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Abstract

The universal Horn theory of relational Kleene algebra
with tests (RKAT) is of practical interest, particularly for
program semantics. We develop an (infinitary) proof sys-
tem, based on well-founded trees of finite automata, which
is sound and complete for this theory. A small modification
of this system yields a proof system which is sound and com-
plete for the universal Horn theory of∗-continuous Kleene
algebras with tests (KAT∗). This sheds light on the rela-
tionship betweenRKAT andKAT∗.

1 Introduction

Kleene algebra (KA) arises in many areas of computer
science, such as automata theory, the design and analysis of
algorithms, dynamic logic, and program semantics. Many
of these applications are enhanced by using Kleene algebra
with tests (KAT), which combinesKA with Boolean alge-
bra. The use ofKAT in program verification largely moti-
vates our work here.

We can useKAT to reason propositionally about pro-
grams (see [1, 12] for examples). The equivalence of an
optimized and unoptimized program, the equivalence of an
annotated and unannotated program, and partial correctness
assertions can all be expressed as equations. The equational
theory ofKAT is well understood and has many useful prop-
erties; in particular, it is decidable (inPSPACE) and the the-
ory remains unchanged when we restrict to relational in-
terpretations [3, 13]. (Relational interpretations are ofthe
greatest interest because the intended semantics are gener-
ally relational.)

However, we frequently wish to reason about programs
under certain assumptions about the interaction of atomic
programs and tests. For example, ifp is the program “x :=
3” and b is the assertion “x = 3”, then we want to be able
to make use of the factspb = p andbp = b when reason-
ing about programs in whichp andb appear; for instance,

the equationp2 = p is not valid inKAT, but the formula
(pb = p ∧ bp = b) → p2 = p is. Thus, theuniversal
Horn theoryis of interest. Auniveral Horn formulais an
implicationE → s = t, whereE is a finite set of equations.
The word “universal” refers to the fact that the atomic sym-
bols ofE, s, andt are implicitly universally quantified. The
universal Horn theoryof a class of structuresC, denoted
HC, is the set of universal Horn formulas valid under all
interpretations over structures inC.

The increased generality of the universal Horn theory
is accompanied by greater complexity, and the theory does
not remain the same when we restrict to important classes
of Kleene algebras such as∗-continuous Kleene algebras
with tests (KAT∗) and relational Kleene algebras with tests
(RKAT). HKAT is Σ0

1-complete (undecidable),HKAT∗

and HRKAT are Π1
1-complete (highly undecidable), and

we have proper inclusionsHKAT ( HKAT
∗

( HRKAT

[11, 7].
Although the complexity makes it impossible to thor-

oughly understand these theories, their study yields practi-
cal results. For example, if we restrict premises to the form
s = 0, this portion ofHKAT is PSPACE-complete, sub-
sumes Hoare logic, and is complete for relational interpre-
tations [10]. Further work has shown that we can also admit
premises of the formbp = b while remaining inPSPACE
(and preserving the completeness ofKAT over relational in-
terpretations) [6]; premises of this form are useful for elim-
inating redundant code.

This paper contributes to our understanding of these uni-
versal Horn theories by developing sound and complete
proof systems forHKAT∗ and HRKAT. Built around
well-founded trees of finite automata, these systems are
closely related to each other, and their difference sheds
light on the relationship betweenHKAT∗ and HRKAT.
Although the systems are infinitary (a necessity given the
Π1

1-completeness ofHKAT∗ andHRKAT), many formu-
las do have finite proofs, or can be seen by inspection to
not be provable; this has provided many new examples of
formulas that are inHRKAT but not inHKAT∗. How-



ever, this is somewhat beside the point: the systems’ fore-
most purpose is not to prove individual formulas, but rather
to provide a platform for proof-theoretic arguments yield-
ing general theorems about the theoriesHKAT, HKAT∗,
andHRKAT. For example, we can give syntactical criteria
for Horn formulas that guarantee that when such formulas
are provable at all (in either system), they are provable via
a finite proof; this immediately reduces the complexity of
HKAT∗ andHRKAT, restricted to such formulas, fromΠ1

1

to Σ0
1. The power of such proof-theoretic techniques be-

comes clear when one observes that they yield short proofs
of many existing theorems whose known proofs are much
longer.

The greatest significance of these proof systems is their
utility in studyingHRKAT. Despite its complexity,HKAT∗

is at least reasonably transparent, in the sense that we have
an axiomatization forKAT∗ (that makes use of an infini-
tary Horn formula to capture∗-continuity).HRKAT is very
murky by comparison; our current knowledge of it has been
gained slowly, most often through ad hoc constructions.
The proof systems presented here provide a significant tool
for its study.

2 Preliminaries

For a more complete introduction to Kleene algebra and
Kleene algebra with tests, see [9].

2.1 Kleene Algebra

Definition 1 An idempotent semiring is a structure
(S, +, ·, 0, 1) satisfying

x + x = x (idempotence)

x + 0 = x

x + y = y + x

x + (y + z) = (x + y) + z

0 · x = x · 0 = 0

1 · x = x · 1 = x

x · (y · z) = (x · y) · z

x · (y + z) = x · y + x · z

(y + z) · x = y · x + z · x

(In other words,(S, +, 0) is an upper semilattice with bot-
tom element0, (S, ·, 1) is a monoid,0 is an annihilator for
·, and· distributes over+ on the right and left.)

We often drop·, writing xy for x · y. The upper semi-
lattice structure induces a natural partial order on any idem-
potent semiring:x ≤ y ⇔ x + y = y. (Note also that this
means inequalitiess ≤ t may appear anywhere equations
appear, such as in universal Horn formulas.)+ and· enjoy

the following form of monotonicity: ifx ≤ x′ andy ≤ y′,
thenx + y ≤ x′ + y′, andxy ≤ x′y′. (For+, this is trivial.
For ·, supposex ≤ x′ andy ≤ y′. Thenx + x′ = x′, so
we havexy + x′y = (x + x′)y = x′y, soxy ≤ x′y. We
similarly havex′y ≤ x′y′, soxy ≤ x′y′.)

Definition 2 A Kleene algebra is a structure
(K, +, ·,∗ , 0, 1) such that(K, +, ·, 0, 1) forms an idempo-
tent semiring, and which satisfies

1 + xx∗ ≤ x∗ (1)

1 + x∗x ≤ x∗ (2)

p + qx ≤ x → q∗p ≤ x (3)

p + xq ≤ x → pq∗ ≤ x (4)

(The order of precedence among the operators is∗ > · >

+, so thatp + qr∗ = p + (q · (r∗)).) We letKA denote the
category of all Kleene algebras and their homomorphisms.

(The names of the categories we consider will also serve
as convenient abbreviations for the type of algebra they con-
tain. For example, “theKA axioms” will mean “the axioms
of Kleene algebra”.)

Equation (1) implies thatq∗p is a solution to the inequal-
ity p + qx ≤ x, and (3) implies that it is the least solution;
(2) and (4) say thatpq∗ is the least solution top + xq ≤ x.

Given a setΣ of constant symbols, letRExpΣ be the set
of Kleene algebra terms overΣ. We call the elements of
RExpΣ regular expressions, and the elements ofΣ atomic
program symbols. An interpretationis a homomorphismI :
RExpΣ → K, whereK is a Kleene algebra.I is determined
uniquely by its values onΣ.

We use|= to denote ordinary Tarskian satisfaction. How-
ever, since we have constant symbols fromΣ not in the
signatures of the underlying algebras, we will pair each al-
gebra with an interpretation when speaking about satisfac-
tion. For example, given a Kleene algebraK, interpretation
I : RExpΣ → K, and formulaϕ whose atomic program
symbols are amongΣ, we will write K, I |= ϕ to indi-
cate thatK satisfiesϕ when the symbols inΣ are evaluated
according toI. K |= ϕ means thatK, I |= ϕ for every
interpretationI : RExpΣ → K. We also use|= in two other
standard ways: for a classC of algebras,C |= ϕ means that
K |= ϕ for eachK ∈ C; for a setΦ of formulas,Φ |= ϕ

means thatK |= ϕ for each algebraK satisfying every for-
mula inΦ.

Definition 3 For an arbitrary monoidM , its powerset2M
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forms a Kleene algebra as follows.

0 = ∅

1 = {1M} (where1M is the identity ofM )

A + B = A ∪ B

A · B = {xy | x ∈ A, y ∈ B}

A∗ =
⋃

k∈ω

Ak

We letREG M denote the smallest subalgebra of2M con-
taining the singletons{x}, x ∈ M . (The elements of
REG M are theregular subsetsof M .) 2M and its sub-
algebras are known aslanguage algebras.

Of particular interest is the caseM = Σ∗, the monoid
of all strings over alphabetΣ under concatenation. The
empty stringε is the identity of this monoid. We define the
canonical interpretationR : RExpΣ → REG Σ∗ by letting
R(p) = {p} (and extendingR homomorphically to the rest
of RExpΣ). Note that we can interpret elements ofΣ∗ as
elements ofRExpΣ in the obvious fashion.

Relational Kleene algebras are also of interest.

Definition 4 For an arbitrary setX , the set2X×X of all
binary relations onX forms a Kleene algebraR(X) as fol-
lows.

0 = ∅

1 = ιX = {(x, x) | x ∈ X}

S + T = S ∪ T

S · T = S ◦ T (the composition ofS with T )

S∗ =
⋃

k∈ω

Sk (the reflexive transitive closure ofS)

A Kleene algebraK is relational if it is a subalgebra of
R(X) for someX ; X is called thebaseof K. We letRKA

denote the category of all relational Kleene algebras and
their homomorphisms.

The definitions of∗ in 2M andR(X) exemplify the most
common intuition about the meaning of∗, which is that
y∗ = supn∈ω yn, or informally, y∗ = 1 + y + y2 + · · · .
(More generally, if we require that multiplication distributes
over this supremum, we havexy∗z = x1z + xyz + xy2z +
· · · = supn∈ω xynz.) However, this property of∗ does not
follow from theKA ∗-axioms, and must be postulated sep-
arately.

Definition 5 A Kleene algebraK is ∗-continuousif it sat-
isfies

xy∗z = sup
k∈ω

xykz

for all x, y, z ∈ K. We letKA∗ denote the category of all
∗-continuous Kleene algebras and their homomorphisms.

Since relational composition distributes over arbitrary
union, it is immediate from the definition of∗ in R(X)
that relational Kleene algebras are∗-continuous, soRKA ⊆
KA∗.

The following ubiquitous lemma is a useful generaliza-
tion of ∗-continuity.

Lemma 6 SupposeK ∈ KA∗, I : RExpΣ → K is an
interpretation, andt ∈ RExpΣ. Then

I(t) = sup
σ∈R(t)

I(σ) .

Proof By induction on structure oft. For details, see
[8, Lemma 7.1, pp. 246–248]. �

Corollary 7 SupposeK ∈ RKA, I : RExpΣ → K is an
interpretation, andt ∈ RExpΣ. Then

I(t) =
⋃

σ∈R(t)

I(σ) .

In particular, if (x, y) ∈ I(t), then there existsσ ∈ R(t)
such that(x, y) ∈ I(σ).

Proof Let X be the base ofK. Union coincides with
supremum inR(X), and we can treatI as an interpretation
into R(X); applying Lemma 6 toR(X) andI gives the
desired result. (This trick was necessary to get around the
fact that in an arbitraryRKA such asK, suprema do not
always coincide with union, although, as this lemma shows,
suprema over regular sets must coincide with union.)�

Definition 8 A universal Horn formulais a formula of the
form

s1 = t1 ∧ · · · ∧ st = tk → s = t ,

wheresi, ti, s, t are terms in the appropriate language. The
set of universal Horn formulas valid over a classC of alge-
bras is theuniversal Horn theoryof C, which we denote by
HC. We will often drop the word “universal”.

Lemma 9 Let Γ be any class of∗-continuous Kleene al-
gebras with interpretations. (That is,Γ consists of pairs
(K, I) whereK ∈ KA∗ andI : RExpΣ → K is an interpre-
tation.) Then for any Horn formula of the formE → s ≤ t,

Γ |= E → s ≤ t ⇐⇒ (∀σ ∈ R(s)) Γ |= E → σ ≤ t .

Proof For any K ∈ KA∗ with interpretationI :
RExpΣ → K, the equivalence

K, I |= E → s ≤ t ⇐⇒ (∀σ ∈ R(s)) K, I |= E → σ ≤ t

is a straightforward consequence of Lemma 6. The lemma
then follows by exchanging the universal quantifiers(∀σ ∈
R(s)) and (∀(K, I) ∈ Γ). (This latter quantifier comes
from Γ |= E → s ≤ t ⇔ (∀(K, I) ∈ Γ) K, I |= E → s ≤
t.) �
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2.2 Kleene Algebra with Tests

Definition 10 A Kleene algebra with testsis a two-sorted
structure(K, B, +, ·,∗ , , 0, 1), where(K, +, ·,∗ , 0, 1) is a
Kleene algebra, and(B, +, ·, , 0, 1) is a Boolean subalge-
bra. The elements ofB are calledtests. We letKAT denote
the category of all Kleene algebras with tests and their ho-
momorphisms; we letKAT∗ denote the subcategory of all
∗-continuous Kleene algebras with tests.

We now have two types of atomic symbols: programs
and tests. For a finite setP of atomic program symbols and
a finite setB of atomic test symbols,RExpP,B is the set of
KAT terms overP andB; negation can only be applied to
Boolean terms, which are terms built from0,1,+,·, , and
atomic test symbols. An interpretationI : RExpP,B → K

must map each atomic test to a test inK (and it follows by
induction that it will map all Boolean terms to tests).

R(X) forms a Kleene algebra with tests by keeping
the previously defined Kleene algebra structure, and letting
B = {r ∈ R(X) | r ≤ 1}, b = ιX − b. A Kleene algebra
with testsK is relational if it is a subalgebra ofR(X) for
someX . We letRKAT denote the category of all relational
Kleene algebras with tests and their homomorphisms.

Every Kleene algebra induces a Kleene algebra with
tests by lettingB = {0, 1}, the two-element Boolean
algebra; conversely, every Kleene algebra with tests in-
duces a Kleene algebra by taking its reduct to the sig-
nature of Kleene algebra (i.e., taking its image under the
map(K, B, +, ·,∗ , , 0, 1) 7→ (K, +, ·,∗ , 0, 1)). With this
in mind, it is easy to see that for any formulaϕ in the
language of Kleene algebra,KAT |= ϕ ⇔ KA |= ϕ,
KAT∗ |= ϕ ⇔ KA∗ |= ϕ, andRKAT |= ϕ ⇔ RKA |= ϕ.

3 A Proof System forHRKA

3.1 Preview

Notation: Given binary relationsS, T over some setX ,
xSy will mean (x, y) ∈ S. xSzTy will be shorthand for
xSz & zTy. ST will denote the composition

S ◦ T = {(x, y) | ∃z xSzTy}.

The most direct way to prove that a Horn formulaE →
s ≤ t is relationally valid is to supposeK ∈ RKA, with
interpretationI, such thatK, I |= E, and show that for any
(x, y) ∈ I(s), we must have(x, y) ∈ I(t). Let us give a
concrete example of such a proof.

Let ϕ be the Horn formula

r0 ≤ r1 + r2∧s0 ≤ s1 +s2 → r0s0 ≤ r0s1 + r1s2 + r2s0.

We wish to showRKA |= ϕ. SupposeK is a relational
model, with interpretationI, such thatK, I |= r0 ≤ r1 +

r2 ∧ s0 ≤ s1 + s2. LetRi = I(ri), Si = I(si), for 0 ≤ i ≤
2.

SupposexR0S0y. ThenxR0zS0y for somez.
Applying the hypothesisr0 ≤ r1 + r2 gives usxR1z or

xR2z. We break into cases 1 and 2.
Case 1:xR1z. Applying the hypothesiss0 ≤ s1 + s2

gives uszS1y or zS2y. We break into subcases 1.1 and 1.2.
Case 1.1: zS1y. We havexR0zS1y, so (x, y) ∈

I(r0s1 + r1s2 + r2s0).

Case 1.2: zS2y. We havexR1zS2y, so (x, y) ∈
I(r0s1 + r1s2 + r2s0).

Case 2:xR2z. We havexR2zS0y, so(x, y) ∈ I(r0s1 +
r1s2 + r2s0).

Therefore,K, I |= r0s0 ≤ r0s1 + r1s2 + r2s0, soϕ is
relationally valid.

The structure of the cases forms a tree as in Figure 1.
To represent the information about our relations more

compactly, we can let each point be a vertex in a graph, with
an edge fromv to w labeledp indicating that(v, w) ∈ I(p):

x z y
r0 s0

r1 s1

Case 1.1

x z y
r0 s0

r1 s2

Case 1.2

x z y
r0 s0

r1

Case 1

x z y
r0 s0

x z y
r0 s0

r2

Case 2

�
��	

@
@@R

�
��	

@
@@R

The actual variable namesx, y, z are irrelevant, except
that we must distinguishx and y in some way, as(x, y)
is the pair that must be shown to be inI(r0s1 + r1s2 +
r2s0). So we will associate the leftmost vertex withx and
the rightmost vertex withy:

r0 s0

r1 s1

Case 1.1

r0 s0

r1 s2

Case 1.2

r0 s0

r1

Case 1

r0 s0

r0 s0

r2

Case 2

�
��	

@
@@R

�
��	

@
@@R

What we now have is a tree of finite automata. In a mo-
ment, we will generalize this idea into a proof system for the
Horn theory ofRKA in which proofs are well-founded trees
of automata. As to why this is natural, consider: a relational
model is basically a Kripke frame, a countable Kripke frame
can be constructed as a sequence of finite Kripke frames
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SupposexR0zS0y.

Case 1: Case 2:
xR1z xR2z

Case 1.1: Case 1.2: ∴ (x, y) ∈ I(r0s1 + r1s2 + r2s0)

yS1z yS2z

∴ (x, y) ∈ I(r0s1 + r1s2 + r2s0) ∴ (x, y) ∈ I(r0s1 + r1s2 + r2s0)

Figure 1. A tree of cases.

(each one extending the previous one), and a finite Kripke
frame is basically a finite automaton. So, the process of
constructing a counterexample to a given Horn formulaϕ

can be viewed as a tree of finite automata (partial construc-
tions), in which each path is a particular way of proceeding
with the construction—i.e., branching represents different
ways of proceeding—such that an infinite path through this
tree would give us a model in whichϕ fails, while the well-
foundedness of this tree would imply the relational validity
of ϕ.

3.2 Finite Automata and Trees

Our proof systems forHRKA andHKA∗ will be based
on trees of finite automata, and we must define a number of
notions related to trees and automata before continuing.

Assume we have a fixed finite alphabetΣ. We letNFA
denote the set of all nondeterministic finite automata over
Σ, requiring that all states are natural numbers;ε-moves
(also calledε-edges) are allowed.

We will also use NFA as shorthand fornondeterminis-
tic finite automaton. For any NFAA, L(A) denotes the
language ofA, and|A| denotes the states ofA. For states
v, w ∈ |A|, let Av,w denote the NFA which is identical to
A except that it hasv andw as its unique start and accept
states, respectively. We fix distinct natural numbersa and
b (say,a = 0 andb = 1), and letNFAa,b be the set of all
A ∈ NFA which have unique start statea and unique accept
stateb. For the rest of Section 3, we will focus on automata
in NFAa,b, and in all diagrams of automata, the leftmost
state will be the start state, and the rightmost state will be
the accept state.

Given A, B ∈ NFAa,b, we define theirwedge product
A ∧ B ∈ NFAa,b as follows. A ∧ B consists of disjoint
copies ofA andB, except that the start states ofA andB

are combined into a single start state, and the accept states
of A andB are combined into a single accept state. (So
A ∧ B is essentially the result of gluingA andB together,
in parallel, at their start and end states.) We assume that
any renumbering of states needed for the disjoint union oc-
curs only inB; apart from this bias in numbering states, the
wedge product is commutative. It is also associative.

We now define some special automata inNFAa,b.
F0 has states{a, b} and no edges.
F1 has states{a, b} and anε-edge froma to b.
F2 has states{a, b} andε-edges froma to b and fromb

to a.
For σ = p1 · · · pk ∈ Σ∗, we defineFσ so thatL(Fσ) =

{σ} as follows. For the caseσ = ε, we letFσ = Fε = F2;
otherwise, we letFσ have states{a, x1, x2, . . . , xk−1, b}
and edges

a
p1
→ x1

p2
→ · · ·

pk−1

→ xk−1
pk→ b .

We will sometimes want to “insert” strings into au-
tomata. ForA ∈ NFAa,b, v, w ∈ |A|, andτ ∈ Σ∗, we
define

insert(A, v, w, τ) = (Av,w ∧ Fτ )a,b .

This has the effect of inserting the stringτ into A from v

to w, with the exception ofinsert(A, v, w, ε), which also
inserts anε-edge fromw to v. We refer to this extraε-edge
as areverseε-edge. Where it is used,insert(A, v, w, ε) will
correspond to identifyingv andw with each other. (In Sec-
tion 4, we will have a different notion of insertion,insertF .)

We now move on to trees.ω is the set of naturals
{0, 1, . . .}. ω<ω is the set of all finite strings of naturals
(including the empty string). A setT ⊆ ω<ω is atreeif it is
closed under taking initial segments. A functionf : ω → ω

can be treated as an infinite sequence of naturals, and for
n ∈ ω, we letf � n denote the initial segment off of length
n. Such anf is apath through a treeT if (f � n) ∈ T for
all n ∈ ω.

3.3 Relational Proofs

We first define our system in a special case, and then
generalize the definition.

Definition 11 Let E → σ ≤ t be a Horn formula in the
language ofKA with σ ∈ Σ∗ and t ∈ RExpΣ. We assume
that all hypotheses inE are inequalitiesx ≤ y, by breaking
any equationsx = y into x ≤ y ∧ y ≤ x as necessary. We
fix a special symbolCON, which will signify contradiction.
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A relational tree forE → σ ≤ t is a pair (T, A) where
T ⊆ ω<ω is a tree andA : T → NFAa,b ∪ {CON} such
that the following conditions hold. (Af will denoteA(f).)

1. At the root, we haveA〈〉 = Fσ

2. f ∈ T is a leaf node if and only ifAf = CON or
R(t) ∩ L(Af ) 6= ∅.

3. If f is not a leaf node, then there existv, w ∈ |Af |
(possibly equal),ρ ∈ L(Av,w

f ), and an inequalityr ≤
r′ in E such thatρ ∈ R(r) and

(a) if R(r′) = ∅ (typically becauser′ = 0), thenf

has one childg, with Ag = CON;

(b) if R(r′) 6= ∅, thenf has one childgτ for each
τ ∈ R(r′), with Agτ

= insert(Af , v, w, τ).

(We say that the hypothesisr ≤ r′ is applied atf .)

A relational proof ofE → σ ≤ t is a well-founded re-
lational tree for E → σ ≤ t. We sayE → σ ≤ t is
relationally provableif such a proof exists.

Although our proof of soundness and completeness will
stand on its own, Definition 11 is best understood in terms
of the reasoning done in Section 3.1. The root node corre-
sponds to the supposition that(x, y) ∈ I(σ). The CON
nodes indicate that we have followed a subcase that has
(x, y) ∈ I(0), a contradiction; the other type of leaf node
indicates that, within the current subcase, we have(x, y) ∈
I(t) as desired. The intermediate steps are essentially just
a matter of bookkeeping. The well-foundedness of the tree
expresses the fact that the cases are exhaustive.

We can reinterpret the tree of automata in Section 3.1 as
a relational proof. We now give two further examples that
illustrate the purpose ofCON and theε-edges.

Consider the formulap ≤ 0 → p ≤ q. If we follow
the same reasoning as in the motivating example, the as-
sumption that(x, y) ∈ I(p) will lead to a contradiction if
we apply the hypothesisp ≤ 0. As a relational proof, we
would have a tree withFp at the root, and one child,CON.

Now consider the formulap ≤ 1 → p ≤ p2. The as-
sumption that(x, y) ∈ I(p) lets us conclude that(x, y) ∈
I(1) by applying the hypothesisp ≤ 1. SinceI(1) is the
identity relation, we can conclude thatx = y. Letting
P = I(p) and E = I(1), we now havexPyExPy, so
(x, y) ∈ PEP = I(p)I(1)I(p) = I(p2). Note that this ar-
gument required the reflexivity ofE: from xEy, we needed
to concludeyEx to finish the argument. This is essentially
why, in relational proofs,ε-edges are added in both direc-
tions. In terms of relational proofs, we start withFp at the
root. We then apply the hypothesisp ≤ 1 by addingε-
edges in both directions betweena andb, yielding one child,

Fp ∧ F2. We havep2 ∈ L(Fp ∧ F2) (we can follow the re-
verseε-edge fromb to a, just as we usedyEx above), so
this is a leaf and we are done.

Note that the above two examples had no branching.
This is because the right hand sidet of each hypothesis had
no more than one element inR(t). Branching can occur
only when |R(t)| > 1, and infinite branching can occur
only whenR(t) is infinite; note thatR(t) is finite whenever
t is ∗-free.

Lemma 12 For any Horn formula of the formE → σ ≤ t,
the following are equivalent.

(i) RKA |= E → σ ≤ t

(ii) E → σ ≤ t is relationally provable.

Proof A detailed proof can be found in Section A.1 of
the appendix, but we give a rough sketch here.

The completeness is proven by defining a canonical rela-
tional tree for the formula, with the property that hypotheses
are applied in a fair manner, so that along any path through
the tree, any applicable hypothesis is eventually applied.If
E → σ ≤ t is not relationally provable, then this tree is not
well-founded, and a path through it can be used to produce
a model witnessingRKA 6|= E → σ ≤ t.

For soundness, we fix a relational proof ofE → σ ≤ t.
SupposeK ∈ RKA with interpretationI : RExpΣ → K

such thatK, I |= E, and suppose that(x, y) ∈ I(σ).
Thinking of the relational proof as a table of subcases or-
ganized into a tree, we start at the root, and iterate the pro-
cess of choosing the subcase appropriate forK, I, x, and
y; because the tree is well founded, we must eventually
hit a leaf. This leaf cannot be aCON (since that would
yield a contradiction), so instead we reach the other type
of leaf, which will witness(x, y) ∈ I(t). This establishes
I(σ) ⊆ I(t). The details are essentially a verification that
Definition 11 accurately captures the kind of reasoning seen
in Section 3.1. �

We now extend the notion of relational provability to ar-
bitrary Horn formulas.

Definition 13 We say thatE → s ≤ t is relationally prov-
ableif E → σ ≤ t is relationally provablefor all σ ∈ R(s).
We say thatE → s = t is relationally provableif both
E → s ≤ t andE → t ≤ s are relationally provable.

Theorem 14 The following are equivalent for any Horn
formulaE → s = t.

(i) RKA |= E → s = t

(ii) E → s = t is relationally provable.
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Proof It suffices to show that equivalence holds for the
formulasE → s ≤ t andE → t ≤ s. The former equiva-
lence is as follows.

RKA |= E → s ≤ t

⇔ (∀σ ∈ R(s)) RKA |= E → σ ≤ t (Lemma 9)

⇔ (∀σ ∈ R(s)) E → σ ≤ t is relationally provable

⇔ E → s ≤ t is relationally provable

The equivalence forE → t ≤ s is similar. �

4 A Proof System (or Two) forHKA
∗

4.1 Star Proofs

We can get a proof system forHKA
∗ by taking our

proof system forHRKA and replacinginsert with an ap-
propriately modified notion of insertion,insertF . The crit-
ical difference will be that, whileinsert allows automata to
develop internal structure (such as cycles and intersecting
paths),insertF will prevent any such structure from devel-
oping.

Definition 15 GivenA, B ∈ NFA, we defineA ∨ B to be
the disjoint union ofA andB (without the gluing that oc-
curred with∧).

We letNFAF denote the set of all automata of the form

Fσ1
∨ · · · ∨ Fσk

whereσ1, . . . , σk ∈ Σ∗. (This includes the casek = 0,
which yields the empty automaton.) Automata inNFAF are
called free automata(for their lack of structure).

GivenA ∈ NFAF andy ∈ |A|, there is a unique start
statex and a unique accept statez such thaty lies on a path
from x to z. L(Ax,y) andL(Ay,z) are both singletons. We
let theprefix of y in A be the uniqueρ ∈ L(Ax,y), and let
thesuffix of y in A be the uniqueρ′ ∈ L(Ay,z).

GivenA ∈ NFAF , v, w ∈ |A|, andτ ∈ Σ∗, we define

insertF (A, v, w, τ) = A ∨ Fρτρ′ ,

whereρ is the prefix ofv andρ′ is the suffix ofw in A.

The intuitive difference betweeninsert and insertF
is that while insert(A, v, w, τ) inserts the new string “in
place”, insertF (A, v, w, τ) copies a small portion ofA
(namely,Fρ andFρ′ ) off to the side first and insertsτ there.

The following definition of star trees and star proofs is
the result of replacinginsert with insertF in Definition 11.
A side effect of this change is that the automata in the tree
now happen to beNFAF instead ofNFAa,b.

Definition 16 Let E → σ ≤ t be a Horn formula in the
language ofKA with σ ∈ Σ∗ and t ∈ RExpΣ. We assume
that all hypotheses inE are inequalitiesx ≤ y, by breaking
any equationsx = y into x ≤ y ∧ y ≤ x as necessary. We
fix a special symbolCON, which will signify contradiction.

A star tree forE → σ ≤ t is a pair (T, A) whereT ⊆
ω<ω is a tree andA : T → NFAF ∪ {CON} such that the
following conditions hold. (Af will denoteA(f).)

1. At the root, we haveA〈〉 = Fσ.

2. f ∈ T is a leaf node if and only ifAf = CON or
R(t) ∩ L(Af ) 6= ∅.

3. If f is not a leaf node, then there existv, w ∈ |Af |
(possibly equal),ρ ∈ L(Av,w

f ), and an inequalityr ≤
r′ in E such thatρ ∈ R(r) and

(a) if R(r′) = ∅, thenf has one childg, with Ag =
CON;

(b) if R(r′) 6= ∅, thenf has one childgτ for each
τ ∈ R(r′), with Agτ

= insertF (Af , v, w, τ).

A star proof ofE → σ ≤ t is a well-founded star tree
for E → σ ≤ t. We sayE → σ ≤ t is star provableif such
a proof exists.

A free automaton is uniquely determined by its language
(putting aside the minor issue of strings occurring multi-
ple times), so Definition 16 could be reformulated without
reference to automata, using instead sets of finite strings.
However, there are advantages to preserving as much struc-
tural similarity as possible between the definitions of rela-
tional and star proofs: it better isolates the differences be-
tweenHRKA andHKA∗, and it sometimes allows the same
proof-theoretic argument to be made with both systems with
minimal modification (see Theorem 27, for example).

Lemma 17 For any Horn formula of the formE → σ ≤ t,
the following are equivalent.

(i) KA∗ |= E → σ ≤ t

(ii) E → σ ≤ t is star provable.

The definition of star provability is extended to arbitrary
Horn formulas exactly as it was for relational provability,
and once the above lemma is established, the soundness and
completeness will follow analogously. However, the proof
of the above soundness and completeness lemma will have
little resemblance to the proof of the corresponding lemma
for relational proofs, and the intuitive meaning of a star tree
will be unrelated to the reasoning in Section 3.1. Instead, we
will develop a language-theoretic proof system forHKA∗,
and show that star provability coincides with provability in
this language-theoretic system. We must develop this extra
theory before proving Lemma 17.
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4.2 A Language-Theoretic Look atHKA∗

In this section, we develop a characterization ofHKA∗ in
terms of a closure operator. This is used establish soundness
of completeness of star provability, and can also be treated
as another proof system.

Fix a finite set of hypothesesE. As before, assume all
hypotheses are inequalities by breaking equationsx = y

into x ≤ y andy ≤ x.

Definition 18 For t ∈ RExpΣ, we define

belowE(t) = {σ ∈ Σ∗ | KA∗ |= E → σ ≤ t} .

We will now see how to constructbelowE(t) using a
closure operator.

Definition 19 For anyS ⊆ Σ∗, we definenewE(S) to be
the set of all strings of the formσρτ such thatσ, ρ, τ ∈ Σ∗

and there is a hypothesisr ≤ r′ in E such thatρ ∈ R(r),
andσR(r′)τ ⊆ S (that is,σρ′τ ∈ S for all ρ′ ∈ R(r′)).
We sayS ⊆ Σ∗ is E-closedif newE(S) ⊆ S.

We define theE-closure ofS ⊆ Σ∗ by

clE(S) =
⋂

{T ⊆ Σ∗ | S ⊆ T andT is E-closed} .

For t ∈ RExpΣ, we define

spE(t) = {σ ∈ Σ∗ | E → σ ≤ t is star provable} .

Theorem 20 For anyt ∈ RExpΣ, we have

belowE(t) = clE(R(t)) = spE(t) .

Proof See Section A.2 of the appendix. �

Corollary 21 The following are equivalent.

(i) KA∗ |= E → σ ≤ t

(ii) σ ∈ clE(R(t))

(iii) E → σ ≤ t is star provable.

Proof Observe that (i)–(iii) each state thatσ is in one of
the three sets shown to be equal in the above theorem.�

Note that Corollary 21 trivially implies Lemma 17.

Theorem 22 The following are equivalent.

(i) KA∗ |= E → s = t

(ii) R(s) ⊆ clE(R(t)) andR(t) ⊆ clE(R(s)).

(iii) clE(R(s)) = clE(R(t))

(iv) E → s = t is star provable.

Proof (i)⇔(ii) is immediate from Corollary 21 and
Lemma 9.

(ii)⇔(iii) follows from the easy observation that for any
S ⊆ Σ∗, S ⊆ clE(S) = clE(clE(S)).

(i)⇔(iv) is analogous to the proof of Theorem 14. �

In addition to giving us the desired soundness and com-
pleteness of star provability, Theorem 22 (and Corollary 21)
also show us how to useE-closure as a sort of proof system
for HKA∗. For example, recall the Horn formula

r0 ≤ r1 + r2 ∧ s0 ≤ s1 + s2 → r0s0 ≤ r0s1 + r1s2 + r2s0

from Section 3.1. This has the formE → σ ≤ t where

E = {r0 ≤ r1 + r2, s0 ≤ s1 + s2}

σ = r0s0

t = r0s1 + r1s2 + r2s0 .

We can confirm by inspection thatnewE(R(t)) =
newE({r0s1, r1s2, r2s0}) = ∅. ThusR(t) is E-closed,
so clE(R(t)) = R(t) = {r0s1, r1s2, r2s0}. Thus,σ 6∈
clE(R(t)), soKA∗ 6|= E → σ ≤ t.

By comparison, it is a lot of work to directly construct a
KA∗ in which this Horn formula fails.

4.3 Example Application 1: Simple Formulas

This example uses a proof-theoretic argument to give a
short proof of a known result.

Definition 23 The Horn formula

(s1 ≤ t1 ∧ · · · ∧ sn ≤ tn) → s ≤ t

is simpleif ∗ does not occur ins or any of theti.

Theorem 24 HKA∗ andHRKA, restricted to simple Horn
formulas, areΣ0

1.

(In fact, these theories areΣ0
1-complete, but we do not

argue that here.)
Proof Clearly, if r ∈ RExpΣ is ∗-free, thenR(r) is

finite.
Let ϕ be a simple Horn formula of the form

(s1 ≤ t1 ∧ · · · ∧ sn ≤ tn) → s ≤ t. For eachσ ∈ R(s),
observe that a relational proof of(s1 ≤ t1 ∧ · · · ∧ sn ≤
tn) → σ ≤ t would be finitely branching, sinceR(ti) is fi-
nite for eachti. Well-founded finitely-branching trees must
be finite, so if(s1 ≤ t1 ∧ · · · ∧ sn ≤ tn) → σ ≤ t is
provable at all, it has a finite relational proof. This proof
could be coded with a single natural number. SoRKA |= ϕ

is equivalent to theΣ0
1 statement, “For eachσ ∈ R(s),

there exists ann ∈ ω encoding a finite relational proof of
(s1 ≤ t1 ∧ · · · ∧ sn ≤ tn) → σ ≤ t.” (The finiteness of
R(s) makes thisΣ0

1, as opposed toΠ0
2.)
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Therefore,HRKA, restricted to simple formulas, isΣ0
1.

The same argument (with star proofs in place of relational
proofs) shows thatHKA∗, restricted to simple formulas, is
Σ0

1. �

4.4 Example Application 2: Eliminating r = 0

We can use proof-theoretic methods to improve the
known results involving the elimination ofr = 0.

Definition 25 The universal regular expressionis u =
(p1 + · · · + pn)∗, whereΣ = {p1, . . . , pn}.

The following well-known theorem [2, 10, 13] shows
that we can replace any Horn formular = 0 → s = t

with the equations+uru = t+uru. This process is called
eliminatingr = 0.

Theorem 26 For any r, s, t ∈ RExpΣ, the following are
equivalent.

(i) KA |= r = 0 → s = t

(ii) KA∗ |= r = 0 → s = t

(iii) RKA |= r = 0 → s = t

(iv) KA |= s + uru = t + uru

We can improve Theorem 26 to the following.

Theorem 27 Let E be any finite set of hypotheses, and
r, s, t ∈ RExpΣ. Letϕ be the formula

E ∧ r = 0 → s = t ,

and letϕ′ be the formula

E → s + uru = t + uru .

Then the following equivalences hold.

KA |= ϕ ⇐⇒ KA |= ϕ′ (5)

KA∗ |= ϕ ⇐⇒ KA∗ |= ϕ′ (6)

RKA |= ϕ ⇐⇒ RKA |= ϕ′ (7)

Note that the special caseE = ∅ gives us Theorem 26:
whenE = ∅, the right hand sides of (5)–(7) are equiva-
lent, since the equational theories ofKA, KA∗, andRKA

coincide. The significance of Theorem 27 is that, beyond
simply eliminatingr = 0, it shows that we can extend any
method of eliminating hypotheses to also include hypothe-
ses of the formr = 0. For, supposing we have a technique
to eliminateq1 = q2, we can eliminateq1 = q2 ∧ r = 0
by eliminatingr = 0 first with Theorem 27, leaving only
the hypothesisq1 = q2 which we eliminate with its existing
technique.

Proof The proof of (5) is not of interest here, and can
be found in [5].

For (7), the right-to-left implication is trivial: assuming
ϕ′ andE ∧ r = 0, we haves = s + 0 = s + uru =
t + uru = t + 0 = t. For the left-to-right implication,
supposeRKA |= E ∧ r = 0 → σ ≤ t, whereσ ∈ R(s).
r = 0 is equivalent tor ≤ 0, andKA |= t ≤ t + uru,
soRKA |= E ∧ r ≤ 0 → σ ≤ t + uru. Let (T, A) be a
relational proof ofE ∧ r ≤ 0 → σ ≤ t + uru.

We claim that the hypothesisr ≤ 0 is never even applied
in the proof! Supposer ≤ 0 is applied at nodef ∈ T (sof

has one childg with Ag = CON). Forr ≤ 0 to be applied
at f , there must be statesv, w ∈ |Af | andρ ∈ R(r) with
ρ ∈ L(Av,w

f ). A property that is preserved in the automata
of relational trees is that every state is accessible from the
start statea, and the accept stateb is accessible from every
state. So there existπ ∈ L(Aa,v

f ) andπ′ ∈ L(Aw,b
f ). Thus,

we haveπρπ′ ∈ L(Af ); we also haveπρπ′ ∈ R(uru) ⊆
R(t + uru). Therefore,R(t + uru) ∩ L(Af ) 6= ∅, so f

is in fact a leaf node, contradicting the assumption that we
are applyingr ≤ 0 at f . (In other words, at any point in a
relational tree forE ∧ r ≤ 0 → σ ≤ t + uru where we
could applyr ≤ 0, we would already be done along that
branch.)

So, becauser ≤ 0 is never applied,(T, A) is also
a relational proof ofE → σ ≤ t + uru. Therefore,
RKA |= E → σ ≤ t + uru for all σ ∈ R(s). By Lemma 9,
RKA |= E → s ≤ t + uru, soRKA |= E → s + uru ≤
t + uru. RKA |= E → t + uru ≤ s + uru is similar, and
we now haveRKA |= E → s + uru = t + uru.

For (6), the above argument also works for star proofs,
with the small modification that we takeπ to be the prefix
of v in Af andπ′ to be the suffix ofw in Af .

�

5 Incorporating Tests

There is no particular difficulty in incorporating tests
into relational and star provability, to yield systems thatare
sound and complete forHRKAT andHKAT∗. The reason
for this is that Boolean algebra is equationally axiomatized,
so we can modify our proof systems to act as though appro-
priate instances of Boolean algebra axioms are among the
hypotheses of the Horn formula in question.

Fix finite sets of atomic program symbolsP and testsB.
For eachb ∈ B, we introduce two fresh atomic program

symbolsb̃ and b̃, and we letB̃ =
{

b̃, b̃ | b ∈ B
}

. We let

Σ = P ∪ B̃.
Applying DeMorgan’s laws as necessary, we can assume

that Boolean negation is only applied to atomic tests in the
Horn formulas we consider. In this way, anys ∈ RExp

P,B

can be treated as if it is inRExpΣ.
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So at least language-wise, our proof systems can han-
dle Horn formulas in the language ofKAT. We must make
some minor modifications for them to prove the correct
Horn formulas, though. The justification of these modifi-
cations is straightforward but tedious and is omitted here.

In our definition of a star tree forE → σ ≤ t, we now
allow each of the following to be used as if they were inE:

b̃ + b̃ = 1 (b ∈ B) (8)

b̃b̃ = 0 (b ∈ B) (9)

bc = cb (b, c ∈ B̃) (10)

b = bb (b ∈ B̃) (11)

In our definition of a relational tree forE → σ ≤ t,
we now allow (8) and (9) to be used as if they were inE.
(We do not need (10) and (11) here, since they are made
redundant by (8) in the context of relational trees.)
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A Selected Proofs

A.1 Soundness and Completeness of Relational
Provability

We now show that relational provability coincides with
relational validity. We start with soundness.

Lemma 28 If E → σ ≤ t is relationally provable, then
RKA |= E → σ ≤ t.

Proof Suppose(T, A) is a relational proof ofE → σ ≤
t. Take anyK ∈ RKA and interpretationI : RExpΣ → K

such thatK, I |= E. We wish to showK, I |= σ ≤ t, i.e.,
I(σ) ⊆ I(t). Let X be the base ofK.

Suppose(x, y) ∈ I(σ). We will useK, I to pick out
a pathf0, f1, . . . through the proof tree until we hit a leaf
at somefm, and that leaf will witness that(x, y) ∈ I(t).
We will interpret the automata along that path as approxi-
mations ofK; to do this, we will need to specify how the
states of the automata correspond to states inX : for each
statec of an automaton on the path,νc will be the corre-
sponding state inX . We will say that an edgev

r
→ w of

an automaton isI-soundif (νv, νw) ∈ I(r). At eachfi

which is not a leaf,fi+1 will be a child offi, and we will
inductively preserve the following property.

Every edge inAfi
is I-sound. (12)

When (12) holds, we clearly also have the following.

For eachv, w ∈ |Afi
| andπ ∈ L(Av,w

fi
),

we have(νv, νw) ∈ I(π).
(13)

We definef0 = 〈〉. Recall from Definition 11 thatA〈〉

has starting statea and accept stateb; we defineνa = x and
νb = y. We can choose states that witness(x, y) ∈ I(σ)
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to defineνc for the other statesc ∈ |A〈〉|, and it is easy to
verify (12).

Now suppose we have definedfi such that (12) holds,
and thatfi is not a leaf node. By the definition of a relational
tree forE → p ≤ q, there must existv, w ∈ |Afi

|, ρ ∈
L(Av,w

fi
), and a hypothesisr ≤ r′ in E such thatρ ∈ R(r)

and conditions 3a and 3b from Definition 11 hold.
By (13),(νv, νw) ∈ I(ρ). By Corollary 7,I(ρ) ⊆ I(r),

sinceρ ∈ R(r). BecauseK, I |= r ≤ r′, we haveI(r) ⊆
I(r′). So(νv, νw) ∈ I(ρ) ⊆ I(r) ⊆ I(r′). Therefore, by
Corollary 7, there must beρ′ ∈ R(r′) such that(νv, νw) ∈
I(ρ′). (This also gives usR(r′) 6= ∅.)

By condition 3b from Definition 11,fi must have a child
gτ with Agτ

= insert(Afi
, v, w, τ). Let fi+1 = gτ . We

must defineνu for any new states appearing inAfi+1
, and

show that every edge inAfi+1
is I-sound. Because we are

taking (12) as our inductive hypothesis, we only need to ver-
ify I-soundness for the new edges—those edges appearing
in Afi+1

that do not already appear inAfi
.

Case 1:ρ′ = ε. Then the above insert operation does
not add any new states, so there are no newνu to define.
We have two new edges,v

ε
→ w andw

ε
→ v. Forv

ε
→ w,

we already have(νv, νw) ∈ I(ρ′) from above. Forw
ε
→ v,

we simply observe thatI(ρ′) = I(1) is the identity relation,
whose symmetry gives us(νw, νv) ∈ I(ρ′).

Case 2:ρ′ = p1 · · · pk, k > 0. Since(νv, νw) ∈ I(ρ′) =
I(p1) · · · I(pk), there must be statesy1, . . . , yk−1 ∈ X such
that (νv, y1) ∈ I(p1), (yi, yi+1) ∈ I(pi+1) for 1 ≤ i ≤
k − 2, and(yk−1, νw) ∈ I(pk). For 1 ≤ i ≤ k − 1, let
νxi

= yi (where thexi are the new states created by the
insert operation). The new edges inAfi+1

are v
p1
→ x1,

xi
pi+1

→ xi+1 for 1 ≤ i ≤ k − 2, andxk−1
pk→ w; our

definition of theνxi
gives usI-soundness immediately for

these new edges.1

These cases are exhaustive, soνu is now defined for all
statesu ∈ |Afi+1

|, and every edge inAfi+1
is I-sound.

That completes the induction, leaving us with
f0, f1, . . . , fm, where (12) holds at eachfi, andfm is a leaf
node. (We must eventually hit a leaf node becauseT is well
founded.) By condition 2 of Definition 11,Afm

= CON or
R(t) ∩ L(Afm

) 6= ∅; the former is impossible because our
construction never defined anyfi to beCON, so we must
haveR(t) ∩ L(Afm

) 6= ∅. Note thatAfm
= A

a,b
fm

, since
each automaton in the tree has unique start and end statesa

andb, soR(t)∩L(Aa,b
fm

) 6= ∅. Lettingπ ∈ R(t)∩L(Aa,b
fm

),
(13) gives us(x, y) = (νa, νb) ∈ I(π) ⊆ I(t).

Therefore,I(σ) ⊆ I(t), soK, I |= σ ≤ t.
Therefore,RKA |= E → σ ≤ t. �

We now turn to completeness. Fix a Horn formula
E → σ ≤ t. We will construct a canonical relational
tree for E → σ ≤ t with the property that any infinite

1The notation here is slightly broken in the case thatk = 1, since we
will have (νv, νw) ∈ I(p1), but the argument is the same.

path through it will give us a relational model in which
E → σ ≤ t fails. We will generate a model from a path
by taking the union of the automata along that path (and
modding out by an appropriate equivalence relation). As
we will see, a path through an arbitrary relational tree for
E → σ ≤ t would give us a model in whichσ ≤ t fails,
so our work in producing the canonical tree will consist of
making sure any resulting models satisfyE. Once we have
done this, the relational validity ofE → σ ≤ t will imply
that the canonical tree can have no path (without getting a
contradiction), so it must be well founded, leaving us with
a relational proof ofE → σ ≤ t.

We first look at how to construct relational models from
paths through relational trees. Suppose(T, A) is a relational
tree forE → σ ≤ t, and thatf : ω → ω is a path through
T , so thatA〈〉, Af�1, Af�2, . . . is the sequence of automata
appearing alongf , each one extending the previous one. (In
particular, we have the following monotonicity property: if
m ≤ n, andx, y ∈ |Af�m|, thenL(Ax,y

f�m) ⊆ L(Ax,y
f�n).)

Let Y0 =
⋃

n∈ω |Af�n|. We define an equivalence relation
≈ onY0 by

x ≈ y ⇐⇒ (∃n ∈ ω) ε ∈ L(Ax,y
f�n) .

(We sayn witnessesx ≈ y if ε ∈ L(Ax,y
f�n).) The reflexivity

of ≈ is trivial: if x ∈ |A|, thenε ∈ L(Ax,x). Symme-
try follows from the fact that, in relational trees, whenever
someε-edgex

ε
→ y is added (by an “insert”), the edge

y
ε
→ x is also added. For transitivity, supposex ≈ y (wit-

nessed byn0) andy ≈ z (witnessed byn1); then, letting
n = max(n0, n1), we have

ε = εε ∈ L(Ax,y
f�n) · L(Ay,z

f�n) ⊆ L(Ax,z
f�n) ,

sox ≈ z. Therefore,≈ is an equivalence relation onY0.
Let [x] denote the≈-equivalence class ofx, and letY =

Y T,A,f = {[x] | x ∈ Y0}. We defineJ = JT,A,f by
J : Σ → R(Y ) by

J(r) = {([x], [y]) | (∃n ∈ ω) r ∈ L(Ax,y
f�n)} ,

and extend homomorphically to an interpretationJ :
RExpΣ → R(Y ).

Lemma 29 For anyρ ∈ Σ∗,

J(ρ) = {([x], [y]) | (∃n ∈ ω) ρ ∈ L(Ax,y
f�n)} .

Proof This is a straightforward induction on the length
of ρ. �

Lemma 30 R(Y ), J 6|= σ ≤ t

Proof ([a], [b]) ∈ J(σ) is immediate. Suppose, though,
that([a], [b]) ∈ J(t). Then there existx, y ∈ Y0 with x ≈ a

(witnessed by somen0) andy ≈ b (witnessed by somen1),
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such that for somen2, R(t) ∩ L(Ax,y
f�n2

) 6= ∅, witnessed by
someπ. Lettingn = max(n0, n1, n2), we have

π = επε ∈ L(Aa,x
f�n) · L(Ax,y

f�n) · L(Ay,b
f�n)

⊆ L(Aa,b
f�n) = L(Af�n) .

By condition 2 of Definition 11, this would makef � n a
leaf node, contradicting the fact thatf is a path throughT .
Therefore,([a], [b]) 6∈ J(t), soR(Y ), J 6|= σ ≤ t. �

By the previous lemma, if we can construct a relational
tree(T, A) for E → σ ≤ t such thatR(Y T,A,f ), JT,A,f |=
E for any pathf throughT , then the relational validity of
E → σ ≤ t will imply that T must be well founded, yield-
ing a relational proof forE → σ ≤ t.

Lemma 31 If RKA |= E → σ ≤ t, thenE → σ ≤ t is
relationally provable.

Proof We define thecanonical relational tree(T, A)
for E → σ ≤ t as follows. Note that the only degree of
freedom that Definition 11 gives us is the choice of what
hypothesis to apply at a nodeg, and where withinAg to
apply it.

Our goal is to guarantee thatR(Y T,A,f ), JT,A,f |= E

for any pathf throughT . To accomplish this, we make sure
that for any hypothesisr ≤ r′ in E, if a pair ([x], [y]) en-
tersJ(r), we make sure that it also entersJ(r′) by having
appropriate children as in 3b of Definition 11. Of course,
we may have infinitely many such requirements to take
care of. Fortunately, there are only countably many such
requirements that couldever occur, so we fix a function
C : ω → {all possible requirements} such that each re-
quirement is hit infinitely often. (Formally, a “posible re-
quirement” is just a tuple specifying a hypothesisr ≤ r′

and a pair of statesv, w, but the details of the coding are ir-
relevant.) To construct the canonical proof tree, if we are at
a node on leveln and need to choose what hypothesis to ap-
ply, and where, we apply the hypothesis specified byC(n)
at the states specified byC(n) if possible; otherwise we ap-
ply any hypothesis we like. (It is safe to assume that some
hypothesis can be applied, because we can pretend that we
have a hypothesis1 ≤ 1, and simply addε-edges froma to
itself; allowing ourselves to do so clearly would not let us
prove any Horn formulas that we could not prove under the
strict interpretation of Definition 11.)

SupposingE → σ ≤ t is not relationally provable,
the canonical proof tree defined above must not be well
founded, so it has a pathf . Along this path, if a pair
([x], [y]) entersJ(r) for some hypothesisr ≤ r′ in E, our
construction above guarantees that we will eventually apply
the hypothesisr ≤ r′ at statesx, y along this path, and this
will ensure([x], [y]) ∈ J(r′). It follows thatJ(r) ⊆ J(r′)
for every hypothesisr ≤ r′ in E, so R(Y ), J |= E.

However, by Lemma 30,R(Y ), J 6|= σ ≤ t. Therefore,
RKA 6|= E → σ ≤ t. �

Proof of Lemma 12 Immediate from Lemmas 28 and
31. �

A.2 Soundness and Completeness of Star Prov-
ability

Our goal is to prove Theorem 20. Lett ∈ RExpΣ andE

be a finite set of hypotheses.

Lemma 32 belowE(t) ⊆ clE(R(t))

Proof We construct aK ∈ KA∗ as follows. LetK =
{clE(S) | S ⊆ Σ∗}. We define

0 = clE(∅)

1 = clE({ε})

A ⊕ B = clE(A ∪ B)

A � B = clE(AB)

A©∗ = clE

(

⋃

n∈ω

An

)

.

It is straightforward to verify thatK forms a∗-continuous
Kleene algebra under these operations, using the usual
properties of closure, as well as the fact that for anyS, T ⊆
Σ∗, we haveclE(S)clE(T ) ⊆ clE(ST ).

We define the interpretationI : RExpΣ → K by
I(s) = clE(R(s)). For any hypothesisr ≤ r′ in E,
R(r) ⊆ clE(R(r′)), soK, I |= E.

Supposeσ ∈ belowE(t). ThenK, I |= σ ≤ t, so

σ ∈ R(σ) ⊆ I(σ) ⊆ I(t) = clE(R(t)) .

Therefore,belowE(t) ⊆ clE(R(t)). �

Lemma 33 clE(R(t)) ⊆ spE(t)

Proof R(t) ⊆ spE(t) is trivial from the definition of
star proof, so it suffices to show thatspE(t) is E-closed.

Take anyσρτ ∈ newE(spE(t)), with r ≤ r′ a hypoth-
esis inE such thatρ ∈ R(r) andσR(r′)τ ⊆ spE(t). We
can see thatE → σρτ ≤ t must be star provable: at the
root node, we apply the hypothesisr ≤ r′ so that the chil-
dren of the root have a stringσρ′τ with ρ′ ∈ R(r′), and we
can build proof trees below each of these children because
theseσρ′τ are in spE(t). So σρτ ∈ spE(t). Therefore
newE(spE(t)) ⊆ spE(t), sospE(t) is E-closed. �

Lemma 34 spE(t) ⊆ belowE(t)

Proof Supposeσ ∈ spE(t). Fix a star proof(T, A) of
E → σ ≤ t. One can show by induction in well-founded
trees (that is, starting at the leaves and working up to the
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root) that at every nodef ∈ T , either Af = CON or
L(Af ) ∩ belowE(t) 6= ∅. Then, at the root node, we have
L(A〈〉) = {σ}, and this must intersectbelowE(t). There-
fore,σ ∈ belowE(t). �

Proof of Theorem 20 Immediate from Lemmas 32, 33,
34. �
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