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Note: The following 25 pages are a revision of the published version of §3.2. The

main change is a rearrangement of the material into an order that may be slightly

more efficient. The rearrangement includes a renumbering according to the following

scheme: (old֏ new) 3.11֏3.16, 3.12֏3.19, 3.13֏3.14, 3.14֏3.11, 3.15֏
3.13, 3.16֏3.15, 3.17֏3.20, 3.18֏3.16, 3.19֏3.17, 3.20֏3.21, 3.21֏3.18.

In the introduction to this chapter we sketched a definition of cup product in

terms of another product called cross product. However, to define the cross product

from scratch takes some work, so we will proceed in the opposite order, first giving

an elementary definition of cup product by an explicit formula with simplices, then

afterwards defining cross product in terms of cup product. The other approach of

defining cup product via cross product is explained at the end of §3.B.

To define the cup product we consider cohomology with coefficients in a ring

R , the most common choices being Z , Zn , and Q . For cochains ϕ ∈ Ck(X;R) and

ψ ∈ Cℓ(X;R) , the cup product ϕ `ψ ∈ Ck+ℓ(X;R) is the cochain whose value on a

singular simplex σ :∆k+ℓ→X is given by the formula

(ϕ `ψ)(σ) =ϕ
(
σ ||[v0, ··· , vk]

)
ψ
(
σ ||[vk, ··· , vk+ℓ]

)

where the right-hand side is the product in R . To see that this cup product of cochains

induces a cup product of cohomology classes we need a formula relating it to the

coboundary map:

Lemma 3.6. δ(ϕ`ψ) = δϕ`ψ+(−1)kϕ`δψ for ϕ ∈ Ck(X;R) and ψ ∈ Cℓ(X;R) .

Proof: For σ :∆k+ℓ+1→X we have

(δϕ`ψ)(σ) =
k+1∑

i=0

(−1)iϕ
(
σ ||[v0, ··· , v̂i, ··· , vk+1]

)
ψ
(
σ ||[vk+1, ··· , vk+ℓ+1]

)

(−1)k(ϕ` δψ)(σ) =
k+ℓ+1∑

i=k

(−1)iϕ
(
σ ||[v0, ··· , vk]

)
ψ
(
σ ||[vk, ··· , v̂i, ··· , vk+ℓ+1]

)

When we add these two expressions, the last term of the first sum cancels the first term

of the second sum, and the remaining terms are exactly δ(ϕ`ψ)(σ) = (ϕ`ψ)(∂σ)

since ∂σ =
∑k+ℓ+1
i=0 (−1)iσ ||[v0, ··· , v̂i, ··· , vk+ℓ+1] . ⊔⊓
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From the formula δ(ϕ ` ψ) = δϕ ` ψ ± ϕ ` δψ it is apparent that the cup

product of two cocycles is again a cocycle. Also, the cup product of a cocycle and a

coboundary, in either order, is a coboundary since ϕ ` δψ = ±δ(ϕ `ψ) if δϕ = 0,

and δϕ`ψ = δ(ϕ `ψ) if δψ = 0. It follows that there is an induced cup product

Hk(X;R)× Hℓ(X;R) `-----------------→Hk+ℓ(X;R)

This is associative and distributive since at the level of cochains the cup product

obviously has these properties. If R has an identity element, then there is an identity

element for cup product, the class 1 ∈ H0(X;R) defined by the 0 cocycle taking the

value 1 on each singular 0 simplex.

A cup product for simplicial cohomology can be defined by the same formula as

for singular cohomology, so the canonical isomorphism between simplicial and singu-

lar cohomology respects cup products. Here are three examples of direct calculations

of cup products using simplicial cohomology.

Example 3.7. Let M be the closed orientable surface

of genus g ≥ 1 with the ∆ complex structure shown

in the figure for the case g = 2. The cup product of

interest is H1(M)×H1(M)→H2(M) . Taking Z coef-

ficients, a basis for H1(M) is formed by the edges ai
and bi , as we showed in Example 2.36 when we com-

puted the homology of M using cellular homology.

We have H1(M) ≈ Hom(H1(M),Z) by cellular coho-

mology or the universal coefficient theorem. A basis

for H1(M) determines a dual basis for Hom(H1(M),Z) , so dual to ai is the coho-

mology class αi assigning the value 1 to ai and 0 to the other basis elements, and

similarly we have cohomology classes βi dual to bi .

To represent αi by a simplicial cocycle ϕi we need to choose values for ϕi on

the edges radiating out from the central vertex in such a way that δϕi = 0. This is the

‘cocycle condition’ discussed in the introduction to this chapter, where we saw that it

has a geometric interpretation in terms of curves transverse to the edges of M . With

this interpretation in mind, consider the arc labeled αi in the figure, which represents

a loop in M meeting ai in one point and disjoint from all the other basis elements aj
and bj . We define ϕi to have the value 1 on edges meeting the arc αi and the value

0 on all other edges. Thus ϕi counts the number of intersections of each edge with

the arc αi . In similar fashion we obtain a cocycle ψi counting intersections with the

arc βi , and ψi represents the cohomology class βi dual to bi .

Now we can compute cup products by applying the definition. Keeping in mind

that the ordering of the vertices of each 2 simplex is compatible with the indicated

orientations of its edges, we see for example that ϕ1 ` ψ1 takes the value 0 on all

2 simplices except the one with outer edge b1 in the lower right part of the figure,
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where it takes the value 1. Thus ϕ1`ψ1 takes the value 1 on the 2 chain c formed by

the sum of all the 2 simplices with the signs indicated in the center of the figure. It is

an easy calculation that ∂c = 0. Since there are no 3 simplices, c is not a boundary, so

it represents a nonzero element of H2(M) . The fact that (ϕ1 `ψ1)(c) is a generator

of Z implies both that c represents a generator of H2(M) ≈ Z and that ϕ1 ` ψ1

represents the dual generator γ of H2(M) ≈ Hom(H2(M),Z) ≈ Z . Thus α1 `β1 = γ .

In similar fashion one computes:

αi ` βj =



γ, i = j

0, i ≠ j


 = −(βi `αj), αi `αj = 0, βi ` βj = 0

These relations determine the cup product H1(M)×H1(M)→H2(M) completely since

cup product is distributive. Notice that cup product is not commutative in this exam-

ple since αi ` βi = −(βi ` αi) . We will show in Theorem 3.11 below that this is the

worst that can happen: Cup product is commutative up to a sign depending only on

dimension, assuming that the coefficient ring itself is commutative.

One can see in this example that nonzero cup products of distinct classes αi or

βj occur precisely when the corresponding loops αi or βj intersect. This is also true

for the cup product of αi or βi with itself if we allow ourselves to take two copies of

the corresponding loop and deform one of them to be disjoint from the other.

Example 3.8. The closed nonorientable surface N

of genus g can be treated in similar fashion if we

use Z2 coefficients. Using the ∆ complex structure

shown, the edges ai give a basis for H1(N ;Z2) , and

the dual basis elements αi ∈ H
1(N ;Z2) can be repre-

sented by cocycles with values given by counting inter-

sections with the arcs labeled αi in the figure. Then

one computes that αi `αi is the nonzero element of

H2(N ;Z2) ≈ Z2 and αi `αj = 0 for i ≠ j . In particu-

lar, when g = 1 we have N = RP2 , and the cup product of a generator of H1(RP2;Z2)

with itself is a generator of H2(RP2;Z2) .

The remarks in the paragraph preceding this example apply here also, but with

the following difference: When one tries to deform a second copy of the loop αi in

the present example to be disjoint from the original copy, the best one can do is make

it intersect the original in one point. This reflects the fact that αi`αi is now nonzero.

Example 3.9. Let X be the 2 dimensional CW complex obtained by attaching a 2 cell

to S1 by the degree m map S1→S1 , z֏zm . Using cellular cohomology, or cellular

homology and the universal coefficient theorem, we see that Hn(X;Z) consists of a

Z for n = 0 and a Zm for n = 2, so the cup product structure with Z coefficients is

uninteresting. However, with Zm coefficients we have Hi(X;Zm) ≈ Zm for i = 0,1,2,
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so there is the possibility that the cup product of two 1 dimensional classes can be

nontrivial.

To obtain a ∆ complex structure on X , take a regular

m gon subdivided into m triangles Ti around a central

vertex v , as shown in the figure for the case m = 4, then

identify all the outer edges by rotations of the m gon.

This gives X a ∆ complex structure with 2 vertices, m+1

edges, and m 2 simplices. A generator α of H1(X;Zm)

is represented by a cocycle ϕ assigning the value 1 to the

edge e , which generates H1(X) . The condition that ϕ be

a cocycle means that ϕ(ei) +ϕ(e) = ϕ(ei+1) for all i , subscripts being taken mod

m . So we may take ϕ(ei) = i ∈ Zm . Hence (ϕ `ϕ)(Ti) = ϕ(ei)ϕ(e) = i . The map

h :H2(X;Zm)→Hom(H2(X;Zm),Zm) is an isomorphism since
∑
i Ti is a generator

of H2(X;Zm) and there are 2 cocycles taking the value 1 on
∑
i Ti , for example the

cocycle taking the value 1 on one Ti and 0 on all the others. The cocycle ϕ`ϕ takes

the value 0+1+···+ (m−1) on
∑
i Ti , hence represents 0+1+···+ (m−1) times

a generator β of H2(X;Zm) . In Zm the sum 0 + 1 + ··· + (m − 1) is 0 if m is odd

and k if m = 2k since the terms 1 and m−1 cancel, 2 and m−2 cancel, and so on.

Thus, writing α2 for α`α , we have α2
= 0 if m is odd and α2

= kβ if m = 2k .

In particular, if m = 2, X is RP2 and α2
= β in H2(RP2;Z2) , as we showed

already in Example 3.8.

The cup product formula (ϕ`ψ)(σ) = ϕ
(
σ ||[v0, ··· , vk]

)
ψ
(
σ ||[vk, ··· , vk+ℓ]

)

also gives relative cup products

Hk(X;R)× Hℓ(X,A;R) `-----------------→Hk+ℓ(X,A;R)

Hk(X,A;R)× Hℓ(X;R) `-----------------→Hk+ℓ(X,A;R)

Hk(X,A;R)× Hℓ(X,A;R) `-----------------→Hk+ℓ(X,A;R)

since if ϕ or ψ vanishes on chains in A then so does ϕ`ψ . There is a more general

relative cup product

Hk(X,A;R) × Hℓ(X, B;R) `-----------------→Hk+ℓ(X,A∪ B;R)

when A and B are open subsets of X or subcomplexes of the CW complex X . This

is obtained in the following way. The absolute cup product restricts to a cup product

Ck(X,A;R)×Cℓ(X, B;R)→Ck+ℓ(X,A + B;R) where Cn(X,A + B;R) is the subgroup

of Cn(X;R) consisting of cochains vanishing on sums of chains in A and chains in

B . If A and B are open in X , the inclusions Cn(X,A ∪ B;R)֓ Cn(X,A + B;R)

induce isomorphisms on cohomology, via the five-lemma and the fact that the restric-

tion maps Cn(A ∪ B;R)→Cn(A + B;R) induce isomorphisms on cohomology as we

saw in the discussion of excision in the previous section. Therefore the cup product

Ck(X,A;R)×Cℓ(X, B;R)→Ck+ℓ(X,A+B;R) induces the desired relative cup product
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Hk(X,A;R)×Hℓ(X, B;R)→Hk+ℓ(X,A ∪ B;R) . This holds also if X is a CW complex

with A and B subcomplexes since here again the maps Cn(A∪ B;R)→Cn(A+ B;R)

induce isomorphisms on cohomology, as we saw for homology in §2.2.

Proposition 3.10. For a map f :X→Y , the induced maps f∗ :Hn(Y ;R)→Hn(X;R)

satisfy f∗(α` β) = f∗(α)` f∗(β) , and similarly in the relative case.

Proof: This comes from the cochain formula f ♯(ϕ)` f ♯(ψ) = f ♯(ϕ`ψ) :

(f ♯ϕ` f ♯ψ)(σ) = f ♯ϕ
(
σ ||[v0, ··· , vk]

)
f ♯ψ

(
σ ||[vk, ··· , vk+ℓ]

)

=ϕ
(
fσ ||[v0, ··· , vk]

)
ψ
(
fσ ||[vk, ··· , vk+ℓ]

)

= (ϕ`ψ)(fσ) = f ♯(ϕ`ψ)(σ) ⊔⊓

The natural question of whether the cup product is commutative is answered by

the following:

Theorem 3.11. The identity α`β = (−1)kℓβ`α holds for all α ∈ Hk(X,A;R) and

β ∈ Hℓ(X,A;R) , when R is commutative.

Taking α = β , this implies in particular that if α is an element of Hk(X,A;R)

with k odd, then 2(α ` α) = 0 in H2k(X,A;R) , or more concisely, 2α2
= 0. Hence

if H2k(X,A;R) has no elements of order two, then α2
= 0. For example, if X is the

2 complex obtained by attaching a disk to S1 by a map of degree m as in Example 3.9

above, then we can deduce that the square of a generator of H1(X;Zm) is zero if m

is odd, and is either zero or the unique element of H2(X;Zm) ≈ Zm of order two if

m is even. As we showed, the square is in fact nonzero when m is even.

Proof: Consider first the case A = ∅ . For cochains ϕ ∈ Ck(X;R) and ψ ∈ Cℓ(X;R)

one can see from the definition that the cup products ϕ`ψ and ψ`ϕ differ only by

a permutation of the vertices of ∆k+ℓ . The idea of the proof is to study a particularly

nice permutation of vertices, namely the one that totally reverses their order. This

has the convenient feature of also reversing the ordering of vertices in any face.

For a singular n simplex σ : [v0, ··· , vn]→X , let σ be the singular n simplex

obtained by preceding σ by the linear homeomorphism of [v0, ··· , vn] reversing

the order of the vertices. Thus σ(vi) = σ(vn−i) . This reversal of vertices is the

product of n + (n − 1) + ··· + 1 = n(n + 1)/2 transpositions of adjacent vertices,

each of which reverses orientation of the n simplex since it is a reflection across an

(n− 1) dimensional hyperplane. So to take orientations into account we would expect

that a sign εn = (−1)n(n+1)/2 ought to be inserted. Hence we define a homomorphism

ρ :Cn(X)→Cn(X) by ρ(σ) = εnσ .

We will show that ρ is a chain map, chain homotopic to the identity, so it induces

the identity on cohomology. From this the theorem quickly follows. Namely, the
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formulas

(ρ∗ϕ` ρ∗ψ)(σ) = ϕ
(
εkσ ||[vk, ··· , v0]

)
ψ
(
εℓσ ||[vk+ℓ, ··· , vk]

)

ρ∗(ψ`ϕ)(σ) = εk+ℓψ
(
σ ||[vk+ℓ, ··· , vk]

)
ϕ
(
σ ||[vk, ··· , v0]

)

show that εkεℓ(ρ
∗ϕ ` ρ∗ψ) = εk+ℓρ

∗(ψ `ϕ) , since we assume R is commutative.

A trivial calculation gives εk+ℓ = (−1)kℓεkεℓ , hence ρ∗ϕ`ρ∗ψ = (−1)kℓρ∗(ψ`ϕ) .

Since ρ is chain homotopic to the identity, the ρ∗ ’s disappear when we pass to coho-

mology classes, and so we obtain the desired formula α` β = (−1)kℓβ`α .

The chain map property ∂ρ = ρ∂ can be verified by calculating, for a singular

n simplex σ ,

∂ρ(σ) = εn
∑

i

(−1)iσ ||[vn, ··· , v̂n−i, ··· , v0]

ρ∂(σ) = ρ
(∑

i

(−1)iσ ||[v0, ··· , v̂i, ··· , vn]
)

= εn−1

∑

i

(−1)n−iσ ||[vn, ··· , v̂n−i, ··· , v0]

so the result follows from the easily checked identity εn = (−1)nεn−1 .

To define a chain homotopy between ρ and the identity we are motivated by

the construction of the prism operator P in the proof that homotopic maps induce

the same homomorphism on homology, in Theorem 2.10. The main ingredient in

the construction of P was a subdivision of ∆n×I into (n + 1) simplices with ver-

tices vi in ∆n×{0} and wi in ∆n×{1} , the vertex wi lying directly above vi . Using

the same subdivision, and letting π :∆n×I→∆n be the projection, we now define

P :Cn(X)→Cn+1(X) by

P(σ) =
∑

i

(−1)iεn−i(σπ)||[v0, ··· , vi,wn, ··· ,wi]

Thus the w vertices are written in reverse order, and there is a compensating sign

εn−i . One can view this formula as arising from the ∆ complex structure on ∆n×I
in which the vertices are ordered v0, ··· , vn,wn, ··· ,w0 rather than the more natural

ordering v0, ··· , vn,w0, ··· ,wn .

To show ∂P + P∂ = ρ − 11 we first calculate ∂P , leaving out σ ’s and σπ ’s for

notational simplicity:

∂P =
∑

j≤i

(−1)i(−1)jεn−i[v0, ··· , v̂j , ··· , vi,wn, ··· ,wi]

+
∑

j≥i

(−1)i(−1)i+1+n−jεn−i[v0, ··· , vi,wn, ··· , ŵj , ··· ,wi]

The j = i terms in these two sums give

εn[wn, ··· ,w0] +
∑

i>0

εn−i[v0, ··· , vi−1,wn, ··· ,wi]

+
∑

i<n

(−1)n+i+1εn−i[v0, ··· , vi,wn, ··· ,wi+1] − [v0, ··· , vn]
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In this expression the two summation terms cancel since replacing i by i − 1 in the

second sum produces a new sign (−1)n+iεn−i+1 = −εn−i . The remaining two terms

εn[wn, ··· ,w0] and −[v0, ··· , vn] represent ρ(σ) − σ . So in order to show that

∂P +P∂ = ρ−11, it remains to check that in the formula for ∂P above, the terms with

j ≠ i give −P∂ . Calculating P∂ from the definitions, we have

P∂ =
∑

i<j

(−1)i(−1)jεn−i−1[v0, ··· , vi,wn, ··· , ŵj , ··· ,wi]

+
∑

i>j

(−1)i−1(−1)jεn−i[v0, ··· , v̂j , ··· , vi,wn, ··· ,wi]

Since εn−i = (−1)n−iεn−i−1 , this finishes the verification that ∂P + P∂ = ρ − 11, and

so the theorem is proved when A = ∅ . The proof also applies when A ≠∅ since the

maps ρ and P take chains in A to chains in A , so the dual homomorphisms ρ∗ and

P∗ act on relative cochains. ⊔⊓

The Cohomology Ring

Since cup product is associative and distributive, it is natural to try to make it

the multiplication in a ring structure on the cohomology groups of a space X . This is

easy to do if we simply define H∗(X;R) to be the direct sum of the groups Hn(X;R) .

Elements of H∗(X;R) are finite sums
∑
iαi with αi ∈ H

i(X;R) , and the product of

two such sums is defined to be
(∑

iαi
)(∑

j βj
)
=
∑
i,j αiβj . It is routine to check

that this makes H∗(X;R) into a ring, with identity if R has an identity. Similarly,

H∗(X,A;R) is a ring via the relative cup product. Taking scalar multiplication by

elements of R into account, these rings can also be regarded as R algebras.

For example, the calculations in Example 3.8 or 3.9 above show that H∗(RP2;Z2)

consists of the polynomials a0+a1α+a2α
2 with coefficients ai ∈ Z2 , so H∗(RP2;Z2)

is the quotient Z2[α]/(α
3) of the polynomial ring Z2[α] by the ideal generated by α3 .

This example illustrates how H∗(X;R) often has a more compact description

than the sequence of individual groups Hn(X;R) , so there is a certain economy in the

change of scale that comes from regarding all the groups Hn(X;R) as part of a single

object H∗(X;R) .

Adding cohomology classes of different dimensions to form H∗(X;R) is a conve-

nient formal device, but it has little topological significance. One always regards the

cohomology ring as a graded ring: a ring A with a decomposition as a sum
⊕
k≥0Ak

of additive subgroups Ak such that the multiplication takes Ak×Aℓ to Ak+ℓ . To in-

dicate that an element a ∈ A lies in Ak we write |a| = k . This applies in particular

to elements of Hk(X;R) . Some authors call |a| the ‘degree’ of a , but we will use the

term ‘dimension’ which is more geometric and avoids potential confusion with the

degree of a polynomial.
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A graded ring satisfying the commutativity property of Theorem 3.11, ab =

(−1)|a||b|ba , is usually called simply commutative in the context of algebraic topol-

ogy, in spite of the potential for misunderstanding. In the older literature one finds

less ambiguous terms such as graded commutative, anticommutative, or skew com-

mutative.

Example 3.12: Polynomial Rings. Among the simplest graded rings are polyno-

mial rings R[α] and their truncated versions R[α]/(αn) , consisting of polynomi-

als of degree less than n . The example we have seen is H∗(RP2;Z2) ≈ Z2[α]/(α
3) .

More generally we will show in Theorem 3.19 that H∗(RPn;Z2) ≈ Z2[α]/(α
n+1) and

H∗(RP∞;Z2) ≈ Z2[α] . In these cases |α| = 1. We will also show that H∗(CPn;Z) ≈

Z[α]/(αn+1) and H∗(CP∞;Z) ≈ Z[α] with |α| = 2. The analogous results for quater-

nionic projective spaces are also valid, with |α| = 4. The coefficient ring Z in the

complex and quaternionic cases could be replaced by any commutative ring R , but

not for RPn and RP∞ since a polynomial ring R[α] is strictly commutative, so for

this to be a commutative ring in the graded sense we must have either |α| even or

2 = 0 in R .

Polynomial rings in several variables also have graded ring structures, and these

graded rings can sometimes be realized as cohomology rings of spaces. For example,

Z2[α1, ··· , αn] is H∗(X;Z2) for X the product of n copies of RP∞ , with |αi| = 1 for

each i , as we will see in Example 3.20.

Example 3.13: Exterior Algebras. Another nice example of a commutative graded

ring is the exterior algebra ΛR[α1, ··· , αn] over a commutative ring R with identity.

This is the free R module with basis the finite products αi1 ···αik , i1 < ··· < ik , with

associative, distributive multiplication defined by the rules αiαj = −αjαi for i ≠ j

and α2
i = 0. The empty product of αi ’s is allowed, and provides an identity element

1 in ΛR[α1, ··· , αn] . The exterior algebra becomes a commutative graded ring by

specifying odd dimensions for the generators αi .

The example we have seen is the torus T 2
= S1

×S1 , where H∗(T 2;Z) ≈ ΛZ[α,β]
with |α| = |β| = 1 by the calculations in Example 3.7. More generally, for the n torus

Tn , H∗(Tn;R) is the exterior algebra ΛR[α1, ··· , αn] as we will see in Example 3.16.

The same is true for any product of odd-dimensional spheres, where |αi| is the di-

mension of the ith sphere.

Induced homomorphisms are ring homomorphisms by Proposition 3.10. Here is

an example illustrating this fact.

Example 3.14: Product Rings. The isomorphism H∗(
∐
αXα;R)

≈
-----→

∏
αH

∗(Xα;R)

whose coordinates are induced by the inclusions iα :Xα֓
∐
αXα is a ring isomor-

phism with respect to the usual coordinatewise multiplication in a product ring, be-

cause each coordinate function i∗α is a ring homomorphism. Similarly for a wedge sum

the isomorphism H̃∗(
∨
αXα;R) ≈

∏
αH̃

∗(Xα;R) is a ring isomorphism. Here we take
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reduced cohomology to be cohomology relative to a basepoint, and we use relative

cup products. We should assume the basepoints xα ∈ Xα are deformation retracts

of neighborhoods, to be sure that the claimed isomorphism does indeed hold.

This product ring structure for wedge sums can sometimes be used to rule out

splittings of a space as a wedge sum up to homotopy equivalence. For example, con-

sider CP2 , which is S2 with a cell e4 attached by a certain map f :S3→S2 . Using

homology or just the additive structure of cohomology it is impossible to conclude

that CP2 is not homotopy equivalent to S2
∨ S4 , and hence that f is not homotopic

to a constant map. However, with cup products we can distinguish these two spaces

since the square of each element of H2(S2
∨ S4;Z) is zero in view of the ring iso-

morphism H̃∗(S2
∨ S4;Z) ≈ H̃∗(S2;Z)⊕H̃∗(S4;Z) , but the square of a generator of

H2(CP2;Z) is nonzero since H∗(CP;Z) ≈ Z[α]/(α3) .

More generally, cup products can be used to distinguish infinitely many different

homotopy classes of maps S4n−1→S2n for all n ≥ 1. This is systematized in the

notion of the Hopf invariant , which is studied in §4.B.

Here is the evident general question raised by the preceding examples:

The Realization Problem. Which graded commutative R algebras occur as cup prod-

uct algebras H∗(X;R) of spaces X ?

This is a difficult problem, with the degree of difficulty depending strongly on the

coefficient ring R . The most accessible case is R = Q , where essentially every graded

commutative Q algebra is realizable, as shown in [Quillen 1969]. Next in order of

difficulty is R = Zp with p prime. This is much harder than the case of Q , and only

partial results, obtained with much labor, are known. Finally there is R = Z , about

which very little is known beyond what is implied by the Zp cases.

A Künneth Formula

One might guess that there should be some connection between cup product and

product spaces, and indeed this is the case, as we will show in this subsection.

To begin, we define the cross product, or external cup product as it is sometimes

called. This is the map

H∗(X;R)× H∗(Y ;R)
×
-----------------------→H∗(X×Y ;R)

given by a×b = p∗1 (a)`p
∗
2 (b) where p1 and p2 are the projections of X×Y onto X

and Y . Since cup product is distributive, the cross product is bilinear, that is, linear

in each variable separately. We might hope that the cross product map would be

an isomorphism in many cases, thereby giving a nice description of the cohomology

rings of these product spaces. However, a bilinear map is rarely a homomorphism,

so it could hardly be an isomorphism. Fortunately there is a nice algebraic solution

to this problem, and that is to replace the direct product H∗(X;R)×H∗(Y ;R) by the

tensor product H∗(X;R)⊗RH
∗(Y ;R) .
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Let us review the definition and basic properties of tensor products. For abelian

groups A and B the tensor product A⊗B is defined to be the abelian group with

generators a⊗b for a ∈ A , b ∈ B , and relations (a + a′)⊗b = a⊗b + a′ ⊗b and

a⊗ (b+ b′) = a⊗b+a⊗b′ . So the zero element of A⊗B is 0⊗0 = 0⊗b = a⊗0, and

−(a⊗b) = −a⊗b = a⊗ (−b) . Some readily verified elementary properties are:

(1) A⊗B ≈ B⊗A .

(2) (
⊕
iAi)⊗B ≈

⊕
i(Ai⊗B) .

(3) (A⊗B)⊗C ≈ A⊗(B⊗C) .

(4) Z⊗A ≈ A .

(5) Zn⊗A ≈ A/nA .

(6) A pair of homomorphisms f :A→A′ and g :B→B′ induces a homomorphism

f ⊗g :A⊗B→A′⊗B′ via (f ⊗g)(a⊗b) = f(a)⊗g(b) .

(7) A bilinear map ϕ :A×B→C induces a homomorphism A⊗B→C sending a⊗b

to ϕ(a,b) .

In (1)–(5) the isomorphisms are the obvious ones, for example a⊗b֏ b⊗a in (1)

and n⊗a֏ na in (4). Properties (1), (2), (4), and (5) allow the calculation of tensor

products of finitely generated abelian groups.

The generalization to tensor products of modules over a commutative ring R is

easy. One defines A⊗RB for R modules A and B to be the quotient of A⊗B obtained

by imposing the further relations ra⊗b = a⊗ rb for r ∈ R , a ∈ A , and b ∈ B . This

relation guarantees that A⊗RB is again an R module. In case R is not commutative,

one assumes A is a right R module and B is a left R module, and the relation is

written instead ar ⊗b = a⊗ rb , but now A⊗RB is only an abelian group, not an

R module. However, we will restrict attention to the case that R is commutative in

what follows.

It is an easy algebra exercise to see that A⊗RB = A⊗B when R is Zm or Q . But

in general A⊗RB is not the same as A⊗B . For example, if R = Q(
√

2) , which is a

2 dimensional vector space over Q , then R⊗RR = R but R⊗R is a 4 dimensional

vector space over Q .

The statements (1)–(3), (6), and (7) remain valid for tensor products of R modules.

The generalization of (4) is the canonical isomorphism R⊗RA ≈ A , r ⊗a֏ ra .

Property (7) of tensor products guarantees that the cross product as defined above

gives rise to a homomorphism of R modules

H∗(X;R)⊗RH
∗(Y ;R)

×
-----------------→H∗(X×Y ;R), a⊗b֏ a×b

which we shall also call cross product. This map becomes a ring homomorphism if

we define the multiplication in a tensor product of graded rings by (a ⊗ b)(c ⊗ d) =

(−1)|b||c|ac ⊗ bd where |x| denotes the dimension of x . Namely, if we denote the
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cross product map by µ and we define (a⊗ b)(c ⊗ d) = (−1)|b||c|ac ⊗ bd , then

µ
(
(a⊗ b)(c ⊗ d)

)
= (−1)|b||c|µ(ac ⊗bd)

= (−1)|b||c|(a` c)×(b ` d)

= (−1)|b||c|p∗1 (a` c)` p∗2 (b ` d)

= (−1)|b||c|p∗1 (a)` p
∗
1 (c)` p

∗
2 (b)` p

∗
2 (d)

= p∗1 (a)` p
∗
2 (b)` p

∗
1 (c)` p

∗
2 (d)

= (a×b)(c×d) = µ(a⊗b)µ(c ⊗d)

Theorem 3.15. The cross product H∗(X;R)⊗RH
∗(Y ;R)→H∗(X×Y ;R) is an iso-

morphism of rings if X and Y are CW complexes and Hk(Y ;R) is a finitely generated

free R module for all k .

Results of this type, computing homology or cohomology of a product space, are

known as Künneth formulas. The hypothesis that X and Y are CW complexes will be

shown to be unnecessary in §4.1 when we consider CW approximations to arbitrary

spaces. On the other hand, the freeness hypothesis cannot always be dispensed with,

as we shall see in §3.B when we obtain a completely general Künneth formula for the

homology of a product space.

When the conclusion of the theorem holds, the ring structure in H∗(X×Y ;R) is

determined by the ring structures in H∗(X;R) and H∗(Y ;R) . Example 3E.6 shows

that some hypotheses are necessary in order for this to be true.

Example 3.16. The exterior algebra ΛR[α1, ··· , αn] is the graded tensor product

over R of the one-variable exterior algebras ΛR[αi] where the αi ’s have odd di-

mension. The Künneth formula then gives an isomorphism H∗(Sk1× ··· ×Skn ;Z) ≈

ΛZ[α1, ··· , αn] if the dimensions ki are all odd. With some ki ’s even, one would

have the tensor product of an exterior algebra for the odd-dimensional spheres and

truncated polynomial rings Z[α]/(α2) for the even-dimensional spheres. Of course,

ΛZ[α] and Z[α]/(α2) are isomorphic as rings, but when one takes tensor products

in the graded sense it becomes important to distinguish them as graded rings, with α

odd-dimensional in ΛZ[α] and even-dimensional in Z[α]/(α2) . These remarks apply

more generally with any coefficient ring R in place of Z , though when R = Z2 there

is no need to distinguish between the odd-dimensional and even-dimensional cases

since signs become irrelevant.

The idea of the proof of the theorem will be to consider, for a fixed CW complex

Y , the functors

hn(X,A) =
⊕
i

(
Hi(X,A;R)⊗RH

n−i(Y ;R)
)

kn(X,A) = Hn(X×Y ,A×Y ;R)

The cross product, or a relative version of it, defines a map µ :hn(X,A)→kn(X,A)
which we would like to show is an isomorphism when X is a CW complex and A = ∅ .

We will show:
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(1) h∗ and k∗ are cohomology theories on the category of CW pairs.

(2) µ is a natural transformation: It commutes with induced homomorphisms and

with coboundary homomorphisms in long exact sequences of pairs.

It is obvious that µ :hn(X)→kn(X) is an isomorphism when X is a point since it is

just the scalar multiplication map R⊗RH
n(Y ;R)→Hn(Y ;R) . The following general

fact will then imply the theorem.

Proposition 3.17. If a natural transformation between unreduced cohomology the-

ories on the category of CW pairs is an isomorphism when the CW pair is (point ,∅) ,

then it is an isomorphism for all CW pairs.

Proof: Let µ :h∗(X,A)→k∗(X,A) be the natural transformation. By the five-lemma

it will suffice to show that µ is an isomorphism when A = ∅ .

First we do the case of finite-dimensional X by induction on dimension. The

induction starts with the case that X is 0 dimensional, where the result holds by

hypothesis and by the axiom for disjoint unions. For the induction step, µ gives

a map between the two long exact sequences for the pair (Xn, Xn−1) , with com-

muting squares since µ is a natural transformation. The five-lemma reduces the

inductive step to showing that µ is an isomorphism for (X,A) = (Xn, Xn−1) . Let

Φ :
∐
α (D

n
α , ∂D

n
α)→(X

n, Xn−1) be a collection of characteristic maps for all the n cells

of X . By excision, Φ∗ is an isomorphism for h∗ and k∗ , so by naturality it suffices

to show that µ is an isomorphism for (X,A) =
∐
α (D

n
α , ∂D

n
α) . The axiom for dis-

joint unions gives a further reduction to the case of the pair (Dn, ∂Dn) . Finally,

this case follows by applying the five-lemma to the long exact sequences of this pair,

since Dn is contractible and hence is covered by the 0 dimensional case, and ∂Dn is

(n− 1) dimensional.

The case that X is infinite-dimensional reduces to the finite-dimensional case by

a telescope argument as in the proof of Lemma 2.34. We leave this for the reader since

the finite-dimensional case suffices for the special h∗ and k∗ we are considering, as

the maps hi(X)→hi(Xn) and ki(X)→ki(Xn) induced by the inclusion Xn֓X are

isomorphisms when n is sufficiently large with respect to i . ⊔⊓

Proof of 3.15: It remains to check that h∗ and k∗ are cohomology theories, and

that µ is a natural transformation. Since we are dealing with unreduced cohomology

theories there are four axioms to verify.

(1) Homotopy invariance: f ≃ g implies f∗ = g∗ . This is obvious for both h∗ and

k∗ .

(2) Excision: h∗(X,A) ≈ h∗(B,A∩B) for A and B subcomplexes of the CW complex

X = A∪ B . This is obvious, and so is the corresponding statement for k∗ since

(A×Y)∪ (B×Y) = (A∪ B)×Y and (A×Y)∩ (B×Y) = (A∩ B)×Y .
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(3) The long exact sequence of a pair. This is a triviality for k∗ , but a few words of

explanation are needed for h∗ , where the desired exact sequence is obtained in

two steps. For the first step, tensor the long exact sequence of ordinary coho-

mology groups for a pair (X,A) with the free R module Hn(Y ;R) , for a fixed n .

This yields another exact sequence because Hn(Y ;R) is a direct sum of copies

of R , so the result of tensoring an exact sequence with this direct sum is simply

to produce a direct sum of copies of the exact sequence, which is again an exact

sequence. The second step is to let n vary, taking a direct sum of the previously

constructed exact sequences for each n , with the nth exact sequence shifted up

by n dimensions.

(4) Disjoint unions. Again this axiom obviously holds for k∗ , but some justification

is required for h∗ . What is needed is the algebraic fact that there is a canoni-

cal isomorphism
(∏

αMα
)
⊗RN ≈

∏
α

(
Mα⊗RN

)
for R modules Mα and a finitely

generated free R module N . Since N is a direct product of finitely many copies

Rβ of R , Mα⊗RN is a direct product of corresponding copies Mαβ =Mα⊗RRβ of

Mα and the desired relation becomes
∏
β

∏
αMαβ ≈

∏
α

∏
βMαβ , which is obviously

true.

Finally there is naturality of µ to consider. Naturality with respect to maps between

spaces is immediate from the naturality of cup products. Naturality with respect to

coboundary maps in long exact sequences is commutativity of the following square:

To check this, start with an element of the upper left product, represented by cocycles

ϕ ∈ Ck(A;R) and ψ ∈ Cℓ(Y ;R) . Extend ϕ to a cochain ϕ ∈ Ck(X;R) . Then the pair

(ϕ,ψ) maps rightward to (δϕ,ψ) and then downward to p♯1(δϕ) ` p
♯
2(ψ) . Going

the other way around the square, (ϕ,ψ) maps downward to p♯1(ϕ)`p
♯
2(ψ) and then

rightward to δ
(
p♯1(ϕ)` p

♯
2(ψ)

)
since p♯1(ϕ)` p

♯
2(ψ) extends p♯1(ϕ)` p

♯
2(ψ) over

X×Y . Finally, δ
(
p♯1(ϕ)` p

♯
2(ψ)

)
= p♯1(δϕ)` p

♯
2(ψ) since δψ = 0. ⊔⊓

It is sometimes important to have a relative version of the Künneth formula in

Theorem 3.15. The relative cross product is

H∗(X,A;R)⊗RH
∗(Y , B;R)

×
-----------------→H∗(X×Y ,A×Y ∪X×B;R)

for CW pairs (X,A) and (Y , B) , defined just as in the absolute case by a×b =

p∗1 (a)` p
∗
2 (b) where p∗1 (a) ∈ H

∗(X×Y ,A×Y ;R) and p∗2 (b) ∈ H
∗(X×Y ,X×B;R) .

Theorem 3.18. For CW pairs (X,A) and (Y , B) the cross product homomorphism

H∗(X,A;R)⊗RH
∗(Y , B;R)→H∗(X×Y ,A×Y ∪ X×B;R) is an isomorphism of rings

if Hk(Y , B;R) is a finitely generated free R module for each k .
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Proof: The case B = ∅ was covered in the course of the proof of the absolute case,

so it suffices to deduce the case B ≠∅ from the case B = ∅ .

The following commutative diagram shows that collapsing B to a point reduces

the proof to the case that B is a point:

The lower map is an isomorphism since the quotient spaces (X×Y)/(A×Y ∪ X×B)

and
(
X×(Y/B)

)
/
(
A×(Y/B)∪X×(B/B)

)
are the same.

In the case that B is a point y0 ∈ Y , consider the commutative diagram

Since y0 is a retract of Y , the upper row of this diagram is a split short exact sequence.

The lower row is the long exact sequence of a triple, and it too is a split short exact

sequence since (X×y0, A×y0) is a retract of (X×Y ,A×Y) . The middle and right

cross product maps are isomorphisms by the case B = ∅ since Hk(Y ;R) is a finitely

generated free R module if Hk(Y ,y0;R) is. The five-lemma then implies that the

left-hand cross product map is an isomorphism as well. ⊔⊓

The relative cross product for pairs (X,x0) and (Y ,y0) gives a reduced cross

product

H̃∗(X;R)⊗R H̃
∗(Y ;R)

×
-----------------→ H̃∗(X ∧ Y ;R)

where X∧Y is the smash product X×Y/(X×{y0}∪{x0}×Y) . The preceding theorem

implies that this reduced cross product is an isomorphism if H̃∗(X;R) or H̃∗(Y ;R)

is free and finitely generated in each dimension. For example, we have isomorphisms

H̃n(X;R) ≈ H̃n+k(X ∧ Sk;R) via cross product with a generator of Hk(Sk;R) ≈ R . The

space X ∧ Sk is the k fold reduced suspension ΣkX of X , so we see that the suspen-

sion isomorphisms H̃n(X;R) ≈ H̃n+k(ΣkX;R) derivable by elementary exact sequence

arguments can also be obtained via cross product with a generator of H̃∗(Sk;R) .
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Spaces with Polynomial Cohomology

Earlier in this section we mentioned that projective spaces provide examples of

spaces whose cohomology rings are polynomial rings. Here is the precise statement:

Theorem 3.19. H∗(RPn;Z2) ≈ Z2[α]/(α
n+1) and H∗(RP∞;Z2) ≈ Z2[α] , where

|α| = 1 . In the complex case, H∗(CPn;Z) ≈ Z[α]/(αn+1) and H∗(CP∞;Z) ≈ Z[α]

where |α| = 2 .

This turns out to be a quite important result, and it can be proved in a number

of different ways. The proof we give here uses the geometry of projective spaces

to reduce the result to a very special case of the Künneth formula. Another proof

using Poincaré duality will be given in Example 3.40. A third proof is contained in

Example 4D.5 as an application of the Gysin sequence.

Proof: Let us do the case of RPn first. To simplify notation we abbreviate RPn to Pn

and we let the coefficient group Z2 be implicit. Since the inclusion Pn−1֓Pn induces

an isomorphism on Hi for i ≤ n− 1, it suffices by induction on n to show that the

cup product of a generator of Hn−1(Pn) with a generator of H1(Pn) is a generator

of Hn(Pn) . It will be no more work to show more generally that the cup product of

a generator of Hi(Pn) with a generator of Hn−i(Pn) is a generator of Hn(Pn) . As a

further notational aid, we let j = n− i , so i+ j = n .

The proof uses some of the geometric structure of Pn . Recall that Pn consists of

nonzero vectors (x0, ··· , xn) ∈ R
n+1 modulo multiplication by nonzero scalars. In-

side Pn is a copy of P i represented by vectors whose last j coordinates xi+1, ··· , xn
are zero. We also have a copy of P j represented by points whose first i coordi-

nates x0, ··· , xi−1 are zero. The intersection P i ∩ P j is a single point p , represented

by vectors whose only nonzero coordinate is xi . Let

U be the subspace of Pn represented by vectors with

nonzero coordinate xi . Each point in U may be rep-

resented by a unique vector with xi = 1 and the other

n coordinates arbitrary, so U is homeomorphic to Rn ,

with p corresponding to 0 under this homeomorphism.

We can write this Rn as Ri×Rj , with R
i as the coordinates x0, ··· , xi−1 and R

j as

the coordinates xi+1, ··· , xn . In the figure Pn is represented as a disk with antipodal

points of its boundary sphere identified to form a Pn−1
⊂ Pn with U = Pn−Pn−1 the

interior of the disk.

Consider the diagram

(i)
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which commutes by naturality of cup product. We will show that the four vertical

maps are isomorphisms and that the lower cup product map takes generator cross

generator to generator. Commutativity of the diagram will then imply that the upper

cup product map also takes generator cross generator to generator.

The lower map in the right column is an isomorphism by excision. For the upper

map in this column, the fact that Pn − {p} deformation retracts to a Pn−1 gives an

isomorphism Hn(Pn, Pn−{p}) ≈ Hn(Pn, Pn−1) via the five-lemma applied to the long

exact sequences for these pairs. And Hn(Pn, Pn−1) ≈ Hn(Pn) by cellular cohomology.

To see that the vertical maps in the left column of (i) are isomorphisms we will

use the following commutative diagram:

(ii)

If we can show all these maps are isomorphisms, then the same argument will apply

with i and j interchanged, and the vertical maps in the left column of (i) will be

isomorphisms.

The left-hand square in (ii) consists of isomorphisms by cellular cohomology.

The right-hand vertical map is obviously an isomorphism. The lower right horizontal

map is an isomorphism by excision, and the map to the left of this is an isomor-

phism since P i − {p} deformation retracts onto P i−1 . The remaining maps will be

isomorphisms if the middle map in the upper row is an isomorphism. And this map

is in fact an isomorphism because Pn − P j deformation retracts onto P i−1 by the

following argument. The subspace Pn − P j ⊂ Pn consists of points represented by

vectors v = (x0, ··· , xn) with at least one of the coordinates x0, ··· , xi−1 nonzero.

The formula ft(v) = (x0, ··· , xi−1, txi, ··· , txn) for t decreasing from 1 to 0 gives a

well-defined deformation retraction of Pn − P j onto P i−1 since ft(λv) = λft(v) for

scalars λ ∈ R .

The cup product map in the bottom row of (i) is equivalent to the cross product

Hi(Ii, ∂Ii)×Hj(Ij , ∂Ij)→Hn(In, ∂In) , where the cross product of generators is a gen-

erator by the relative form of the Künneth formula in Theorem 3.18. Alternatively, if

one wishes to use only the absolute Künneth formula, the cross product for cubes is

equivalent to the cross product Hi(Si)×Hj(Sj)→Hn(Si×Sj) by means of the quo-

tient maps Ii→Si and Ij→Sj collapsing the boundaries of the cubes to points.

This finishes the proof for RPn . The case of RP∞ follows from this since the

inclusion RPn֓ RP∞ induces isomorphisms on Hi(−;Z2) for i ≤ n by cellular co-

homology.

Complex projective spaces are handled in precisely the same way, using Z coef-

ficients and replacing each Hk by H2k and R by C . ⊔⊓

There are also quaternionic projective spaces HPn and HP∞ , defined exactly as
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in the complex case, with CW structures of the form e0
∪ e4

∪ e8
∪ ··· . Associa-

tivity of quaternion multiplication is needed for the identification v ∼ λv to be an

equivalence relation, so the definition does not extend to octonionic projective spaces,

though there is an octonionic projective plane OP2 defined in Example 4.47. The cup

product structure in quaternionic projective spaces is just like that in complex pro-

jective spaces, except that the generator is 4 dimensional:

H∗(HP∞;Z) ≈ Z[α] and H∗(HPn;Z) ≈ Z[α]/(αn+1), with |α| = 4

The same proof as in the real and complex cases works here as well.

The cup product structure for RP∞ with Z coefficients can easily be deduced

from the cup product structure with Z2 coefficients, as follows. In general, a ring

homomorphism R→S induces a ring homomorphism H∗(X,A;R)→H∗(X,A;S) . In

the case of the projection Z→Z2 we get for RP∞ an induced chain map of cellular

cochain complexes with Z and Z2 coefficients:

From this we see that the ring homomorphism H∗(RP∞;Z)→H∗(RP∞;Z2) is injective

in positive dimensions, with image the even-dimensional part of H∗(RP∞;Z2) . Alter-

natively, this could be deduced from the universal coefficient theorem. Hence we have

H∗(RP∞;Z) ≈ Z[α]/(2α) with |α| = 2.

The cup product structure in H∗(RPn;Z) can be computed in a similar fashion,

though the description is a little cumbersome:

H∗(RP2k;Z) ≈ Z[α]/(2α,αk+1), |α| = 2

H∗(RP2k+1;Z) ≈ Z[α,β]/(2α,αk+1, β2, αβ), |α| = 2, |β| = 2k+ 1

Here β is a generator of H2k+1(RP2k+1;Z) ≈ Z . From this calculation we see that

the rings H∗(RP2k+1;Z) and H∗(RP2k
∨ S2k+1;Z) are isomorphic, though with Z2

coefficients this is no longer true, as the generator α ∈ H1(RP2k+1;Z2) has α2k+1
≠ 0,

while α2k+1
= 0 for the generator α ∈ H1(RP2k

∨ S2k+1;Z2) .

Example 3.20. Combining the calculation H∗(RP∞;Z2) ≈ Z2[α] with the Künneth

formula, we see that H∗(RP∞×RP∞;Z2) is isomorphic to Z2[α1]⊗Z2[α2] , which is

just the polynomial ring Z2[α1, α2] . More generally it follows by induction that for a

product of n copies of RP∞ , the Z2 cohomology is a polynomial ring in n variables.

Similar remarks apply to CP∞ and HP∞ with coefficients in Z or any commutative

ring.

The following theorem of Hopf is a nice algebraic application of the cup product

structure in H∗(RPn×RPn;Z2) .
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Theorem 3.21. If Rn has the structure of a division algebra over the scalar field R ,

then n must be a power of 2 .

Proof: For a division algebra structure on Rn the multiplication maps x֏ ax and

x֏ xa are linear isomorphisms for each nonzero a , so the multiplication map

R
n
×R

n→R
n induces a map h :RPn−1

×RPn−1→RPn−1 which is a homeomorphism

when restricted to each subspace RPn−1
×{y} and {x}×RPn−1 . The map h is contin-

uous since it is a quotient of the multiplication map which is bilinear and hence contin-

uous. The induced homomorphism h∗ on Z2 cohomology is a ring homomorphism

Z2[α]/(α
n)→Z2[α1, α2]/(α

n
1 , α

n
2 ) determined by the element h∗(α) = k1α1+k2α2 .

The inclusion RPn−1֓ RPn−1
×RPn−1 onto the first factor sends α1 to α and α2

to 0, as one sees by composing with the projections of RPn−1
×RPn−1 onto its two

factors. The fact that h restricts to a homeomorphism on the first factor then implies

that k1 is nonzero. Similarly k2 is nonzero, so since these coefficients lie in Z2 we

have h∗(α) = α1 +α2 .

Since αn = 0 we must have h∗(αn) = 0, so (α1+α2)
n
=
∑
k

(
n
k

)
αk1α

n−k
2 = 0. This

is an equation in the ring Z2[α1, α2]/(α
n
1 , α

n
2 ) , so the coefficient

(
n
k

)
must be zero in

Z2 for all k in the range 0 < k < n . It is a rather easy number theory fact that this hap-

pens only when n is a power of 2. Namely, an obviously equivalent statement is that in

the polynomial ring Z2[x] , the equality (1+x)n = 1+xn holds only when n is a power

of 2. To prove the latter statement, write n as a sum of powers of 2, n = n1+···+nk
with n1 < ··· < nk . Then (1+ x)n = (1+ x)n1 ··· (1+ x)nk = (1+ xn1) ··· (1+ xnk)

since squaring is an additive homomorphism with Z2 coefficients. If one multiplies

the product (1+xn1) ··· (1+xnk) out, no terms combine or cancel since ni ≥ 2ni−1

for each i , and so the resulting polynomial has 2k terms. Thus if this polynomial

equals 1+ xn we must have k = 1, which means that n is a power of 2. ⊔⊓

The same argument can be applied with C in place of R , to show that if Cn is a

division algebra over C then
(
n
k

)
= 0 for all k in the range 0 < k < n , but now we

can use Z rather than Z2 coefficients, so we deduce that n = 1. Thus there are no

higher-dimensional division algebras over C . This is assuming we are talking about

finite-dimensional division algebras. For infinite dimensions there is for example the

field of rational functions C(x) .

We saw in Theorem 3.19 that RP∞ , CP∞ , and HP∞ have cohomology rings that

are polynomial algebras. We will describe now a construction for enlarging S2n to

a space J(S2n) whose cohomology ring H∗(J(S2n);Z) is almost the polynomial ring

Z[x] on a generator x of dimension 2n . And if we change from Z to Q coefficients,

then H∗(J(S2n);Q) is exactly the polynomial ring Q[x] . This construction, known

as the James reduced product, is also of interest because of its connections with

loopspaces described in §4.J.
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For a space X , let Xk be the product of k copies of X . From the disjoint union∐
k≥1X

k , let us form a quotient space J(X) by identifying (x1, ··· , xi, ··· , xk) with

(x1, ··· , x̂i, ··· , xk) if xi = e , a chosen basepoint of X . Points of J(X) can thus

be thought of as k tuples (x1, ··· , xk) , k ≥ 0, with no xi = e . Inside J(X) is the

subspace Jm(X) consisting of the points (x1, ··· , xk) with k ≤ m . This can be

viewed as a quotient space of Xm under the identifications (x1, ··· , xi, e, ··· , xm) ∼

(x1, ··· , e, xi, ··· , xm) . For example, J1(X) = X and J2(X) = X×X/(x, e) ∼ (e,x) .

If X is a CW complex with e a 0 cell, the quotient map Xm→Jm(X) glues together

the m subcomplexes of the product complex Xm where one coordinate is e . These

glueings are by homeomorphisms taking cells onto cells, so Jm(X) inherits a CW

structure from Xm . There are natural inclusions Jm(X) ⊂ Jm+1(X) as subcomplexes,

and J(X) is the union of these subcomplexes, hence is also a CW complex.

Proposition 3.22. For n > 0 , H∗
(
J(Sn);Z

)
consists of a Z in each dimension a

multiple of n . If n is even, the ith power of a generator of Hn
(
J(Sn);Z

)
is i! times

a generator of Hin
(
J(Sn);Z

)
, for each i ≥ 1 . When n is odd, H∗

(
J(Sn);Z

)
is

isomorphic as a graded ring to H∗(Sn;Z)⊗H∗
(
J(S2n);Z

)
.

It follows that for n even, H∗
(
J(Sn);Z

)
can be identified with the subring of

the polynomial ring Q[x] additively generated by the monomials xi/i! . This subring

is called a divided polynomial algebra and is denoted ΓZ[x] . Thus H∗(J(Sn);Z
)

is

isomorphic to ΓZ[x] when n is even and to ΛZ[x]⊗ΓZ[y] when n is odd.

Proof: Giving Sn its usual CW structure, the resulting CW structure on J(Sn) consists

of exactly one cell in each dimension a multiple of n . If n > 1 we deduce immediately

from cellular cohomology that H∗
(
J(Sn);Z

)
consists exactly of Z ’s in dimensions a

multiple of n . For an alternative argument that works also when n = 1, consider

the quotient map q : (Sn)m→Jm(S
n) . This carries each cell of (Sn)m homeomorphi-

cally onto a cell of Jm(S
n) . In particular q is a cellular map, taking k skeleton to

k skeleton for each k , so q induces a chain map of cellular chain complexes. This

chain map is surjective since each cell of Jm(S
n) is the homeomorphic image of a cell

of (Sn)m . Hence the cellular boundary maps for Jm(S
n) will be trivial if they are triv-

ial for (Sn)m , as indeed they are since H∗
(
(Sn)m;Z

)
is free with basis in one-to-one

correspondence with the cells, by Theorem 3.16.

We can compute cup products in H∗
(
Jm(S

n);Z
)

by computing their images under

q∗ . Let xk denote the generator of Hkn
(
Jm(S

n);Z
)

dual to the kn cell, represented

by the cellular cocycle assigning the value 1 to the kn cell. Since q identifies all the

n cells of (Sn)m to form the n cell of Jm(S
n) , we see from cellular cohomology that

q∗(x1) is the sum α1+···+αm of the generators of Hn
(
(Sn)m;Z

)
dual to the n cells

of (Sn)m . By the same reasoning we have q∗(xk) =
∑
i1<···<ik

αi1 ···αik .

If n is even, the cup product structure in H∗
(
(Sn)m;Z

)
is strictly commutative
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and H∗
(
(Sn)m;Z

)
≈ Z[α1, ··· , αm]/(α

2
1, ··· , α

2
m) . Then we have

q∗(xm1 ) = (α1 + ··· +αm)
m
=m!α1 ···αm =m!q∗(xm)

Since q∗ is an isomorphism on Hmn this implies xm1 = m!xm in Hmn
(
Jm(S

n);Z
)
.

The inclusion Jm(S
n)֓ J(Sn) induces isomorphisms on Hi for i ≤ mn so we

have xm1 =m!xm in H∗
(
J(Sn);Z

)
as well, where x1 and xm are interpreted now as

elements of H∗
(
J(Sn);Z

)
.

When n is odd we have x2
1 = 0 by commutativity, and it will suffice to prove the

following two formulas:

(a) x1x2m = x2m+1 in H∗
(
J2m+1(S

n);Z
)
.

(b) x2x2m−2 =mx2m in H∗
(
J2m(S

n);Z
)
.

For (a) we apply q∗ and compute in the exterior algebra ΛZ[α1, ··· , α2m+1] :

q∗(x1x2m) =
(∑

i

αi

)(∑

i

α1 ··· α̂i ···α2m+1

)

=
∑

i

αiα1 ··· α̂i ···α2m+1 =
∑

i

(−1)i−1α1 ···α2m+1

The coefficients in this last summation are +1,−1, ··· ,+1, so their sum is +1 and (a)

follows. For (b) we have

q∗(x2x2m−2) =
( ∑

i1<i2

αi1αi2

)( ∑

i1<i2

α1 ··· α̂i1 ··· α̂i2 ···α2m

)

=
∑

i1<i2

αi1αi2α1 ··· α̂i1 ··· α̂i2 ···α2m =
∑

i1<i2

(−1)i1−1(−1)i2−2α1 ···α2m

The terms in the coefficient
∑
i1<i2(−1)i1−1(−1)i2−2 for a fixed i1 have i2 varying from

i1+1 to 2m . These terms are +1,−1, ··· and there are 2m−i1 of them, so their sum

is 0 if i1 is even and 1 if i1 is odd. Now letting i1 vary, it takes on the odd values

1,3, ··· ,2m− 1, so the whole summation reduces to m 1’s and we have the desired

relation x2x2m−2 =mx2m . ⊔⊓

In ΓZ[x] ⊂ Q[x] , if we let xi = x
i/i! then the multiplicative structure is given by

xixj =
(
i+j
i

)
xi+j . More generally, for a commutative ring R we could define ΓR[x]

to be the free R module with basis x0 = 1, x1, x2, ··· and multiplication defined by

xixj =
(
i+j
i

)
xi+j . The preceding proposition implies that H∗

(
J(S2n);R

)
≈ ΓR[x] .

When R = Q it is clear that ΓQ[x] is just Q[x] . However, for R = Zp with p prime

something quite different happens: There is an isomorphism

ΓZp[x] ≈ Zp[x1, xp, xp2 , ···]/(x
p
1 , x

p
p , x

p
p2 , ···) =

O

i≥0

Zp[xpi]/(x
p
pi)

as we show in §3.C, where we will also see that divided polynomial algebras are in a

certain sense dual to polynomial algebras.
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The examples of projective spaces lead naturally to the following question: Given

a coefficient ring R and an integer d > 0, is there a space X having H∗(X;R) ≈ R[α]

with |α| = d? Historically, it took major advances in the theory to answer this simple-

looking question. Here is a table giving

all the possible values of d for some of

the most obvious and important choices

of R , namely Z , Q , Z2 , and Zp with p an

odd prime. As we have seen, projective

R d

Z 2, 4

Q any even number

Z2 1, 2, 4

Zp any even divisor of 2(p − 1)

spaces give the examples for Z and Z2 . Examples for Q are the spaces J(Sd) , and

examples for Zp are constructed in §3.G. Showing that no other d ’s are possible takes

considerably more work. The fact that d must be even when R ≠ Z2 is a consequence

of the commutativity property of cup product. In Theorem 4L.9 and Corollary 4L.10

we will settle the case R = Z and show that d must be a power of 2 for R = Z2 and

a power of p times an even divisor of 2(p − 1) for R = Zp , p odd. Ruling out the

remaining cases is best done using K–theory, as in [VBKT] or the classical reference

[Adams & Atiyah 1966]. However there is one slightly anomalous case, R = Z2 , d = 8,

which must be treated by special arguments; see [Toda 1963].

It is an interesting fact that for each even d there exists a CW complex Xd which

is simultaneously an example for all the admissible choices of coefficients R in the

table. Moreover, Xd can be chosen to have the simplest CW structure consistent with

its cohomology, namely a single cell in each dimension a multiple of d . For example,

we may take X2 = CP∞ and X4 = HP∞ . The next space X6 would have H∗(X6;Zp) ≈

Zp[α] for p = 7,13,19,31, ··· , primes of the form 3s + 1, the condition 6|2(p − 1)

being equivalent to p = 3s + 1. (By a famous theorem of Dirichlet there are infinitely

many primes in any such arithmetic progression.) Note that, in terms of Z coefficients,

Xd must have the property that for a generator α of Hd(Xd;Z) , each power αi is an

integer ai times a generator of Hdi(Xd;Z) , with ai ≠ 0 if H∗(Xd;Q) ≈ Q[α] and ai
relatively prime to p if H∗(Xd;Zp) ≈ Zp[α] . A construction of Xd is given in [SSAT],

or in the original source [Hoffman & Porter 1973].

One might also ask about realizing the truncated polynomial ring R[α]/(αn+1) ,

in view of the examples provided by RPn , CPn , and HPn , leaving aside the trivial case

n = 1 where spheres provide examples. The analysis for polynomial rings also settles

which truncated polynomial rings are realizable; there are just a few more than for

the full polynomial rings.

There is also the question of realizing polynomial rings R[α1, ··· , αn] with gen-

erators αi in specified dimensions di . Since R[α1, ··· , αm]⊗RR[β1, ··· , βn] is equal

to R[α1, ··· , αm, β1, ··· , βn] , the product of two spaces with polynomial cohomology

is again a space with polynomial cohomology, assuming the number of polynomial

generators is finite in each dimension. For example, the n fold product (CP∞)n has

H∗
(
(CP∞)n;Z

)
≈ Z[α1, ··· , αn] with each αi 2 dimensional. Similarly, products of



Cup Product Section 3.2 227

the spaces J(Sdi) realize all choices of even di ’s with Q coefficients.

However, with Z and Zp coefficients, products of one-variable examples do not

exhaust all the possibilities. As we show in §4.D, there are three other basic examples

with Z coefficients:

1. Generalizing the space CP∞ of complex lines through the origin in C
∞ , there is

the Grassmann manifold Gn(C
∞) of n dimensional vector subspaces of C∞ , and

this has H∗(Gn(C
∞);Z) ≈ Z[α1, ··· , αn] with |αi| = 2i . This space is also known

as BU(n) , the ‘classifying space’ of the unitary group U(n) . It is central to the

study of vector bundles and K–theory.

2. Replacing C by H , there is the quaternionic Grassmann manifold Gn(H
∞) , also

known as BSp(n) , the classifying space for the symplectic group Sp(n) , with

H∗(Gn(H
∞);Z) ≈ Z[α1, ··· , αn] with |αi| = 4i .

3. There is a classifying space BSU(n) for the special unitary group SU(n) , whose

cohomology is the same as for BU(n) but with the first generator α1 omitted, so

H∗(BSU(n);Z) ≈ Z[α2, ··· , αn] with |αi| = 2i .

These examples and their products account for all the realizable polynomial cup prod-

uct rings with Z coefficients, according to a theorem in [Andersen & Grodal 2008]. The

situation for Zp coefficients is more complicated and will be discussed in §3.G.

Polynomial algebras are examples of free graded commutative algebras, where

‘free’ means loosely ‘having no unnecessary relations.’ In general, a free graded com-

mutative algebra is a tensor product of single-generator free graded commutative

algebras. The latter are either polynomial algebras R[α] on even-dimension gener-

ators α or quotients R[α]/(2α2) with α odd-dimensional. Note that if R is a field

then R[α]/(2α2) is either the exterior algebra ΛR[α] if the characteristic of R is not

2, or the polynomial algebra R[α] otherwise. Every graded commutative algebra is a

quotient of a free one, clearly.

Example 3.23: Subcomplexes of the n Torus. To give just a small hint of the endless

variety of nonfree cup product algebras that can be realized, consider subcomplexes of

the n torus Tn , the product of n copies of S1 . Here we give S1 its standard minimal

cell structure and Tn the resulting product cell structure. We know that H∗(Tn;Z)

is the exterior algebra ΛZ[α1, ··· , αn] , with the monomial αi1 ···αik corresponding

via cellular cohomology to the k cell e1
i1× ··· ×e

1
ik

. So if we pass to a subcomplex

X ⊂ Tn by omitting certain cells, then H∗(X;Z) is the quotient of ΛZ[α1, ··· , αn]

obtained by setting the monomials corresponding to the omitted cells equal to zero.

Since we are dealing with rings, we are factoring out by an ideal in ΛZ[α1, ··· , αn] ,

the ideal generated by the monomials corresponding to the ‘minimal’ omitted cells,

those whose boundary is entirely contained in X . For example, if we take X to be

the subcomplex of T 3 obtained by deleting the cells e1
1×e

1
2×e

1
3 and e1

2×e
1
3 , then

H∗(X;Z) ≈ ΛZ[α1, α2, α3]/(α2α3) .
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How many different subcomplexes of Tn are there? To each subcomplex X ⊂ Tn

we can associate a finite simplicial complex CX by the following procedure. View Tn

as the quotient of the n cube In = [0,1]n ⊂ R
n obtained by identifying opposite

faces. If we intersect In with the hyperplane x1 + ··· + xn = ε for small ε > 0,

we get a simplex ∆n−1 . Then for q : In→Tn the quotient map, we take CX to be

∆n−1
∩ q−1(X) . This is a subcomplex of ∆n−1 whose k simplices correspond exactly

to the (k + 1) cells of X . In this way we get a one-to-one correspondence between

subcomplexes X ⊂ Tn and subcomplexes CX ⊂ ∆n−1 . Every simplicial complex with

n vertices is a subcomplex of ∆n−1 , so we see that Tn has quite a large number

of subcomplexes if n is not too small. The cohomology rings H∗(X;Z) are of a

type that was completely classified in [Gubeladze 1998], Theorem 3.1, and from this

classification it follows that the ring H∗(X;Z) (or even H∗(X;Z2) ) determines the

subcomplex X uniquely, up to permutation of the n circle factors of Tn .

More elaborate examples could be produced by looking at subcomplexes of the

product of n copies of CP∞ . In this case the cohomology rings are isomorphic to

polynomial rings modulo ideals generated by monomials, and it is again true that

the cohomology ring determines the subcomplex up to permutation of factors. How-

ever, these cohomology rings are still a whole lot less complicated than the general

case, where one takes free algebras modulo ideals generated by arbitrary polynomials

having all their terms of the same dimension.

Let us conclude this section with an example of a cohomology ring that is not too

far removed from a polynomial ring.

Example 3.24: Cohen–Macaulay Rings. Let X be the quotient space CP∞/CPn−1 .

The quotient map CP∞→X induces an injection H∗(X;Z)→H∗(CP∞;Z) embedding

H∗(X;Z) in Z[α] as the subring generated by 1, αn, αn+1, ··· . If we view this sub-

ring as a module over Z[αn] , it is free with basis {1, αn+1, αn+2, ··· , α2n−1
} . Thus

H∗(X;Z) is an example of a Cohen–Macaulay ring: a ring containing a polynomial sub-

ring over which it is a finitely generated free module. While polynomial cup product

rings are rather rare, Cohen–Macauley cup product rings occur much more frequently.

Exercises

1. Assuming as known the cup product structure on the torus S1
×S1 , compute the

cup product structure in H∗(Mg) for Mg the closed orientable surface of genus g by

using the quotient map from Mg to a wedge sum of g tori, shown below.
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2. Using the cup product Hk(X,A;R)×Hℓ(X, B;R)→Hk+ℓ(X,A ∪ B;R) , show that

if X is the union of contractible open subsets A and B , then all cup products of

positive-dimensional classes in H∗(X;R) are zero. This applies in particular if X is

a suspension. Generalize to the situation that X is the union of n contractible open

subsets, to show that all n fold cup products of positive-dimensional classes are zero.

3. (a) Using the cup product structure, show there is no map RPn→RPm inducing

a nontrivial map H1(RPm;Z2)→H
1(RPn;Z2) if n > m . What is the corresponding

result for maps CPn→CPm ?

(b) Prove the Borsuk–Ulam theorem by the following argument. Suppose on the con-

trary that f :Sn→R
n satisfies f(x) ≠ f(−x) for all x . Then define g :Sn→Sn−1 by

g(x) =
(
f(x) − f(−x)

)
/|f(x) − f(−x)| , so g(−x) = −g(x) and g induces a map

RPn→RPn−1 . Show that part (a) applies to this map.

4. Apply the Lefschetz fixed point theorem to show that every map f :CPn→CPn has

a fixed point if n is even, using the fact that f∗ :H∗(CPn;Z)→H∗(CPn;Z) is a ring

homomorphism. When n is odd show there is a fixed point unless f∗(α) = −α , for

α a generator of H2(CPn;Z) . [See Exercise 3 in §2.C for an example of a map without

fixed points in this exceptional case.]

5. Show the ring H∗(RP∞;Z2k) is isomorphic to Z2k[α,β]/(2α,2β,α
2
− kβ) where

|α| = 1 and |β| = 2. [Use the coefficient map Z2k→Z2 and the proof of Theorem 3.12.]

6. Use cup products to compute the map H∗(CPn;Z)→H∗(CPn;Z) induced by the

map CPn→CPn that is a quotient of the map Cn+1→C
n+1 raising each coordinate to

the dth power, (z0, ··· , zn)֏ (zd0 , ··· , z
d
n) , for a fixed integer d > 0. [First do the

case n = 1.]

7. Use cup products to show that RP3 is not homotopy equivalent to RP2
∨ S3 .

8. Let X be CP2 with a cell e3 attached by a map S2→CP1
⊂ CP2 of degree p , and

let Y = M(Zp,2)∨ S
4 . Thus X and Y have the same 3 skeleton but differ in the way

their 4 cells are attached. Show that X and Y have isomorphic cohomology rings

with Z coefficients but not with Zp coefficients.

9. Show that if Hn(X;Z) is free for each n , then H∗(X;Zp) and H∗(X;Z)⊗Zp are

isomorphic as rings, so in particular the ring structure with Z coefficients determines

the ring structure with Zp coefficients.

10. Show that the cross product map H∗(X;Z)⊗H∗(Y ;Z)→H∗(X×Y ;Z) is not an

isomorphism if X and Y are infinite discrete sets. [This shows the necessity of the

hypothesis of finite generation in Theorem 3.15.]

11. Using cup products, show that every map Sk+ℓ→Sk×Sℓ induces the trivial ho-

momorphism Hk+ℓ(S
k+ℓ)→Hk+ℓ(S

k
×Sℓ) , assuming k > 0 and ℓ > 0.

12. Show that the spaces (S1
×CP∞)/(S1

×{x0}) and S3
×CP∞ have isomorphic coho-

mology rings with Z or any other coefficients. [An exercise for §4.L is to show these

two spaces are not homotopy equivalent.]



230 Chapter 3 Cohomology

13. Describe H∗(CP∞/CP1;Z) as a ring with finitely many multiplicative generators.

How does this ring compare with H∗(S6
×HP∞;Z)?

14. Let q :RP∞→CP∞ be the natural quotient map obtained by regarding both spaces

as quotients of S∞ , modulo multiplication by real scalars in one case and complex

scalars in the other. Show that the induced map q∗ :H∗(CP∞;Z)→H∗(RP∞;Z) is sur-

jective in even dimensions by showing first by a geometric argument that the restric-

tion q :RP2→CP1 induces a surjection on H2 and then appealing to cup product struc-

tures. Next, form a quotient space X of RP∞∐CPn by identifying each point x ∈ RP2n

with q(x) ∈ CPn . Show there are ring isomorphisms H∗(X;Z) ≈ Z[α]/(2αn+1) and

H∗(X;Z2) ≈ Z2[α,β]/(β
2
− α2n+1) , where |α| = 2 and |β| = 2n+ 1. Make a similar

construction and analysis for the quotient map q :CP∞→HP∞ .

15. For a fixed coefficient field F , define the Poincaré series of a space X to be

the formal power series p(t) =
∑
i ait

i where ai is the dimension of Hi(X;F) as a

vector space over F , assuming this dimension is finite for all i . Show that p(X×Y) =

p(X)p(Y) . Compute the Poincaré series for Sn , RPn , RP∞ , CPn , CP∞ , and the spaces

in the preceding three exercises.

16. Show that if X and Y are finite CW complexes such that H∗(X;Z) and H∗(Y ;Z)

contain no elements of order a power of a given prime p , then the same is true for

X×Y . [Apply Theorem 3.15 with coefficients in various fields.]

17. [This has now been incorporated into Proposition 3.22.]

18. For the closed orientable surface M of genus g ≥ 1, show that for each nonzero

α ∈ H1(M ;Z) there exists β ∈ H1(M ;Z) with αβ ≠ 0. Deduce that M is not homotopy

equivalent to a wedge sum X∨Y of CW complexes with nontrivial reduced homology.

Do the same for closed nonorientable surfaces using cohomology with Z2 coefficients.


