

when e, (f) € L*(G1).

Denote by H!(G1, Gs) the space of VPMs f : G; — G5 such that f is absolutely continu-
ous on each edge of G; when viewed as a map from [0, 1] to R, and that e, (f) is a continuous
function of x € Gy when restricted to the interior of each edge of Gy with e,(f) € L*(G).
(It is proved in the course of the proof of lemma (12) that any VPM can be considered as a
map from [0, 1] to R when restricted to any edge of G;.)

Note that our decision that the energy density at a vertex be 0 does not affect the value
of the energy of f as the set of vertices in G; has measure 0.

In analogy with section 2, f € H'(Gy,Gs) will be said to be harmonic if E(f) =
inf{E(g) : g : G1 — Gsis in the same homotopy class asf}.

Proposition 10. A map f € H'(G1,Gs) has E(f) = 0 iff f is constant on connected

components of G.

Proof: This is a simple consequence of the definitions:

E(f) = / (e )ut) =0

implies that e, (f) = 0 a.e., as (e,(f))? > 0. By definition of H*(Gy, Ga), e.(f) is a continuous
real-valued function when restricted to the interior of an edge, so we have if e,(f) is a.e. 0
on the interior of an edge, then e,(f) = 0 on that edge. Recall that e,(f) was defined to
be 0 on vertices, so we have that e,(f) = 0. Now, given z € G; not a vertex, e,(f) is just
|f'(x)|, when f is viewed as a function from [0, 1] to R. So we have that on the interior of
each edge, |f'(z)| = 0, hence f’(x) = 0, hence f is constant on the interior of each edge in
(GG1. But since f is a continuous map, any two adjacent edges must be taken by f to the
same point, hence f is constant on connected components of G;. [

From this point on, we will assume that all of our graphs are connected.
Examples:

1. If f € HY(G1,G2) and Gy is a tree, then f is harmonic iff f is constant.
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Proof: “If” is trivial, because it is obvious from the definition that a constant map
f has E(f) = 0 and that E(f) > 0. To show that the only harmonic H!(G},G5)
maps into trees are constant, it suffices to note that a tree is contractible, hence all
continuous maps into trees are homotopic to a constant map. As this homotopy class
contains some f € H'(Gy,Gy) with E(f) = 0, the harmonic maps are exactly those

with 0 energy, and the proposition shows that those are exactly the constant maps. [J

. Characterization of harmonic maps between polygons.

We will first need

Lemma 11. When considering f € H'(N, M) where N is an n-gon and M is an
m-gon, it suffices to consider f with deg(f) =0 or deg(f) = 1.

Proof: Let LM be an Im-gon. Then we will see that LM is an [-fold covering of
M. Let vy be a particular vertex in N, let f : N — M be a map of degree [ with
f(vn) = vy, and choose a vertex vpy in LM. Define a map k : LM — M in the
following way: First define k(vpy) = va. Then, moving clockwise around LM and M,
map the first edge in LM into the first edge in M via the identity on the unit interval,
the second edge in LM into the second edge in M in the same way, etc. Continue in
this way until the mth edge of LM has been mapped into the last edge of M. Then
map the m + 1st edge of LM into the first edge of M, the m + 2nd edge of LM into
the second edge of M, etc. In this way we get a surjective map k : LM — M, which
is in fact a covering map. Thus a lifting f : N — LM of f exists iff

fe(mi(N,vn)) C ko(m (LM, vpar)).

By the construction of k, we can see that k,(m (LM, vryy)) is the subgroup of w1 (M, vys)
generated by a loop of degree [. Likewise, as f is a degree [ map, f.(m (N, vy)) is also
the subgroup of m(M,vys) generated by a loop of degree [. So the above inclusion
holds (with equality), and thus f exists. Note that f is a VPM by construction (the
only preimages of vertices in M are vertices in LM). In fact, E(f) = E(f). This is just
because LM is locally isometric to M under k, and so e, (f) = e,(f) Va € Gy. Also, if
f,9 € H'(N, M) are homotopic with deg(f) = deg(g) = [, then we may assume that
f(vn) = g(vn) = var (possibly needing to compose one or both maps by a rotation of
M which would not affect computation of energy). Then we can just lift the homotopy
as we lifted f above, and we get that the liftings f and § are homotopic. So consid-

ering the liftings of maps to LM instead of considering the maps themselves preserves



9
energy computations and homotopy classes. Also, instead of considering maps of nega-
tive degree, one can consider the map of positive degree which is just the original map
composed with a reflection of M through a bisector containing vy,;. This reflection
preserves homotopy classes and does not affect the computation of energy as it is an

isometry. [

Now, note that if G; consists of one edge and is being mapped into Gy which also
consists of one edge, and the two vertices of G; are not both mapped to the same
vertex in GGy, then the minimal energy is achieved if the mapping is just the identity
on the unit interval:

If f: Gy — G issuch a map, then f can be thought of as a map from the unit interval

to itself, with f(0) =0 and f(1) = 1. In this case, we have:

E(f) = / () Pda

- ([ |f’(fv>|dx>2
> (/01 f”(:r)d:r>2
) f

= (f(1) = f(0)* =1

where the first inequality follows because on a probability space, || - ||z > || - ||z1, and
the use of the fundamental theorem of calculus is justified because f is absolutely con-
tinuous on GG; when viewed as a map from [0, 1] to itself. In fact, in this inequality we
have equality iff f’(z) is constant, which in this situation can happen iff f is actually

the identity map, and so in this situation the identity is the unique harmonic map.

Another important thing to generally note about harmonic maps is that two edges in
(G, being mapped isometrically into two edges in G5 will add less to the total energy
than one edge in GG; being mapped into two edges in G5 and a second edge in GGy being
mapped to a single point. This is because in the second case, for a harmonic map,
e.(f) = 2 on one edge and e,(f) = 0 on the other edge, so the contribution to E(f)
will be 4 times the weight of one edge in ;. But in the first case, e,(f) = 1 on two
edges, and so the contribution to E(f) will be 2 times the weight of one edge in G. So
in our quest for harmonic maps, we will be looking for maps which are local isometries

when possible, and if that is not possible, then we look for the maps with as little
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stretching as possible. Of course, as we consider only VPMs, one edge in G; cannot

be mapped into less than an entire edge in G5 unless the whole edge is mapped to a

single point.

We can now characterize harmonic maps f : N — M where N is an n-gon and M is

an m-gon. Applying lemma (11), we may consider degree one and degree zero maps

only. We will do this by considering three separate cases:

()

n > m.

As remarked above, the harmonic maps in the degree one homotopy class will be
the ones which are isometric when possible. If n > m, then we can map m edges
of N isometrically into M, and map the remaining n — m edges of N into single
vertices. Any VPM with these properties is clearly harmonic in this homotopy
class, because each edge of N which is mapped non-trivially into M is making
the minimal contribution to the energy by being mapped isometrically, and we
cannot have fewer than m edges mapped into M in this way or the homotopy
class would become the trivial class. For such maps, we have that e,(f) = 1

on m of N’s edges and e,(f) = 0 on the remaining n — m of N’s edges, and so
m

E(f) = —. Note that harmonic maps are not at all unique, because it doesn’t
n

matter which of the edges of N are mapped non-trivially into M and which are
mapped trivially into M; all that matters is the number.

In this as in the other two cases, for the trivial homotopy class; i.e., maps of
degree 0, the same argument as in example (1) shows that the harmonic maps are

exactly the constant maps.

n=nm.

In this case the homotopy class of degree 1 maps is just the identity homotopy
class. By the remark above, the harmonic maps will be those which are isometries,
and as those maps have e,(f) = 1 Vo € N, hence E(f) = 1 for the harmonic
maps in this homotopy class. Note again that harmonic maps are not unique, as

any rotation of N which is a VPM will be harmonic.
n < m.

In this case, what we would like to do is to map each edge of N into mn edges of
n

M, because that way no edge in N is being stretched any more than any other.
An argument exactly analogous to the one showing that isometry is best when

possible shows that it is best to have all edges being stretched the same amount.
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m
However, — is not in general an integer, and if it is not, then the map we get in
n
m
this way would not be a VPM. So let k£ = L—J, the greatest integer less than or
n

m
equal to —. Then we want to stretch some number of edges of N over k edges
n

each of M, and the rest of the edges of N over k£ + 1 edges each of M, so that the
map we get is injective. If p is the number of edges in N to be stretched over k

edges each in M, then we have that p satisfies
pk+(n—p)k+1)=m
sp=nk+1)—m

For a harmonic map f which behaves the way described above, we will have that
e.(f) = k on p of the edges of N and e,(f) = k+ 1 on n — p edges of N. This
gives us:

_ P+ (n—p)(k+1)°

E(f)

and substituting the value above for p yields:

_2mk+m—nk2—nk
- .

E(f)

Note that the formula above developed for the case n < m actually is valid in all

three cases. [

A natural question which arises is that of existence: Is there a harmonic map in every
homotopy class of maps in H'(G1, Gy) between two general graphs Gy and G5? In fact, we

will see that the answer is yes. To prove this, we will first need:

Lemma 12. Let f € HY(Gy,Gs) be such that for any edge e € Gy and x1,25 € e, if
f(z1) = f(x2), then for every x between x1 and xo, f(x) = f(z1) = f(z2). (Call an f with

this property semi-injective.) Then

/ (ealf)2dp = ule) / (o' (2))da (2.1)

for some ¢ : [0,1] — [0,m] which is continuous, non-decreasing, and ¢(0) = 0 and p(1) =
m, where m is the length of the path f|. in Go. Further, ¢ is homotopic to the function
Y(x) = ma (rel. endpoints), and this 1 gives rise to a map f which is homotopic to f and

such that e, (f) =m for all x € e.
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Proof: Construct ¢ as follows:

Associate e in the usual way with [0,1]. Then the endpoint 0 is mapped to a vertex vy in
G. If all of [0, 1] is not mapped by f to v, then there is an € such that f(e) # vy and such
that f(e) is on an edge eg emanating from vy. But since f is semi-injective, there must be a
ty such that f(t1) = vy, the vertex adjacent to vy on the other side of ey and f([0,¢1]) = eo;
if not, then because f is continuous and vertex-preserving, we would have to have f(x) = vg
for some = > e. But that contradicts the semi-injectivity of f. So f([0,t1]) = eg, and ey is
isometric to [0, 1]. Let ig : g — [0, 1] be the isometry of ey and [0, 1] such that ig(vy) = 0.
Define

¢l () =00 f(x).

d(f(xe), o
Because e, (f) = lir% dlf (o), f(w)) = |¢'(x)] on [0,;], we may calculate the contribution of
€— €

[0,t1] to E(f) by computing p(e) /Otl(w’(x))Qda:.

Now, if [¢1, 1] is not all mapped by f into vy, then there there is some e such that f(t;+€) # v,
and such that f(¢; + €) is on an edge e; (not the same as ep) emanating from v;. Since f
is semi-injective, there is a ty such that f(f3) = ve, the vertex on the other side of e, and
f([t1,t2]) = e1 by exactly the same reasoning as above. Let i; : e; — [1,2] be the isometry
with i (v) = 1. Define

Pl (2) = 110 f(2).

Note that this agrees with the earlier definition of ¢ at ¢, and that e,(f) = |¢'(z)| for all
x € [ty,to].

Continue this process to define ¢ on all of [0, 1]. Then im(y) = [0, m] where m is the length
of the path f|. :[0,1] — Ga. At each x € e = [0, 1], we have that e,(f) = |¢'(z)|, and so we
have shown (2.1). Note that ¢ is continuous, non-decreasing, and ¢(0) = 0 and ¢(1) = m
by construction.

Next we show that ¢ : [0,1] — [0,m] is homotopic to ¢ : [0,1] — [0, m] (rel. endpoints),
where ¢(z) = ma. Let h(s,t) =tms+ (1 —1t)p(s). Then h is a continuous function of s and
t, h(s,0) = p(s), h(s,1) =ms = (s), h(0,t) =0, and h(1,£) = m. So h is a homotopy (rel.
endpoints) of ¢ and 1.

To get f from 1, we essentially reverse the process by which  was constructed from f. Note

that ¢([0, --]) = [0, 1]. Define
f|[o,%]($) =iy o 1p(x)

where iy is the isometry of ey and [0, 1] such that ig(vg) = 0 as before. Next note that
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w([%, %D = [1,2]. Define

7l 2y(z) = i7" o ¥(x)

3=

where 7; is the isometry of e; and [1,2] such that 4;(v;) = 1 as above. Continue this process
to define f on all of [0,1] = e. Now, f|. is homotopic to f|. (rel. endpoints). This is because
the homotopy h between ¢ and v can be pulled back to a homotopy & of f|. and f le via the
same process which pulled ¢ back to f:

Note that for each fixed ¢t € [0,1], h(-,t) : [0,1] — [0,m] is a continuous, non-decreasing
function. Thus there is an s; € [0, 1] such that h(s1,t) = 1 and such that h([0, s;],¢) = [0, 1].
For this fixed t, define

hljo,s1)(s, 1) =iy "' o h(s,t).

Next we can find an s > s; such that h(sq,t) = 2 and such that h([s1, se],t) = [1,2]. For ¢,
define
hl(sy 501 (s, t) = i7" o h(s,t).

Continue this pulling back process until h(s,t) is defined on all of [0, 1] for this fixed ¢. Since
t was arbitrary, this defines a map for each t, so h(s,t) is defined on [0,1]?, and h is a
homotopy of f|. and f | relative to the endpoints of e by construction. Hence we may define
f on Gy by defining f(z) = f(z) on Gy \ e and f is then homotopic to f. On the edge e,
ex(f) = [/(x)| = m. O

Proposition 13. If Gy and G are arbitrary (finite) graphs, then in every homotopy class

of H (G4, Gy) maps, there is at least one harmonic map.

Proof: Let f € H'(Gy,G3) be given, and let {F;}!; be classes of H'(Gy,G3) maps such
that f; is homotopic to f for all f; € F; and for all ¢, and that any two maps in the same class
F; agree on the vertices of G;. Note that the set of these classes of maps is finite, because
there are only finitely many different ways to send the vertices of G to the vertices of Gj.
We will show that in each F;, there is a VPM f; of minimal energy. Once we have shown
this, we can obtain a harmonic map f in the homotopy class of f by choosing f to be the
fi with E(f) = min{E(f;) : 1 <i < n}

So it remains to show that within each J;, there is a VPM of minimal energy. This can
be done in the following way:
Choose a representative f; € &F;. Restricting our attention to two adjacent vertices in Gy, we
examine the image under f; in G5 of the edge e which joins them. Look for pairs of points
x1, Ty € e s.t. fi(xr1) = fi(za) and s.t. the restriction of f; to the segment ¢’ of e between x4

and x5 is homotopic to (but not equal to) the constant map on e¢’. For any such pair, get
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a new map from f; by replacing f;|e with the constant map. This new map is still in JF;,
and it has smaller energy than f;. Continue this until there are no more such pairs. What
we have at this point is a semi-injective map f; as described in the statement of lemma 12.
We can thus apply the lemma and get a new map f; homotopic to f such that e,(f]) = m
on e, where m is the length of the path f* in G5. The result of this construction yields the
minimal possible contribution of the edge e to the total energy of a map in &F;. One can
perform this procedure on every edge of Gy as it is a finite graph, and the result will be a

map in F;, which has minimal energy in that class of maps. [

Remark 14. As noted in the example of harmonic maps between polygons, harmonic maps

are not unique within homotopy classes.
We next prove a Poincaré inequality for maps in H'(Gy, Gy).

Proposition 15. The following inequality holds for all maps f € H(G1,Gs), where C is a

constant depending only on the number of vertices in Gy:

|fla < CE(f).

Here, |f|s = min{/ . d*(f(x),y)du(z) 1y € GQ}.

Proof: Suppose not. Then there is an n and a GGy with n vertices such that for all constants
C, there is an f € H'(G1,Gy) such that |f]o > CE(f). Let m be the number of edges

2mk — nk?* — nk
contained in f(Gy). Then E(f) > mk+m " n n , where k = L%J This estimate

is obtained with exactly the same reasoning as the polygon example. Also, we can trivially

estimate | f|, < m?. This gives us the following string of inequalities:

2mk +m — nk? — nk
- )

m? > |fla > CE(f) > C

We can absorb the n in the denominator of the RHS into C' as n is a fixed integer such that

the statement holds. Now, 2mk+m—nk? —nk > 2m(™ —1) +m—n(2)? —n(™) = ™ _2m,

n
nm

so we get that > (. So there is some finite n such that this holds for a fixed arbitrary

m —2n
m for any constant. This is clearly not possible, and we have a contradiction. [J
Note that this proof gives no indication of the way in which C' depends on n. The

following example indicates that the dependence is probably fairly simple.

Example:
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This example is important because it is the case in which |f|s is biggest and E(f) is still
fairly small.
Suppose that G has n edges (hence at least n vertices) and that the image of G in G is a line
segment made up of m edges, where m is even. Suppose that f sends VT_IJ edges to one of
the endpoints of the line segment, all but one of the remaining edges to the other endpoint of
the line segment, and the one remaining edge is stretched to span the m edges of the segment.

2 m iy 1) 4 m
Then E(f) = ™ We get that |f|y = -2 (=5 because the fixed point y € Gy which
n

minimizes / d*(f(x),y)du(z) is the point exactly in the center of the segment. In this
reGh

-1 1
case then, we would need C' to be at least E|JZL?) = 1 + o

the n dependence of C' is very simple; it is linear in n.

< —-——=-+ :%.Sohere

A~ =

1
4

~ 3
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