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2 examples:

Pascal’s triangle mod p

pas(p) i= { (mi,me) € 1+ () 0 (mod p) |

Pascal’s pyramid (mod p).

e For any o = (a1, ..., ap) € N, first set

a1+~-+an> (- ap)!

Multnom, () == ( ol ol
Lo ap!

x1,...,0p

Define:
Mu(p) = {a € N§ : Multnom,(a) # 0 (mod p)}.

)
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Upper Minkowski dimension of discrete sets.

Definition:

g = positive definite quadratic form on R”
x| = g*/2(x).

JF = discrete subset of R".

F has finite “upper Minkowski dimension” if :

o(F) = Tim log (#F N B(R))

R—00 log R € [0,00).

where:
B(R) :={m e R"; |m| < R}.



Define the zeta function of F

((Fis)= Y ImlI™>  (F'=F\{0}).

meF’
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Define the zeta function of F

((Fis):= ) [Im]~*

meF’

(7' =F\{0}).

Properties:
e converges absolutely in {R(s) > e(F)}.
e ¢(F) = abscissa of convergence .

o Always assume e(F) € (0, 00).
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Define the zeta function of F

((Fis):= ) lIm|=  (F'=F\{0}).

meF’

Properties:
e converges absolutely in {R(s) > e(F)}.
e ¢(F) = abscissa of convergence .

o Always assume e(F) € (0, 00).

{Iml:meFt={M<X<-}  n=#{m:|m|| =X}

Tk

0=Res>e(F) = ((F,s)= S
k k

5/27



Tauberian Applications

Define
Fei=F 0 {|m| < x} = “x—ball" of F.
#Fx = ) _5,<x 'k = average of coefficients of ((F,s).
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Tauberian Applications

Define
Fe=F n{|m| < x} = %—ball" of .
#F = Z/\k<x re = average of coefficients of ((F,s).

Problem: Describe #.F, as x — oc.

Tauberian theory is useful if information outside halfplane of absolute
convergence is available.
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Tauberian Applications

Define
Fe=F n{|m| < x} = %—ball" of .
#F = Z/\k<x re = average of coefficients of ((F,s).

Problem: Describe #.F, as x — oc.

Tauberian theory is useful if information outside halfplane of absolute
convergence is available.

Key Point: Self-similarity of F helps provide such information.

6 /27



Compatible self-similar discrete sets.

e “Similarity” = affine map x > cTx+b
e c >1and T is invariant by O(q)

e Finite set f = (f;)] (fi = ¢; T; + b;) of similarities is “compatible” if

TioTj=T;oT; Vi,j




Compatible self-similar discrete sets.

e “Similarity” = affine map x > cTx+b
e c >1and T is invariant by O(q)

e Finite set f = (f;)] (fi = ¢; T; + b;) of similarities is “compatible” if

TioTj=T;oT; Vi,j

Definition. F is compatible self-similar
e I{T;}{ compatible s.t.

defining f; = ¢;T; + b;:
o f;(F) N fu(F) finite if i # i’

o F =U/_,fi(F) is finite ( symmetric difference).



Compatibility implies:

e 3 B=(eq,...,e,) = orthonormal basis of C"(= C ®g R") s.t. each T;
is diagonal.

o Vi HAI - ()\I'717 ey )\i,n) S (Sl)n s.t.
T (ej) = Nije; Vj (T = adjoint).

e Scal(f) :={ci}}.
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Compatibility implies:

e 1B =(e1,...,e,) = orthonormal basis of C"(= C @r R") s.t. each T;

is diagonal.
o Vi dXi = (Ni1,..., Ain) € (SY)" st
T (ej) = Nije; Vj (T = adjoint).

e Scal(f) :={ci}}.

Theorem 1 [E-L, Adv. Math. 2013]. Compatible self-similar F C R"
satisfies:

Z IImIIS

has a meromorphic continuation to (C with moderate growth and poles in:

=Y U {s—k Z}f’ —5_1} (A8 ::E[Afk).

BeN] keNg



Publicity for forthcoming article.

e Compatibility hypothesis not needed for our results.

e Arguments are fairly different from compatibility case.
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Fractal dimension.

Theorem 2. [E-L, 2013]
F C R" = compatible self-similar set. Then

e(F) = fractal dimension of 7 = the unique real solution of

r
g ¢ * =1
i=1
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Fractal dimension.

Theorem 2. [E-L, 2013]
F C R" = compatible self-similar set. Then

e(F) = fractal dimension of 7 = the unique real solution of

r
g ¢ * =1
i=1

e 2 types of self similar sets:
Latticelike: Z{log c;}; = discrete subgroup of R;
E.G. Pas(p), M(p) are latticelike.

Non latticelike: Z{logc;}; is dense in R.

10/27



Properties of Pas(p):

e Similarities:

fi=p-lda+b;  b;e{(uv)e{01,...

Set

|og(P(p+1))

P logp

,p— 132}
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Properties of Pas(p):

e Similarities:

fi=p-ld+b; b {(uv)e{01,...,p—1}}.

Set

|og(p(p+1))

P logp

Theorem 3 [E.- Jap. J. of Math. (2005)].
e ((Pas(p);s) converges in {o > 0,}.
e e(Pas(p)) =6,.

e ( (Pas(p);s) has a meromorphic continuation to C with moderate
growth and simple poles in:

2mih
— k+ k,h Z
{ep |Og ( )ENO X 0}

11/27



Pascal’s pyramid (mod p).

Define

0n7p -

og ((°473)

log p

Theorem 4 [E-L, 2013]

((Map),s)= D el

aeM,(p)

has a meromorphic continuation to C with moderate growth and simple
poles in:

2rih
{en,p—k+ ™ :(k,h)eNonO},
log p

and

e(Mn(p)) = Onp-
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p(p+1) )

(I) g > 0P = Ioggog;

{Acti = A{ll(m1, m2)|| - (m1, m2) € Pas(p)}
re(p) := #{(m1, m2) € Pas(p) : |[(m1, m2)|| = Ak}

— ((Pas(p),s) = k%’) where:

Average of coefficients: #(Pas(p)x) := Z re(p)

A <x
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p(p+1)

log(=5— r
N o>0,= ogﬁog; ) — ¢(Pas(p),s) = k%{’) where:

{Acti = A{ll(m1, m2)|| - (m1, m2) € Pas(p)}
re(p) := #{(m1, m2) € Pas(p) : |[(m1, m2)|| = Ak}

Average of coefficients: #(Pas(p)x) := Z re(p)

A <x

Theorem 5.[E-L, 2013].
3 n >0 and a convergent Fourier series f,(u) # 0 s.t.

logx

#(Pas(p)e) = x' 1, (12 ) 4 O x =+ .

13 /27



lo p+n—1
() o>0,,= g(l(og‘;’:> = ((Mn(p),s) =>4 Rﬁ\—(ip) where:

Mtk = {llall - e € Ma(p)}
Re(p) := #{or € Mn(p) : llar]| = Ay}

Average of coefficients: #(M Z Rk(p

N <x
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(M o>60h,= M = ((Mn(p),s) =>4 Rj\—(ip) where:

log p

Mtk = {llall - e € Ma(p)}
Re(p) := #{or € Mn(p) : llar]| = Ay}

Average of coefficients: #(M Z Rk(p

N <x

A new proof of result of Barbolosi-Grabner (1996).

Theorem 6.[E-L, 2013].
31 > 0 and convergent Fourier series Fp, p,(u) # 0 s.t.

log x _
— JOnp Onp—n
#(Mau(p)x) = x""PFp p <|ogp) + O(x )

14 /27



Averages for other weights — Metric Invariants

Examples of metric invariants (w.r.t. O(q)):

(k = 2) : Distinct distances, angles
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Averages for other weights — Metric Invariants

Examples of metric invariants (w.r.t. O(q)):

(k = 2) : Distinct distances, angles

(k> 3) : k—point configurations, k—chains,
volumes of n—simplices (k = n+1).

“k—Configuration”

e {(Hxl —xo||, [|x1 — %3], .-, || (Xk—1 — ka) CX € .FVi}.
“k—Chain”
e {(Hxl —xall, [Ix2 = x3]l, - - -, |Xk—1 —ka) CX; € fVi}.
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Averages for other weights — Metric Invariants

Examples of metric invariants (w.r.t. O(q)):

(k = 2) : Distinct distances, angles

(k> 3) : k—point configurations, k—chains,
volumes of n—simplices (k = n+1).

“k—Configuration”

= {(Hxl —xo||, [|x1 — %3], .-, || (Xk—1 — ka) IX; € .FVi}.
“k—Chain”
= {(Hxl —xall, [Ix2 = x3]l, - - -, |Xk—1 —ka) IX; € fVi}.

“Geometric combinatorial”’ problems:
For metric invariant on (R")X find a lower bound for :

# distinct values of invariant determined by elements of FX (x > 1).

15 /27



Erdos distinct distance problem (1946):

a(x) =22 x| = ()Y
e |f X is a finite subset of R”, then the set of its distinct distances
A(X) :={l]x — yll; x,y € X} should satisfy:

HA(X) . #£X77° as #X — oo.

16
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Erdos distinct distance problem (1946):

a(x) =22 x| = ()Y
e |f X is a finite subset of R”, then the set of its distinct distances
A(X) :={l]x — yll; x,y € X} should satisfy:

HA(X) . #£X77° as #X — oo.

e n = 2: Guth-Katz (2014) (with slightly better exponent of Erdos).

16
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Distance set in any x—ball of F :
A(./_"X) = {Hm1 — m2H m; € F Vi= 1,2}.
Theorem 7 [E-L, PLMS 2015].

F = compatible self-similar subset of Z" (n > 2);
e(F)>n—2.

— Ve >0, #A(F) > #(F)TO T (x = o).

17 /27



Corollaries.
For (compatible) self-similar F C Z":

(1) n=2 and e(F) > 0 implies Erdés distance conjecture
but only for all sufficiently large x— balls:

Ve >0, #A(Fx) > #(F)P  (x = o).
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Ve >0, #A(Fx) > #(F)P  (x = o).

(2) 0, >0 = #A (Pas(p)x) > [#Pas(p)x]' "

18 /27



Corollaries.
For (compatible) self-similar F C Z":

(1) n=2 and e(F) > 0 implies Erdés distance conjecture
but only for all sufficiently large x— balls:

Ve >0, #A(Fx) > #(F)P  (x = o).

(2) 0, >0 = #A (Pas(p)x) > [#Pas(p)x]' "

(3) Japst. p>ap, = Opp>n—2.

1-1=2_¢

Sop>an = #A(Mu(p)x) > [#Mn(p)x] ~ fnp

18 /27



Sketch of proof of Theorem 7.

Step 1:
Introduce 2—variable zeta-function:
[m; —my|
s(F,s) = _
T ey I
1,2

e Converges absolutely in {s € C%; o; > DVi} (D :=e(F)+2).
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Sketch of proof of Theorem 7.

Step 1:
Introduce 2—variable zeta-function:

2
Fs) =y, dmo el

(m1,m)e(F)? [[mg |t [mal[=”

e Converges absolutely in {s € C%; o; > DVi} (D :=e(F)+2).

Set:
A(Fy) = {lmi—myl; (my,my) € 77}
= {01,...,0n}  (Ny =#A(Fy))
{|lm]| - me F} = {A,..., .}
Vikik = ##{(m1,m2):|[mjl| =X\ ¥,

[my — my =&}
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Sketch of proof of Theorem 7.

Step 1:
Introduce 2—variable zeta-function:
[m; —my|
s(F,s) = _
T ey I
1,2

e Converges absolutely in {s € C%; o; > DVi} (D :=e(F)+2).

Set:
A(Fy) = {lmi—myl; (my,my) € 77}
= {01,...,0n}  (Ny =#A(Fy))
{|lm]| - me F} = {A,..., .}
Vikik = ##{(m1,m2):|[mjl| =X\ ¥,

[my — my =&}

2
E; 5,- Vi ki, kp
A2
k1 kg

co,00>D — Cdis(fa S) = Z(kl,kg)

19/27



Step 2:

Upper bound for coefficient averages A(x) := Y yis, < 22i 07 * Viky ko-
j k) I

Claim 1:

A(x) <z Ny - xs)tnte]
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Step 2:
Upper bound for coefficient averages A(x) := Zvj' e <x S 51,2 Vit
- J

Claim 1: | A(x) < Ny . xe(F)+nte|

o pi(x) := #{(m1,mp) € FZ o [[my — mo|| = §;}.
o A(x) = Y 02ui(x).
e Uniform bound for p;(x): (via integral points on spheres).
Vm, € Fi:
#{my € Z™; ||my —my|? = 2, |my| < x} <. t"72FE
where implied constant is uniform in mo.

Setting t = §; = NI(X) <, Z gh—2+e <. Xe(]'—)—‘rn—2+g.
mZEFX

A(x) <z Ny - xEFPEE

20 /27



Lower bound for A(x) - Harder part

Claim 2: | A(x) >, x?¢(F)+2=¢ ]

21/27



Lower bound for A(x) - Harder part

Claim 2: | A(x) >, s2e(F)+2—¢|

So:

Claims 1 4+ 2 = x2F)2¢ « A(x) < xeF)tnte .\

Ny = #A(Fy) e xS 272 5 (g F)7 a0,

21/27



Idea behind Proof of Claim 2

o Write

Cdis(F,8) = ((F,s1)C(F, 52 —2) +((F,s1 — 2)C(F, 52) — 2¢3(s)
= G+ —2G

where

C3(S) = Z <rnl’—rn2 ZC3/(51 C3I 52)

(my,mp)EF' xF' ” 1”51Hm2||52

22/27



Idea behind Proof of Claim 2

o Write

Cdis(F,8) = ((F,s1)C(F, 52 —2) +((F,s1 — 2)C(F, 52) — 2¢3(s)
= G+ —2G

where

C3(S) = Z <n11’—rn2 Z<3/(51 C3I 52)

(my,mp)EF' xF' ” 1”51Hm2||52

e (7 is analytic in {01 > D — 2,00 > D}
e (5 is analytic in {01 > D,00 > D — 2}
e (3 is analytic in {o; > D — 1 Vi}.

e Each (; is meromorphic on C? with moderate growth.



e (“Initial”) Poles of (i, (2, (3:
e (1 has “first” pole (real part) at @y = (D — 2, D);
e (» has “first” pole (real part) at Q. = (D, D — 2);

e Real part of “first” pole (uj, v;) of (3(s1)(3,i(s2) lies in or below

Int [Qla Q2]

23 /27



Perron formula - if Latticelike

£ =(&¢) € R? set (§) 1= (€) x (). Then & > D(= e(F) +2) =

m:
H(xi, x0) i= > Imy —mo|* - T (1 - HXIH)
{mieF":|mj ]| <x; Vi} i ’
N

XI-’
= /(é)(Cl + G2 —233) - H md&dSz




Perron formula - if Latticelike

£=(£,6) e R set (&) := (€) x (£). Then £ > D(= e(F) +2) =
Hla,x2) = > lmy —mo|?- TT (1~ Hr:-iH)

{m;eF":||m;||<x; Vi} i '
Sj

X
= /(é)(ﬁ + (2 — 2¢3) - H mdﬁdsz

Next: Iterate Cauchy residue method.
For (1 resp. (2 move to (Q1 —n) resp. (@2 — 1) (n < 1) etc.

e — JA Bst. A+ B<2D -2 and

H(x1, %) = x©2xP p1(log x1, log x2) + xC x5 2 pa(log x1, log x2)
+ Z:l:x Xy 1)i(log x1, log x2) + O( I X2B*€)

where ¢1, ¢2,; are non zero almost periodic functions.,
24 /27



Monomialisation-if Latticelike

e Polygon from H monomials: vertices at Q1, Q>.
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Monomialisation-if Latticelike

e Polygon from H monomials: vertices at Q1, Q>.

e Choose, say, @ = (D —2,D). Vk'>k>1 show:
’
dx, = (Xk71,Xk,2) s.t. Xl'?,l < X2 < X;?,l'

¢ (log xk1, log xk2)) > 1

and

D—2
i+ Y X1 Xy = o(xi 1 Xp) = o(x")
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Monomialisation-if Latticelike

e Polygon from H monomials: vertices at Q1, Q>.

e Choose, say, @ = (D —2,D). Vk'>k>1 show:
’
dx, = (Xk71,Xk,2) s.t. Xl'?,l < X2 < X;?,l'

<;5(/og Xk 1, log xk72)) > 1
and
2
Xk 1Xk2 24y X1 Xy = O(Xk 1 Xsz) = o(x")

o . H(xk1,xk2) = X d(log Xk 1, log xk2) + o(x ) > x .

| A(x) > x2eF)+2-e (1)
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Monomialisation-if Latticelike

e Polygon from H monomials: vertices at Q1, Q>.

e Choose, say, @ = (D —2,D). Vk'>k>1 show:
’
dx, = (Xk71,Xk,2) s.t. Xl'?,l < X2 < X;?,l'

<;5(/og Xk 1, log Xk72)) > 1
and
2
Xk 1Xk2 24y X1 Xy = O(Xk 1 Xsz) = o(x")

o . H(xk1,xk2) = X d(log Xk 1, log xk2) + o(x ) > x .

| A(x) > x2eF)+2-e (1)

¢ Non latticelike case: Variant of monomialisation proves (1) but uses
“screens” - needed due to possible pole clustering on o = D, D — 2.
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e Forthcoming article proves Erdos distinct distance problem
for x—balls of any self-similar subset of Z2.
e Need use Ingham’s Tauberian theorem (1965) instead of

Cauchy Residues and ”screens” if non latticelike.

26
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For any my, my € F' set:
6(m1,my) := angle formed between my, my.

Ang(x) := #{cos(0(m1,my)); my,m;, € F}.

Find bound on e(F) s.t. Ang(x) /* +oc.
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For any my, my € F' set:
6(m1,my) := angle formed between my, my.

Ang(x) := #{cos(0(m1,my)); my,m;, € F}.

Find bound on e(F) s.t. Ang(x) /* +oc.

Theorem 8 [PLMS 2015].
e(F)y>n—2andn>4 =

27

Ang(x) > [£F)] e (x> 1).
e Uses Angle Zeta function:

(o, oy
. ._ mu[]” [m2
Cang(Fi 51, %) := Z T mal

my,mycF’

27 /27



