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Abstract the equationp? = p is not valid in KAT, but the formula
(pb =p A bp =b) — p*> = pis. Thus, theuniversal
The universal Horn theory of relational Kleene algebra Horn theoryis of interest. Auniveral Horn formulais an
with tests RKAT) is of practical interest, particularly for  implicationE — s = t, whereFE is a finite set of equations.
program semantics. We develop an (infinitary) proof sys- The word “universal” refers to the fact that the atomic sym-
tem, based on well-founded trees of finite automata, whichbols of £, s, andt are implicitly universally quantified. The
is sound and complete for this theory. A small modification universal Horn theoryof a class of structure§, denoted
of this system yields a proof system which is sound and com#C, is the set of universal Horn formulas valid under all
plete for the universal Horn theory efcontinuous Kleene  interpretations over structuresn
algebras with tests{AT"). This sheds light on the rela- The increased generality of the universal Horn theory
tionship betweeRKAT andKAT". is accompanied by greater complexity, and the theory does
not remain the same when we restrict to important classes
of Kleene algebras such ascontinuous Kleene algebras
1 Introduction with tests KAT™) and relational Kleene algebras with tests
(RKAT). HKAT is ©9-complete (undecidable}{KAT*
Kleene algebraiA) arises in many areas of computer and HRKAT are ITj-complete (highly undecidable), and
science, such as automata theory, the design and analysis o¥€ have proper inclusiorl’KAT ¢ HKAT® C HRKAT
algorithms, dynamic logic, and program semantics. Many [11, 7].
of these applications are enhanced by using Kleene algebra Although the complexity makes it impossible to thor-
with tests KAT), which combinesk A with Boolean alge-  oughly understand these theories, their study yields pract
bra. The use oKAT in program verification largely moti- ~ cal results. For example, if we restrict premises to the form
vates our work here. s = 0, this portion of HKAT is PSPACEcomplete, sub-
We can useKAT to reason propositionally about pro- sumes Hoare logic, and is complete for relational interpre-
grams (see [1, 12] for examples). The equivalence of antations [10]. Further work has shown that we can also admit
optimized and unoptimized program, the equivalence of anpremises of the formhp = b while remaining inPSPACE
annotated and unannotated program, and partial correctnes(@and preserving the completenes&aT over relational in-
assertions can all be expressed as equations. The equiationterpretations) [6]; premises of this form are useful foneli
theory ofKAT is well understood and has many useful prop- inating redundant code.
erties; in particular, it is decidable (PSPACE and the the- This paper contributes to our understanding of these uni-
ory remains unchanged when we restrict to relational in- versal Horn theories by developing sound and complete
terpretations [3, 13]. (Relational interpretations areheaf proof systems forHKAT* and HRKAT. Built around
greatest interest because the intended semantics are generell-founded trees of finite automata, these systems are
ally relational.) closely related to each other, and their difference sheds
However, we frequently wish to reason about programs light on the relationship betwee KAT* and HRKAT.
under certain assumptions about the interaction of atomicAlthough the systems are infinitary (a necessity given the
programs and tests. For examplep i the program “x :=  II}-completeness oHKAT* and HRKAT), many formu-
3" andb is the assertion “x = 3", then we want to be able las do have finite proofs, or can be seen by inspection to
to make use of the factsh = p andbp = b when reason-  not be provable; this has provided many new examples of
ing about programs in which andb appear; for instance, formulas that are ifrHRKAT but not in HKAT*. How-



ever, this is somewhat beside the point: the systems’ fore-

most purpose is not to prove individual formulas, but rather
to provide a platform for proof-theoretic arguments yield-
ing general theorems about the theorte&AT, HKAT™,

andHRKAT. For example, we can give syntactical criteria

for Horn formulas that guarantee that when such formulas
are provable at all (in either system), they are provable via

a finite proof; this immediately reduces the complexity of
HKAT* andHRKAT, restricted to such formulas, frohb}
to X¢. The power of such proof-theoretic techniques be-

the following form of monotonicity: ifx < 2’ andy < v/,
thenz +y < 2’/ + 4/, andzy < 2'y’. (For+, this is trivial.
For -, supposer < z’ andy < ¢'. Thenz + 2’ = 2/, so
we havery + 2’y = (v + 2’)y = 2'y, soxy < z'y. We
similarly havex'y < z'y/, soxy < z'y’.)

Definiton2 A Kleene algebra is a structure
(K,+,-,*,0,1) such that(K, +, -,0, 1) forms an idempo-
tent semiring, and which satisfies

comes clear when one observes that they yield short proofs

of many existing theorems whose known proofs are much
longer.

The greatest significance of these proof systems is their

utility in studyingHRKAT. Despite its complexity-{ KAT*

is at least reasonably transparent, in the sense that we have

an axiomatization folKAT* (that makes use of an infini-
tary Horn formula to capture-continuity). HRKAT is very
murky by comparison; our current knowledge of it has been
gained slowly, most often through ad hoc constructions.

1+z2® < 2 Q)
l+z*z < 2* (2)
ptrer<zr — ¢p<uz 3)
ptrg<z — pg" <z 4)

(The order of precedence among the operators is - >
+,sothatp + gr* = p+ (q - (r*)).) We letKA denote the

The proof systems presented here provide a significant toolcategory of all Kleene algebras and their homomorphisms.

for its study.

2 Preliminaries

For a more complete introduction to Kleene algebra and
Kleene algebra with tests, see [9].

2.1 Kleene Algebra

Definition 1 An idempotent semiringis a structure
(S,+,-,0,1) satisfying

r+2x = x (idempotence)
z+0 = =z
rt+y = y+x
r+y+z) = (@+y) +z
0 -z z-0=0
loz = z2-1==2
- (y-z) = (z-y)-2
- (y+2) T y+x-z
(y+2)x = y-ax+z-x

(In other words,(S, +, 0) is an upper semilattice with bot-
tom elemen®, (S, -, 1) is a monoid is an annihilator for
-, and- distributes over- on the right and left.)

We often drop, writing zy for = - y. The upper semi-
lattice structure induces a natural partial order on angnide
potent semiringz < y < = + y = y. (Note also that this
means inequalities < ¢ may appear anywhere equations
appeatr, such as in universal Horn formulas.and- enjoy

(The names of the categories we consider will also serve
as convenient abbreviations for the type of algebra they con
tain. For example, “theKA axioms” will mean “the axioms
of Kleene algebra”.)

Equation (1) implies thaj*p is a solution to the inequal-
ity p + gx < z, and (3) implies that it is the least solution;
(2) and (4) say thapq™ is the least solution tp + zq < x.

Given a set of constant symbols, I&Exps, be the set
of Kleene algebra terms ovet. We call the elements of
RExpy. regular expressionsnd the elements af atomic
program symbolsAninterpretatioris a homomorphism :
RExpy, — K, whereK is a Kleene algebral is determined
uniquely by its values oR.

We use= to denote ordinary Tarskian satisfaction. How-
ever, since we have constant symbols frémot in the
signatures of the underlying algebras, we will pair each al-
gebra with an interpretation when speaking about satisfac-
tion. For example, given a Kleene algebifainterpretation
I : RExpy;, — K, and formulay whose atomic program
symbols are among, we will write K, I | ¢ to indi-
cate thatiC” satisfiesp when the symbols i are evaluated
according tol. K = ¢ means thats,] = ¢ for every
interpretation/ : RExpy, — K. We also usé= in two other
standard ways: for a clagsof algebras( = ¢ means that
K | ¢ for eachK € C; for a set® of formulas,® = ¢
means thaf{ |= ¢ for each algebrd satisfying every for-
mula in®.

Definition 3 For an arbitrary monoid)/, its powerseR?



forms a Kleene algebra as follows.

0 = 0

1 = {1M} (wherel™ is the identity of\/)
A+B = AUB
A-B = {zy| z€A, ye B}

A*

U A

kew

We |etREG M denote the smallest subalgebra2df con-
taining the singletongz}, * € M. (The elements of
REG M are theregular subsetsf M.) 2™ and its sub-
algebras are known dsnguage algebras

Of particular interest is the cas#/ = X*, the monoid
of all strings over alphabeE under concatenation. The
empty stringe is the identity of this monoid. We define the
canonical interpretation? : RExpy, — REG ¥* by letting
R(p) = {p} (and extending? homomorphically to the rest
of RExpy;). Note that we can interpret elementsXf as
elements oRExpy, in the obvious fashion.

Relational Kleene algebras are also of interest.

Definition 4 For an arbitrary setX, the set2X*X of all
binary relations onX forms a Kleene algebr& (X)) as fol-
lows.

0 =0
1 = x={(z,2) | x€ X}
S+T = SuT
ST = SoT (thecompositionof withT)

S* U Sk (the reflexive transitive closure 6

kew

A Kleene algebrak is relationalif it is a subalgebra of
R(X) for someX; X is called thebaseof K. We letRKA

Since relational composition distributes over arbitrary
union, it is immediate from the definition df in R(X)
that relational Kleene algebras areontinuous, sRKA C
KA*.

The following ubiquitous lemma is a useful generaliza-
tion of x-continuity.

Lemma 6 SupposeX € KA*, T :
interpretation, and € RExpy,. Then

RExpy, — K is an

I(t)= sup I(o) .

oER(t)

Proof By induction on structure of. For details, see
[8, Lemma 7.1, pp. 246—248]. O

Corollary 7 Supposes € RKA, I : RExpy; — K is an
interpretation, and € RExpy,. Then

Ity= J 10 .

cER(t)

In particular, if (z,y) € I(t), then there exists € R(t)
such that(z, y) € I(0).

Proof Let X be the base of{. Union coincides with
supremum iR (X), and we can treat as an interpretation
into R(X); applying Lemma 6 tdR(X) and I gives the
desired result. (This trick was necessary to get around the
fact that in an arbitranRKA such asK, suprema do not
always coincide with union, although, as this lemma shows,
suprema over regular sets must coincide with union.)

Definition 8 A universal Horn formulas a formula of the
form
S1=t N Nsg=1p —=5=1,

wheres;, t;, s, t are terms in the appropriate language. The
set of universal Horn formulas valid over a claS®f alge-
bras is theuniversal Horn theorpf C, which we denote by

denote the category of all relational Kleene algebras and +C. We will often drop the word “universal”.

their homomorphisms.

The definitions of in 2 andR (X)) exemplify the most
common intuition about the meaning &f which is that
y* = sup,c, y", orinformally,y* = 1 +y+y? + ---.
(More generally, if we require that multiplication distuites
over this supremum, we havg*z = xlz + zyz + xy’z +
-+ = sup, e, xy"z.) However, this property of does not
follow from the KA x-axioms, and must be postulated sep-
arately.

Definition 5 A Kleene algebrdys is x-continuousdf it sat-
isfies
zy*z = supay®z
kew
for all z,y,2 € K. We letKA™ denote the category of all
x-continuous Kleene algebras and their homomorphisms.

Lemma 9 LetI" be any class ok-continuous Kleene al-
gebras with interpretations. (That i€, consists of pairs
(K,I)whereK € KA* and! : RExpy, — K is aninterpre-
tation.) Then for any Horn formula of the forfd — s < ¢,

''EE—s<t<= (VoeR(s) 'EE—-oc<t.

Proof For any K € KA™ with interpretation] :
RExps, — K, the equivalence

KIEE—-s<t<= (Mo€R(s) K,]JEE—o<t

is a straightforward consequence of Lemma 6. The lemma
then follows by exchanging the universal quantifigrs
R(s)) and (V(K,I) € T'). (This latter quantifier comes
froml'=EFE —-s<te VK, I)el)K,IEE—s<

t.) O



2.2 Kleene Algebra with Tests

Definition 10 A Kleene algebra with tesis a two-sorted
structure(K, B, +,-,*, ,0,1), where(K, +,-,*,0,1) is a
Kleene algebra, an€B, +, -, , 0, 1) is a Boolean subalge-
bra. The elements d? are calledtests We letKAT denote
the category of all Kleene algebras with tests and their ho-
momorphisms; we lIeKAT* denote the subcategory of all
x-continuous Kleene algebras with tests.

We now have two types of atomic symbols: programs
and tests. For a finite s&t of atomic program symbols and
a finite setB of atomic test symbolRExpp g is the set of
KAT terms overP and B; negation can only be applied to
Boolean terms, which are terms built froont,+,-, , and
atomic test symbols. An interpretatidn: RExpp g — K
must map each atomic test to a testiin(and it follows by
induction that it will map all Boolean terms to tests).

R(X) forms a Kleene algebra with tests by keeping
the previously defined Kleene algebra structure, and lgttin
B={reR(X) | r<1},b=1x —b. AKleene algebra
with testsK is relational if it is a subalgebra oR(X) for
someX. We letRKAT denote the category of all relational
Kleene algebras with tests and their homomorphisms.

Every Kleene algebra induces a Kleene algebra with
tests by lettingB = {0,1}, the two-element Boolean
algebra; conversely, every Kleene algebra with tests in-
duces a Kleene algebra by taking its reduct to the sig-
nature of Kleene algebra.€., taking its image under the
map (K, B, +,-,*,,0,1) — (K,+,-,*,0,1)). With this
in mind, it is easy to see that for any formufain the
language of Kleene algebr&AT = ¢ < KA E o,
KAT" E ¢ & KA™ = ¢, andRKAT = ¢ < RKA E .

3 A Proof System forHRKA
3.1 Preview

Notation: Given binary relationS, T' over some sek,
xSy will mean (z,y) € S. SzTy will be shorthand for
xSz & zTy. ST will denote the composition

SoT ={(z,y) | Iz xSzTy}.

The most direct way to prove that a Horn formufa—
s < tis relationally valid is to suppos& € RKA, with
interpretation/, such that<, I = E, and show that for any
(z,y) € I(s), we must havez,y) € I(t). Let us give a
concrete example of such a proof.

Let » be the Horn formula

o <1r1+1r2ASsg < 81+ 82 — roso < oS+ 7182 +71280.

We wish to showRKA = ¢. SupposeX is a relational
model, with interpretatiod, such thati, I = ro < 1 +

roAso < s1+s2. LetR; = I(r;), S;
2.

=1I(s;),for0 <i <
SupposerRySyy. ThenzRyzSoy for somez.
Applying the hypothesigy < r; 4 72 gives uscR; z or
xRy z. We break into cases 1 and 2.

Case 1:xR,z. Applying the hypothesisy, < s; + s2
gives usz Sy or zSsy. We break into subcases 1.1 and 1.2.
Case 1.1: zS5;y. We havexzRpzS1y, SO (z,y) €
I(’I"QSl —+r189 + 7’280).
Case 1.2: z52y.
I(T()Sl —+7r189 + 7'280).

Case 2xRyz. We haverR2zSyy, so(x,y) € I(ros1 +
7182 + 7'280).

Therefore K, I |= roso < ros1 + 1182 + 280, SO@ IS
relationally valid.

The structure of the cases forms a tree as in Figure 1.

To represent the information about our relations more
compactly, we can let each point be a vertex in a graph, with
an edge from to w labeledp indicating that(v, w) € I(p):

We havexzR;zS2y, SO (z,y) €

Case 1 /\ Case 2

—® |0

0 =
Case 1.1 /\ Case 1.2

To
T1 S1 71 S9
oo di. ¢) G

7o 50 70 50

5@

The actual variable namesy, z are irrelevant, except
that we must distinguisk: andy in some way, agz,y)
is the pair that must be shown to be i(rgs; + r1s2 +
r280). SO we will associate the leftmost vertex witrand
the rightmost vertex withy:

Case 1.1 /\ Case 1.2

T1 S1 T1 S92

AV I P NN

7o 50 70 50

What we now have is a tree of finite automata. In a mo-
ment, we will generalize this idea into a proof system for the
Horn theory ofRKA in which proofs are well-founded trees
of automata. As to why this is natural, consider: a relationa
model is basically a Kripke frame, a countable Kripke frame
can be constructed as a sequence of finite Kripke frames



Suppose:RyzSpy.

Case 1: Case 2:
TRz TRz
Case 1.1: Case 1.2: co(z,y) € I(ros1 + r182 + T250)
yS1z ySaz

co(myy) € I(ros1 +ris2 +1250) | . (x,y) € I(ros1 + r152 + T250)

Figure 1. A tree of cases.

(each one extending the previous one), and a finite Kripke We now define some special automataifA*°.
frame is basically a finite automaton. So, the process of  Fj has statega, b} and no edges.

constructing a counterexample to a given Horn formgpla F) has statega, b} and arc-edge from to b.

can be viewed as a tree of finite automata (partial construc-  F; has statega, b} ande-edges fronu to b and fromb
tions), in which each path is a particular way of proceeding to a.

with the construction—-e., branching represents different Foro = p1---pr € X%, we defineF, so thatL(F,) =
ways of proceeding—such that an infinite path through this {c} as follows. For the case = ¢, we letF, = F. = Fy;

tree would give us a model in whighfails, while the well- otherwise, we letF}, have stateda,z1,22,...,25—1,b}
foundedness of this tree would imply the relational vajidit and edges
of .
p1 P2 Prk—1 Pk
a—x1—> - — Tp_1—b.

3.2 Finite Automata and Trees , , , _ _
We will sometimes want to “insert” strings into au-

Our proof systems folRKA and HKA* will be based ~ tomata. Ford ¢ NFA“", v,w € |A], andT € £*, we
on trees of finite automata, and we must define a number ofdefine
notions related to trees and automata before continuing.

Assume we have a fixed finite alphabet We letNFA
denote the set of all nondeterministic finite automata over This has the effect of inserting the stringinto A from v
Y., requiring that all states are natural numbersnoves to w, with the exception ofnsert(A, v, w, ), which also
(also callec:-edges) are allowed. inserts are-edge fromw to v. We refer to this extra-edge

We will also use NFA as shorthand faondeterminis- g5 areverses-edge Where it is usedpsert(A4, v, w, <) will
tic finite automaton For any NFAA, L(A) denotes the  correspond to identifying andw with each other. (In Sec-
language of4, and|A| denotes the states of. For states  tion 4, we will have a different notion of insertiomsert )
v,w € |A], let A”" denote the NFA which is identical to We now move on to trees.w is the set of naturals
A except that it has andw as its unique start and accept (0 1,...}. w<¥ is the set of all finite strings of naturals
states, respectively. We fix distinct natural numheend (including the empty string). A s@t C w<¥ is atreeif it is

b (say,a = 0 andb = 1), and letNFA™" be the set of all  closed under taking initial segments. A functipnw — w
A € NFA which have unique start staieand unique accept  can be treated as an infinite sequence of naturals, and for
stateb. For the rest of Section 3, we will focus on automata n € w, we |etf r n denote the initial Segment ¢’f0f |ength
in NFA“?, and in all diagrams of automata, the leftmost ,, sych anf is apaththrough a tred’ if (f | n) € T for
state will be the start state, and the rightmost state will be 5)| , ¢ ..
the accept state.

Given A, B € NFA“?, we define theiwedge product 33 Relational Proofs
AN B € NFA®? as follows. A A B consists of disjoint
copies ofA and B, except that the start states .4fand B We first define our system in a special case, and then
are combined into a single start state, and the accept State@eneralize the definition.
of A and B are combined into a single accept state. (So
A A B is essentially the result of gluing and B together, Definition 11 Let E — o < t be a Horn formula in the
in parallel, at their start and end states.) We assume thatanguage oKA with ¢ € ¥* andt € RExpy,. We assume
any renumbering of states needed for the disjoint union oc-that all hypotheses i are inequalitiess < y, by breaking
curs only inB; apart from this bias in numbering states, the any equations: = yintox < y A y < x as necessary. We
wedge product is commutative. It is also associative. fix a special symbdCON, which will signify contradiction.

insert(A,’U’w,T) — (AU/LU /\FT)a,b ]



Arelational tree folE — o < t is a pair (T, A) where F, A\ F». We havep? € L(F, A F») (we can follow the re-
T Cw<¥isatree andd : T — NFA“’ U {CON} such verses-edge fromb to a, just as we usegFEx above), so

that the following conditions hold A will denoteA(f).) this is a leaf and we are done.
Note that the above two examples had no branching.
1. Atthe root, we havel() = I, This is because the right hand sidef each hypothesis had

. : . no more than one element iR(¢). Branching can occur
2 é € TL'S: Ieaf@node if and only i#; = CON or only when|R(¢)| > 1, and infinite branching can occur
(t) N L(Ay) # 0. only whenR(t) is infinite; note thatR(¢) is finite whenever

3. If f is not a leaf node, then there existw € |Ay| tis +-free.

(possibly equal)p € L(A}™), and an inequality <
r'in E such thatp € R(r) and Lemma 12 For any Horn formula of the forn — o < ¢,

the following are equivalent.
(@) if R(r") = 0 (typically because’ = 0), then f .
has one childy, with 4, = CON; () RKAEE -0 <t
T € R(r"), with A, = insert(Af,v,w, 7).

Proof A detailed proof can be found in Section A.1 of

L, .
(We say that the hypothesiss 1" is applied atf.) the appendix, but we give a rough sketch here.

A relational proof ofE — o < t is a well-founded re- The completeness is proven by defining a canonical rela-
lational tree forE — o < t. We sayE — o < tis tional tree for the formula, with the property that hypotbes
relationally provabléf such a proof exists. are applied in a fair manner, so that along any path through

the tree, any applicable hypothesis is eventually applied.

Although our proof of soundness and completeness will E — o < tis notrelationally provable, then this tree is not
stand on its own, Definition 11 is best understood in terms Well-founded, and a path through it can be used to produce
of the reasoning done in Section 3.1. The root node corre-a Model witnessin®KA |~ E — o < t.
sponds to the supposition that,y) € I(o). The CON For soundness, we fix a relational proof6f— o < ¢.
nodes indicate that we have followed a subcase that hasSUpposeX’ € RKA with interpretation/ : RExpy, — K
(z,y) € I(0), a contradiction; the other type of leaf node such thatK,I = E, and suppose thatr,y) € (o).
indicates that, within the current subcase, we have) € Thinking of the relational proof as a table of subcases or-
I(t) as desired. The intermediate steps are essentially jusganized into a tree, we start at the root, and iterate the pro-
a matter of bookkeeping. The well-foundedness of the treecess of choosing the subcase appropriateffor, z, and
expresses the fact that the cases are exhaustive. y; because the tree is well founded, we must eventually

We can reinterpret the tree of automata in Section 3.1 ashit & leaf.  This leaf cannot be @ON (since that would
a relational proof. We now give two further examples that Yield a contradiction), so instead we reach the other type
illustrate the purpose ¢fON and the=-edges. of leaf, which will witness(z, y) € I(t). This establishes

Consider the formula < 0 — p < g¢. If we follow I(o) C I(t). The details are essentially a verification that
the same reasoning as in the motivating example, the asPefinition 11 accurately captures the kind of reasoning seen

sumption that(z, y) € I(p) will lead to a contradiction if N Section 3.1. U
we apply the hypothesjs < 0. As a relational proof, we We now extend the notion of relational provability to ar-
would have a tree witl#, at the root, and one chil@;ON. bitrary Horn formulas.

Now consider the formula < 1 — p < p?. The as-
sumption thatz,y) € I(p) lets us conclude thatr, y) € Definition 13 We say that® — s < ¢ is relationally prov-
1(1) by applying the hypothesis < 1. Sincel(1) is the ableif E — o < tisrelationally provabléor all o € R(s).
identity relation, we can conclude that = y. Letting We say thaty — s = ¢ is relationally provablef both
P = I(p) andE = I(1), we now haverPyExPy, so E —s<tandE — t < s are relationally provable.
(z,y) € PEP = I(p)I(1)I(p) = I(p?). Note that this ar-
gumentrequired the reflexivity df: fromzEy, we needed  Theorem 14 The following are equivalent for any Horn
to concludey E'z to finish the argument. This is essentially formulaE — s = t.
why, in relational proofsgz-edges are added in both direc-

tions. In terms of relational proofs, we start wity at the () RKAEE —s=t
root. We then apply the hypothegis< 1 by addinge- ) _ _
edges in both directions betweeandb, yielding one child, (i) E — s =t is relationally provable.



Proof It suffices to show that equivalence holds for the
formulasEl — s < tandE — t < s. The former equiva-
lence is as follows.

RKAEE —s<t
& (Vo e R(s)) RKAEE —o0<t (Lemma?9)
& (VYo € R(s)) E — o < tisrelationally provable
& E — s < tisrelationally provable

The equivalence foE — ¢ < s is similar.

4 A Proof System (or Two) for HKA*
4.1 Star Proofs

We can get a proof system f@tKA* by taking our
proof system forHRKA and replacingnsert with an ap-
propriately modified notion of insertiofmsertz. The crit-
ical difference will be that, whilénsert allows automata to
develop internal structure (such as cycles and interggctin
paths),nsertz will prevent any such structure from devel-

oping.

Definition 15 Given A, B € NFA, we defined v B to be
the disjoint union ofd and B (without the gluing that oc-
curred withA).

We letNFA X denote the set of all automata of the form

Fy V- -V F,,

whereoy,...,0, € ¥*. (This includes the cask = 0,
which yields the empty automaton.) AutomatalimA*" are
calledfree automatéfor their lack of structure).

GivenA € NFAY andy € |A|, there is a unique start
statex and a unique accept statesuch thaty lies on a path
fromz to z. L(A*Y) and L(AY#) are both singletons. We
let theprefix of y in A be the unique € L(A*Y), and let
thesuffix of y in A be the unique’ € L(AY#).

GivenA € NFAY v, w € |A|, andT € ©*, we define

insertp(A,v,w,7) = AV Fprp
wherep is the prefix ofy andp’ is the suffix ofv in A.

The intuitive difference betweeimsert and insertgz
is that whileinsert(A, v, w, ) inserts the new string “in
place”, insert (A, v, w,7) copies a small portion ofd
(namely,F, andF,/) off to the side first and insertsthere.
The following definition of star trees and star proofs is
the result of replacingnsert with insert in Definition 11.

Definition 16 Let E — o < t be a Horn formula in the
language oKA with o € £* andt € RExpy,. We assume
that all hypotheses i’ are inequalities: < y, by breaking
any equationg: = yintox < y Ay < x as necessary. We
fix a special symbdlON, which will signify contradiction.
A star tree forE — o < tis a pair (T, A) whereT' C

w<¢isatree andd : T — NFA® U {CON} such that the
following conditions hold. 4 ; will denoteA(f).)

1. Atthe root, we havd , = Fy.

2. f € T'is a leaf node if and only iy = CON or
R(t) N L(Af) # 0.

3. If f is not a leaf node, then there existw € |Ay]
(possibly equal)p € L(A}™), and an inequality <
r"in E such thatp € R(r) and

(@) if R(r") = 0, thenf has one childy, with A, =
CON;

(b) if R(r") # 0, then f has one childg, for each
7€ R(r"), with A, = insertp(Ay, v, w, 7).

A star proof ofE — ¢ < t is a well-founded star tree
for E — o <t. We sayF — o < t is star provabléf such
a proof exists.

A free automaton is uniquely determined by its language
(putting aside the minor issue of strings occurring multi-
ple times), so Definition 16 could be reformulated without
reference to automata, using instead sets of finite strings.
However, there are advantages to preserving as much struc-
tural similarity as possible between the definitions of rela
tional and star proofs: it better isolates the differences b
tweenHRKA andHKA*, and it sometimes allows the same
proof-theoretic argumentto be made with both systems with
minimal modification (see Theorem 27, for example).

Lemma 17 For any Horn formula of the fornkk — o < ¢,
the following are equivalent.

() KA*EE—-o<t
(i) £ — o <tisstar provable.

The definition of star provability is extended to arbitrary
Horn formulas exactly as it was for relational provability,
and once the above lemmais established, the soundness and
completeness will follow analogously. However, the proof
of the above soundness and completeness lemma will have
little resemblance to the proof of the corresponding lemma
for relational proofs, and the intuitive meaning of a staetr
will be unrelated to the reasoning in Section 3.1. Instead, w
will develop a language-theoretic proof system foiKA*,
and show that star provability coincides with provability i

A side effect of this change is that the automata in the treethis language-theoretic system. We must develop this extra

now happen to b&lFA”" instead ofNFA®".

theory before proving Lemma 17.



4.2 A Language-Theoretic Look atHKA*

In this section, we develop a characterizatioft€A™ in

Proof
Lemma 9.
(ii) < (iii) follows from the easy observation that for any

()< (ii) is immediate from Corollary 21 and

terms of a closure operator. This is used establish sousdnesS € £*, S C clg(S) = clg(cle(5)).

of completeness of star provability, and can also be treated

as another proof system.

Fix a finite set of hypothesels. As before, assume all
hypotheses are inequalities by breaking equations y
intor < y andy < z.

Definition 18 For ¢ € RExpy,, we define
belowg(t) ={c € X" | KA* = E -0 <t} .

We will now see how to construdielowg(¢) using a
closure operator.

Definition 19 For any S C ¥*, we definewewg(S) to be
the set of all strings of the formp7 such thatr, p, 7 € ¥*
and there is a hypothesis< ' in E such thatp € R(r),
andoR(r')r C S (thatis,op'r € S forall p € R(r")).
We sayS C Y* is E-closedif newg(S) C S.

We define thé&’-closure ofS C ¥* by

clp(S) =T € ¥* | SCTandTis E-closeg .
For ¢ € RExpsy;, we define
spp(t) ={oc € £* | E — o <tis star provablé .
Theorem 20 For anyt € RExpy,, we have
belowg(t) = clg(R(t)) = spg(t) .
Proof See Section A.2 of the appendix. d
Corollary 21 The following are equivalent.
() KA*EE—-o<t
(i) o € clg(R(1))
(i) E — o < tis star provable.

Proof Observe that (i)—(iii) each state thats in one of
the three sets shown to be equal in the above theorem.
Note that Corollary 21 trivially implies Lemma 17.

Theorem 22 The following are equivalent.
() KAEE—>s=t

(i) R(s) Cclg(R(t)) andR(t) C clg(R(s)).

(i) clp(R(s)) = dp(R(t)

(iv) £ — s =tis star provable.

(i)<(iv) is analogous to the proof of Theorem 14. O

In addition to giving us the desired soundness and com-
pleteness of star provability, Theorem 22 (and Corollary 21
also show us how to ugg-closure as a sort of proof system
for HKA*. For example, recall the Horn formula

7o <11 +12AS80 < 81+ 82 — 19S50 < ToS1+T182 + 1280
from Section 3.1. This has the forB — ¢ < ¢t where

E =
g =
t =

{ro <ri+rqe, so < s1+ 82}
T0S0

r9S1 + 1182 + 1280 -

We can confirm by inspection thatewg(R(t)) =
newg({rosi,r182,7280}) = 0. ThusR(t) is E-closed,
SO CIE(R(t)) = R(t) = {T‘QSl, 7189, 7’280}. Thus, o €
clg(R(t)), SOKA™ £ E — o < t.

By comparison, it is a lot of work to directly construct a
KA* in which this Horn formula fails.

4.3 Example Application 1: Simple Formulas

This example uses a proof-theoretic argument to give a
short proof of a known result.

Definition 23 The Horn formula
(s1 <ty A" NSy <tp)—s<t
is simpleif x does not occur i or any of thet;.

Theorem 24 HKA* and HRKA, restricted to simple Horn
formulas, arex!.

(In fact, these theories ad&)-complete, but we do not
argue that here.)

Proof Clearly, if r € RExpy, is =-free, thenR(r) is
finite.

Let ¢ be a simple Horn formula of the form
(s1 <ty A+ Asp <t,) — s <t Foreachr € R(s),
observe that a relational proof 6f; < t; A --- A s, <
t,) — o < ¢t would be finitely branching, sincB(¢;) is fi-
nite for eacht;. Well-founded finitely-branching trees must
be finite, so if(sy < t1 A---As, < t,) — o < tis
provable at all, it has a finite relational proof. This proof
could be coded with a single natural number.R¥A = ¢
is equivalent to the! statement, “For each € R(s),
there exists am € w encoding a finite relational proof of
(s1 <tg A+ Asp < tp) — o <t (The finiteness of
R(s) makes thi2?, as opposed tol3.)



Therefore,HRKA, restricted to simple formulas, 1.

Proof The proof of (5) is not of interest here, and can

The same argument (with star proofs in place of relational be found in [5].

proofs) shows that{KA*, restricted to simple formulas, is
»0, O

4.4 Example Application 2: Eliminating » =0

For (7), the right-to-left implication is trivial: assungn
¢ andE Ar = 0, we haves = s+ 0 = s + uru =
t4+uru = t+ 0 = t. For the left-to-right implication,
SUPpPosRKA = EAr =0 — o < t, whereo € R(s).
r = 0 is equivalent tor < 0, andKA |= ¢t < t + uru,

We can use proof-theoretic methods to improve the SORKA = EAr <0 — o < t+4 uru. Let(T,A) be a

known results involving the elimination ef= 0.

Definition 25 The universal regular expressiois u =
(p1+ - +pn)*, whereX = {p1,...,pn}

The following well-known theorem [2, 10, 13] shows

that we can replace any Horn formuta= 0 — s = ¢
with the equatiors + uru = t +wuru. This processis called
eliminatingr = 0.

Theorem 26 For any r,s,t € RExpsy, the following are
equivalent.

() KNer=0—s=t
(i) KA Er=0—s=t
(i) RKAEr=0—->s=t
(iv) KAEs+uru=t+uru

We can improve Theorem 26 to the following.

Theorem 27 Let £/ be any finite set of hypotheses, and

r, s,t € RExpy;. Lety be the formula
Enr=0—-s=1,
and lety’ be the formula
EF—-s+uru=t+uru .

Then the following equivalences hold.

KAEe <= KAEY (5)
KA" = <= KA (6)
RKAE ¢ <= RKAE (7)

Note that the special cade = () gives us Theorem 26:

relational proof ofE Ar <0 — o <t + uru.

We claim that the hypothesis< 0 is never even applied
in the proof! Suppose < 0 is applied at nod¢ € T (so f
has one childy with A, = CON). Forr < 0 to be applied
at f, there must be statesw € |A¢| andp € R(r) with
p € L(A}"™). A property that is preserved in the automata
of relational trees is that every state is accessible fram th
start state:, and the accept stateis accessible from every
state. So there existe L(A}") andr’ € L(A?b). Thus,
we haverpr’ € L(Ay); we also haverpn’ € R(uru) C
R(t + uru). Therefore,R(t + uru) N L(Ay) # 0, so f
is in fact a leaf node, contradicting the assumption that we
are applying- < 0 at f. (In other words, at any pointin a
relational tree forE Ar < 0 — o < t + uru where we
could applyr < 0, we would already be done along that
branch.)

So, becauser < 0 is never applied, (T, A) is also
a relational proof ofE — o < t + uru. Therefore,
RKAEFE — o <t+4wuruforallo € R(s). By Lemma9,
RKAE E — s <t+uru, SORKAE E — s+ uru <
t+uru. RKA E E — t + uru < s 4 uru is similar, and
we now haveRKA = E — s + uru =t + uru.

For (6), the above argument also works for star proofs,
with the small modification that we taketo be the prefix
of vin Ay andn’ to be the suffix ofw in Ay.

(I

5 Incorporating Tests

There is no particular difficulty in incorporating tests
into relational and star provability, to yield systems thed
sound and complete faRKAT andHKAT*. The reason
for this is that Boolean algebra is equationally axiomatjze
so we can modify our proof systems to act as though appro-
priate instances of Boolean algebra axioms are among the

when £/ = 0, the right hand sides of (5)(7) are equiva- ynotheses of the Horn formula in question.

lent, since the equational theories KA, KA*, and RKA

Fix finite sets of atomic program symbdtsand test$.

coincide. The significance of Theorem 27 is that, beyond 4, eachty ¢ B. we introduce two fresh atomic program

simply eliminatingr = 0, it shows that we can extend any
method of eliminating hypotheses to also include hypothe-

symbolsb andb, and we let3 = {Bj | be B}. We let

ses of the form = 0. For, supposing we have a technique ¥ = P UB.

to eliminateq; = ¢2, we can eliminatey, = g A7 =0
by eliminatingr = 0 first with Theorem 27, leaving only
the hypothesig; = ¢2 which we eliminate with its existing
technique.

Applying DeMorgan’s laws as necessary, we can assume
that Boolean negation is only applied to atomic tests in the
Horn formulas we consider. In this way, anye RExpp g
can be treated as if it is IRExpy.. '



So at least language-wise, our proof systems can han-[10] D. Kozen. On Hoare logic and Kleene algebra with tests.

dle Horn formulas in the language KAT. We must make Trans. Computational Logjd(1):60-76, July 2000.
some minor modifications for them to prove the correct [11] D. Kozen. On the Complexity of Reasoning in Kleene Al-
Horn formulas, though. The justification of these modifi- gebra.Information and Computatiqri79:159-162, 2002.

[12] D. Kozen and M.-C. Patron. Certification of compiler op-
timizations using Kleene algebra with tests. In J. Lloyd,
V. Dahl, U. Furbach, M. Kerber, K.-K. Lau, C. Palamidessi,
L. M. Pereira, Y. Sagiv, and P. J. Stuckey, edit®sc. 1st
Int. Conf. Computational Logic (CL2000yolume 1861 of

cations is straightforward but tedious and is omitted here.
In our definition of a star tree foE — o < ¢, we now
allow each of the following to be used as if they werdfin

b+b = 1 (beB) (8) Lecture Notes in Artificial Intelligencg@ages 568-582, Lon-
T don, July 2000. Springer-Verlag.
b = 0 (beB) - (9) [13] D. Kozez and F. Sl?nitr?. Kleene%Igebrawith tests: comeple
be = cb (b,ceB) (10) ness and decidability. In D. van Dalen and M. Bezem, ed-
b = bbb (be é) (11) itors, Proc. 10th Int. Workshop on Computer Science Logic
(CSL'96) volume 1258 ofSpringer-Verlag Lecture Notes
In our definition of a relational tree foE — o < t, in Computer Sciencepages 244-259, Utrecht, The Nether-
we now allow (8) and (9) to be used as if they werefin lands, Sept. 1996.
(We do not need (10) and (11) here, since they are made
redundant by (8) in the context of relational trees.) A Selected Proofs
6 Acknowledgments A.1 Soundness and Completeness of Relational
Provability
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Proof SupposéT, A) is arelational proofof — o <

t. Take anyK € RKA and interpretatiod : RExpy, — K
such that’(, I = E. We wish to showK, ] = o < t,i.e,
I(o) C I(t). Let X be the base oK.

Supposgz,y) € I(o). We will use K, I to pick out

a path ... through the proof tree until we hit a leaf
Tests. Technical Report 2002-1865, Computer Science De- pathfo, fi, 9 pro
L at somef,,, and that leaf will witness thdtr,y) € I(t).
partment, Cornell University, June 2002. I .
[2] E. Cohen. Hypotheses in Kleene Algebra. Unpublished, We will interpret the automata along that path as approxi-
1994. mations of K; to do this, we will need to specify how the
[3] E. Cohen, D. Kozen, and F. Smith. The complexity of States of the automata correspond to stateX irfor each
Kleene algebra with tests. Technical Report 96-1598, Com- Statec of an automaton on the path, will be the corre-
puter Science Department, Cornell University, July 1996.  sponding state ifX. We will say that an edge — w of
[4] J.H. Conway.Regular Algebra and Finite Machine€hap- an automaton id-soundif (v,,v,) € I(r). At eachf;
man and Hall, London, 1971. which is not a leaf f;.; will be a child of f;, and we will

[5] C. Hardin.. The Horn Theory. of Relational Kleeng Algebra inductively preserve the following property.
PhD thesis, Cornell University, 2005. In preparation.
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to definev, for the other states € |A,|, and it is easy to
verify (12).

Now suppose we have defingd such that (12) holds,
and thatf; is not a leaf node. By the definition of a relational
tree forE — p < ¢, there must exist,w € |Ay,|, p €
L(A%"), and a hypothesis < 1" in E such thap € R(r)
and conditions 3a and 3b from Definition 11 hold.

By (13), (v, vw) € I(p). By Corollary 7,I(p) C I(r),
sincep € R(r). Because(,I = r </, we havel(r) C
I(r"). So(vy,vw) € I(p) C I(r) C I(r"). Therefore, by
Corollary 7, there must bg’ € R(r’') such thatv,,v,,) €
I(p"). (This also gives ug(r’) # 0.)

By condition 3b from Definition 11f; must have a child
g- With A, = insert(Ay,,v,w, 7). Let fiy1 = g-. We
must define, for any new states appearing iy, . ., and
show that every edge idy,, , is I-sound. Because we are

taking (12) as our inductive hypothesis, we only need to ver-

path through it will give us a relational model in which
E — o < tfails. We will generate a model from a path
by taking the union of the automata along that path (and
modding out by an appropriate equivalence relation). As
we will see, a path through an arbitrary relational tree for
E — o < t would give us a model in which < ¢ fails,

so our work in producing the canonical tree will consist of
making sure any resulting models satigfy Once we have
done this, the relational validity df — o < ¢ will imply

that the canonical tree can have no path (without getting a
contradiction), so it must be well founded, leaving us with
a relational proof ot — o < t.

We first look at how to construct relational models from
paths through relational trees. Supp@BeA) is a relational
tree forF — o < t, and thatf : w — w is a path through
T, sothatAy, Afj1, Agpe, . . . is the sequence of automata
appearing along, each one extending the previous one. (In

ify I-soundness for the new edges—those edges appearingarticular, we have the following monotonicity propertly: i

in Ay, that do not already appear ity;, .

Case 1l:p' = . Then the above insert operation does
not add any new states, so there are no ngwo define.
We have two new edges, = w andw — v. Forv = w,
we already havév,, v,,) € I(p') from above. Fow = v,
we simply observe thadt(p’) = I(1) is the identity relation,
whose symmetry gives Uy, 1) € I(p).

Case 2 =py - pk, k > 0. Since(v,, v,) € I(p') =
I(p1)---I(pk), there must be states, . .., yx—1 € X such
that (v, y1) € I(p1), (Wi yiv1) € I(pip1) for 1 < i <
k— 2, and (yg—1,vw) € I(px). Forl <i <k —1, let
v., = y; (Where thez; are the new states created by the

insert operation). The new edges ity,,, arev
2 P g forl <0 < k—2, andz,_; 25 w; our
definition of thev,, gives us/-soundness immediately for
these new edgeés.

These cases are exhaustivegas now defined for all
statesu € |Ay,, |, and every edge idy,  , is I-sound.

That completes the induction, leaving us with
fo, f1,- .., fm, Where (12) holds at each, andf,, is a leaf
node. (We must eventually hit a leaf node becdalisewell
founded.) By condition 2 of Definition 114, = CON or
R(t) N L(Ay,,) # 0; the former is impossible because our
construction never defined arfy to be CON, so we must
haveR(t) N L(Ay, ) # 0. Note thatd;, = A%’ since

T,

each automaton in the tree has unique start and end states

andb, SOR(t) N L(A}") # 0. Lettingr € R(t) N L(A}"),
(13) gives ugx,y) = (vq, ) € I(m) C I(2).

Therefore/(o) C I(t), soK,I = o < t.

ThereforeRKA = E — o < t. O

We now turn to completeness. Fix a Horn formula
E — o < t. We will construct a canonical relational

tree forE — o < t with the property that any infinite

1The notation here is slightly broken in the case that 1, since we
will have (v,, vw) € I(p1), but the argument is the same.

11

m < n, andz,y € |Aspn|, thenL(ALY ) € L(ATY).)
LetYy = U, |Afm|- We define an equivalence relation
~onY, by

ncw

Ay <= (Incw) e € L(AY) -

(We sayn witnesses: ~ y if ¢ € L(A%})).) The reflexivity
of ~ is trivial: if z € |A|, thene € L(A**). Symme-
try follows from the fact that, in relational trees, wheneve
somecs-edgex = y is added (by an “insert”), the edge
5 . e . .

y — x is also added. For transitivity, suppases y (wit-
nessed byig) andy ~ z (witnessed byn,); then, letting
n = max(ng,n1), we have

e = e € L(ATY)  L(AY,) C L(AT;) |

sox ~ z. Therefore is an equivalence relation dr.

Let [x] denote thex-equivalence class af, and letY” =
YT AS = {[2] | = € Yo}. We defineJ = JT4F by
J: ¥ —=RY) by

J(r) ={([z],[y]) | Gn €w) re LA},

and extend homomorphically to an interpretatign :
RExps; — R(Y).

Lemma 29 For anyp € ¥*,

J(p) ={([=z]. W) | Gn ew) pe LIATS)} -

Proof This is a straightforward induction on the length
of p. O

Lemma 30 R(Y),J o <t

Proof ([al,[b]) € J(o) is immediate. Suppose, though,
that([a], [0]) € J(t). Then there exist,y € Yo withz = a
(witnessed by some,) andy =~ b (withessed by some; ),



such that for some,, R(t) N L(A%Y,) # 0, witnessed by~ However, by Lemma 30R(Y'),J = o < t. Therefore,

somer. Lettingn = max(ng, n1,n2), we have RKAEE — o <t. O
Proof of Lemma 12 Immediate from Lemmas 28 and
m=eme € L(A})- L(ATY) - L(AY)) 31. 0

c a,b _ )
S LAfn) = L(Asm) A.2 Soundness and Completeness of Star Prov-

By condition 2 of Definition 11, this would makg [ n a ability

leaf node, contradicting the fact thAis a path through'. ]

Therefore([a], [b]) € J(t), SOR(Y), J £ o < t. 0 Ou.r goal is to prove Theorem 20. Let RExpy, andE
By the previous lemma, if we can construct a relational P€ @ finite set of hypotheses.

tree(T, A) for E — o < t such thaR (Y T-4:F), JTAS |=

c
E for any pathf throughT', then the relational validity of Lemma 32 belowps(t) € clu(R(1))

ing a relational proof fol? — o < ¢. {clg(S) | S C =*}. We define
Lemma3lIfRKAE E — o <t thenE — o < tis 0 = clg(®)
relationally provable. 1 = cg({e})
Proof We define thecanonical relational treg(T’, A) A®B = dg(AUB)
for E — o < t as follows. Note that the only degree of A®B = cg(AB)
freedom that Definition 11 gives us is the choice of what ® N
hypothesis to apply at a nodge and where within4, to A® = g U A
apply it. new
Our goal is to guarantee th&(y "*/), J"4/ = B It is straightforward to verify thak’ forms ax-continuous
for any pathf through?'. To za/cpomp!|shth|_s, we make sure  Kleene algebra under these operations, using the usual
that for any hypothesis < 7" in E, if a pair ([z], [y]) en-  properties of closure, as well as the fact that for &ny’ C

tersJ(r), we make sure that it also entefér’) by having >*, we haveclg(S)clg(T) C clp(ST).
appropriate children as in 3b of Definition 11. Of course, \e define the imerprgtatiom . RExpy, — K by

we may have infinitely many such requirements to take I(s) = clg(R(s)). For any hypothesis < r' in E,
care of. Fortunately, there are only countably many such R(r) C clp(R(")), soK,I = E. -

requirements that couldver occur, so we fix a function Supposer € belowg(t). ThenK, I |= o < t, 0

C : w — {all possible requirementssuch that each re-

quirement is hit infinitely often. (Formally, a “posible re- o€ R(o) CI(o) CI(t) =clg(R(t)) .
quirement” is just a tuple specifying a hypothesis< »/

and a pair of states, w, but the details of the coding are ir- Thereforebelow g (t) C clg(R(t)). O

relevant.) To construct the canonical proof tree, if we dre a
a node on leveh and need to choose what hypothesis to ap-
ply, and where, we apply the hypothesis specified’tjy)
at the states specified I6y(n) if possible; otherwise we ap-
ply any hypothesis we like. (It is safe to assume that some
hypothesis can be applied, because we can pretend that W
have a hypothesis < 1, and simply add-edges fronu to
itself; allowing ourselves to do so clearly would not let us
prove any Horn formulas that we could not prove under the
strict interpretation of Definition 11.)

SupposingE — o < t is not relationally provable,
the canonical proof tree defined above must not be well
founded, so it has a patfi. Along this path, if a pair

([=], [y]) entersJ(r) for some hypothesis < r’ in E, our Lemma 34 spy(t) C belowp(t)
construction above guarantees that we will eventuallyyappl

Lemma 33 clg(R(t)) C spy(t)

Proof R(t) C spg(t) is trivial from the definition of
star proof, so it suffices to show thaty(¢) is E-closed.
Take anyopr € newg(spg(t)), with » < r’ a hypoth-
is inE such thatp € R(r) andoR(r')7 C spy(t). We
can see thall — opr < t must be star provable: at the
root node, we apply the hypothesis< r’ so that the chil-
dren of the root have a stringy’ ~ with p’ € R(r'), and we
can build proof trees below each of these children because
theseop'r are inspg(t). Soopr € spg(t). Therefore
newg(spg(t)) C spy(t), sSospg(t) is E-closed. O

the hypothesis < 7’ at states, y along this path, and this Proof Supposer € spy(t). Fix a star proofT, A) of
will ensure([z], [y]) € J(r'). It follows that.J(r) C J(r') E — o < t. One can show by induction in well-founded
for every hypothesis < ' in E, soR(Y),J = E. trees (that is, starting at the leaves and working up to the
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root) that at every nod¢ < T, either Ay = CON or
L(Ayf) Nbelowg(t) # 0. Then, at the root node, we have
L(Ay) = {o}, and this must interseticlowg(t). There-
fore,o € belowg(t). O
Proof of Theorem 20 Immediate from Lemmas 32, 33,
34. O
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