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An example of ramified domain
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Presentation The self-similar boundary

A class of self-similar sets

Consider an iterated function system (fi, ), where
o f; and f, have ratio a < 1,
o f; and f; have opposite angles £6 (0 < 0 < 7).

Denote I the invariant set associated with (f1, ) : I = () U ().
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Presentation The self-similar boundary

A class of self-similar sets

Consider an iterated function system (fi, ), where
o f; and f, have ratio a < 1,
o f; and f; have opposite angles £6 (0 < 0 < 7).

Denote I the invariant set associated with (f1, ) : I = () U ().
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An example of self-similar set I

o B. Mandelbrot, M. Frame The canopy and shortest path in a self-contacting
fractal tree, 1999.
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Presentation The self-similar boundary

The critical ratio a*

There exists a critical ratio a* depending only on the angle 6 such that

o if a < a*, then T is totally
disconnected,
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Presentation The self-similar boundary

The critical ratio a*

There exists a critical ratio a* depending only on the angle 6 such that
o if a < a*, then I is totally o if a= a*, then I is connected
disconnected, and has multiple points.
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Presentation The self-similar boundary

The critical ratio a*

There exists a critical ratio a* depending only on the angle 6 such that
o if a < a*, then T is totally

o if a = a*, then I is connected
disconnected, and has multiple points.
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Presentation The self-similar boundary

Sobolev spaces on I

The self-similar set I is endowed with its invariant measure, i.e. the only
probability measure p on I satisfying
1 1 1 1
u(B) = Sulf7(B))+ 5u(f(B)

for every Borel set B C T.
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Presentation The self-similar boundary

Sobolev spaces on I

The self-similar set I is endowed with its invariant measure, i.e. the only
probability measure p on I satisfying

1, 1,
p(B) = SulfH(B)) + Hulfs (B))
for every Borel set B C T.

The spaces W*P(I') (Jonsson, Wallin, 1984)
For0<s<1land1l<p<oo ifveLl(l),then v e WSP(T) if and only

if
|v] WsP //X et X)_‘;S_);)J du(x) du(y) < oo.

Ix —y|
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Presentation  The class of ramified domains

The class of ramified domains
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The class of ramified domains

f(r°) f(r°)
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.~ Presentation Theclass of ramified domains
The class of ramified domains
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Presentation  The class of ramified domains

The class of ramified domains

If o = (01,...,0k)
write

Q = Interior U U f,(Y9)

k>0 oe{1,2}
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Presentation  The class of ramified domains

The set = of multiple points of I

0¢ (£ keN}

= is countable

where = is the set of multiple points of I'.
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Presentation  The class of ramified domains

The set = of multiple points of I

0 ¢ {F, ke

= is countable

where = is the set of multiple points of T
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Trace and extension results General results

Questions

o Trace:
— Notion of trace for functions in WP(Q) on I ?

— Sobolev regularity of the trace on I' ?
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Trace and extension results General results

Questions

o Trace:
— Notion of trace for functions in WP(Q) on I ?

— Sobolev regularity of the trace on I' ?

o Extension:

— for which values of p is the domain €2 a WLP_extension domain,
i.e. there exists a linear continuous extension operator

WLP(Q) — WLP(R?)?

If Q is a WhP-extension domain for every p € [1, 0], Q is said

to be a Sobolev extension domain.
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Trace and extension results  General results

Trace theorems

Theorem (Gagliardo, 1957)

If w C R" is an open set with Lipschitz boundary and 1 < p < oo, one has
the trace result:

WP(w)gy = WPP(0w).
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Trace and extension results General results

Trace theorems

Theorem (Gagliardo, 1957)

If w C R" js an open set with Lipschitz boundary and 1 < p < oo, one has
the trace result:

WEP(W)0, = WIT5P(0w).

Theorem (A. Jonsson, H. Wallin, 1984)

/f1<p<oo,and1—%>o, then

WhPR?) = WA
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Trace and extension results

Trace theorems

General results

Theorem (Gagliardo, 1957)

If w C R" js an open set with Lipschitz boundary and 1 < p < oo, one has
the trace result:

WP (W)j0 = WT5P(0w).

Theorem (A. Jonsson, H. Wallin, 1984)
Ifl1<p< oo, andl—% > 0, then

—d
WIPR?)r = W5 R(T)
Sense of the trace: u is strictly defined at x € R? if the limit

)= 1B, r)\/x,

exists. Trace of uon I : G.
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Extension theorems

Every Lipschitz domain in R" is a Sobolev extension domain. l




Trace and extension results General results

Extension theorems

Theorem (A.P. Calderén, E.M. Stein, 1970)

Every Lipschitz domain in R" is a Sobolev extension domain.

Jones domains (P.W. Jones, 1981) :

A domain w C R" is a Jones domain if there exist €, > 0 such that

for every x, y € w satisfying |x — y| < 0, there exists a rectifiable arc
v C w joining x to y such that

o L(y) < I|x—y| where L(y)=length of v,
o d(z,0w) > € min(|x —z|,|y —z|) forall z€~.

Theorem (P.W. Jones, 1981)

Jones domains are Sobolev extension domains.
T. Deheuvels (ENS Rennes, France)
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Trace and extension results General results

The subcritical case (a < a*)

o Extension

If Q is a ramified domain with a < a*, then
Q is a Jones domain, so it has the
p-extension property for all 1 < p < oo.

o Traces

Jones theorem combined with Jonsson and Wallin's trace operator
yields a trace operator:

WP(Q) — W SOR(T)
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_ Trace theorems in the critical case
The ramified domains with a = a*

The case a = a*

In this case, Q cannot be a W1P-extension domain for p > 2.

June 15 2014



Trace and extension results  Trace theorems in the critical case

Haar wavelets on
Haar wavelets on [:

g = lLgr — 1Ly

Mother wavelet gy
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Trace and extension results  Trace theorems in the critical case

Haar wavelets on [

Haar wavelets on [:

g = lgm —Lgm
k _
Bolf,(r) = 2280°fs 1 and gor\s,(r) =0 for o€ {1,2}k
PP o Z{(‘Yﬂ}m\
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Mother wavelet gy
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Trace and extension results  Trace theorems in the critical case
Haar wavelets on I

Haar wavelets on [:

g = lam —Lpm
K _
Bolf,(r) = 2280°fs 1 and gor\s,(r) =0 for o€ {1,2}k
AT AT
£ b ,
{ y ¢ )
" J %
Mother wavelet gy g for o = (1)
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Trace and extension results  Trace theorems in the critical case

Haar wavelets on [

Haar wavelets on [:

g = lam —Lem
K _
Bolf,(r) = 2280°fs 1 and gor\s,(r) =0 for o€ {1,2}k
r\i ey 3{_(’“55“’«,.%%\ "J“{.m{w} I = H? .
A 2 s :
{ y ¢ )
o o
Mother wavelet gy g for o = (1)

Every function v € LE(I"), 1 < p < 0o can be expanded in the Haar
wavelet basis (g,):

vi= WY D Begs

k>0 oe{1,2}k
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Trace and extension results  Trace theorems in the critical case

Construction of a self-similar trace operator
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Trace theorems in the critical case

Construction of a self-similar trace operator

= (u) g oy La(n+(u) groy L)
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_ Trace theorems in the critical case
Construction of a self-similar trace operator

= Z (W), (royLe,(ry

oe{1,2}?
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_ Trace theorems in the critical case
Construction of a self-similar trace operator

= Z <U>fa(r0)]1f[,(r)

ce{1,2}2

= Z <U>f(,(r0)]lfa(r)

oe{1,2}"
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Trace and extension results  Trace theorems in the critical case

Construction of a self-similar trace operator

= Z <U>fg(r0)1fa(r)

ce{1,2}2

fn(u) = Z <U>fa(|—o)]].fg(r)

oe{l,2}"

The sequence (") converges in L(WP(Q), L(T)) to an operator ¢*°.
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Trace and extension results  Trace theorems in the critical case

Theorem (Y. Achdou, T.D., N. Tchou, 2012)

2 in case [J

* — i =

Set p —{2_% in case [ =2—dimy=
If a = a*, then

o ifp < p*,
C(WHP(Q)) = W S5R(T)

o ifp=pr,  X(WHP(Q)) C WeP(T)

d .
£ jn case [ i =
for everys << P = d=dimy =
3, In case O p
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Trace and extension results  Trace theorems in the critical case

Theorem (Y. Achdou, T.D., N. Tchou, 2012)

2 in case [
*x
Setp—{z_% in case O

If a = a*, then

:2—dimHE

o ifp < p*,
PAWR(Q)) = W)

o ifp>pf,  (X(WLP(Q)) C WS(T)

d -
£ jn case UJ i =
for everys << P = d=dimy=
3, In case 0 P

In the case of a ramified domain with 4

similitudes and dim= = %, the result
holds.
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Trace and extension results Extension theorem in the critical case

Extension theorem

In the case a = a*,

o we know that a ramified domain Q is not a W1P-extension domain
for p > 2.

o the trace theorem suggests that Q is not a W1P-extension domain for
p > p*.
o p< p*?
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Trace and extension results Extension theorem in the critical case

Extension theorem

In the case a = a*,

o we know that a ramified domain Q is not a W1P-extension domain
for p > 2.

o the trace theorem suggests that Q is not a W1P-extension domain for
p > p*.
o p< p*?

Theorem (T.D., 2013)

If Q is a critical ramified domain and p* = 2 — dim =, then for all p < p*,
Qisa W1P-extension domain
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Comparison of the notions of trace

Comparison of the notions of trace

The following theorem justifies a posteriori the use of several notions of
trace on .

Theorem (Y. Achdou, T.D., N. Tchou, 2013)

For 1 < p < oo, every function u € WYP(Q) is strictly defined p-almost
everywhere on I', and

ur = £>(u)

wu-almost everywhere on T.

The proof uses as a key ingredient the extension operator for p < p*. In
this case, the trace on [ does not depend on the extension operator:

(5U)|r = ur-.

Corollary

If p > p*, Q is not a W1P-extension domain. J
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Thank you for your attention!
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