CUEVES ON THE L-FINCTURED SFHERE: 31 CHARTS
W. Floy! acd A, Hatcher
Let H'“Eﬂ bte a closed orientable surface of genus g with n
5
points deleted {everything here iz in the ¢~ eategory). We wish to
deseribe scme af the global structure of the set C(M) of 1lsotopy claases

of curve systems l:]_'..,' =es l‘.:n:H{mgl} gatisfying:

(1) Bach €, is either a circle or & properly embedded arc in M,

(11) cinl:d-! ir 143, and
(i11) For each i, neo component of H-{.“i iz 8 2=cell or an annulus.

Restricting to curve systems containing only circles determines a subset
l:n{u} c c(m).
A further condition we could impose on B curve system Gl U wea ) c,

is

(iv) For emch pair 1§ J, no component of H*{Eiuﬂj} is a

2-eell or an ammmulos (so C; 1is not isotopic to Ed}'

Curve systems of C(M) satisfying (iv) form a "basis” for (M), in that
eny element of C(M) is uniquely representable (up to izctopy) as a
formal sum u'.l.cl + oses ¥ nmc‘, n, «IN, where r.:l b oees U C, patisfies
(iv) and “"‘1':1- me=ns "n, parallel copies of ﬂi".

A second sigebraic operetion ie to projectivise by peesing to the
guotient C{M)/AN, where weighted systems 0,0 + s 0l and
k.nlcl + e % l:qnl:- are idegtified for any ke N (this 1s the same as
allowing positive rational weights and positive rational scalar multi-
plication). Instead we will sllow positive real weights and pogitive real
gcalar multiplication, forming & set Or{M) containing C{M)M =8 its

"rational” points. -PL'H{H} is defined similarly by uslng only closed



-

curves.

PC(M) and FL!D{I[} heve the structure of aimplicial complaxes. The
OpEn n-ui.n;-sli.mea are the projective classes [:1“;‘-:.'“JI + e ox qmi:!] for
[un 3 mes o n‘] & {n+]m+1;h+ = ;Lnf;{dn], with one such m-simplex for each
curve system Gy + <= + c. gatisfying (i)-{iv). The (m-1)-faces of
this m-simplex ere obtained by letting one n, g° to gero and then

deleting C,.
Exsmples:
m["u,n]' =f for n<2, and Fc{“l,ﬂ} = #.

mﬂ“‘t‘-‘,B} =§ and Pﬂ]‘l}ﬂ} is the followlng Z2-complex:

FE{FIUJJ

FE{}[I y) 18 an infinite Z-dimensional complex:
a



-l,fa _1& ".,"r :’l"'i k m(Hl.l}

Fl:{uljl} iz topologically the interior of & 2=-dise, with line segments
adjoined to all of the "rstional” boundary points of the dise. For
example, the triangle with vertices at the lnner endpoints of the segmenta
labelled 0/1, 1/1, and 1/0 represents the possible weightings of the

three disjoint ares {Eufl’ {:11',1, and ﬂ]...l"ﬂ] of slopes 0/1, 1/1, and

0 1 i
/0 in M, 4
C c
01 01
‘“1,1' & sguare with wvertices i = E
C. L deleted and opposite sides | i R
1/0 1/o 1 :
1/1 identified. ; ;
C (4]
o/1 /1

The edge labellad nfl represents the weightings of [:w,l U cEIfl' where

c&n is & circle of slope 0/1 and :ﬂfl iz a8 properly embedded arc of

slope 0/f1. Pﬂu{Ill 1} ie qU [1/0}, the cuter endpoints of the "whiskers".
¥



The bL-Punctured Sghere
Besides M, ,, the only other surface with PC (M ) 0-dimensional
P 3 0" g,n

is Hu 4" FE[ND h] ig Se-dimeppicnal, but one can get aome fdea of what
i ¥
it looks like by considering the Z2-dimensional slices of PC(M; )
¥
obtained by firing the projective class [f ﬂ ¢ & of the total weights,
P, 9, ¥, and 8, of the four punctures. [The notation E E has
nothing to do with matrices, but just represents the arrangement of the
four punctures of L when Hu iz regarded as ]HE U [e] minos four
I’+ Jll'
points.] Each slice of FC{HO u) is, llke i’ﬂ{Hl 1], topologically the
: ] ¥
interior of a 2-dise with line segmentsz mndjoined to its retional boundary
points. However, the cell structures on these slices (the cells being the
intersectiona of the simplices of FEI[IQU u} with the 2-dimensional slices)
]
form interesting and intricate patterms, which are ghown in the thirty-ome
charts which follow this commentery. (The line segments attaching to the
rational boundary points of the 2-dise are not shown, slnce they are the
pame in all slices.) The curve systems representing the simplices are
drawn for many of the cells.
Congider, for example, the glice parametrized by E ﬂ, the
barycenter of &, HMesents of 'F'I:I:!-!iJI y) in this slice have the same
¥
total weight gt esch of the four punctures, and the cell structure on the
2-disc, shown in chart A, is the same asz for Pﬂl:ml ). Eseh Z-cell iz a
¥
triangle, corresponding to & curve gystem of aix arce on Hl] L Jjoining
h a
the four punctures. These six srcs fall into three pairs, the arcs in

each pair heving the same slope. The three slopes determine the vertices



-

of the glven trisngle, and deleting one pair of arce at a time determines
the edges of the triangle.

To get & complete set of charte for the rest of the parameter simplex
we can restrict to & fundamentsl domedin for the action of the symmetiry
group §, on 133 (this is the permutation group of the four punctures).
We chooze as a fundasental domain the subtetrahedron of &3 spanned by
the points with beryeentric (or projective) coordinstes B g:l. E g:|;
E 2, ena E ﬂ This subtetrahedron is neturally subdivided inte
three 3J-gimplices, with gix wertices, twelve edges, apd ten faces, for
a total of thirty-ome simplices. In the interior of each simplex the
cell structure of the 2-disc varies onoly by isotepy, while in passing
from the interior of 4 simplex to & point on its boundary the cell structgre
changes more drestically: some triengles may shrink to pointe and some
rectangles may flatten to line segments.

Here iz a pdcture of the pearameter simplex ﬂs, with itz fundamental

subtetrabedron subdivided into the three J-simplicea:

I-zimplices:
ABCD,AB'CD,A"B'CD

?[1 uj-.ﬂ. EF’E :I : ﬁ g] 1{} nl



=

only fifteen of the thirty-cne cell-structures on the Z2-disc are
different: the eell structures corresponding to simplices whose labels
differ only by the primes sre the same (e.g., the three 3-gimplices
determine the same cell structure).

All of the cell structures have e great deal of symmetry, since they
gre invariant under the group 0§ of isotopy claszses of diffecmorphisms
which take esch puncture to itself. If we regard M, , a&s " -z,

2

where T is the group gerersted by 180" rotaticns of E- ebout the

integer lattice points {IE), then G 4ia realized =g the subgroup of
PaL(2,2) = @(2,2)/(+ I) of 2 x 2 matrices congruent to the identity
mod 2 (G has index six in PFGL{2,2)). PE(2,2) scts on the open
2-dise, viewed as the hyperbolic plane, as hyperbolic isometries { the
full isometry group iz PE{2R)), =nd a fundasental domain for the
getion of © is exactly opne of the triangles in chart A. Hence in any
of the other charts the ¢ell structure restricted to such a triangle
determines the rest of the cell structure by the actlion of G, that is,
by successive reflections scross all of the edges in chart A (the dotted

1lines in the charts denote the edges of the fundsmentsl triangles).

A Potential Application
Chart A wes previocusly employed in [HT] to help classify the in-

compressible surfaces in the complement of & 2-bridge knot. In the same
vein, charts A, D, and AD were used in [FH] to extend the results of [HT]
to 2-bridge links. A guite similar problem, for which ell thirty-one of
the charts could be used, 1 to clagsify the incompressible surfaces in
the complement of & U-gtrand clesed breid B in & w g (B inkter-
secting each g x [z} in four pointg). Each transwverse intersection of

e surface 5= xS - B with a slice 8% x {x] determines & point of



.1' -

m{uﬂ’h] by ignoring any circles and ercs not satiafying condition (1i1).
By & preliminary lsotopy of 5, we may arrange that the number of arcs
peeting at each of the four punctures (i.e., the atrands of B) be
independent of the slice §° x {x], 5o by letting x run eromd B

one would obtain & seguence of pointa of H:{Hi},h] lying in a fixed
o-dimenalonal slice represented by one of the thirty-one charta.
Presumably inccepressibility and O-incompressibility of the surface B
would be eguivalent to some sort of minimality conditiom on the sssoclated
edge path in the given chart, &8 was the case in the situations of [HT]

and [FH].

laticnship with Thuo 's ective icn cas

Laying aside the triwvial cases (HD,D‘ HI:I,:I.’ H{',E, and Hl,ﬂ} when
Pe(M) = #, the surface M = HILH- can be given a metriec of constant
curvature =1 in which M is complete and has finite area. In this
case, a l-dimensionzl gecdesic submanifold of M which 1s closed as &
subset of M consists of & finita system of curves satisfying (1)-(iv),
and each isotopy clsss of curve systems satisfying (i)-(iv) contains a
unique representative consisting of such a geodesic curve system.

Thurston [T] bes extepded the mﬁiﬂn of "gecdesic submanifeld” to
"geodesic laminetion”: =& geodesic lamlpation L iz & closed subset
L= M which is & disjoint union of (possibly infinltely many) smooth
geodesic circles and complete (bl-Infinite) geodesic ares. Thurston next
defines the concept of a "transverse meagure” for geodezic laminations,
generalizing the welghting by positive real oumbers of the curves in a
curve system gatisfying (1)-(iv). He then defines a topology on the
resulting set PL(M) of projective classes of measursd geodesic lamina-

tions on M, in such s way that the natural injection PC(M)<= PI(M) 1is



M-

a topological embedding onto & dense subset of PE£(M). The analog of
FCDEH} ls the subspace PL (M) of projective classes of compactly
supported, messured geodesic laminations. Fﬂu{l-!lj is = dense pubs=t of
P, (M).

qu(n] iz homermorphic to EEE*LE"'?, and FII:HE,E} is topologically
the Joln of this EEE*ETT with an n - 1 dimensional simplex, the
projective classes of totsl weights of the n punctores of HE,D' Thus

F:{HE n] is & ball, 35'5*3‘“'?, of the same dimension as F[!-I:HE o) 1f n>0.
3 T
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