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Preface

Elementary arithmetic studies divisibility and factorization of ordinary
integers. Algebraic number theory considers the same questions for algebraic
numbers, solutions to polynomial equations with integer coefficients. In this
setting, (un)fortunately, the uniqueness of prime factorization no longer
holds. Remedying and measuring its failure is the starting point of algebraic
number theory.

There are many excellent texts both on elementary and on algebraic
number theory. However, I needed an intermediate-level book for an under-
graduate course with the aim of imparting the flavor and beauty of algebraic
number theory with minimal algebraic prerequisites. The notes for that course
grew into this book. Restricting to quadratic numbers was a natural choice:
hands-on examples abound, while the Galois theory is trivial to the point of
invisibility. Indeed, concreteness and computation underpin the approach of
the book. Computers are a great research tool; for learning, however, there
is no substitute for getting one’s hands dirty with calculations. A parallel
emphasis is on the interaction between different branches of mathematics, all
too often introduced to undergraduates as separate worlds. In this book, the
student can see them joining forces to prove beautiful theorems. Linear and
abstract algebra together rescue unique factorization; basic plane geometry
is essential for proving that unique factorization never fails by much.

The prerequisites for this book are a knowledge of elementary number
theory and a passing familiarity with ring theory. Its goal is to give the
undergraduate a taste of algebraic number theory right after (or during) the
first course in abstract algebra, and before learning Galois theory. Indeed, the
book can serve as a rich source of examples for a ring theory course. A bright
and brave freshman can read it, with some effort, even before the first course
on rings: the necessary theory is covered, albeit briskly, in Chap. 2. Finally,
the book can be a concrete supplement to a beginning graduate course in
algebraic number theory.
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Here’s a brief outline of the contents.

Chapter 1 generalizes, to the extent possible, the arithmetic of Z to several
specific quadratic fields. The examples are chosen to present the range of new
phenomena in algebraic number theory. The definitions of a ring and a field
are the only abstract algebra required here.

Chapter 2 is a self-contained but quick review of ring theory, with examples
geared toward number theory.

Chapter 3 amplifies the standard theory of row- and column-reduction by
restricting to matrices with entries in Z.

Chapter 4 is the heart of the book. It develops algebraic number theory in
a general quadratic field, and culminates in the proof of unique factorization
of ideals.

Chapter 5 proves the finiteness of the ideal class group, with numerous
computational examples.

Chapter 6 completes the picture of the arithmetic of quadratic fields by
describing the group of units of a real quadratic field using the theory of con-
tinued fractions. This chapter and the next are arguably the most interest-
ing ones, since their techniques and results don’t generalize to higher-degree
fields.

Chapter 7 goes back to the roots of algebraic number theory—binary
quadratic forms. Forgoing the wusual elementary presentation, we
emphasize the connections with ideals. The main result of the chapter is
a precise description of the identification of strict equivalence classes of
binary quadratic forms and narrow ideal classes. This chapter has no extra
prerequisites, but does require more mathematical maturity, as we introduce
the language of group actions and commutative diagrams. Concreteness is
not sacrificed, though: we cover in detail the algorithms for reducing both
definite and indefinite forms. The section concludes with a presentation of
Bhargava cubes, a recent development. The appendix assembles the results
on the orders in quadratic fields, proved in the exercises throughout the
book.

The terms being defined, either in formal definitions or in the running text,
are highlighted for ease of finding. All propositions, definitions, displayed
equations etc., are numbered in the same sequence. Starred exercises come
with a hint at the back of the book.

Thanks go to my department, which supported me in giving small ad-
vanced classes; to the students therein, who helped me test the approach of
the book; to my summer students, Chris Whitman for typing up these notes,
and Jasper Wiart for carefully reading them and contributing to Chap. 7; and
finally to Springer for their help and patience.

Victoria, BC, Canada Mak Trifkovi¢
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Chapter 1
Examples

1.1 Review of Elementary Number Theory

When can we express a prime number as a sum of two squares? Let’s start
by sorting the first dozen primes into those with such an expression, and the
rest:

p=a’+0b%: 2,513,17,29,37...

p#a®+b®: 3,7,11,19,23,31...

Do you see a pattern?

This question was posed by Pierre de Fermat, a French eighteenth-century
mathematician. It may strike you as an unmotivated riddle, like his more
famous Last Theorem.! One of the joys of number theory is that even such
riddles often lead to beautiful, intrinsically interesting discoveries. Fermat’s
question is our first example of the need to study divisibility, primes, and
factorizations in rings bigger than Z.

In Ch. 1 we will look at concrete examples of such “higher” arithmetic.
To understand them you only need to know the definition of a ring and a field.
It helps to have some knowledge of ideals, but we leave an in-depth study of
those for the next chapter. By convention, all our rings are commutative and
have a multiplicative identity.

Recall that an integer p # 0,+1 is prime when it has no integer divisors
other than +1 and +p. If a prime p is a sum of two squares, the equalities

p=a®+b>= (a+bi)(a—bi), with a,b € Z,

show that p acquires a nontrivial factorization once we allow factors from the
set
Zlil ={a+bi:a,beZ}.

I Fermat’s Last Theorem was for 350 years in fact just a conjecture: the equation x™ +y™ =
z™ has no integer solutions when n > 3. The proof of this conjecture, found only in the
mid-1990’s, is one of the great achievements of twentieth-century mathematics.

M. Trifkovié¢, Algebraic Theory of Quadratic Numbers, Universitext, 1
DOI 10.1007/978-1-4614-7717-4_1, © Springer Science+Business Media New York 2013
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Like Z, this is a ring: a set closed under addition, subtraction, and
multiplication, but not necessarily division. It is in this new ring that
we need to answer the basic arithmetical question, “how does p factor?”
The goal of the book is to rigorously pose and answer such questions in
quadratic rings, like Z[i]. Those rings result from enlarging Z by a solution to
a quadratic equation (in our example, 22 +1 = 0). General algebraic number
theory undertakes the same task for polynomial equations of any degree.
Most of its features, however, are already present in the quadratic case.

The main result of elementary arithmetic is the following well-known the-
orem.

1.1.1 Theorem (Unique Factorization in Z). Any integer other than 0 and
+1 can be written as a product of primes, uniquely up to permuting the prime
factors and changing their signs.

The proof of Thm. 1.1.1 will be our template for extending arithmetic to
rings such as Z[i]. It proceeds through a chain of propositions.

1.1.2 Proposition (Division Algorithm). Given a,b € Z,b # 0, there exist
unique q,r € Z such that

a=qgb+rand 0 <r <|b.

Proof. We prove the existence of ¢ and r, leaving uniqueness as an exercise.
Let’s first assume that b > 0. Check that the set

S={n€Z:n>0and n=a— sbfor some s € Z}

is nonempty. By the Well-Ordering Principle, S has a minimal element r,
which must be of the form r = a — ¢b for some ¢ € Z. If we had b < r, then
0<r—b=a—qgb—b=a—(q+1)b,so that r—b e S. We also have r —b < r
(since b > 0), which contradicts the choice of r as the minimum of S.

If b < 0, we apply the preceding reasoning to a and —b to find ¢’, 7" € Z
with a = ¢/(—=b) + r'. We then put ¢ = —¢',r =1". |

Let a,b € Z, not both zero. The term “greatest common divisor”
(g.c.d.) of a and b, denoted ged(a,b), is self-explanatory. The next link in
our chain of reasoning describes the important properties of the g.c.d.

1.1.3 Proposition (Euclid’s Algorithm). Let a and b be in Z, not both zero.
The greatest common divisor of a and b satisfies the following condition:

(1.1.4) For any common divisor ¢ of a and b, we have ¢ | ged(a, b).

Moreover, there exist r,s € Z such that ged(a,b) = ra + sb.

Proof. We prove the Proposition in a roundabout way that foreshadows the
techniques we will use later. Since we want to express ged(a,b) as a linear
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combination of a and b with integer coefficients, we consider the set of all
such combinations,
I={ma+nb:m,neZ}.

Since a or b is non-zero, I has the smallest positive elements, d = ra+ sb. We
first show that d is a common divisor of @ and b. Divide a by d with remainder:
a = qd+r with0 <r < d. Thenr = a—qd = a—q(ra+sb) = (1—qr)a+(—qgs)b
is an element of I. If » > 0, then r is a positive element of I smaller than d,
contradicting our choice of d. Thus, r = 0 and d | a. An analogous argument
shows that d | b.

Next, we show that d satisfies condition (1.1.4). Take ¢ € Z with ¢ | a
and ¢ | b. Then ¢ | ra + sb = d. In particular, ¢ is no bigger than d, so that
d = ged(a, b). |

Check that the set I in the proof is closed under addition, and that it
“absorbs multiplication”: if n € Z and « € I, then nxz € I also. In the
terminology of Def. 2.2.1, I is our first example of an ideal (of the ring 7).

1.1.5 Example. We'll illustrate the algorithm alluded to in the title of
Prop. 1.1.3 (but not given in its proof!) by finding the g.c.d. of 598 and 273.
The algorithm iterates division with a remainder, as follows:

998 =2-273 452
273=5-52+13
52=4-13

The divisor and the remainder in each line become the dividend and the
divisor, respectively, in the following line. We get the g.c.d. as the last non-
zero remainder, in this case ged(598,273) = 13. Starting with the next-to-last
line and going backwards, we calculate r and s promised by Prop. 1.1.3 by
repeatedly expressing the remainder from the previous line:

13=273—-5-52=273-5-(598 —2-273) = 11-273 — 5 - 598. (]

Writing ged(a, b) as a linear combination of a and b gives us a good alge-
braic handle on questions of divisibility. The proof of the next proposition is
an example.

1.1.6 Proposition (Euclid’s Lemma). For any prime p and any a,b € Z,
p | ab implies p | a or p|b.

Proof. Assume that p | ab and p 1 a. Since p is prime, ged(a, p) is 1 or p. In the
latter case, we’d have p = ged(a, p) | a, contradicting the second assumption.
Thus, ged(a, p) = 1, and Prop. 1.1.3 provides r, s € Z such that 1 = rp + sa.
Then b = b-1 = p(br) + (ab)s is divisible by p, by the assumption that
p | ab. |
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We are now ready for the final link in the proof of Thm. 1.1.1. A simple
inductive argument will prove the existence of a prime factorization. The
uniqueness lies deeper, requiring Euclid’s Lemma.

Proof of Unique Factorization in Z. It is enough to prove that any integer
greater than 1 is a product of positive primes, and that any two such factor-
izations differ only in the order of prime factors.

Existence of a prime divisor: Let n be an integer greater than 1, and let p
be the smallest divisor of n which is greater than 1. We claim that p is prime.
If not, it’s divisible by some z with 1 < 2 < p. By construction of p, those
inequalities imply « { n, contradicting x | p | n.

Existence of a prime factorization: We want to show that the set

S ={zr e N\ {1} :z can’t be written as a product of primes}

is empty. Otherwise, the Well-Ordering Principle guarantees a minimal ele-
ment n € S. By the preceding paragraph, we can write m = pn for some prime
p. If n =1, then m = p would be a prime factorization, contradicting m € S.
Thus, 1 < n < m, and by definition of m we have n ¢ S. In other words, n
does have a prime factorization n = py ---p,. But then m = ppy---p, is a
prime factorization of m, again contradicting m € S.

Uniqueness: Assume that we have two prime factorizations n = py - - p, =
q1--qs- As py is prime, Euclid’s Lemma implies, after possibly permuting
the factors, that py | ¢1. As ¢ is also prime, we must have p; = ¢;. Cancelling
gives two shorter factorizations ps - --p, = g2 - - - gs. We repeat the procedure
until each prime in the first factorization is matched with one in the second.

|

We would like to have an analog of unique factorization for quadratic
numbers, solutions to equations of the form az?+bx+c = 0 with a, b, c € Z.
We will often need to solve such an equation modulo n, which we could do
by plugging in for z all the elements in Z/nZ. A more efficient approach is
given by the theory of quadratic residues. We recall it here without proof.

1.1.7 Definition. Let p € N be a positive odd prime, and let a € Z. We say
that “a is a square mod p” when a = b* (mod p) for some b € Z. We define
the Legendre symbol by

1 if a is a nonzero square mod p
a
(—) =< —1 ifa is not a square mod p
P2 o ifpla

1.1.8 Example. Let’s find “by hand” the Legendre symbols (%) , (1—71)7 and
(%) We compute all squares in Z/117Z:

o mod 11[0 +1 +2 £3 +4 £5
) mod11|0 1 4 9 5 3
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From this we see that 3 is a square modulo 11, but 7 isn’t: (13—1) =1 and

() = —1. By Def. 1.1.7, we have (22) =0, as 11 | 22. 0

The following theorem is an efficient alternative to calculating the Legen-
dre symbol by brute force.

1.1.9 Theorem. Let a,b € Z, and take p,q € N to be distinct positive odd
primes. The Legendre symbol satisfies the following properties:

p

m (3)=() ()
(¢) If a=b mod p, then (%) = (% }

o % ifp= E3(m0d4)
(d) (%) - (%()) otzerw(jse

(c) (_1): 1_1 ifpzl(modéli

(a) (2) =47 (mod p)

if p=3 (mod 4
N if p=+1 (mod 8)
(f) (;) = {_1 if p=+£3 (mod 8)

Part (d) of the theorem is usually referred to as the Law of Quadratic
Reciprocity. Remember that the denominator in the Legendre symbol must
be a positive prime. For a generalization that removes that condition,
see Exer. 1.1.13.

1.1.10 Example. The following computation illustrates how to use the six
properties of Thm. 1.1.9 to compute the Legendre symbol. With variations,
we reduce the numerator modulo the denominator, then factor, apply reci-
procity, and repeat. Each equality is justified by one of the properties (a)—(f)
above, as indicated by the letter(s) above the equal signs.

) () 6 (3) - ()
DO e

There are other ways of computing (%): for example, we could start by

factoring —249. O

[

[l

We are now ready to start studying the arithmetic of quadratic numbers.
Such a number, being a solution to ax? + bz + ¢ = 0 for some a,b, c € Z, is

given by
L VD

, where D = b% — 4ac.
2a
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The quadratic formula suggests that we should work in a field containing
V/D. For efficiency, we may as well take the smallest one,

F=Q[VD]={a+b/D:a,beQ},

pronounced “Q-adjoin-v/D.” Any such field is termed a quadratic field.

We can always divide in a field. To ask interesting questions about divisi-
bility, we should work in a natural subring O C F' analogous Z C Q. Ideally,
the elements of O should have unique factorization into “prime” elements,
whatever that means. This is too much to ask for, as we will see in Sec. 1.5.
There are two ways of dealing with the failure of unique factorization, corre-
sponding to two of the main results of this book:

(a) While quadratic numbers don’t necessarily have unique factorization, we
will prove in Sec. 4.8 that each ideal of O can be written, essentially
uniquely, as a product of prime ideals (all terms to be defined in due
course). This is foreshadowed by the ambiguity of signs of prime factors
in Thm. 1.1.1, since p; and —p; generate the same ideal in Z.

(b) We will define an abelian group called the ideal class group of F. It acts
as a flag, being trivial precisely when O has unique factorization, and
otherwise quantifying the extent of its failure. Thm. 5.1.2 shows that the
ideal class group is finite, so that the failure of unique factorization is
never too bad.

In the final chapter we will return to the late eighteenth-century roots of
number theory. Our third main result, Thm. 7.8.1, gives an elementary in-
terpretation of the ideal class group in terms of quadratic forms.

Exercises

1.1.1. Fill in the gaps in the proof of Prop. 1.1.2: prove that S # (), and that
q and r are unique.

1.1.2. Prove the following version of the division algorithm: given a,b € Z
with b # 0, there exist unique ¢’, 7" € Z such that

b
a=qb+7r, and —b‘ <r/<‘

1.1.3. Use Euclid’s Algorithm to explicitly write ged(a,b) = ra + sb for: (a)
a=137,b =715, (b) a = 10530,b = 3978.

1.1.4. Let n € N,n > 1. Show that n is either prime, or it has a prime factor
< y/n. Use this to find the prime factorizations of 5532 and 64476.

1.1.5. In any elementary number theory textbook, look up the following two
beautiful arguments, known to the ancient Greeks:
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(a) The Sieve of Eratosthenes; use it to write down all primes < 100.
(b) Euclid’s argument for the existence of infinitely many primes.

1.1.6. Prove that the set Qv D] = {a+bVD : a,b € Q} is a field with respect
to the usual addition and multiplication of complex numbers.

1.1.7. Compute using Quadratic Reciprocity: (a) (=222); (b) (25); (c) (22);
() (§2); ©) (3582)-

1.1.8* Let p € N be an odd prime. Show that exactly half the nonzero ele-
ments of Z/pZ are squares.

1.1.9F Prove the Chinese Remainder Theorem: for any ni,ne € N with
ged(ni,n2) = 1 and any ay,a9 € Z, there exists an xg € Z simultaneously
satisfying the congruences

xr=a; (modny), x=ay (mod ny).

Moreover, all such z are given by = z9 (mod ning).

1.1.107 In each of the three examples, find all x € Z simultaneously satisfying
all the congruences:

(a) =5 (mod 9), x=12 (mod 17)
(b) =1 (mod 7), z=2 (mod38), z=3 (mod?9)
(¢) =7 (mod 12), x =37 (mod 45), x =27 (mod 50)

1.1.11. Let ny,n9, € N. Here is a version of the Chinese Remainder Theorem
which doesn’t require that ged(ny, ne) = 1. Take a1, as € Z satisfying a; = aq
(mod ged(ny,n2)). Show that there exists xg € Z with zo = a; (mod n;) for
n = 1,2, and that this xy is unique modulo lem(nq, ns).

1.1.12. We will prove that there are infinitely many primes in N, using cal-
culus.

(a) Let s € R. Use the integral comparison test to show that the sum
Yo # converges for s > 1, but diverges for s = 1. For s > 1, the
sum of this series, denoted ((s), is the famous Riemann zeta function.

(b) Let p > 1. For which values of s € R, if any, does the following equality

hold:

- :1+p—s+p—2s+p—3s+.“?
1—p—s

(c) Let T = {p1,...,pr} be a finite set of primes. Use Unique Factorization
to show that

T 1 —1 1
H(l_p_f> = Z E,fors>0,

i=1 n=p<l..por

where the sum ranges over all n € N which have no prime factors outside
P1s---sPr-
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(d) Pass to the limit as |T'| — oo in ¢) to show that

11 (1 - %)_1 — ((s), for s > 1.

p prime

(e) Consider the limit lims .1+ ¢(s), and use parts (a) and (d) to conclude
that there are infinitely many primes.

a

P
inator be a positive odd prime. The Kronecker symbol, still denoted (%),
extends the Legendre symbol to remove these restrictions. Let a,n € Z with
n # 0, and let n = up(* - - p& be the prime factorization of n, with v = £1
and py, ..., p, distinct positive primes. We then define

(5= (OT1(2)"

i=1

1.1.13. The definition of the Legendre symbol ( ) requires that the denom-

The value of (—) for p; odd is the usual Legendre symbol. We put (%) =1,

o
and define

1 ifa>0 0 if2]a
L) = %a_ (2): 1 ifa=+1 (mod8)
-1 -1 ifa<0 2 .
-1 ifa=+3 (mod 8)

(a) Prove that the Kronecker symbol is multiplicative in both variables:
(52) = () () and (537) = (53) (%):

(b) If m,n € N, show that (2) = (£) unless ged(m,n) =1 and m=n =3
(mod 4).

(¢) Formulate and prove an analogous reciprocity law for arbitrary m,n €
Z\ 0.

(d) If m =n (mod a), show that (£) = (£).

a
m

1.2 The Field Q[i] and the Gauss Integers

Theorem 1.2.18 in this section answers Fermat’s question, “when is a prime
a sum of two squares?” As suggested in Sec. 1.1, the answer will come from
studying arithmetic in the ring Z[i] = {a+bi : a,b € Z}. In a sense that we’ll
make precise in Sec. 1.3, Z[i] is the best subring of the field Q[i] = {a + bi :
a,b € Q} in which to do arithmetic, much like Z is for Q. Indeed, the goal of
this section is to prove that unique factorization holds in Z[i].
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We will refer to elements of Z[i] as Gauss integers?. They form a two-
dimensional, discrete, regular array of points in the complex plane, pictured
in Fig. 1.1. It is an example of a lattice, a notion which we’ll rigorously
define and study in Ch. 3. The shaded square with vertices 0,1,7 and 141 is
a fundamental parallelogram of this lattice: its translates by the points in
the lattice tile the plane without overlap. Geometrically, Fermat’s question
asks: when is there a point in the lattice Z[i] on the circle of radius |/p,
centered at the origin? Exer. 5.2.1 will give us a purely geometric answer; for
now, we pursue it algebraically.

L] L] L] L] L L] '
7 1+ 4

b @ a . i

L] L L 1 L] '

b a o . . . i

Fig. 1.1 The Gauss integers Z[i], with a fundamental parallelogram shaded in. The dashed
edges, including the vertices 1, i and 141, do not belong to the fundamental parallelogram.
This ensures that any two of its translates by points in Z[i] are disjoint.

A unit of a ring R is an element with a multiplicative inverse. The units
form a group under multiplication, denoted R*. For example, F’* = F\ 0
for any field F'. Moreover, Z* = {+1}, so that the prime factorization of an
integer is unique up to multiplying the factors by units, and permuting them.

To find the units in Z[i], we use the following simple but versatile tool.

1.2.1 Definition. The norm of o = a+bi € Q[i] is Na = aa = a®>+b* € Q.

Note that N« is always positive, being the square of the distance between
« and the origin in the complex plane. Importantly, the norm is a homomor-
phism of multiplicative groups Q[i]* — Q. It sends Z[i] to Z, thus reducing
questions of divisibility in Z[i] to the corresponding, simpler ones in Z.

2 This name is slightly nonstandard; the literature usually refers to Z[i] as the ring of
Gausstan integers. I prefer to drop the -ian ending, as it is unnecessary, inconsistently
applied, and awkward to pronounce with some non-English names.
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1.2.2 Proposition. For a, 8 € Q[i], N(af) = Na - Nj.

Proof. N(af) = afB - aff = aaB = Na - Nj. |
1.2.3 Proposition. An e € Z[i] is a unit if and only if Ne = £1.

Proof. If € € Z[i]*, there is a v € Z[i] with ev = 1. Taking the norm, we get
Ne - Nv = 1, so that Ne € Z*. Conversely, if Ne = ¢& = +1, we find that
e~ = £z € Z[i], as desired. |

All other quadratic fields have a norm homomorphism, so the preceding
two propositions hold in them as well.

1.2.4 Proposition. The group of units in Z[i] is given by
Z[i)* = {1,-1,i,—i}.

Proof. Put € = a + bi with a,b € Z. By Prop. 1.2.3, € is a unit if and only if
Ne = a? +b? = +1. This can happen only if (a,b) is (£1,0) or (0,41), since

a? + b2 > 2 if both a and b are non-zero. |
[ O0+i+1 0+ 1 0+i+1
- - [ ] L ]
*- - = B | "o
| ‘;: ! \ IB
\ 0, ~ / \ o !
R N
\ . B N / _-“"--.\ "’,—-—
v oy e QD /.
\y N #
x
TA A\ N
/ AN / -~ ~
4 N p \ -“_/ Vs \ --..__“‘
~\ y \ B ! \ =
I \\ s \ ! \
i ’/i_‘ \ | 1
6 -~ Tt-9 e ' ! °
0 0+ 1 0 0+ 1

Fig. 1.2 «/p falls inside at least one of the circles of radius 1 centered at nearby lattice
points (left). In fact, there is a point in Z[i] whose distance from «/f is at most v/2/2
(right).

The division algorithm in Z allows us to divide with a remainder whose
absolute value is small relative to that of the divisor. Replacing the absolute
value by the norm, we get a division algorithm in Z[4].

1.2.5 Proposition. Given o, € Zl[i],8 # 0, there exist k, A\ € Z[i] such
that o = kB + A, with NA < Nj.
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Proof. We have already observed that the translates of the fundamental par-
allelogram by points in Z[i] tile the complex plane. The translate containing
a/f is entirely covered by the four circles of radius 1 centered at its vertices
(see Fig. 1.2). We take as our k any vertex with a distance to /8 that is less
than 1, i.e., N(a/f — k) < 1. Multiplying by NG, we get N(a — k) < NS, so
we put A = a — k0. |

There could be several values of x; the Proposition makes no uniqueness
claims.

1.2.6 Example. Let’s divide 7 4 3¢ by 2 4 ¢ with a remainder. In practice,
we don’t need a drawing like Fig. 1.2. Instead, we divide in Q[]:

T3 (T430)Q2—i) 170 17 1.

244 5 5 5 5

We round off the real and imaginary parts, and take k = 3+ 0i¢. Consequently,
A=a—kB=T43i—3(2+1i) = 1. These choices satisfy the requirements of
the division algorithm: 7+3i = 3(2+i)+1,and N(1) =1 < 5=N(2+4). O

The definition of a prime number in Z has a direct generalization to Z[].
We change the term “prime” to “irreducible” to conform to general ring
theory, where “prime” is reserved for a somewhat more restrictive notion
(see Prop. 2.5.10).

1.2.7 Definition. A nonunit element’ m € Z[i] is irreducible if 7 = af
implies a € Z[i]* or B € Z[i|*, for any o, B € Z]i].

Our goal is to show that every nonunit o € Z[i] factors into irreducibles,
and that any two such factorizations of a are equivalent, in the following
sense.

1.2.8 Definition. Let o = mymg -+, = wimh--- 7., be two factorizations
of v into irreducible elements in Z[i]. We say that the two factorizations are
equivalent if they satisfy the following conditions:

(a) r=1', and
(b) There exists a permutation o: {1,...,r} — {1,...,r}, and units &; €
Z[i]*, such that T} = €Ty, for all i € {1,...,7}.

In plain English, two factorizations are equivalent if one can be obtained
from the other by rearranging the factors and multiplying each by a unit.

The term “greatest common divisor” of two elements of Z[i] is no longer
self-explanatory, since Z[i] does not have a natural total ordering. To define
the g.c.d. in Z[i] and to prove it exists, we take our cue from Prop. 1.1.3.

1.2.9 Definition. Let o, € Z[i], not both zero. A greatest common
divisor of « and f is any 0 € Z[i] satisfying the following conditions:

3 Here 7 stands for a Gauss integer, not 3.141592. . ..
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(a) 0| and § |, and
(b) For all v € Z[i], if v | o and v | B, then ~ | 6.

The g.c.d. is not uniquely defined. Indeed, if § and ¢ both satisfy the
Definition, condition (b) shows that ¢’ = & for some unit .

1.2.10 Proposition. Let «, 8 € Z[i], not both zero. There exists a g.c.d. ¢
of a and B. Any such § can be written as § = pa + 08 for some p,0 € Z]i].

The last statement suggests looking for ¢ in the set
I={pa+vp:p,velZl}.

We will prove that I consists of all Gauss integers divisible by some § € I.
This requires only the following two properties of I:

e Additive closure: If £, € I, then £ + ( € I; and
e Absorption: If 7 € Z[i] and & € I, then 7¢ € I as well.

1.2.11 Lemma. Let ¢ be an element of I with minimal nonzero norm. Then

I =7Z[i]- 6, the set of all multiples of §.

Proof. Since ¢ € I, absorption implies that Z[i]-6 C I. For the other inclusion
we need to show that any n € I is divisible by . In other words: when we
divide n by § with remainder, we must show that the remainder is zero.
Take x, A € Z[i] for which n = k6 + A and NA < N¢. Additive closure and
absorption imply that A = n—rxd € I also. If A # 0, then A is an element of I
with nonzero norm smaller than §, contradicting our choice of §. We conclude
that A = 0, as desired. |

In the terminology of Ch. 2, additive closure and absorption make I an ideal
of Z[i]. Lemma 1.2.11 asserts that I is a principal ideal with generator ¢.

Proof of Prop. 1.2.10. Let’s check that the § from Lemma 1.2.11 is a g.c.d.
of @ and B. As «, 8 € I, they’re both multiples of §. This is just condition
(a) of Def. 1.2.9.

Since ¢ € I, we can write § = pa + 0 for some ¢, § € Z[i]. Now take any
common divisor v of @ and 8. We have that v | pa + 68 = ¢, as required by
condition (b). |

From this point on, the proof of Unique Factorization in Z[i] is entirely
analogous to that in Z. We just state the two remaining results and leave the
details as an exercise.

1.2.12 Proposition (Euclid’s Lemma for Gauss Integers). For any irre-
ducible element w € Z[i] and any o, B € Z[i], 7 | af implies m | a or 7 | .

1.2.13 Theorem (Unique Factorization for Gauss Integers). Any nonunit
element in Z[i] is a product of irreducible elements. Any two such factoriza-
tions are equivalent.



1.2 The Field Q[¢] and the Gauss Integers 13

1.2.14 Example. Theorem 1.2.13 asserts that the following two factoriza-
tions into irreducibles are equivalent:

143i=(1+4)2+i) = (1 —2i)(—1+1).

To see this, we multiply each of the factors in the first factorization by a
unit, i(1 +4) = =1+ 14,(—9)(2+ i) = 1 — 2i, and then switch them. The two
units multiply to i(—i) = 1, which was to be expected since both products
are equal to 1 + 3q. O

The following simple sufficient condition shows that the factors in the
Example are irreducible.

1.2.15 Proposition. Let a € Z[i]. If Na is a prime in Z, then « is irre-
ducible in Z]i].

Proof. Suppose a = . Taking the norm, we get p = Na = N3 - N. Since
by assumption p is prime, we have, say, NG = +1. Then Prop. 1.2.3 implies
that § is a unit in Z[i], so « is irreducible. |

1.2.16 Example. We will see in Sec. 4.9 that the following examples rep-
resent all possible types of factorization of a prime in Z into irreducibles in
Z[i).

(a) 2 = (—i)(1+4)2 By Prop. 1.2.15, 1 +i is irreducible, as N(1+4) = 2. The
prime 2 thus becomes, up to a unit, the square of an irreducible in Z][i].
This kind of behavior is rare; for Gauss integers, it happens only for 2.

(b) 3 remains irreducible in Z[i]. Say 3 = a8 were a nontrivial factorization.
Then 9 = N(3) = Na - N3, and since neither factor is a unit, we must
have Nao = N = 3. This can’t happen: putting o = a + bi, we must have
Na =a?+b*>=0,1, or 2 (mod 4).

(¢) 5= (241)(2—1i). The two factors are irreducible by Prop. 1.2.15. The
integer prime 5 doesn’t remain irreducible in Z[i], but “splits” into a
product of two irreducible factors. Moreover, one irreducible factor is not
a unit multiple of the other. 0

1.2.17 Example. Let’s factor « = 165 + 1114 into irreducibles in Z[i]. If
7 € Z[i] is an irreducible dividing «, then 7 | e = Nav = 39546 = 2-32 - 133.
By Euclid’s Lemma, m must divide 2, 3 or 13. By unique factorization, 7
must be among their irreducible factors in Z[i]:

2 = (—i)(1414)%, 3 is irreducible in Z[i], 13 = (3 + 2i)(3 — 24).

Thus, the factorization of « into irreducible elements is o = (1 4 )*3%(3 +
2i)¢(3 — 2i)? for some a,b,c,d > 0 and ¢ € Z[i]*. Consequently Na =
20913+ so that a = 1,b = 1, c+d = 3, and £(3+2i)¢(3—2i)? = a/(3+3i) =
46 — 9i.
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We could just test all four possible choices of ¢ and d, but it’s easier to be
clever about it. If both ¢ and d were at least 1, we’d have that 13 = (3+2i)(3—
2i) | 46 — 9i, which is clearly not the case. Thus, 46 — 9i is either £(3 + 2i)?
or (3 — 2i)3. To decide which, it’s enough to check whether 3 + 2i | 46 — 9i
or 3 — 2i | 46 — 9i. We find that (46 — 9i)/(3 + 2i) = (120 + 1194)/13 ¢ Z[i,
and (46 — 91)/(3 — 2i) = 12 + bi € Z[i], so that finally

165 4+ 1113 =4 - 3(1 + i) (3 — 2i)®,

where we found € = ¢ simply by dividing. O
We now know enough about Z[i] to answer Fermat’s question from Sec. 1.1.

1.2.18 Theorem. A positive odd prime p € N is a sum of two squares if
and only if p=1 (mod 4).

Proof. Assume that there exist a,b € Z with p = a® 4 b?. As the only squares
modulo 4 are 0 and 1, we must have p =1 (mod 4).

Conversely, take a positive prime p = 1 (mod 4). By Quadratic Reci-
procity, Thm. 1.1.9 (e), there exists an n € Z such that n> = —1 (mod p),
i.e. p | n? + 1. Factoring n? + 1 in Z[i], we get p | (n +i)(n — ). Clearly,
p 1 (n £ i), otherwise the quotient Gauss integer would have imaginary
part +1/p. Thus, p, viewed as an element of Z[i], doesn’t satisfy the con-
clusion of Euclid’s Lemma and therefore can’t be irreducible. Take a non-
trivial factorization p = af with Na # 1 # NfS. Apply the norm to get
p? = N(p) = Na - N3, which forces Naw = N3 = p. Putting o = a + bi, this
translates to p = a® + b2. |

Theorem 1.2.18 is more than an answer to a curious question; it’s essential
to classifying the irreducibles in Z[i].

1.2.19 Theorem. An element © € Z[i] is irreducible if and only if one of
the following conditions is met:

(a) Nw =p is a prime in N, necessarily p =1 (mod 4) or p = 2; or
(b) ® = ep, for e € Z[i]* and p € N is a positive prime congruent to 3
(mod 4).

Proof. We first show that the Gauss integers listed in (a) and (b) are indeed
irreducible. For (a), this follows from Prop. 1.2.15. For (b), assume that p =
af, where «, 8 ¢ Z[i]*. The proof of Thm. 1.2.18 shows that Nao = NS = p.
But then we’d have p = 0,1 or 2 (mod 4), contradicting our assumption that
p=3 (mod 4).

Conversely, assume that 7 € Z[i] is irreducible. Since 7 | 77 = N, Euclid’s
Lemma for Z[i] guarantees that 7 divides some integer prime factor p of
N7 € Z. Then N7 | Np = p?, which happens if either:
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a) Nm = p, so 7 is irreducible by Prop. 1.2.15; or,
y
(b) N7 = p?. Since 7 divides p, n = p/= is in Z[i] and has norm
_Np_p°

Npyp = — =1
" Nr p?

This means that ¢ = 77! is a unit and 7 = ep, as claimed. It remains to
show that p = 3 (mod 4). If p were = 1 (mod 4), then by Thm. 1.2.18
we'd have p = a? + b?> = N7/, for 7' = a + bi necessarily irreducible
by Prop. 1.2.15. Now 7’ and 7 are distinct irreducible factors of p, since
their norms are different. Hence 7’ divides a unit n = p/m, which is a

contradiction. |

Exercises

1.2.15 A triple z,y,z € N is called Pythagorean if z? + y?> = 2z? and
ged(z,y,2) = 1. Show that all such triples are given by » = u? — 0%y =
2uv, z = u? + v?, where u,v € N,u > v, ged(u,v) = 1 and u,v not both odd.

1.2.2. Explain why the two following factorizations into irreducible elements
don’t contradict Unique Factorization in Z[i]: 13 = (3 + 2¢)(3 — 2i) = (2 +
3i)(2 — 34)7

1.2.3. Use the division algorithm in Z[i] to divide with remainder: (a) 3 + 44
by 2 — 3i; (b) 17 — 17¢ by 7 + 64.

1.2.4. Use Euclid’s Algorithm in Z[i] to find ged(12 + 4,8 — 7).

1.2.5. Factor the following into irreducibles in Z[i]: (a) 23, (b) 41, (¢) 3672,
(d) —6 + 184, (e) 145 — 58i.

1.2.6. List, up to units, all irreducible elements of Z[i] with norm < 50.

1.3 Quadratic Integers

The arithmetic in Z[i] is parallel to that in Z because both have a division
algorithm. Its proof in Prop. 1.2.5 relied on the geometric fact that the Gauss
integers are the vertices of a regular tiling of the complex plane by parallel-
ograms. Such a subset of the complex plane is called a lattice.

1.3.1 Definition. A lattice in C is a set of the form
Lk +ZX = {mk+nX:m,n € Z},

where k,A € C\ 0 are noncollinear, i.e., \/x ¢ R.
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We will define lattices somewhat more generally in Ch. 3. For now, you
can think of a lattice as a discrete analog of a vector space with basis {x, A}.

What quadratic numbers other than those in Z[i] deserve to be considered
a generalization of the usual integers, Z? Inspired by the example of Zli],
let’s look for subrings of C that are also lattices. Since a ring must contain 1,
we're after lattices of the form Z + Za which are closed under multiplication.
This happens if and only if o? € Z + Za, giving us the following criterion:

(1.3.2) Z + Za is aring < o + aa + b = 0 for some a,b € Z,

and suggesting our next definition.

1.3.3 Definition. A quadratic integer is an o € C satisfying a®+aca+b=0
for some a,b € 7.

Two important remarks:

(a) The key requirement is that the polynomial in Def. 1.3.3 have coefficients
in Z and be monic, i.e., have 1 as its leading coefficient. Otherwise,
any polynomial with rational coefficients can be scaled up to one with
coefficients in Z by clearing denominators.

(b) Tt is a nonobvious fact that the quadratic integers in the field Q[v/D]
form a ring. We will prove that by first explicitly describing them as a
set, and then observing that this set is closed under addition, additive
inverses, and multiplication.

The enlarging of Z by i to construct Z[i] generalizes to any ring R and
any « an element of a larger ring, or a variable. The smallest ring containing
both R and « is denoted by R[a], read “R-adjoin-a.” Closure properties of
a ring easily imply that

R[] = {ana"™ + ap 10"+ dag:n € Zso,ar € R for all 0 < k <n}.

If « is not a root of any polynomial with coeflicients in R, monic or oth-
erwise, then R[a] is the familiar polynomial ring in the variable o with
coefficients in R.

If o satisfies a monic equation a? + aa + b = 0 with coefficients in R, we
compute o? = —b—aa, a® = a-a? = —ba —aa? = ab+ (a? — b)a, etc. Since
the leading coefficient in the equation satisfied by « is 1, every power of «,
and therefore every element of R[a], is a linear combination of 1 and « with
coefficients in R (an R-linear combination, for short). In particular, we have

Zla] = Z + Za, and we will use both notations.

Exercises

1.3.1. Let p(z) be a polynomial with real coefficients, and o € C. Show that
p(a) = 0if and only if p(&) = 0. Deduce that if p(a) = 0, then p(z) is divisible
by the quadratic polynomial (z — a)(z — &), which has real coefficients.
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1.3.2. Show that (z—(a+bvD)(z—(a—bv/D)) is the unique monic quadratic
polynomial in Q[z] with the root a + bv/D € Q[v/D].

1.3.3. Let @ = a + bi,a,b € Q. Use Exer. 1.3.2 to show that the set of all
quadratic integers in Q[i] is precisely Z[].

1.3.4. Let p(z) = apz™ + ap—12" ' + -+ + ag be a (not necessarily monic)
polynomial with coefficients in Z.

(a) If p(r/s) =0 for r,s € Z,ged(r, s) = 1, show that r | ap and s | ay.
(b) Show that g € Q is a quadratic integer if and only if ¢ € Z.

1.4 The Field Q[v/—3] and the Eisenstein Integers

The notion of a quadratic integer gives us a framework for studying arithmetic
in Q[v-3|.

1.4.1 Proposition. The set of all quadratic integers in Q[\/—3| is Z + Zw,
where w = (1 ++/—3)/2. In particular, this set is a ring, called the ring of
Eisenstein integers.

Proof. By Exer. 1.3.2, the unique monic quadratic polynomial with root a +
bv/—3 is

(x — (a+bvV=3))(x — (a — by/=3)) = 2% — 2az + (a* + 3b°).
Let O be the set of all quadratic integers in Q[v/—3]. By Def. 1.3.3, a+by/—3 €
O if and only if 2a = m, a? + 3b* = k for some m, k € Z. Write b = r/s with
ged(r, s) = 1. Then 12r%/s? = 12b*> = 4k—m? € Z, which implies that s? | 12.
That happens only for s =1 or s = 2.

In either case, we can write a = m/2 and b = n/2 for some m,n € Z. Then
m?2/4 + 3n?/4 = k € Z, which implies m? + 3n? = m? —n? = 0 (mod 4).
Since 0 and 1 are the only squares modulo 4, m and n must have the same
parity: m = n + 2l for some [ € Z. Then

o V=3 14+v=3
a+bv=3 =+ 2V ="J; +nT=l+n+T=l+nw,

showing that O C Z + Zw. Check the reverse inclusion!
Since w satisfies the monic polynomial w? —w +1 = 0, the criterion (1.3.2)
shows that the set Z + Zw is a ring. |

The elements of Z[w] = Z + Zw, depicted by bold dots in Fig. 1.3, form a
lattice inside the complex plane.

1.4.2 Example. You might be wondering: why not simply work in Z[v/—3] C
Q[v/—3], by analogy with Z[i] C Q[i]? Observe that 4 has two inequivalent
factorizations into irreducibles in € Z[v/—3]:

4=2.2=(1+vV-3)(1-V-3).
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Fig. 1.3 The Eisenstein integers, with a fundamental parallelogram shaded in (right), and
an illustration of the division algorithm (left).

While (1 £+/—3)/2 is not in Z[y/—3], it is in fact a unit in Z[w]. Viewed in
this slightly bigger ring, the two apparently inequivalent factorizations of 4
differ only by units:

2-2_(2-”;/__3)-(1_\/__3-2)_(1+\/—_3)(1—\/—_3).

2

This is not an accident; we will soon prove that Z[w] does have unique fac-
torization into irreducibles. In general, working with the biggest lattice-ring
inside a quadratic field gives us the best chance of having some form of unique
factorization, as we’ll see in Sec. 4.8. O

As with Z[i], we begin our study of Z[w] by finding its group of units. We
again use the norm, defined for a = a + bw € Q[v/—3] by
Na = aa = a® + ab+ b,
As in Prop. 1.2.2, the norm is a homomorphism of multiplicative groups
Q[vV-3]* — Q*.

1.4.3 Proposition. The group of units of Z|w] is a cyclic group of order 6,
generated by w:
Zw)* = {1l,w,...,w°}.

Proof. The proof of Prop. 1.2.3 used only the existence of a multiplicative
norm Q[i]* — Q*, and is therefore valid for Q[/—3] as well. As in Prop. 1.2.4,
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we have € = a + bw € Z[w]* if and only if Ne = a” + ab + b*> = 1. Dividing
the last equality by b?, we get

(a)Q n a . 1

b b o2

It’s easy to see that 22 +z +1 > 3/4 for all z € R. On the other hand,
1/b* < 1/4if |b| > 1, forcing b = 0,£1. From this we solve for a to get the
corresponding units in Z[w]:

140-w=uw" 0+1-w=uw, —1+1-w=0w?
140 w=uw?, 1—1-w=uw 0—-1 w=uw’ |

As promised, Z[w] has a division algorithm.

1.4.4 Proposition. For any «, 8 € Z[w], 8 # 0, there exist k, X € Z|w] such
that o = kB + A and NA < Ng.

Proof. We can find an element k € Z[w] such that N(«/5 — k) < 1. This is
clear from Fig. 1.3: o/ lies in some translate of the fundamental parallelo-
gram, and any such translate is be covered by two circles of radius 1. For the
example in the figure, we may take k = 6 + w + 1. Putting A = a — kf3, we
have, as desired,

«

N/\—N(a—nﬂ)—Nﬁ~N<E—ﬂ><Nﬂ. [ |

Now that we have a division algorithm, a chain of propositions entirely
analogous to that in Sec. 1.2 proves the main result on the arithmetic of
Z]w).

1.4.5 Theorem (Unique Factorization for Eisenstein Integers). Any non-
unit element of Z|w] can be written as a product of irreducible elements. Any
two such factorizations are equivalent in the sense of Def. 1.2.8.

Check the following classification of irreducible elements in Z[w|:

1.4.6 Theorem. An Fisenstein integer m € Z[w] is irreducible if and only if
one of the following conditions hold:

(a) N7 =p is a prime in N, necessarily p =1 (mod 3) or p =3; or
(b) ® = ep, where € € Z|w]* and p € N is prime with p =2 (mod 3).
The proof is analogous to that of Thm. 1.2.19. The crucial step is the

answer to a Fermat-type question, “which primes p € N are of the form
p = 2% + zy + y?, for some x,y € Z?”
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Exercises

1.4.1. Show that Z + Zw C O by checking that for any m,n € Z, m + nw is
a root of a monic polynomial in Z[x].

1.4.2. Check the following identities, which enable you to easily compute in
Zw): (a)o=1-w, (b)w?=w-1, (c) w® = -1, (d) N(a+bw) = a? +ab+b>.
1.4.3. We have the following factorizations in Z[w]:

NE VI RV SR

3=

Check that the three factors involved are irreducible. How do you reconcile
this with Unique Factorization in Z[w]?

1.4.4* Find the smallest constant F € R for which the following version of the
division algorithm holds: for any «, 8 € Z[w], 8 # 0, there exist v, € Z[w]
such that o = v+ § and N§ < E - Ng.

1.4.5. Use the division algorithm to divide with remainder: (a) 4 4+ 3w by
1—2w, (b) 17+ 5w by 4 + Yw.

1.4.6. Describe all irreducibles in Z[w] by adapting Thms. 1.2.18 and 1.2.19.

(a) Let p € N be a positive odd prime. Prove that (%3) = 1 if and only if
p=1 (mod 3).

(b) Find the necessary and sufficient conditions for a prime p € N to be of
the form p = 22 + 2y + 32 for some x,y € Z.

(¢) Prove the description of irreducibles in Z[w] given in Thm. 1.4.6.

1.4.7. List, up to units, all irreducible elements of Z]w] with norm < 50.

1.4.8. Find the factorization into irreducibles in Z[w] of: (a) 3, (b) 5, (c) 143,
(d) 9 — 12w, (e) —20 + 25w.

1.5 The Field Q[v/—5]

The rings of integers in the fields Q, Q[é], and Q[v/—3] all have a division
algorithm and therefore unique factorization. This optimistic pattern breaks
down already for Q[v/—5]: we will see below that

(1.5.1) 6=2-3=(1+v=5)(1—V-5)

are two inequivalent factorizations of 6 into irreducibles. Before we can rig-
orously verify that, we need to determine the ring of quadratic integers in

Q[v—5], and its units.
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1.5.2 Proposition. The set of quadratic integers in Q[/—5] is Z + Z~/—5,
which is a ring.

Proof. It’s easy to check that all elements of Z+Z+/—5 are quadratic integers.
Conversely, assume a + bv/—5 € Q[v/=5] is a quadratic integer, so that the
quadratic equation it satisfies, 22 — 2az + (a? + 5b%) = 0, has coefficients in
Z. Then a = m/2 for some m € Z and a? + 5b% = (m? 4 20b%)/4 is in Z. This
implies that 200? = 20r2/s? is in Z, where we wrote b = /s in lowest terms.
As ged(r, s) = 1, this only happens if s? | 20. Thus, s = 1 or s = 2.

Either way, we can write b = n/2 for some n € Z, and get a? + 5b% =
(m? +5n2)/4 € Z. Then m? + n? = m? + 5n% = 0 (mod 4). As the only
squares modulo 4 are 0 and 1, the last congruence is possible only when both
m and n are even. Consequently, a = m/2 and b = n/2 are both in Z, so that
the quadratic integer a + by/=5 is in Z[v/=5].

Finally, Z + Z+/—5 = Z[y/=5] is a ring by criterion (1.3.2), since /=5
satisfies the monic equation 2 + 5 = 0. |

1.5.3 Proposition. Z[/—5]* = {+1}.

Proof. As in the proofs of Prop. 1.2.4 and Prop. 1.4.3, we look for ¢ = a +
byv/=5 € Z[/=5] such that Ne = a? + 5b% = £1. As Ne > 5 when b # 0, we
must have b = 0 and € = a = %1, as claimed. |

1.5.4 Example. We now show that (1.5.1) gives two inequivalent factoriza-
tions of 6 into irreducible elements in Z[y/—5]. Since the only units are 41,
the factors in the first factorization aren’t unit multiples of those in the sec-
ond. It remains to check that 2,3, (1++/=5) and (1 —+/=5) are all irreducible
in Z[/-5].

Suppose that 2 = af3, where o, 3 € Z[y/—5] are both nonunits, i.e.,
Na,NS > 1. Since Na - NS = N(2) = 4, we must have Na = Ng = 2.
Putting o = a + bv/—5, we get a® + 50> = 2 and a® = 2 (mod 5), which
is impossible as the only squares modulo 5 are 0,1 and 4. Therefore, 2 is
irreducible in Z[/—5]. The proof for 3 is analogous.

If now (1 +1/=5) = af is a non-trivial factorization, we have Na - N3 =
N(1 4 +/=5) = 6. Up to renaming, we must have Noa = 2 and N3 = 3, both
impossible by the preceding paragraph. 1

Ernst Kummer was, in the mid-nineteenth century, the first to imagine a
way of salvaging unique factorization by introducing “ideal numbers.” We dis-
cuss them for motivation, so we won’t define them formally. We simply treat
them as objects for which statements about multiplication and divisibility
make sense.

In our case, imagine there existed irreducible ideal numbers Py, P>, Ps and
Py such that

2=PP 3= P3P,
1+v—-5=PPF; 1—+v-5=PFPP,.
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Then the two factorizations of 6 in (1.5.1) would no longer have irreducible
factors, hence wouldn’t be required to be equivalent: after all, 24 = 6-4 = 3-8
is not a counterexample to unique factorization in Z. Rather, they would
really just be rearrangements of a single factorization 6 = Py Po P3 Py:

6= 2 - 3 (14++v=5) - (1 —+/-5)
[ [ [ [
(PLP) - (PsPy) = (P1Ps) - (PaPy)

So, how to define these ideal numbers? We need to make sense of multiplica-
tive statements involving them, such as A | a, where A is an ideal number
and « € Z[v/—5]. Any divisibility worth the name should satisfy, for any

o, 3,6 € Z[V=5),

Ala, Al = Ala+p
Ala = A|&a.

In terms of the set A = {a € Z[v/—5] : A | a}, these conditions simply state
that A is an ideal in the ring Z[v/—5]:

a,fed=>a+pecA
EeZlV->5land a e A = fa € A

Richard Dedekind, in the second half of the nineteenth century, made the
leap from Kummer’s heuristics of ideal numbers to rigorously defined ideals
as the proper object for the study of factorizations. The culmination of his
theory is the following theorem.

1.5.5 Theorem (Unique Factorization of Ideals). Let F = Q[vD] be a
quadratic field and O its ring of integers. For any ideal I of O, other than 0
and O, there exist prime ideals Py, Py, ... P, of O, not necessarily distinct,
such that I = Py Ps ... P,. This factorization is unique up to permutation of
factors.

In Ch. 2 we will develop the background material for the statement and
proof of Thm. 1.5.5. In particular, we will rigorously define prime ideals and
ideal multiplication.

Exercises

1.5.1* By (1.5.1), 6 has two inequivalent factorizations into irreducible el-
ements in Z[y/—5]. This ring therefore can’t have a division algorithm.
See what happens when you try to find v,0 € Z[/=5] such that 3 =
(1 —/=5)y + 6 with N§ < N(1 — /=5).
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1.5.2. Find all inequivalent factorizations of 21 into irreducible elements in
2[v/=5].

1.5.3. Find two inequivalent factorizations of 44 + 10y/=5 into irreducible
elements in Z[y/—5].

1.5.4. Does unique factorization hold in Z[v/11]?
1.5.5. Study the field F' = Q[v/—2] along the lines of Secs. 1.2 and 1.4.

(a) Find the ring of integers O in Q[v/—2].

(b) Show that a division algorithm holds in O.

(¢) Let p € N be an odd prime. Use Quadratic Reciprocity (Thm. 1.1.9) to
show that —2 is a square modulo p if and only if p =1 or 3 (mod 8).

(d) Use part (c) to describe all irreducible elements in O, analogously
to Thm. 1.2.19 and Exer. 1.4.6.

1.6 The Field Q[v/319]

The essential novelty of this example compared to the previous three is that
the field Q[v/319] is a real quadratic field: it’s contained in R, rather than
merely in C. By contrast, Q[i], Q[v/—3] and Q[v/—5] are termed imaginary
quadratic fields. In many ways, the two are similar. For instance, deter-
mining the ring of integers of Q[v/319)] is similar to Props. 1.4.1 and 1.5.2.

1.6.1 Proposition. The set of quadratic integers in Q[v/319] is Z+ Z+/319,
which is a ring.

Given an a = a + bv/319, we define its conjugate in Q[v/319] by the
formula @ = a — bv/319. Conjugation preserves addition and multiplication.
The norm map, defined as before by Noo = aa = a?—319b?, is a multiplicative
homomorphism Q[v/319]* — Q*.

Real quadratic fields have more complicated structure than their imaginary
friends. In Z[y/—5], which is typical, the norm N(a + by/=5) = a® + 5b? is
always positive and increases as we increase |a| or |b|. The equation a?+5b% =
n therefore has only finitely many solutions, and none when n < 0. Moreover,
all solutions can be found by a finite search (e.g., by trying all a, b in the range
la] < /n,|b] < \/n/5). By contrast, N(a + bv/319) = a® — 31962 can be of
either sign, since the terms a? and —319b% pull in opposite directions. This
is at the root of all difficulties in studying arithmetic of real quadratic fields.

For example, to find all units along the lines of Props. 1.2.4, 1.4.3 and 1.5.3,
we would have to find integer solutions to Pell’s equation, z? —319y? = +1.
There are infinitely many of them, the one with the smallest positive  being

r = 12901780, y = 722361.

We're unlikely to find these numbers by trial and error. In fact, we chose to
work in Q[v/319] since their size illustrates the need for an algorithm which
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solves the general Pell’s equation, 2 — Dy? = £1. Such an algorithm awaits
in Ch. 6.

The unit e = 12901780 + 722361\/?@, is called the fundamental unit of
Z[\/319], because we will show that

ZIV319)% = {+e" :n e Z}.

The group of units of every real quadratic fields has this form. In particu-
lar, unlike in the complex case (see Prop. 4.2.7), real quadratic fields have
infinitely many units.

The rings of integers in Q[i], Q[v/—3], and Q[v/=5| are all lattices in C.
By contrast, in Exer. 1.6.4 you will show that Z[v/319] is a dense subset of
the real line: there is no hope of proving the division algorithm by tiling a
plane with parallelograms. In Sec. 5.3 we will learn how to think of the ring
of integers of a real quadratic field as a lattice in a plane. Even that won’t
help with Z[/319], since it in fact doesn’t have unique factorization.

1.6.2 Example. We claim that the equalities
2747 = 4761 = —(2 4+ 3v319)(2 — 3v319)

give two inequivalent factorizations of 2747 into irreducible elements in
Z[v/319).

Suppose 47 is not irreducible, so that 47 = af for some Na, N§ # +1. As
in Ex. 1.5.4, this implies N = N = +47. Put o = a + bv/319 and consider
a? — 319b% = +47. Reducing modulo 29 (because 319 = 11 - 29), we get that
447 is a square modulo 29, which isn’t true:

(%) -Gs) =) - () -G - ()=~ (F)=-(F) -+
The argument for 61 and 2 + 3v/319 is similar.

Finally, these two factorizations don’t differ by units: the norms of the
factors in the first factorization (472 and 612) are different from the norms

of the factors in the second (both —2747). O
Exercises
1.6.1. Prove that the equation 22 — 319y? = —1 has no integer solutions.

1.6.2. Prove Prop. 1.6.1.
1.6.3. Verify the quadratic reciprocity computation in Ex. 1.6.2.

1.6.4. Denote by (n) = n — |n| € (0,1) the fractional part of an irrational
number 1 € R, and consider the set {(kn) : k € Z} C (0, 1). By dividing the
unit interval into n equal subintervals and applying the Pigeonhole Principle,
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find a,b € Z with |a + bn| < 1/n. Conclude that Z + Zn; hence, in particular,
Z[\/D], is dense in R.

1.6.5. Each of the following equations has a small integer solution. Find it
by trial and error, or a computer search:

a) 22 —15y% =1
()

(b) 2® —Ty* =1

(c) 2% —170y% = —1
(d) 22 —170y* =1

1.6.6. For the unit € = a1 + b1V/319, put €” = a,, + b,v/319. Give a recursive
formula expressing @, 41, bn41 in terms of a,, by, a1, and by. This recurrence
gives an elementary proof that the equation x? — 319y? = 1 has infinitely
many solutions.

1.6.7* Show that if the equation z? — 319y?> = n has one solution, it has
infinitely many.

1.6.8F Prove that there is no continuous function ¢ : R — R that restricts to
the conjugation on Q[v/319], i.e., for which ¢(a + bv/319) = a — bv/319 for all
a,be Q.



Chapter 2
A Crash Course in Ring Theory

2.1 Basic Definitions

In Z we can add, subtract, and multiply without restrictions, but we can’t
always divide. That is what makes questions of divisibility and factorization
interesting. To do arithmetic in more general number systems, we abstract
these basic properties of Z to get the definition of a ring.

2.1.1 Definition. A ring (R,+,-) is a set R with two binary operations
(usually termed addition and multiplication) satisfying the following three
azioms:

(a) (R,+) is an abelian group with identity element Op.

(b) The operation - is associative, commutative and has an identity 1, such
that 1g - a = a, for all a € R;

(¢) Multiplication distributes over addition: for all a,b,c € R, we have a-(b+
¢)=(a-b)+ (a-c).

A subring of R is a subset S C R that contains 1i and is closed under
addition, additive inverses, and multiplication. This makes .S a ring in its own
right under the operations inherited from R, with 1g = 1. Unless confusion
is possible, we’ll drop the subscript and write 0 and 1 for Og and 1g.

2.1.2 Definition. A unit in R is an element a € R for which there ezists a
b € R such that ab = 1.

The b in the Definition is unique and is called the multiplicative inverse of
a, denoted a~!. The set R of all units is a group under multiplication.

2.1.3 Example. Let R = Z[\/?] It’s easy to see that ¢ = 1 + /2 is a unit
in R:
—Ne=¢(—8) = (1 +V2)(-1+V2) = 1.

We claim that the powers of € are all distinct, and thus form an infinite set
of units in Z[v/2]. Indeed, if e* = ¢!, then e¥~! = 1. This can only be true

M. Trifkovié, Algebraic Theory of Quadratic Numbers, Universitext, 27
DOI 10.1007/978-1-4614-7717-4_2, © Springer Science+Business Media New York 2013



28 2 A Crash Course in Ring Theory

if k& = [: otherwise, ¢ would be one of the two real roots of 1, namely 1
or —1. (]

Particularly simple and important are rings such as Q, R, and C, in which
we can divide by any nonzero element.

2.1.4 Definition. A ring I is a field if every nonzero element is invertible,
i.e., F* =F\O0.

The focus of this book will be fields of the form Q[v/D].

Exercises

2.1.1. Decide which of the following are subrings of C. Do you see a pattern?

(a) Z + 212
(b) Z + 2153
(c) Z—i—Z%g
(d) Z+ 2=
(e) Z+ 211

2.1.2. Let R and S be rings. Show that componentwise addition and multi-
plication make R x S = {(r,s) : r € R,s € S} into a ring.

2.1.3. Prove that the ring Z/nZ is a field if and only if n = p, a prime. When
we want to emphasize that we are considering Z/pZ as a field, rather than
merely an abelian group, we write F,, instead of Z/pZ.

2.1.4. Let R be aring. For n € Z and a € R, we formally define the following
intuitive operation: n-a = a+--- +aifn > 0,0-a = Og, and n-a = (—n)-(—a)
if n < 0. We define the characteristic of R, denoted char R, as follows.
If n-1p # 0g for all n € Z )\ 0, we put char R = 0. Otherwise, char R is the
smallest positive integer n for which n- 15 = 0.

(a) Find the characteristics of the following rings: (a) C; (b) Z/nZ; (c)
(Z/nZ)|x); (d) Z/nZ x Z/mZ.
(b) For a field F, prove that char F' is 0 or a prime number.

2.1.5. Here we get to know a noncommutative ring that will make a cameo
appearance in our investigations.

(a) For k € N, let Myxr(Z) be the set of k x k matrices with entries in Z,
equipped with the usual matrix addition and multiplication. Show that
(Myxk(Z),+, ) satisfies all the ring axioms except the commutativity of
multiplication.
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(b) A unit in My« (Z) is any a with a two-sided inverse: ab = ba = 1 for some
k x k matrix b. Denote the unit group My, (Z)* by GLk(Z). Prove that

b
GLQ(Z):H“ d} ca,b,e,d €7, ad—bc:il}.

C

(¢) Find a necessary and sufficient condition for a,b € Z to appear in the
top row of a matrix [2 5] € GLa(Z).

2.2 Ideals, Homomorphisms, and Quotients

In Ch. 1 we hinted at the importance of ideals to arithmetic. Their role in
ring theory is analogous to that of normal subgroups in group theory.

2.2.1 Definition. Let R be a ring. An ideal I C R is an additive subgroup
that absorbs multiplication: if a € R and x € I, then ax € I.

Most of the ideals in this book will be of the form Za +ZS = {ma+np :
m,n € Z} for some «, 8 € C, termed generators.

2.2.2 Example. We will show that I = Z -7 + Z(3 + v/—5) absorbs multi-
plication by Z[v/—5|. It suffices to check that /—5I C I, which we check on
the generators:
V=>5-T=(=3)-T+73+vV-5) el
V=5-B34+V-5)=-5+3V-5=-2-T4+30B8+VvV-5) el 0

We're also interested in functions that respect the ring structure.

2.2.3 Definition. Given rings R and S, a function ¢ : R — S is a ring
homomorphism if it meets the following conditions for any a,b € R:

(a) ¢(a+b) = p(a) +p(b)
(b) w(ab) = ¢(a)p(b)
(¢) p(1r) =1s
If ¢ is one-to-one and onto, it is called a ring isomorphism. If an iso-
morphism exists between two rings R and S, we say they are isomorphic

and write R = S.
The notion of kernel links ideals and ring homomorphisms.

2.2.4 Definition. The kernel of a ring homomorphism ¢ : R — S is
kero ={a € R: ¢(a) = 0g}.
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It’s easy to check that ker ¢ is an ideal. It measures how far ¢ is from being
injective, in the sense that ¢ is one-to-one if and only if ker ¢ = 0. When ¢
is onto, we can reconstruct it from its kernel by means of the quotient ring
construction.

Given a ring R and its ideal I, we define an equivalence relation ~ on
R by a ~ bif a—b € I. The equivalence class of a € R is the coset
a+1={a+x:z eI} Theset of all cosets, i.e., the partition of R defined
by ~, is denoted by R/I = {a+ 1 :a € R}.

2.2.5 Proposition-Definition (Definition of a Quotient Ring). Let I be an
ideal of a ring R. The expressions

(a+ 1)+ (b+1)=(a+b)+1
(a+D)(b+1)=(ab)+ T

are well-defined operations that make R/I into a ring.
The function w : R — R/I defined by w(a) = a + I is a surjective ring
homomorphism.

Proof. When we write an element of R/I as a + I, we are in fact choosing
a representative of this coset, namely a. Any other o’ € a + I would do, as
a'+1=a+I. We need to check that the two operations, defined in terms of
arbitrary coset representatives, in fact depend only on the cosets themselves.

We do this for multiplication, and leave the rest to you. If a+ I =d' + I
and b+ 1 = + I, we need to show that ab+ I = a’b’ + I. By the definition
of cosets as equivalence classes, we have a — a/,b — ' € I. As I absorbs
multiplication, we get ab — a'd’ = a(b—b') +b'(a —d’) € I. |

2.2.6 Theorem (First Isomorphism Theorem for Rings). Let ¢ : R — S be
a ring homomorphism. The assignment a + ker ¢ — (a) gives a well-defined
ring isomorphism @ : R/ ker ¢ — ¢(R) that satisfies ¢ = wo @. We say that
¢ is induced from .

2.2.7 Example. Take R = Z and I = 5Z. We usually think of Z/5Z as
the set {0,1,2,3,4}. To reduce a € Z modulo 5, we find 5k € 5Z for which
a+ 5k € {0,1,2,3,4}. O

This generalizes to computing an arbitrary quotient R/I. Since a + I =
a+x + I for all z € I, we look for an x € I that makes a + = as simple as
possible. We often refer to a + I as “a modulo I.”

2.2.8 Example. It’s not hard to check that I = Z - 11 + Z(4 — \/5) is
an ideal of the ring R = Z[\/g] Fix a = k + V5 € R, and look for z =
m - 11 +n(4 — /5) € I for which

a4z = (k+11m+4n)+ (I —n)V5

is as simple as possible. A natural choice would be to take n = [, so that a+x
is in fact in Z. That integer changes by a multiple of 11 as we vary m. We pick
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m so that k+414+11m € {0, 1,2,...,10}. Thus, each coset has a representative
in {0,1,2,...,10}, which strongly suggests (but doesn’t prove!) that R/I =
ZJ11Z.

For a rigorous proof we use Thm. 2.2.6 and look for a surjective ring
homomorphism ¢ : R — Z/11Z with kernel I. Any such homomorphism
satisfies ©(v/5)2 = ¢(5) =5 (mod 11). Since 4> =5 (mod 11), we can easily
check that ¢(x+yv/5) = x+4y (mod 11) is the desired ring homomorphism.

To illustrate, let’s reduce o = 2 + 3v/5 modulo I. Here k = 2,1 = 3, so
n=3andm=—1: (2+3V5) + ((—1)-11 +3(4 — V/5)) = 3. Thus, a = 3
(mod I), which we also see from (2 +3v5) =2+3-4=3 (mod 11). O

2.2.9 Example. Now take R = Z[i],I = 3Z[i{]| = Z -3+ Z - 3i. Take a =
k +1li € R and look for © = 3m + 3ni € I which makes
a+z=(k+3m)+ (l+3n)
as simple as possible. We can’t always kill the imaginary part, but we can
make it 0,1, or 2. We similarly adjust the real part to get
R/IT={k+1li:k1e{0,1,2}},

at least as sets. In fact, R/I = 7Z/37 x Z./37Z, the isomorphism being induced,
as in Thm. 2.2.6, by the homomorphism

¢0:R—=Z/3Zx7/3Z, (k+1i)=(kmod 3, mod 3). O

In both examples, we’re really only determining the additive group struc-
ture of the quotient R/I. Its multiplication is determined by the multiplica-
tion in R, as in Prop.-Def. 2.2.5. We will develop a systematic method for
computing similar quotients in Sec. 3.4 .

Exercises

2.2.1. Let X C R be an arbitrary subset of a ring R. Prove that the smallest
ideal containing X, called the ideal generated by X, is given by

k
(X) = {Zrixi :keN,r, €R,x; eX}.

i=1
2.2.2. Let R = Z[19] and put I, = Z - 5 + Z(b + v/19) for b € {0,1,2,3,4}.
Which of the five I, are ideals of R?
2.2.3. Find all values of a € N for which Z - a + Z(9 4+ v/26) is an ideal of the
ring R = Z[v/26].

2.2.4. Let ¢ : R — S be a ring homomorphism. Show ¢ is injective if and
only if ker ¢ = 0.
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2.2.5. Let R be a ring. Show that there is exactly one ring homomorphism
¢ : Z — R, and that char R (see Exer. 2.1.4) is the non-negative generator of
the ideal ker .

2.2.6. Let R be aring with p elements, for p prime. Show that R is isomorphic
to Z/pZ.

2.2.7F Let R be a ring of prime characteristic p. Show that the function from
R to itself given by a + a? is a ring homomorphism, called the Frobenius
endomorphism.

2.2.8. Prove Prop.-Def. 2.2.5 and Thm. 2.2.6.

2.2.9. Let 0: R — S be a surjective ring homomorphism, and let I be an
ideal of R. Show that the assignment a+ I — (oa)+ o (I) gives a well-defined
ring homomorphism o mod I: R/T — S/o(I).

2.2.10. Let I be an ideal of a ring R, and let 7 : R — R/I be the ring
homomorphism from Prop.-Def. 2.2.5. Prove that the assignment J — 7~ 1.J
gives a bijection between the set of ideals of R/I and the set of ideals of R
containing I.

2.2.11. For both examples Ex. 2.2.8 and Ex. 2.2.9, check that ¢ is an onto
ring homomorphism with kernel 7. Find all other such homomorphisms.
2.2.12. In Ex. 2.2.9, we determined the additive group structure of Z[:|/3Z]i].
Write down its multiplication table, as determined by Prop.-Def. 2.2.5. (Since
we know multiplication is commutative, you only need to fill in half the table.)
What are the units in Z[i]/3Z][i]?

2.2.13. Given a ring R and a subset I C R below, prove that I is an ideal.
Then imitate Ex. 2.2.8 to guess the quotient R/I, prove your guess is correct
using the First Isomorphism Theorem 2.2.6, and finally reduce the given o
modulo I:

(a) R=Z[V22], I=Z - T+ Z(1++22), a =5 — 422
(b) R=Z[\V46], I = 7 - 23 + 7\/46, o = —15 + 29\/46

2.2.14. This is the first in a series of exercises that show how ideals resolve
the failure of unique factorization of 6 in Z[v/—5], Ex. 1.5.4, along the lines
envisaged by Kummer.

(a) Show that the following sets are ideals of Z[\/—5]:

P =7-24+7Z(1++V-5),
P,=7-3+Z(1+v-5),
Py =7-3+Z(-1++v-5).
(b) For any X C C, we put X = {z: z € X}. Show that P, = P, and
Py, = Ps.

(c) Compute the quotient Z[v—5]/P; for i = 1,2,3. (Continued in
Exer. 2.3.6.)
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2.2.15. Let F be a field. List all ideals of F'. Deduce that any ring homomor-
phism from F to a ring R is injective.

2.2.16. Let K be a subfield of L.

(a) Prove that L is a K-vector space.

(b) Let f: L — L be a ring homomorphism. Prove that f is a K-linear
transformation if and only if f(k) =k for all k € K.

(¢) Assume dimg L < oo. Let f: L — L be a ring homomorphism fixing
K pointwise as in part (b). Prove f is bijective, and therefore is a ring
isomorphism.

2.2.17. Let F be a field with finitely many elements. By Exer. 2.1.4(b)
char F' = p, a positive prime. Exer. 2.2.5 then defines a ring homomorphism
Z/pZ — F. Deduce from this, using Exer. 2.2.16, that F' has p™ elements,
for some n.

2.3 Principal Ideals

Divisibility in a general ring R is just as interesting as in Z. For a,b € R, we
say that a divides b, written a | b, if b = ac for some ¢ € R. If an ideal I of
R contains a, then by the absorption property it must contain all elements
divisible by a. In other words, Ra C I, where

Ra = {ra:r € R}.

It’s easy to check that Ra is itself an ideal, hence the smallest ideal
containing a.

2.3.1 Definition. An ideal I of R is a principal ideal if I = Ra for some
a € R. Any such a is called a generator of I.

If the ring R is fixed, we sometimes write (a) for Ra, in keeping
with Exer. 2.2.1. When R = Z and the generator is a specific number,
we follow tradition and write the generator on the left, e.g., 3Z instead of Z3.

2.3.2 Example. Let R be the ring Z[v/—5]. We claim that its ideal I =
Z-7T+7Z(3+ +—5) from Ex. 2.2.2 is not principal. If I had a generator «, we
could find v, € R such that

7=~a and 3+ V-5 = da.
Taking the norm, we get two multiplicative identities in Z,
49 = Nv - Na and 14 = N§ - Ne,

which imply Na | ged(49, 14) = 7. The equation N(z+yv/—5) = 22 +5y%> = 7
has no solution in Z, so Nao = 1, « is a unit, and I = Ra = R. To arrive at
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a contradiction, it suffices to show that 1 ¢ I. This is because the equation
1=a-74+b(3+ +/—5) has for its only solution a =1/7¢ Zand b=0. O

The notion of a principal ideal is most useful when dealing with rings
similar to Z.

2.3.3 Definition. A ring D is an integral domain if it has no zero-divisors:
for all a,b € D with ab= 0, we have a =0 or b= 0.

Integral domains are precisely the rings in which cancellation holds: for
all a,b,¢c € D with a # 0, ab = ac implies b = ¢. Any subring of a field F' is
an integral domain: the equality ab = ac remains valid in F', where we can
cancel a by multiplying both sides by a=! € F. For an example of a ring that
isn’t an integral domain, consider Z/6Z: in it, 2-3 = 0, while 2 # 0 and 3 # 0.

You can easily check the following basic properties of principal ideals.

2.3.4 Proposition. Let R be a ring and a,b € R.

(a) Ra = R if and only if a € R*.

(b) The following three statements are equivalent: (i) a | b; (i) b € Ra; (iii)
Rb C Ra.

(c) Assume that R is an integral domain. Then Ra = Rb if and only if
a = bu, for some u € R*.

2.3.5 Definition. A principal ideal domain (PID) is an integral domain
in which every ideal is principal.

The prototypical PID is Z. Other familiar PIDs include any field F', as well
as its polynomial ring F'[z]. In fact, all three satisfy the stronger property of
having a version of the division algorithm.

2.3.6 Definition. Let D be an integral domain. A Euclid size on D is a
function v : D\ 0 — Z>o with the following property: for any a,b € D,b# 0,
there exist q,7 € D such that a = bq + r, and either r = 0 or v(r) < v(b).
The integral domain D is called a Euclid domain if there exists a Fuclid
size on it.!

2.3.7 Example. Here are the Euclid sizes for the three families of PIDs
mentioned before Def. 2.3.6:

(a) v:Z\0— Z>o, v(n)=|n|

(b) v: F\0—Z>o, v(z)=1

() v:Flz]\0— Z>o, v(f(z))=degf(z)

In the last example, the degree of the zero polynomial is not defined, which
is why the general definition excludes 0 from the domain of v. O

L This is slightly nonstandard terminology. A Euclid size is commonly termed a “Euclidean
norm,” and a ring equipped with one a “Euclidean domain” We prefer the term “Euclid
size” to avoid confusion with the field norm Na = aa.
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The argument of Lemma 1.2.11 for Z[i] generalizes to show that an arbi-
trary Euclid domain is a PID. Indeed, the proofs of unique factorization in
Z, Z[i] and Z|w] follow the same outline:

Division algorithm =- All ideals are principal = Euclid’s algorithm
= FKuclid’s lemma = Unique factorization.

This train of thought proves unique factorization in both a Euclid domain
and a PID; the Euclid domain merely boards it at the first stop (the division
algorithm), the PID at the second. Since there are many more PIDs than
Euclid domains, we will organize our study of arithmetic around the question,
when is the ring of integers in a quadratic field a PID? For an example of a
PID that can’t be equipped with a Euclid size, see Exer. 2.3.9.

Exercises

2.3.1. Show D is an integral domain if and only if ab = ac implies b = ¢ for
all a,b,c € D,a # 0.

2.3.2. Prove Prop. 2.3.4

2.3.3* For a nonsquare D € Z, prove that Q[v/D] = Q[z]/(z* — D).

2.3.4. Put § = 2422 and R = Z + Z4.

(a) Prove that R is a ring.

(b) Prove that I =Z -3+ Z(1 — §) is an ideal of R.

(¢) Prove that I isn’t principal.

2.3.5. Let R = Z[v/2]. Find «, 8 € R for which (3 — 7v2) = Za + Z8.

2.3.6. Prove that the ideals Py, P», P from Exer. 2.2.14 are all nonprincipal.
(Continued in Exer. 2.4.7.)

2.3.7. Show that the three functions of Ex. 2.3.7 are indeed Euclid size func-
tions on their respective rings.

2.3.8. Let D be a Euclid domain with size function v : D\ 0 — Z>o.

(a) One often additionally requires that v(a) < v(ab) for all a,b € D\ 0, and
calls such a v a strong Euclid size. If D is a Euclid domain with size
v, show that the formula

V' (a) = min{v(az) : x € D\ 0}

defines a strong Euclid size on D. We may therefore assume that every
Euclid domain has a strong Euclid size without losing generality.

(b) Under that assumption, put m = min{r(a) : a € D\ 0}. Describe the set
of elements of smallest size, {u € D\ 0: v(u) = m}.



36 2 A Crash Course in Ring Theory

2.3.9* In this exercise, we show that D = Z[*/~] is not a Euclid domain.
We argue by contradiction, assuming that there is a strong Euclid size v
on D.

(a) Find DX.

(b) Show that 2 and 3 are irreducible in D.

(c) Let a € D have the second-smallest size, i.e., next-smallest after the m
of Exer. 2.3.8(b). What does Exer. 2.3.8(b) tell you about the size of
D/Da?

(d) Deduce a contradiction to (b) by showing that a | 2 or a | 3.

We will see in Ex. 5.4.3 that Z[*4=""] is a PID.

2.3.10. Let K be an arbitrary field. Use the division algorithm on K[x] to
show that a polynomial of degree d in K[z] can have at most d roots in K.

2.3.11. Let K be a finite field. Since K* is a finite abelian group, it is iso-
morphic to a product of cyclic groups,

(2.3.8) K* 2 Z)d\7 x T)dsZ x -+ x T/ d, Z,

where the d; € N satisfy d,. | d.—1 | --- | d1. We will show that K* is cyclic
by showing that d; = |K*|, and therefore i = 1.

Assume that dy < |K*|. Then by the divisibility condition after (2.3.8),
we have that % = 1 for all z € K*. Show that this contradicts Exer. 2.3.10

2.4 Operations on Ideals

We will extend various multiplicative notions from ring elements to ideals,
much as Kummer envisaged for his ideal numbers. Our first definition is
motivated by Prop. 2.3.4(b).

2.4.1 Definition. Let I and J be ideals of a ring R. If J C I, we say that I
divides J and write I | J. In the special case when J = Ra is principal, we
write I'| a for the equivalent statements I | Ra and a € I.

“Divide and con(tain)” is a mnemonic to help you remember that I | J
is simply an alternative notation for I O J. The redundancy allows us to
systematically translate statements about divisibility of numbers into con-
jectures about containment of ideals, which are usually easier to prove.

2.4.2 Example. Consider the transitivity of divisibility in Z:
(2.4.3) Ifa|band b|c,thena|c.
A plausible generalization to ideals I, J, K in a ring R would be:

(2.4.4) IfI|Jand J| K, then I | K.
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This statement is merely analogous to the true statement (2.4.3). To prove
it, we replace | with O, which reduces (2.4.4) to the usual transitivity of
inclusion

IfI>JandJ D K,then I O K.
For more examples, see Exer. 2.4.5. (|

To extend the analogy between ideals and numbers, we define some
multiplication-related operations on ideals in a ring R.

2.4.5 Definition. For two ideals I and J of R, we define the following sets,
each of which is itself an ideal:

I+J={ax+y:zecl,ycJ}
INdJ={x:xz€l andx € J}
1= {30 vy cwy € Ly € T}

Remarks:

(a) The ideal I 4 J is the smallest ideal containing both I and J. In the
language of divisibility, it is the biggest ideal dividing both. We therefore
think of 7+ J as the greatest common divisor of I and J (and not as the
analogue of addition of numbers).

(b) In particular, if I + J = R, we say that I and J are relatively prime
ideals. This happens if and only if there exist x € I and y € J with
r+y=1

(¢c) Similarly, we think of T N J as the least common multiple of T and .J.

(d) The definition of IJ is the least transparent of the lot. You might be
tempted to define the product of I and J as the set of all products zy,
where x € I and y € J. Alas, this set is not closed under addition. As we
defined it, I.J is the smallest ideal containing all products xy as = ranges
over I and y over J.

(e) The definition of I.J extends multiplication of ring elements to ideals, in
the sense that (Ra)(Rb) = R(ab).

2.4.6 Example. Let R = Z[V/19]. Check that the following are ideals in R:
I=7-247Z(14+V19), J=7Z-3+Z(2+V19).

By definition, IJ contains the four products of a generator of I with a gen-
erator of J:

2.3=6
2-(2+V19) =4 +2V19
(1+V19)-3=3+3V19
(1+19)(2 + V19) = 21 + 3V19.

(2.4.7)
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A generic product (7-2+s(14++v/19))(¢-3+u(24++/19)) is a Z-linear combination
of the four elements above:

IJ = {k-6+1(3+3V19) + m(4 + 2v19) + n(21 + 3v19) : k,I,m,n € Z}.

We would like to write I.J in the form I.J = Za + Z(b + +/19). To this end,
we look for relations among the generators listed in (2.4.7).

We observe that —1 + /19 = (3 +3v/19) — (4 +2V/19) € 1.J, and that the
last three generators in (2.4.7) are Z-linear combinations of 6 and —1 4 /19:

34+ 3V19 =6+ 3(—1 + V19)
442V19 = 6 + 2(—1 +V19)
214 3V19 =46+ 3(—1 4+ V19).

We conclude that I.J = Z- 6+ Z(—1++/19). Similarly, one finds that I +.J =
{k-2+1(1+vV19)+m-3+n(2+V19) : k,I,m,n € Z}. In particular, I + J
contains 3 — 2 =1, so that I + J = R and I and J are relatively prime. [

The procedure for finding relations among the generators in the example
may seem ad hoc, but it is clearly pure linear algebra, which we will study
in depth in Ch. 3.

Many results about division and congruences in Z turn out to be special
cases of ideal-theoretic propositions. As an example, the Chinese remainder
theorem in Z follows from the following general result.

2.4.8 Proposition (The Chinese Remainder Theorem). Let I and J be two
relatively prime ideals of a ring R. Then

R/IJ = R/Ix R/.J.

The ring structure on the product is given by componentwise addition and
multiplication.

Proof. Our only general tool for proving that two rings are isomorphic is
the First Isomorphism Theorem (Thm. 2.2.6). It will imply the proposition
once we construct a surjective homomorphism ¢: R — R/I x R/J whose
kernel is precisely I.J. The natural candidate is the homomorphism ¢(a) =
(a+1,a+J).

In a much-used move, we deduce from I + J = R that there exist z € I
and y € J such that z+y = 1. Pick any a,b € R. Asbx+ay = br+a(l—z) =
b(1 — y) + ay, we find that

pbr +ay)=(a+zb—a)+I,b+yla—b)+J)=(a+I1,b+J),

and ¢ is indeed onto.
Observe that ¢(a) = (a+1,a+J) = (I, J), the zero element in R/I x R/ J,
if and only if @ € I and a € J. In brief, ker p = I N J, so the proposition will
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be proved once we show that I N.J = I.J. The inclusion D holds in general.
As for C, take any a € I N J. Using the x and y as above, we see that

a=a-l=alx+y)=ar+ay el [ ]

2.4.9 Example. Let’s take R = Z, [ = 12Z, and J = 17Z. The two ideals
are relatively prime, since

(2.4.10) 1=ged(12,17) = (=7)-12+5-17 € [ + J.

The elementary version of the Chinese Remainder Theorem has two parts.
The first part asserts that for any r,s € Z, there exists an a € Z satisfying
both congruences

(2.4.11) a=r (mod12)and a =s (mod 17).

That is just the restatement of the surjectivity of the homomorphism ¢(a) =
(a mod 12,a mod 17) of Prop. 2.4.8. The second part, which claims that a
is unique modulo 12 - 17, is equivalent to the injectivity of ¢.

Solutions to the two particular systems,

aip=1 (mod 12), a;p=0 (mod 17), and
apg =0 (mod 12), ap1 =1 (mod 17),

can be read off from the result of Euclid’s Algorithm in (2.4.10): a9 = 5 -

17, a01 = —7-12. The solution to an arbitrary system of congruences (2.4.11) is
then a linear combination of these two particular solutions: a = raig+ sag1 =
85r — 84s. ]
Exercises

2.4.1. Check that the three operations of Def. 2.4.5 indeed produce ideals.

2.4.2. (a) Let I and J be ideals of a ring R. Show that I U J is an ideal of R
if and only if either I C J or J C I.

(b) Let I; € I C --- be an ascending chain (finite or infinite) of ideals in
R. Prove that U,,>11,, is an ideal.

2.4.3. Let I,J, and K be ideals of a ring R. Prove the following identities:
(a) I+J=J+1,1J=JI

(b) I+T)+K=1I+(J+K),(IJ)K =I(JK)

(¢) [+ )K =IK+ JK

(d) IR=RI=1
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(e) If IJ = R, then I = J = R. In other words, R is the only ideal with an
inverse for ideal multiplication.
(f) I C J, then IK C JK.

2.4.4. An ideal T of a ring R is finitely generated if I = (X) for a finite
subset X = {z1,...,2,} € R (for notation, see Exer. 2.2.1). Prove that
I =Rz + -+ Rx,.

2.4.5. Here is a list of true statements about the integers:

(a) 1]al0

(b) If ¢| a and ¢ | b, then ¢ | ged(a, b).

(¢) If a|cand b |c, then lem(a,b) | c.

(d) a|bif and only if b = ac for some ¢ € Z.

(e) ab =lcm(a,b) ged(a, b)

(f) A chain of divisors in Z is a sequence aj,as,... € Z satisfying as |
a1,as | as, etc. Any chain of divisors stabilizes: there is an ng € N such
that a,+1 = a,, for n > ny.

Following Ex. 2.4.2, translate these statements into conjectures about ideals
in aring R, and state them in terms of both ideal divisibility and containment.
If you like a challenge, decide which of the resulting conjectures are true (and
give a proof), and which aren’t (and give a counterexample).

2.4.6. Consider the ring R = Z[/7] and its two subsets
I=Z-6+Z(2+2V7), J=2Z-21+Z(7T+ V7).

Check that both are ideals. Write the ideals I + J, IJ and I N J as lattices
of the form Za + Z(b + ¢\/7).

2.4.7. Recall the ideals Py, P» and Ps from Exer. 2.2.14. Denote by («a) the
principal ideal generated by o € Z[v/—5]. In the following diagram, check the
vertical equalities by performing the indicated ideal multiplications:

6) =(2)- (3) =(14+v=5)-(1-y=5)
[ | [
P?.PPs= PP, - PP

These identities almost resolve the apparent failure of unique factorization of
6 in Z[v/—5], following Kummer’s program of Sec. 1.5. All that is left is to
show that Py, P,, P3 are “prime,” which awaits in Exer. 2.5.5.

2.4.8. Let I,J, and K be ideals in a ring R. Assume that I +J = R, T | K
and J | K. Prove that I.J | K.
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2.5 Prime and Maximal Ideals

Before we generalize unique factorization to ideals, we need to decide which
among them are the right analog of prime numbers.

2.5.1 Definition. An ideal M of R is maximal if M # R and R is the
only ideal strictly containing M .

In other words, if I is an ideal with M C I C R, then either I = M or
I =R.

2.5.2 Definition. An ideal P of R is prime if P # R and if, for all a,b € R,
ab € P implies a € P orbe P.

In terms of ideal divisibility (Def. 2.4.1), an ideal P # R is prime if, for
all a,b € R,

P | ab implies P | a or P | b.

Prime ideals thus satisfy a generalization (a la Kummer) of Euclid’s lemma.
By definition, R itself is neither a prime nor a maximal ideal.

2.5.3 Example. Let p € N be prime. The following chain of implications
shows that Zp is a prime ideal of Z:

abeZp = plab = plaorp|b = a€ZporbeLp.

In fact, Zp is also maximal. Suppose that an ideal Za satisfies Zp ; Za, or,
in elementary terms, a | p and a # p. Since p is prime, @ must be +1, so that
Za = Z, as required by Def. 2.5.1.

On the other hand, Z - 6 is not a prime ideal of Z: 2 -3 is in Z - 6, but
neither 2 nor 3 is. O

The following pair of propositions characterizes maximal and prime ideals
in terms of their quotients.

2.5.4 Proposition. An ideal P g R is prime if and only if R/P is an

integral domain.

Proof. In the diagram

(a+P)(b+P)=0+P=(a+P=0+Porb+P=0+P)

) 0 )

ab € P = (aeP or beP)

the top row is the statement that R/ P is an integral domain, while the bottom
row asserts that P is a prime ideal. The two statements are equivalent since
their constituents are, by the definition of the quotient ring R/P. |

2.5.5 Proposition. An ideal M ; R is mazimal if and only if R/M is a
field.
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Proof. Let M g R be a maximal ideal and a+ M € R/M a nonzero element.
This means that a ¢ M, so that we have a strict inclusion M & M + Ra.
The maximality of M implies M + Ra = R, giving usan m € M and b € R
such that m + ba = 1. Then

b+M)a+M)=ba+M=(1—-m)+M=1+ M,

and a+ M has a multiplicative inverse, b+ M. For the converse, simply reverse
the argument. |

2.5.6 Corollary. Any mazimal ideal is a prime ideal.

Proof. Tf M is a maximal ideal of R, then R/M is a field. In particular, R/M
is an integral domain, so that M is a prime ideal. |

Conversely, when is a prime ideal maximal? The corollary to the follow-
ing proposition gives a sufficient condition that will be satisfied in rings of
quadratic integers.

2.5.7 Proposition. Let D be a ring with finitely many elements. Then D is
an integral domain if and only if D is a field.

Proof. Assume that D is an integral domain and take a € D\ 0. Consider the
homomorphism of additive groups p, : (D,+) — (D, +) defined by p,(x) =
ax. As D is an integral domain, we find that

kerp, = {x € D:ax =0} =0.

This means that i, is injective and therefore also surjective, since D is finite.
In particular, there exists a b € D such that u,(b) = ab = 1. Thus, each
nonzero element of D is invertible, which makes D a field. The converse is
trivial, as every field is an integral domain. |

2.5.8 Corollary. Let P be a prime ideal of a ring R. If R/P is finile, then
P s a maximal ideal.

As suggested in Ch. 1, we are shifting the focus of arithmetic from elements
to ideals. It is nevertheless interesting that a direct generalization of prime
numbers to an arbitrary integral domain yields a somewhat more general
notion than the requirement that Euclid’s lemma be satisfied.

2.5.9 Definition. Let D be an integral domain and p € D\ D*.

(a) p is irreducible if, for all a,b € R, p = ab implies either a € D* or
beD*.
(b) p is a prime element if, for all a,b € R, p | ab implies p | a or p | b.

Check the following basic consequences of the definition.

2.5.10 Proposition. Let D be an integral domain.
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(a) An element p € D is prime if and only if Dp is a prime ideal.
(b) Any prime element of D is irreducible.

The converse of (b) is not generally true.

2.5.11 Example. We saw in Ex. 1.5.4 that 3 is irreducible in Z[v/—5]. Tt is,
however, not a prime element of Z[v/—5]: 3 | (14++v/—=5)(1 —+/—5), but 3 does
not divide either factor. O

Exercises

2.5.1F Let P be an ideal of a ring R. Show that P is a prime ideal if and
only if the following analog of Euclid’s lemma holds for any two ideals I and
J of R:

P|1Jifandonlyif P|Ior P|J.

2.5.2. Prove Prop. 2.5.10.

2.5.3. Prove that a ring R is an integral domain if and only if {0} is a prime
ideal of R.

2.5.4. In each example, decide whether I is a prime ideal of R. If it isn’t, find
a prime ideal P D I:

(a) R [\/1_], I =7-35+7(7+14)
(b) R=2Z[V-33], [=7-7+7Z(4++/-33)
Z|
Z]

(c) R=2Z[M2L) [=17-85+7(9+ y2L)

(d) R=Z[V35], I=17-1+Z(—5+/35)

2.5.5. To conclude the series of exercises the factorization of 6 in Z[\/—5],
show that the ideals Py, P», P3 of Exer. 2.2.14 are all prime. Use your calcu-
lation from part (c) of that exercise.

2.5.6. Let R be a PID. Show that each nonzero prime ideal P of R is maximal.
2.5.7. Let R = Clz, y], the ring of polynomials in two variables with coeffi-

cients in C. Show that Rx + Ry is a maximal ideal, and that Rz is a prime
ideal that isn’t maximal.

2.5.8* Prove that there are infinitely many prime ideals in Z[v/D], for any
D € Z which isn’t a complete square.

2.5.9. Let M be a maximal ideal of a ring R.

(a) Show that M is the only maximal ideal of R if and only if R* = R\ M.
In that case, R is called a local ring.

(b) Show that R/M™ is a local ring with a unique maximal ideal that is
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2.5.10. Let R be a local ring with maximal ideal M.

(a) Check that 1+ M™ is a subgroup of R*.

(b) Show that reduction modulo M defines a surjective group homomorphism
R* — (R/M)* with kernel 1 + M.

(c) Prove that 1 +m + M"™*! — m + M™™! is an isomorphism between
the multiplicative group (1 + M™)/(1 + M™*!) and the additive
group M™/M"+1. Show that the latter group has the structure of
an R/M-vector space.



Chapter 3
Lattices

3.1 Group Structure of Lattices

Most of the rings and ideals we saw in Ch. 1 are lattices, such as Z + Z/—5
and Z - 7+ Z(3 + v/=5). We can roughly think of them as “vector spaces
with coefficients in Z,” and explore them with the tools of linear algebra.
For this we’ll need a simple bit of terminology. Let V' be a complex vector
space and R any subring of C. A linear combination ajvy + -+ + a,v, € V
with coefficients a; € R is said to be R-linear, or defined over R. Similar
terminology applies to other linear algebra constructs: we talk of R-linear
transformations, linear (in)dependence over R, etc.

Crucial to the proofs of the division algorithm in Z[i] and Z[w] was the
geometry of lattices as subsets of a plane, a two-dimensional real vector
space such as R? or C.

3.1.1 Definition. LetV be a plane. A lattice A C V is an additive subgroup
of V' of the form A = Zvy + Zvy = {avy + bus : a,b € Z}, where the vectors
v1,v2 € V are linearly independent over R, i.e., noncollinear. Any such pair
{v1,v2} is called a basis of A.

To shed light on this definition, we give two examples. The first is a lattice;
the second is not.

3.1.2 Example. Write Ay (resp. Vp) for the group (resp. R-vector space)
of 2 x 1 column vectors with entries in Z (resp. R). We take {[{],[?]} as a
basis for both. We will treat Ay as our “bureau of standards” lattice. For any
lattice A = Zvy + Zv, inside a plane V', the assignment

(6] = v (3] =0

defines an R-linear isomorphism Vy = V whose restriction to Ay is an iso-
morphism of abelian groups AgA. O

M. Trifkovié, Algebraic Theory of Quadratic Numbers, Universitext, 45
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3.1.3 Example. Consider the group
L=Z[}]+Z {\ﬂ C R2

As a group, L is isomorphic to Z2. Indeed, since v/2 is irrational, there is no
linear relation a[§] +b [\65} = [§] with a,b € Z. However, L is not a lattice

in the sense of Def. 3.1.1 because [}] and [\65 } are linearly dependent over

R:v2[3] - [\65} = [9]. Besides, L looks wrong: it’s contained in the z-axis,

and it’s not discrete. O

3.1.4 Definition. Let A = Zvy + Zvs C V be a lattice. The fundamental
parallelogram for A with respect to basis {v1,v2} is the set

H{vl,vg} = {tl’Ul + tove 1 t1, 0 € [O, 1)} cV.

The linear independence of v; and vy means that the plane is tiled by the
translates v + I1{,, ,,}, as v ranges over /A (see Figs. 1.2 and 1.3). That is the
content of the following proposition, whose proof is left to you. How is the
peculiar interval [0, 1) in the definition of Iy, ,,} relevant to the uniqueness?

3.1.5 Proposition. For any w € V' there exists a unique pair a,b € Z such

that w — (avy + bva) lies in the fundamental parallelogram Iy, .,y

Example 3.1.2 reduces the study of the group structure of any lattice to
that of the “bureau of standards” lattice Ay.

3.1.6 Theorem. If A C Ay is a subgroup, then A is one of the following:

(a) 0;

(b) Zt, for somet € Ag; or,

(¢) Zt1+Zts, for two linearly independent vectors t1,ts € Ag. Such a subgroup
is termed a sublattice.

The term “linearly independent” in part (c) is ambiguous. Does it mean
“over Z” or “over R”7 Ex. 3.1.3 cautions that, in general, two vectors linearly
independent over Z may no longer be so over R. For the specific lattice
Ay C Vp, however, the two interpretations are equivalent.

3.1.7 Lemma. Ifty,ty € Ay and ty = at1, 0 € R, then there t1 and ty are
linearly dependent over Z.

Proof. Let t1 = [s1] and t2 = [2] = a[s]. We may as well assume that
r1 # 0, so that o = ry/r1, and

r
rot1 — ritos = 1rot1 — 11 (—2> t1 =0. [ ]
1
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ty b+ 1y

—ly g —ta

Fig. 3.1 The fundamental parallelogram for basis t; and t2 covering a third vector x.

Proof of Thm. 3.1.6. Assume that A # 0. Define the length-squared function
A: Ay — Zso by A[{] = a® + b2. Choose a shortest nonzero t; € A, that is,
one where A attains its minimum on A\ 0. If A = Zt;, we are in case (b).

Assume that A # Zt,. Let t2 be one of the elements of minimal length
in A\ Zt;. We claim that t; and to are linearly independent over Z (and
therefore over R, by Lemma 3.1.7). If not, there exist a,b € Z \ 0 such that
at; = bty. The division algorithm produces ¢, r € Z such that a = gb + r and
0<r<|b.

Put t' = (r/b)t;1 = (r/a)ta = t2 — qt1, which is in A since A is a group.
We have that A’ = (r/b)?Xt; < M, which contradicts the choice of ¢; as
the shortest nonzero element in A, unless t' = t5 — qt; = 0. This in turn
contradicts to ¢ Ztq, and shows that ¢; and to are linearly independent.

Suppose there existed © € A\ (Zt, + Ztz). After possibly translating by
a Z-linear combination of ¢; and to, we may assume that z is inside the
fundamental parallelogram Il ;1. As Az > Atz by choice of t3, x lies on
or outside the circle of radius /Ay centered at 0. Then, as it lies inside
the fundamental parallelogram, it is at a distance less than VI from ¢ +to
(see Fig. 3.1). This implies that A(x—t; —t2) < At1, contradicting z —t; —t5 €
AN\ 0. |

The statement of Thm. 3.1.6 is purely about the group structure of Ajg.
The proof, by contrast, makes full use of the geometry of Ay as a subset of the
plane. Thm. 3.1.6 is our first taste of the difference between linear algebra over
Z, and the usual R-linear sort. The only two-dimensional subvector space of a
plane is the plane itself. A lattice, by contrast, has infinitely many sublattices.
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Exercises

3.1.1. For a fixed j € Z, prove that the set A = {[}] € Ao : x = jy (mod p)}
is a sublattice of Ajg.

3.1.2. Prove Prop. 3.1.5

3.1.3. Let A = Zvy + Zvy, C V be a lattice. Show that every basis of A is of
the form {kvy + lva, mv1 + nva}, where k, I, m,n € Z and kn — Im = £1.

3.1.4. One should generally distrust proofs by picture. Give a rigorous
(e.g., trigonometric) argument for the next-to-last sentence in the proof of
Thm. 3.1.6 by showing that the two circles centered at 0 and ¢; + t2 indeed
cover the fundamental parallelogram, as suggested by Fig. 3.1.

3.1.5. Show that the area of the fundamental parallelogram doesn’t depend
on the choice of basis.

3.1.6. Let A be a lattice and A’ C A a sublattice. Show that |A/A’| is equal
to the number of points of A inside a fundamental parallelogram of A’ (with
two of the edges excluded, complete with their endpoints, as in Def. 3.1.4).
Conclude that {vi,v2} is a basis of A if and only if the origin is the only
point of A in the fundamental parallelogram I, ,.

3.2 Linear Algebra Over Z

We now enlist column operations on matrices to systematically study sub-
lattices of Agy. Unlike in standard undergraduate linear algebra, our matrices
always have entries in Z. Consequently, the only column (and later, row)
operations we consider are the ones which don’t introduce denominators.

For any ring R, we denote by My (R) the additive group of k x [ matrices
with entries in R. When k = [, the group My« (R) is a noncommutative ring
under matrix addition and multiplication. Its unit group, denoted G Ly (R),
consists of matrices with a two-sided inverse, i.e., those with determinant
in R*.

We start with a simple criterion for a 2 x 2 matrix with real entries to
actually have entries in Z.

3.2.1 Proposition. Let v € Max2(R). Then v € Mayo(Z) if and only if
yAo C Ap.

Proof. Lety = [2Y]. As Ag = Z[§]+Z[9], we find that yAg = Z[¢]+Z [ Y],
which proves the Proposition. |

3.2.2 Corollary. Let v € Max2(R). Then vAg = Ag if and only if

ve€GLy(Z)={[2}] :a,b,c,d € Z and ad — bc = +1}
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Proof. If vAg = Ao, then vV = Vj, which implies that v is invertible in
Msoyo(R). It then makes sense to replace the condition yvAy = Ay by the
equivalent one, yAyg C Ag and v~ 1Ay C Ag. Applying Prop. 3.2.1 to both
inclusions, we see that 7,771 € Mayo(Z), so that v € Maxo(Z)* = GL2(Z).
The concrete description of GL2(Z) comes from Exer. 2.1.5 (b). [ |

3.2.3 Corollary. A subgroup A C Ay is a sublattice if and only if there exists
ay € Mayx2(Z) with A =~vAy and dety # 0.

Proof. Assume that A is a sublattice of Ag. By Ex. 3.1.2, there exists a matrix
v = [‘; Z} defining an isomorphism ~ : Vy = Vy for which y4y = A. Since
A C Ap, Prop. 3.2.1 guarantees that a,b,¢,d € Z, as desired. As [¢] and
[Z] are linearly independent over Z, Lemma 3.1.7 implies that they remain
independent over R. We then know from linear algebra over R that dety # 0.
The converse is similar. |

If A =+'Ag = yAg, then vy~ 19/ Ay = A, so that a = v 14" € GLy(Z)
by the corollary 3.2.2. To easily compute with A, we’d like 4/ = ~va to be as
close as possible to a diagonal matrix.

Finding such a 4 is no harder for a general v € Myx;(Z). For any o €
GL;(Z), we can compute ya by applying to v a sequence of integral column
operations (see Exer. 3.2.2). They come in three flavors, each illustrated in
the last column by its effect on the matrix [§{]:

Operation Notation  Example

Adda-col.itocol. j Cj+aC; [(IJ 1GE=1,7=2)
Switch columns CiOC; [9 5]
Multiply col. i by =1  —C; [09] i=1).

This is familiar from linear algebra over R, with the additional requirement
that all the constants, like a in the first flavor, must be in Z. Over R, we can
multiply a column by any nonzero real number, in other words a unit in R.
Over Z the multiplier has to be in Z* = {£1}. This leaves multiplication by
—1 as the only nontrivial column operation of the third flavor.

3.2.4 Example. Here’s an example of simplifying a matrix using column
operations. The sequence of operations is secretly motivated by Thm. 3.2.6.

14 4|20 (6 4 || 4 6 |20
25 10 5 10 10 5

-8 6 —c 8 6 Co—Cy |8 —2
- R b R
05 0 5 0 5

Any further column operation that preserves the upper triangular form has
to be Cy + kC1, for some k € 7Z. This makes the upper right-hand entry
—2 + 8k, which is never zero. We can’t diagonalize the original matrix using
only integral column operations. O
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Integral column operations at best reduce a matrix to an essentially upper
triangular one.

3.2.5 Definition. 4 k x k matriz A = [a;;] is upper triangular if all
entries below the main diagonal are 0, i.e., a;; =0 for i > j.

A k x I matriz is in column-reduced form if it has an upper triangular
matriz of mazimal size, min(k, 1) x min(k,l), in its lower right corner, and
zeros in. any remaining columns.

Explicitly, a column-reduced matrix has one of the following forms: V if
k=1,[0[V]if k <, [&] if k> [. In all three cases, V is an upper triangular
matrix, 0 stands for any number of zero columns, and * stands for any number
of arbitrary rows.

3.2.6 Theorem (Integral Column Reduction). Any matriz with entries in Z
can be put into column-reduced form by a series of integral column operations.

Proof. The following algorithm specifies the promised column operations.
COLUMN REDUCTION ALGORITHM

1. INPUT: k x [ matrix X. Put A := X, which means that variable A gets
the value of variable X.

2. Switch columns of A until all zero columns are on the left, to get a matrix
of the form A := [0|B].

3. If the last row of A is zero, go to Step 5. Otherwise, find the entry of
smallest nonzero absolute value in the last row, and put it in the bottom
right position by switching columns. This gives

*
)
al .-.al

where a; # 0, and either a; = 0 or |a;| > |a;| for all i < .

4. Write a; = gia; +1;,0 <r; < |a;| for 1 <4 <. Perform the following [ — 1
column operations:

A= Ci—q;Cy
qa;+r1 qar+re - Qr—101 + 711

I
Q

1 T - T—1 ap

Put A:=C.
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5. If A consists of a single row [0+ - - 0 ;] (or, when [ = 1, [a1]), OUTPUT: A.

6. Else, if A has more than two rows, the last of which is [0...0 a;], perform
the operation is of the form

D % D«
_>

0---0q 0---0q

where D’ is obtained by recursively applying this algorithm to X := D.

OUTPUT: E.

7. Else, if neither of the conditions of Steps 5 and 6 applies, go to Step 2 with
the current value of A.

A= —E,

Step 2 enforces the requirement on zero columns of Def. 3.2.5. If some r; # 0,
Step 4 decreases the smallest absolute value of a nonzero entry in the last row.
This must eventually stop and produce a matrix A that satisfies the condition
of Step 5 or Step 6. The latter step builds up, row by row, an upper triangular
matrix in the bottom right corner. It does so by shrinking the matrix that
we are column-reducing. This reduction must eventually bottom out with a
1 x [ matrix as in Step 5. The procedure is thus guaranteed to terminate, and
deserves the title “algorithm.” |

3.2.7 Definition. Let A € My« ;(Z). Define col A, the column group of
A, as the additive group of all Z-linear combinations of columns of A.

We're interested in col A because it is invariant under column operations.

3.2.8 Proposition. Let A’ be a matriz obtained from a matriz A by a series
of integral column operations. Then col A = col A’.

Proof. All column operations involve permuting columns of A or taking their
Z-linear combinations. The group col A is closed under both, so col A’ C col A.
The reverse inclusion holds because every column operation can be undone
by another of the same type. |

Exercises

3.2.1. Perform column reduction on the following matrices. First, apply the
Column Reduction Algorithm verbatim; then do it again with the shortest
sequence of operations that you can find.
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-8 2 0
2 07 3 -6 3 Lzs
. (b B , 4
(2) l—305] () 10 =5 10 () 5 0
78 9
2 2 -2

3.2.2. Let o € GL;(Z). Show that there is a sequence of integral column
operations that takes the [ x [ identity matrix to a. Prove that the same
sequence takes a matrix v € Myx;(Z) to vya.

3.2.3. Are [ 7} §] and [ 2] related by integral column operations?

3.2.4* Check the first claim in the proof of Cor. 3.2.2: for any v € Max2(R),
~vAg = Ag implies vVy = V.

3.2.5. Take A = [a;;] € Myxi(Z).

(a) Let I4 = (a11,a12,...,ax) be the ideal in Z generated by all the entries of
A. Show that applying integral column (or row) operations to A doesn’t
change I,4.

(b) Column-reducing the 1 xn matrix [a1 a2 - axn ] yields a matrix of the form
[00-- 0z]. Use part (a) to determine x without actually performing any
column operations.

3.2.6. Suppose that a square matrix A € My, (Z) can be column-reduced to
an upper triangular matrix 7. Prove that, up to sign, every diagonal entry
of T' depends only on A.

3.3 Computing with Ideals

Column reduction is an essential tool for calculating with ideals, as we’ll show
through examples in Z[v/—5]. The additive group isomorphism Z[v/—5] = A
given by a + by/=5 <+ [¢] identifies an ideal I with a subgroup A; C Aj.
In the examples below, it will be obvious that A; is a sublattice of Ag. In
general, we will prove that in Ch. 4.

3.3.1 Example. Find the product of ideals
I=7-3+Z(1—+=5)and J=7-7+7Z(3+v/-5).

As in Ex. 2.4.6, the ideal IJ consists of Z-linear combinations of 3 -7, 3(3 +
V=5), 7(1 — v/=5), and (1 — v/=5)(3 + v/=5) = 8 — 2y/=5. The lattice A;;
is then the column group of the matrix A below, and doesn’t change when
we apply the Column Reduction Algorithm:
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21 9 7 8] case, [21 17 —17 8] Oc
A= R — —
03 -7 2| @iai |0 1 —1 -2

21 8 —17 17| cocy [21 42 —42 17 ] )20,
0 -2 —1 1 C2+2Cy 0 0 0 1 C3+42Cy

21 0 0 17 ] cice, [0 0 21 —4
B s RN
000 1| 0|00 0 1

Beginning with the fourth arrow, we deviate from the algorithm and use
a sequence of operations that, for this particular matrix, gets us to the re-
duced form faster. The column vectors [%4!] and [_14] are clearly independent
because of the zero in the first vector. The zero is there because the column-
reduced form is essentially upper triangular.

Translating back from vectors in Ag to elements of Z[/—5|, we get that
IJ = Z - 21 + Z(—4 + v/=5). The Column Reduction Algorithm doesn’t
care that the column group of the initial matrix came from an ideal. As a
check on the computation, let’s make sure that the group I.J indeed absorbs
multiplication by Z[v/—5]. This we do by checking that (v/—5)I.J C IJ:

V=5-21=4-214+21-(—4++v=5)elJ
V=5(—44+V=5)=-5-4y=5=(-1)- 21+ (—4)(—4+v=Db) e IJ. O

3.3.2 Example. Find I + J for ideals
I1=2-3+Z(1++v-5)and J=Z -3+ Z(1 —vV-5).

By definition, I + J is the smallest ideal containing both I and .J. We get
its generators by listing together the generators of I and J: 3, 1 + /=5, 3
and 1 — /=5. This list is obviously redundant, so we look for a basis of the
column group of the initial matrix in the following column reduction:

31 3 1| covcy [0 2 3 1| c3-cs
2T, 2,
010 —-1] ¢ci-cs |00 0 —1 —Cy
021 —1]c¢cy—2c;1]0 0 1 O
=3,
000 1| c+Cs [0 0 0 1

AsT+J =7 -14+7Z+-5=7[v/-5], I and J are relatively prime. We may
drop one of the 3’s in the list of generators, so that this computation could
just as well be done by reducing a 2 x 3 matrix. O
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3.3.3 Example. Find I N J for ideals
I=7-21+7Z(4+4++v-5)and J =Z- 18+ Z(4 4+ 2v/-5).

If « € INJ, we can find a,b,c,d € Z with a = a-21 +b(4 +/-5) =
¢+ 18+ d(4 + 24/—5). Comparing coefficients, we get the following system of
equations:

21la +4b —18¢ —4d =0

3.34
( ) b —2d = 0.

The solution, with ¢ and d as the free variables, is
~ 2(9c—2d)
N 21

We’d be done now if we were doing ordinary linear algebra, but we want more:

a,b,c and d must be in Z. This imposes the additional condition 2d = 9¢

(mod 21), which holds when d = 15¢ + 21k for some ¢, k € Z. We can then
write a € I N J as

a=c-184+d(4+2V-5) =c- (78 + 30V/=5) + k - (84 + 421/=5),

so INJ =2Z(78 + 30v/—5) + Z(84 4+ 42/—5). To simplify, we column-reduce
the corresponding matrix:

[78 84] Co [78 6] Cy—2Cs l% 6] Ca—20h
B R e it T

and b = 2d.

30 42 30 12 6 12
66 —126 | c.ce |126 66
IR
6 0| —-& 0 6
Finally, I N J = Z - 126 + Z(66 + 61/—5). Check that this is indeed an
ideal! O
Exercises

3.3.1. Find I+ J,IJ and I NJ in each of the following examples. Check your
answers by verifying that they are actually ideals, as in Ex. 3.3.1:

(a) R:Z[ﬁ], I=7-64+7Z2+2V7), J=17-21+Z(7+/7)

(b) R=2Z[y=10], I = Z- 77+ Z(—12 4 /=10), J = Z- 91 + Z(30 4+ /=10)
(c) R=Z[XEB), I =Z 17+ Z(—5+ B, J =717+ Z(4 + 113)
(d) R=2Z[5i], I=Z-5+Z-5i, J =717+ Z(3 + 5i)

(0) R=2Z[V21], [ = Z-10 + Z(—1+ V21), J = Z- 12 + Z(—3 + V1)
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3.4 Lattice Quotients

What about integral row operations? They too come in three flavors anal-
ogous to those for column operations on p. 49, and are denoted R; + aR;,
RiORj and —R;. Let o,y € Myxr(Z), with a invertible. The product ya
can be computed by a sequence of integral column operations. Similarly, a se-
quence of integral row operations computes the product a-y. Row operations
are less important to us because of the following asymmetry.

Each v € Mayo(Z) with dety # 0 determines a sublattice A = yAg of Ap.
Then (ya)Ag = yAo = A, but (ay)Ag = aA. Multiplying v by a on the right
leaves A unchanged, whereas multiplying by « on the left replaces A by an
isomorphic, but in general different, lattice aA.

b
yady
L ] L ]
L ] L ]
a
_____ -®
o @ o
-
-
’yAO o o
L ] ® 0
Cc
————— - °
| [ ] L] L
|
Py Yoy
L ] L ] L ]
_____ ’ .
7
4
4
L ]
0

Fig. 3.2 Left vs. right multiplication by a € GL2(Z).

3.4.1 Example. This is illustrated in Fig. 3.2 for v = [29],a = [§1].

In each of the three pictures, the shaded parallelogram is the image of the

standard fundamental parallelogram I7, [11.[9] of Ag. Comparing pictures (a)
olol1

and (b), we see that the set of bold dots hasn’t changed, since yady = vAp.
The points have, however, moved within it, as seen from the shear in the
fundamental parallelogram. By contrast, in picture (c) the lattice aryAg itself
is visibly different from ~yAy. O
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There is one kind of information about A that doesn’t change when we
replace it by aA. For v € Ay, the assignment v + A — av + aA gives a well-
defined isomorphism Ag/A = Ag/aA. In other words, left multiplication by «
doesn’t change the structure of the quotient Ag/A. To understand quotients,
then, we use both column and row operations to bring + to the simplest
possible form, a diagonal matrix.

3.4.2 Example. Let A = [§9] Ay, and take an arbitrary [}] € Ag. The

division algorithm allows us to write x = 6¢ 4+ r and y = 3s + t, so that

T

Y

r
t

r
t

+s 0 +A= + A

6
+4q 3

+A=
0

Thus, any coset in Ag/A is represented by [7] with 0 <r <5and 0 <t < 2.
You may check that the function [j] 4+ A — (r,t) = (z mod 6,y mod 3) is
an isomorphism of abelian groups Ag/A = Z/6Z x Z/3Z. The point is that
each column of [§9] contains only one nonzero entry, with which we can
adjust the x and y coordinates separately. 0

3.4.3 Theorem (Integral Row and Column Reduction). Let X € My (Z)
and put n = min(k,1). There exists a sequence of row and column operations
that takes X to a matriz in normal form: in the lower right corner it has a
diagonal n X n submatrizc

d, 0 0

0 dn—1 0

0 0 dy
with dy | da | -+ | dpn, and zeros elsewhere.

Proof. Apply the following algorithm to A:

NORMAL REDUCTION ALGORITHM

1. INPUT: k x [ matrix X. Put 4 := X.

2. If A has one row, column-reduce it. OUTPUT: the resulting matrix
[0 0 ay ]

3. Repeatedly apply the Column Reduction Algorithm of Thm. 3.2.6 and its
analogue for row reduction, until A is of the form

B 0
Oakl

A=

4. If agy 1 b;; for some entry b;; of B, perform the column operation



3.4 Lattice Quotients 57

0 b1
A= B0 —>Cl+cj B bi; =C,
0 bk;l,j
0 am 0 (073}

put A :=C, and go to Step 3.

5. Else, if ay; divides all the entries of B, perform the operation

B 0
0 aw

B0
0 Akl

A= =D,

where B’ is produced by recursively applying the algorithm to X := B.
OUTPUT: D.

If we are in Step 4, we can write b;; = gar + 7 with 0 < r < |ag], since
akt 1 b;j. In the following iteration of Step 3, we row-reduce to kill all the
entries in the last column, bar the bottom one. The first step is

* '
B bij| Ri—qr. |B T

* %!

_0 Akl | _0 agl |

We've decreased the smallest nonzero absolute value of an entry in the last
column, from |ag| to at most r. That can repeat only finitely many times,
after which we must end up in Step 5. This step recursively shrinks the matrix,

eventually bottoming out in Step 2. The resulting matrix B’ = [b;;] is in
normal form. Moreover, ay| gcd(b;;) = ged(b;;), which proves that divisibility
condition on the diagonal entries of the output matrix D. |

3.4.4 Example. Let A = [_62 164} Ap. To find Ag/A, we apply the Normal
Reduction Algorithm:

-2 6 —C 2 6 Cs—3c, |2 0 01602 32 0
- R CLALT e, .
6 14| R2+3R: |0 32 0 32 R Ry 0 2

The row and column switching in the last operation was necessary to get the
divisibility condition d; | da. We now find the quotient:
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Ao/ A= (Z[5]+Z[9))/(Z[ T+ Z[3]) = Z/32Z x L/2L.

Note that |Ag/A| = 64 = |det [ > 5 ]]. O

3.4.5 Proposition. Let A = yAy for some v € Mayx2(Z) with dety # 0.

The quotient Ag/A is finite and |Ag/A| = |det~|.

Proof. Let «,8 € GL2(Z) be the matrices corresponding to the se-
quences of row and column operations, respectively, which diagonalize ~y
as in Thm. 3.4.3:

do 0
= ith d; | ds.
avf [0 d1‘| w1 1| 2
Then

Ag/A = No/vAo = Ao/(a™? [%2 C?J BN Ao
=Ao/(at [B D] A0) = Ao/ [B 0] Ao = Z/dyZ x L) dy L.

Clearly | Ag/A |= didz. On the other hand,
dety = (deta")det [¢ )] (det B71) = (£1)(drda) (1),

so that |Ag/A| = |det ~|. |

Exercises

3.4.1. Prove that the function v + A — av + aA is well-defined, and that it
gives an isomorphism Ag/A = Ag/aA.
3.4.2. Verify that the function in Ex. 3.4.2 is a well-defined isomorphism.

3.4.3. In Thm. 3.4.3, describe d; in terms of the entries of the original matrix
X.

3.4.4* The Chinese Remainder Theorem says that if ged(a,b) = 1, then
Z/aZ x Z/VZ = 7,/abZ. Prove this by performing integral row and column
reduction on a suitable matrix.

3.4.5. Consider the linear function Z* — Z3 defined by the matrix

2 5-12
A=110 2 -1
-13 1 1

Use integral row and column reduction to express the quotient Z3/AZ* as a
product of cyclic groups. (This is a concrete instance of the proof of one of
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the fundamental theorems of algebra: every finitely generated abelian group
is a product of cyclic groups).

3.4.6. Let A1, A2 C A be two sublattices with |A/A;| and |A/As| relatively
prime. Prove that A = Ay + As.



Chapter 4
Arithmetic in Q[v/ D]

4.1 Quadratic Fields

In Ch. 1, the examples of fields Q[i], Q[v/—3], Q[v/—5] and Q[v/319] gave us
a sense of the new phenomena that arise in the arithmetic of fields bigger
than Q: nonunique factorization, importance of ideals, infinite unit groups,
etc. In this chapter we investigate those phenomena in a general quadratic
field, using the algebraic toolkit from Chs. 2 and 3.

4.1.1 Definition. A quadratic field is a field of the form
QVD] = {a+bVD:a,bec Q},

where D € Z is not a perfect square. The field Q[v/D] is called imaginary if
D <0, and real if D > 0.

All the theory we will develop applies to both real and imaginary quadratic
fields, unless explicitly stated otherwise.

We say that D is square-free if it isn’t divisible by any perfect square
other than 1; equivalently, D is a product of distinct primes. When working
in Q[v/D], it is often useful to assume that D is square-free. This loses no
generality: if D’ = n2D, then a + bv/D’ = a 4 bnv/D, so Q[v/D] = Q[v/D'].

4.1.2 Definition. Let o € Q[\/ﬁ] The conjugate of o = a + D is
a=a—by/D. We define the trace and the norm of a by

Tra=a+a, Na=aa.

Note that @ is independent of choice of v/D. For D < 0, @& is the usual
complex conjugate; for D > 0 we get a new function that doesn’t extend to
all of R (see Exer. 1.6.8). For S C Q[v/D], we put as usual S = {a: a € S}.

Let o € Q[v/D] \ Q. The trace and the norm of « appear naturally when
we look for polynomials p(z) € Q] satisfying p(a)) = 0. By Exer. 1.3.1 we
must also have p(@) = 0, so p(xz) must be divisible by

M. Trifkovié, Algebraic Theory of Quadratic Numbers, Universitext, 61
DOI 10.1007/978-1-4614-7717-4_4, © Springer Science+Business Media New York 2013
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(x —a)(x —a) =2? — (a+a)z + aa = 2% — (Tra)z + No.
The proof of the following basic properties is a good exercise.
4.1.3 Proposition. Let o € Q[v/D].
(a) For a,b € Q, we have
Tr(a + ba) = 2a + (Tr a)b,
N(a +ba) = a® + (Tra)ab + (Na)b?.

(b) Trae and Na are rational. The functions Tr : QD] — Q and
N : QVD]* — QX are homomorphisms of additive and multiplica-
tive groups, respectively.

(¢c) ais a root of x> — (Tr )z +Na, which is the unique such monic quadratic
polynomial with rational coefficients, (unless o € Q).

(d) a € Q if and only if a = a&.

(e) The function o +— & is the only nonidentity ring homomorphism

Q[vD] — Q[vD].

Exercises

4.1.1* Observe that Q[v/D] is a two-dimensional vector space over Q.

(a) Show that Q[v/D] = Q 4+ Qa for any o € Q[v/D] \ Q.
(b) Let 8 € Q[v/D]. Show that v — 73 defines a Q-linear transformation of
Q[V/D]. Write down its matrix Mg with respect to your favorite basis of

Q[V/D], and compute the trace and determinant of Ms.

4.1.2. Show that Q[v/D] = Q[v/D'] if and only if D/D’ = ¢? for some ¢ € Q.
4.1.3. Let Q[v/D] be an imaginary quadratic field. Show that Na > 0 for all
a € Q[VD]\ 0.

4.1.4* Let a € Q[vV/D]. Prove that Na = 1 implies that there exists a €
Q[v/D] with a = /. Describe all such .

4.1.5. Prove Prop. 4.1.3 (a)-(d).

4.1.6* The proof of Prop. 4.1.3 (e) is more involved. Let f : Q[v/D] — Q[v/D]
be a ring homomorphism different from the identity. Prove that f(«) = @ by
checking the following two claims:

(a) For each ¢ € Q, f(q) = ¢; and
(b) f(VD) = —vD.

If you're familiar with Galois theory you will recognize this proof as a special
case.
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4.2 The Ring of Integers

We restate Def. 1.3.3 in the context of a general quadratic field.
4.2.1 Definition. The ring of integers of Q[v/D] is the set

O ={aeQ[VD]:a®—ta+n=0 for some t,n € Z}
= {ae(@[\/ﬁ] : Tra, Na € Z}.

The second equality is Prop. 4.1.3 (¢). Though defined as a set, it is clear
from the following explicit description that O is indeed a ring.

4.2.2 Theorem. Assume that D € 7 is square-free. The set of integers in
Q[VD] is a ring given by O = Z + Zdy = Z[do], where

5o = VD for D=2,3 (mod 4)
0 %ﬁ for D=1 (mod 4)

Proof. In either case &g is in O, since it satisfies a monic equation with
coefficients in Z, namely 2> — D = 0 or 22 — z + (1 — D)/4 = 0. The latter
equation has coefficients in Z precisely when D =1 (mod 4). It’s easy to see
that Z + Zdy C O; we focus on proving the reverse inclusion.

Take an o = a + bvD € O. By Def. 4.2.1, this means that Tr o = 2a and
Na = a? — b2D are both in Z. Put a = 7/2,b = m/n for some r,m,n € Z
with ged(m,n) = 1. Then 4m?D = n?(r? — 4Na), so that n? | 4m?D, and in
fact n? | 4D because ged(m,n) = 1. If p were an odd prime factor of n, we’d
have p? | D, contradicting square-freeness of D. Thus, n has to be a power
of 2. Since 4 1 D, n? | 4D implies n? | 8, hence n = 1 or 2. In either case,
b = s/2 for some s € Z.

Since a? — b2D € Z, we have r? = s2D (mod 4). We consider two cases,
bearing in mind that the only squares modulo 4 are 0 and 1:

(a) If D # 1 (mod 4), each pair (r,s) satisfies 7> = s> = 0 (mod 4). This
implies that r and s are even integers, hence a and b are in Z and O C
Z+ZVD.

(b) If D = 1 (mod 4), then 7> = s2D = s? (mod 4), which implies r = s
(mod 2). Writing r = s + 2k for k € Z we see that

a:a+b\/5:r+5\/5:s+2k+5\/5: 1+\/5.

k
D 2 T

Thus O C Z + 21D, u

By Prop. 4.1.3 (¢), any « € O \ Z is the root of a unique monic quadratic
polynomial with coefficients in Z. This suggests that an invariant of that
polynomial is also an invariant of a.
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4.2.3 Definition. The discriminant of a € O is disca = (Tra)? — 4Na.
The proof of the following two claims is left as an exercise.

4.2.4 Proposition. Let « € O and B € Zla] = Z + Za € O. Then
disc B = ¢? - disca for some ¢ € N.

4.2.5 Corollary. Let o, 5 € O.
(a) If Z|B] C Z|a], then disca | discf.
(b) If Z[B] = Z]a], then disc a = disc 3.

Part (b) says that disc o depends only on the subring R = Z[a] C O that
« generates, and so it makes sense to write disc R = disc . By part (a),
larger subrings of O have smaller discriminants. In particular, disc O should
divide disc R for all subrings R C O of the form Z[a].

4.2.6 Definition. We put Dp = disc O = discdy and call it the discrimi-
nant of the field F = Q[v/D).

The following table summarizes the basic information about the ring of
integers O of F = Q[v/D], with D square-free:

D mod 4|d§p, where O = Z[do]| Equation for ég |[Dp = discO
2,3 VD %2-D=0 4D
1+vD 1-D _
1 1y 2-do+152 =0 D

Table 4.1 All you need to know about O

A few remarks:

(a) The discriminant D of O is always square-free, except for a possible
factor of 4. By Prop. 4.2.4, this is false for the discriminant of any strictly
smaller subring Z[a] ; O, which will be crucial to our proof of unique
factorization of ideals in O.

(b) We can always write F' = Q[v/Dr].

(¢) If you don’t like distinguishing between the two cases in Table 4.1, instead
of §p you can use the slightly more complicated

Dp+ /D D2 _D
- % for which 82 — Dy + 2F—ZF .

01 1

Then O = Z[01] regardless of the value of D mod 4.

(d) When proving general theorems about O we don’t really care about the
particular choice of § with O = Z[d]; any 6 with the right discriminant
will do. Therefore, we fix the following notation:
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NOTATIONAL CONVENTION

For the rest of the book, F' denotes a quadratic field with discriminant Dg and ring
of integers O = Z[6]. Such a § must satisfy 62 — ¢t +n = 0 for some t,n € Z with
t2 —4n = DF

Recall that we have already determined the units in the rings of integers
of the following three fields:

F =Q[, Dp=-4, 0* ={1,i,-1,—i}
F:Q[W]v DF:_37 o0x :{1,&),&.}2,"' 7w5}
F= Q[V _5]7 Dr = —20, 0 = {17_1}
The first two are exceptional among imaginary quadratic fields.
4.2.7 Proposition. If Dp < —4, then O* = {£1}.

Proof. We know from Prop. 1.2.3 that € = a+b6 € O* if and only if Ne = £1.
By Prop. 4.1.3 (a), this means that a? + tab + nb? = £1.
If b= 0, then a> =1 and ¢ = a = 1. If b # 0, we divide through by b

to get
a\?2 a 1
- t(— =+—.
(b) + (b)”‘ 5

If Dr < —4, this equation has no solution in Z. Indeed, —Dg/4 > 1 > +1/b,
contradicting the fact that —Dp/4 is the minimum value of the function
2?2 +tr+non R. |

Exercises

4.2.1. Let F = Q[V/D] for D € {—47,—-20, —13,14,57,83}. Compute Dy and
a ¢ with O = Z[0], along with the corresponding ¢ and n.

4.2.2. Let F = Q[v/D], with D square-free. Determine, as a function of D
(mod 4), the maximal power of 2 dividing Dp.

4.2.3. What is the smallest possible discriminant of a real quadratic field?

4.2.4. Find all ¢’ € O for which O = Z[d'].

4.2.5. Assume for this problem that D < 0, so that we can think of O = Z[0]
as a lattice in the complex plane. Compute the area of the fundamental
parallelogram of this lattice (e.g., the one with vertices 0,1,6,1 + d). Does
this area depend on the choice of §7

4.2.6. Prove Prop. 4.2.4 and Cor. 4.2.5.

4.2.7. Let F = Q[V/D] with D = 1 (mod 4), and let k € Z. Show that
the equation Na = k has a solution a € O if and only if the equation
22 — Dy? = 4k has a solution z,y € Z. When solving norm equations it thus

suffices to look at equations of the form z? — Dy? = a.
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4.2.8. If Dp has a positive prime divisor p = 3 (mod 4), then all units have
norm 1.

4.2.9. Let o € O. Prove that |O/Oa| = |Na|.

4.2.10. Show that the ring of integers in an imaginary quadratic Q[v/D]
is a Euclid domain with the norm as its size function if and only if D €
{-1,-2,-3,-7,—11}.

Orders

This is the first in a series of blocks of exercises in which we develop the
theory of subrings of O. Their arithmetic is similar to that of O, so long as
we “stay away” from the conductor (defined below).

4.2.11. Let R C O be a subring.
(a) Prove that R is either Z or O, = Z + Zcd, where

/disc R
c=|0/R| = disc O

(b) Prove that O, = Z[j,.] for any 6. € F satisfying 62 — t.0. + n. = 0 with
t2 —4n. = 2D = disc O,. Determine t. and n. when 6. = cd.
(¢) Show that O, C O if and only if ¢ | c.

The subring O, is called the order in F (or O) of conductor c. That is why
O = O, is sometimes called the maximal order.

4.2.12. Fill in the following table of invariants of orders O, C O. In the fourth
column, write any d. for which O, = Z[é.], and in the fifth, the equation
satisfied by 9.

Dp c DiscO, O 62 —t0. +n.=0
—4 3 —-36 3i 24+9=0
-35 5
24213
112
—112

02 — 45, +11 =0

4.2.13. Let a, 8 € F be linearly independent over Q. The ring of multipli-
ers of A =Za + Zf is defined by

Op={yeF:~vAC A}
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Define j, k,l,m,c € Z by da = (j/c)a + (k/c)B,06 = (I/c)a + (m/c)p.
These five integers are uniquely determined once we require ¢ > 0 and
ged(4, k,1,m,c) = 1. Prove that Oy = O...

4.2.14* We define the ring of multipliers for an arbitrary lattice A = Za +
ZBCCby Oy ={yeC:yAC A}

(a) Give an example of a A with Oy = Z.

(b) Assume for the rest of the exercise that O, is strictly bigger than Z.
Show that F' = Q[5/a] is an imaginary quadratic field.

(¢) Show that O, is an order in F.

(d) Show that Oya = O4. Find an n € C\ 0 for which nA C F.

4.3 Unique Factorization of Ideals: The Road Map

The first big theorem of this book is Thm. 1.1.1: apart from 0 and O itself,
each ideal of O can be written as a product of prime ideals, essentially
uniquely. We will show this by adapting the proof of Unique Factorization
in Z on p. 4. There, we deduced the existence of a factorization using the
Well-Ordering Principle, and the uniqueness from Euclid’s Lemma and can-
cellation. We need to generalize those three tools to ideals in O.

Well-Ordering Principle: The principle doesn’t extend verbatim to the set
of ideals of O; it’s not even clear how to equip this set with a total order-
ing. A closer inspection, however, reveals that we’ve only used the following
weaker, multiplicative version of the principle:

Let S C N be a nonempty subset. There exists a “divisibility-minimal” element k €
S, in the sense that if [ | k and [ # k, then [ ¢ S.

Unlike in the usual <-ordering, S can have several divisibility-minimal
elements. Those in the set {d | n : d > 1}, for example, are precisely the
prime factors of n. Replacing divisibility by inclusion D, we translate the
multiplicative Well-Ordering Principle into a statement about ideals of Z:

Let S be a nonempty set of ideals of Z. There exists an element Zk € S for which
7l 2 Zk implies ZI ¢ S. In other words, every nonempty set of ideals in Z has a
largest element.

In Cor. 4.4.5 we will generalize this to ideals in O.

Euclid’s Lemma: You proved the analogue of Euclid’s Lemma for ideals
in Exer. 2.5.1. An ideal P of O is prime if and only if the following statement
holds for any two ideals I, .J of O: P | I.J implies P | I or P | J.

Cancellation: Let I, J, K be ideals of O with I # 0. We'll need to cancel
I in the identity IJ = IK, to deduce J = K. If I had an inverse for ideal
multiplication, we could just multiply both sides by I~!. Alas, only O has
such an inverse (see Exer. 2.4.3 ), so we’ll have to make the other inverses
‘by hand’. We’ll do this in Sec. 4.7 by suitably broadening the notion of ideal.
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4.4 Noether Rings

We identify O with the standard lattice Ay by means of the group isomor-
phism

(4.4.1) z+yd o [y].

4.4.2 Proposition. The isomorphism (4.4.1) identifies a nonzero ideal I of
O with a sublattice of Ag.

Proof. Suppose that there exists an ideal I # 0 of O that doesn’t correspond
to a sublattice (a subgroup of the form Zt; 4+ Zto with ¢; and to linearly
independent). By the classification of subgroups of Ay in Thm. 3.1.6, I must
correspond to a subgroup of the form Zt. Let 7 € I correspond to the genera-
tor t. Then 61 C I implies that 7 € Zr, i.e., 67 = n7 for some n € Z. This is
an equality in F', so we can cancel 7 conclude that § = n, a contradiction. H

4.4.3 Proposition. Let I be a nonzero ideal of O.

(a) O/I is finite.
(b) Any strictly ascending chain of ideals of O must be finite.

Proof. Both claims follow easily from our study of lattices.

(a) This is a special case of Prop. 3.4.5.

(b) A strictly ascending chain of ideals of O is a (finite or infinite) sequence
of ideals satisfying I1 & I G --- € O. We take the quotient of all ideals
in this sequence by I to get

0=0/0GhL/LG - CO/L.

This is a strictly ascending chain of subgroups of O/I;. By part (a), O/I;
is finite, so it has only finitely many subgroups. |

4.4.4 Corollary. Every prime ideal of O is mazimal.

Proof. The Corollary follows from Prop. 4.4.3 (a) and the general criterion
of Cor. 2.5.8. |

Let S be a collection of ideals of O partially ordered by inclusion C. We say
that an ideal I € § is largest in § if it is not a proper subset of another
J € S. Such an ideal I would usually be called a maximal element of S;
we introduce the new term to avoid confusing the statements “the ideal I
is a maximal element in §” and “I is a maximal ideal of O” in the sense
of Def. 2.5.1. We now state a form of mathematical induction for ideals.

4.4.5 Corollary. Any nonempty set S of ideals of O has a largest element.
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Proof. Assume the contrary. Take any ideal I1 € S. By assumption, I isn’t
a largest element in S, so there exists an I € & with I ; I>. Repeating
this reasoning yields an infinite strictly increasing chain I S I G I3 G - -+,
violating Prop. 4.4.3 (b). [ |

4.4.6 Corollary. Every ideal I ; O is contained in a maximal ideal of O.

Proof. This follows from Cor. 4.4.5 applied to the nonempty set {.J
J is an ideal of O and I C J & O}. [ ]

Using Zorn’s Lemma, the statement of the corollary can be proved in any
ring. Condition (b) of Prop. 4.4.3 captures the idea that O isn’t ‘too big’, and
merits being singled out for a definition. It is named after Emmy Noether,
the mother of the modern theory of rings and ideals.

4.4.7 Definition. A ring R is said to be Noether!' if it satisfies the
Ascending Chain Condition: every strictly ascending chain of ideals
I ; I ; -+« 18 finite.

It’s good, for contrast, to see a ring that isn’t Noether.

4.4.8 Example. Consider the polynomial ring in countably many variables
R = Clz1,x2,23,...]. Let’s be clear on what this means: we have infinitely
many variables at our disposal, but any one element of R is an ordinary poly-
nomial with coefficients in C that involves only finitely many of the variables,
e.g., —irixg+Twls — mr1563. The ring structure is given by the usual addition
and multiplication of polynomials. Then

(1) G (21, 20) G (21,20, 23) G - -

is an infinite strictly ascending chain of ideals. O

Exercises

4.4.1. Verify that the following statement is equivalent to the Ascending
Chain Condition: every (not necessarily strictly) ascending chain of ideals
I; C I, C .- eventually stabilizes, i.e., there exists a kg such that I, = Ij,
for all k£ > kg.

4.4.2. Find all strictly ascending chains of ideals in Z[i] that start with Z[i] -
(45 — 601).
4.4.3. Show that Z is a Noether ring.

4.4.4* Let R be a ring. Prove that a ring R is Noether if and only if every
ideal I of R is finitely generated: there exist x1,...,z, € I such that I =
Rxy + -+ Rz,.

1 More commonly, Noetherian.
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4.4.5. Prove that each element in a Noether integral domain can be written
as a product of irreducible elements (as we know, not necessarily uniquely).

4.4.6F Let R be a Noether ring and ¢: R — R a surjective ring homomor-
phism. Prove that ¢ has to be injective.

4.5 Standard Form of an Ideal

Given a sublattice A C Ay, we used column reduction to write A = yAq for
a particularly simple matrix . After identifying O with Ay via (4.4.1), this
procedure allows us to explicitly describe all ideals of O.

4.5.1 Proposition. For any ideal I C O, there exist a,b,d € Z such that
the following are true:

(a) I=d(Za+7Z(-b+9)), and
(b) b2 —tb+n =0 (mod a), or, equivalently, a | N(—b+ 0)

Conversely, any I C O satisfying (a) and (b) is an ideal.

The expression in (a) is said to be a standard form of the ideal I.
Exer. 4.5.2 shows that the standard form becomes unique once we require
that d >0 and 0 < b < a.

Proof. By Prop. 4.4.2, the isomorphism (4.4.1) identifies the ideal I with
a sublattice A = 4y for some v € Masyxa(Z). Column-reducing ~ pro-
duces d’, V', d € Z for which

A= [%’ Z’] ANo=12 [%’] +7Z [‘ﬂ , and correspondingly
I =Zda +Z( + do).

Now we bring into play the fact that I absorbs multiplication by §. We
apply this to the basis {a’,0’ + d0} of I to prove the two conditions of the
proposition.

(a) Since I is an ideal, da’ € I, hence there exist h, k € Z such that
da' = ha' + k(b +dd) = (ha' + kb') + kdé.

We conclude that @’ = kd and ha’ + kb’ = 0. Putting a = k,b = h gives
b = —bd, and, as desired,

I = Zda + Z(—bd + do) = d(Za + Z(—b + 5)).

(b) It is sufficient to prove part (b) in the case d = 1. Since §I C I, we
have 6(—b+ ) = —bd + 6% = —n + (t — b)d € I, where the last equality
follows from 62 — t§ +n = 0. Thus, there exist j,I € Z with

—n+(t—">0)0 =ja+1(-b+3) = (ja—1b)+10.
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Comparing rational and irrational parts, we get —n = ja—Ilband t—b = [.
Multiplying the second equality by —b gives b — tb = —lb = —ja — n.
This proves the desired congruence,

b  —th+n=—ja=0 (mod a).
By Prop. 4.1.3 (a), the left side is just N(—=b + ¢).

For the converse, we reverse these calculations to show that 61 C I. |

4.5.2 Example. Let’s illustrate the argument of Prop. 4.5.1 in the concrete
case O =Z[i]l and I = O2+1) = (Z+Zi)(2+ 1) = Z(2 + i) + Z(—1 + 21).
To put I into standard form, we column-reduce:

[f —21 o e [5 2] |

-C 01
One standard form of I is thus Z - 5 + Z(2 + ¢). Fig. 4.1 shows two funda-
mental parallelograms of the lattice I C C, one corresponding to the initial
basis {2 4+ i, —1+ 2i} of I, the other to the basis {5,2 + i} of the standard
form. Because of the zero in the first column of the column-reduced form, the
second parallelogram has its base along the z-axis.

Cy—2C1 2 _5
Rl B
10

T+1i

Fig. 4.1 Standard form of the ideal Z[i](24¢) C Z[i]. All points are elements of Z[¢], while
the bold ones are in I

Both fundamental parallelograms contain five points in Z[i], not counting
the dashed lines or their endpoints. Exer. 3.1.6 implies that |O/I| = 5, which
is also the norm of the generator 2 + i. This is not an accident, as we saw in
Exer. 4.2.9. (]
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4.5.3 Example. When is 19 contained in an ideal I = d(Za+Z(—b++/—37))
of the ring Z[+/—37]? That happens when there exist k, [ € Z such that 19 =
d(ka + 1(—=b+ +/—37)). Comparing coefficients, we see that 19 = dka.

If k=19, thend=a =1 and I = Z[/-37].

Ifd=19,thena=1and I =Z 19+ Z - 194/—37, which is the principal
ideal Z[v/—37] - 19.

Finally, if a = 19, we look for ideals of the form Z - 19 + Z(—b + /37)
with b% + 37 = 0 (mod 19), or b2 = 1 (mod 19). Taking b = +1, we get the
possible ideals:

Py =7-19+4Z(1+V-37)
Po=7-194+Z(-1+V=37) =Z-19+ Z(1 — v/=37) = P,. O

Exercises

4.5.1. Use Prop. 4.5.1 to decide which of the following are ideals in the cor-
responding ring of integers:

(a) Z-429 + Z(87 + 3/—17)

(b) Z-10 + Z(—2 + 4V/6)

(c) Z-120 + Z(XB2H5/=59)

(d) Z - 287 + Z( L1237

(e) Z- 86+ Z(—53 + /17)

4.5.2. Let d(Za+7Z(—b+6)) = d'(Za' + Z(—V +6)) be two different standard
forms of an ideal of O. Prove that d' = +d, o’ = +a, and ¥ = b (mod a).

4.5.3. Find all ways (if any) of filling the blanks to produce an ideal of the
corresponding ring of integers. In light of Exer. 4.5.2, it’s enough to specify
b mod a:

(a) Z- 24T+ Z(__++/—22)
(b) Z-___ +7Z(-9++/51)

(c) Z-13+Z(___+__ \/70)
(d) Z- 77+ Z(___ + 23

Orders

Let O, C O be the order of conductor c.

4.5.4. Prove the analog of Prop. 4.5.1 for orders: I is an ideal of O, if and
only if we can find a,b,d € 7Z satisfying
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I = d(Za + Z(—b + ¢8)) with b* — (ct)b+*n =0 (mod a).

4.5.5. Consider the principal ideal cO of O. We write the generator on the
left to avoid confusion with O..

(a) Show that cO C O..

(b) Show that cO contains any other ideal of O. that is also an ideal of O,
i.e., absorbs multiplication by the bigger ring O.

(¢) Is cO a principal ideal of O.?

4.5.6. Let I = d(Za+Z(—b+cd)) be anideal of O.. We know from Exer. 4.2.13
that the ring of multipliers Oy = {y € F : vI C I} is an order O.. Show
that ¢ = ¢/ ged(a, ).

4.6 The Ideal Norm

We will extend the notion of the norm from elements of F' to ideals of O.
By Exer. 4.2.9, [Na| = |O/Oq| for any o € O. By Prop. 4.4.3, O/I is finite
for any ideal I # 0. Those two facts motivate the definition we’re after.

4.6.1 Definition. The norm of an ideal I # 0 of O is the natural number
NI =|0/I|.

4.6.2 Example. Proposition 3.4.5 shows how to compute the size of
the quotient of two lattices. We apply it to find the norm of ideal P
from Ex. 4.5.3:

NP = |Z[V=37]/(Z - 19+ Z(—1 + V=37))|
= [Ao/ [0 3] Ao| = [det [ 5] = 19. O

The ideal norm is essential for reducing multiplicative questions about
ideals of O to analogous but easier questions about natural numbers.

4.6.3 Proposition. Let I and J be nonzero ideals of O. If I | J, then
NI |NJ.

Proof. T | J just means that I O J, so a+ J — «a+ I is a well-defined,
surjective ring homomorphism ¢ : O/J — O/I. By the First Isomorphism
Theorem, O/I = (O/J)/ker ¢. Counting elements, we get |O/I] - [ker | =
|O/J|, so that NI = |O/I| divides NJ = |O/J|. |

4.6.4 Example. Let’s show that the ideals
I=7-11+Z(3+V31),J =Z-6+Z(1 +V31)

of Z[v/31] are relatively prime. Since I 4+ J divides both I and .J, Prop. 4.6.3
shows that N(I + J) | ged(NI,NJ) = ged(11,6) = 1, so that indeed T + J =
Z[\V/31]. O
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Next, we generalize to the ideal norm the formula Na = aa, which holds
for elements ac € F'. This is key to the last remaining point in the program of
Sec. 4.3 for proving the unique factorization of ideals, namely the cancellation
for ideal multiplication.

4.6.5 Theorem. Let I be a nonzero ideal of ©. Then II = O - NI, the
principal ideal generated by NI viewed as an element of O.

Proof. By Prop. 4.5.1, for any such I we can find a,b,d,j € Z,a,d # 0,
such that

I = d(Za + Z(—b + 6)) with b* — tb+n = ja.
Putting I' = Za + Z(—b + §), we have that
II =dr'(dl') = d*(I'T") = (Na)(I'T").

It is thus enough to prove the Theorem for I’, so we assume that d = 1.

From Def. 4.1.2 we have § = ¢ — §, hence I = (Za + Z(—b + 0))(Za +
Z(—b+t—3)). We multiply the two ideals as in Ex. 3.3.1, and get that IT is
the Z-linear span of the set

{a®, —ab+4ad, —ab+at—ad, b>—th+n}.

To find a basis for I we perform a column reduction, starting with

(4.6.6)

0 a —a 0] olc 00 0 a

a’® —ab —ab + at ja] —(C34C3) la2 ja 2ab — at —ab]
e

The Column Reduction Algorithm instructs us to reduce the 1 x 3 sub-
matrix [a? ja 2ab—at] next. Exercise 3.2.5 guarantees that the result is
[0 0 ged(a?,ja,2ab—at) ], even though, in the absence of concrete numbers,
we can’t specify the column operations that get us there.

We claim that ged(a?, ja, 2ab—at) = a, or, equivalently, that ged(a, j, 2b—
t) = 1. If p € Z were a prime dividing a, j and 2b — ¢, then

p? (20 — t)* — 4ja = 4b* — 4bt + t* — 4b* + 4bt — 4n

4.6.7
( ) =2 —4n = Dp.

By remark (a) after Table 4.1, Dp is not divisible by squares other than
possibly 4, so p must be 2. You are invited to dismiss this possibility, and
to conclude that ged(a?, ja,2ab — t) = a. This justifies the first step in the
following continuation of column reduction (4.6.6):

a? ja 2ab — at —ab 00a—ab 00a0
— — .
00 0 a 000 a 000a



4.6 The Ideal Norm 75

We conclude that IT = Za + Zad = Oa = O - NI, since NI = |0/I| =
det [ ]| = o

The proof of IT = O -NI pivots on the fact that Dy = disc O is essentially
square-free. This is false for the discriminant of any strictly smaller subring
Zla] G O, by Prop. 4.2.4. That is why the full ring O is the right place to
look for unique prime factorization of ideals.

4.6.8 Corollary. For any nonzero ideals I and J of O, N(I.J) = NI - N.J.

Proof. This is immediate from Thm. 4.6.5. When I + J = O, the Corollary
also follows from the Chinese Remainder Theorem for rings, Prop. 2.4.8. W

We finally have the tools to prove cancellation for ideal multiplication.

4.6.9 Corollary. Let I,J and K be ideals of O, with I # 0. If IJ = IK,
then J = K.

Proof. The corollary follows from the following chain of implications:
IJ=I1K = (II)J=(I[)K = (NI)J=(N)K = J=K.
The last implication follows by scaling both sides by NI—1. |

See Exer. 4.6.9 for an example where cancellation fails in a subring of O.

Exercises

4.6.1. Finish the proof of Thm. 4.6.5 by showing that the divisibility (4.6.7)
is impossible when p = 2.

4.6.2. If I C J are ideals of O and NI = NJ, then I = J.

4.6.3. Show that NI = |d?a| for an ideal I = d(Za + Z(—b+ 6)) of O.

4.6.4. Let P be a maximal (i.e., nonzero prime) ideal of O. Prove that NP = p
or p? for the unique prime p € NN P.

4.6.5. Let I be an ideal of O. Show that NI = ged(Na : o € I).
4.6.6* Let Iy, = di(Zay, + Z(—bi, +9)), k = 1,2, be two ideals of O satisfying
ged(ag,az) = 1. Use the Chinese Remainder Theorem to choose a b € Z

satisfying b = b1 (mod ay),b = by (mod az). Prove the following formula for
multiplying such ideals:

L1y = dyda(Z(ayaz) + Z(—b+96)).

4.6.7* Let I and J be ideals of O with I | J. Put K = {a € O : ol C J}.
Show that K is an ideal of O, and that J = I K.



76 4 Arithmetic in Q[v/D]

Orders

Let O. C O be the order of conductor c.

4.6.8. Let I = d(Za+Z(—b+cd)) be an ideal of O.. in standard form. We define
the norm of I relative to O, by N.I = |0./I]|.

(a) Give a formula for NI in terms of a,b, ¢ and d.
(b) For a € O, show that N.(O.a) = N(Oa) = |[Na/.

4.6.9. Consider the field Q[v/—7] and its order Oy = Z[/—T].

(a) Show that I =Z -2+ Z(1 ++/=7) is an ideal of Os.

(b) Show that I -1 # Oy -|0s/1].

(c¢) Show that I can’t always be cancelled, by finding ideals J and K of Oy
for which IJ =IK but J # K.

4.6.10. Let I = d(Za+Z(—b+cd)) be an ideal of O.. Show that the following
are equivalent:

(a) ged(a,c) = 1.

(b) I can always be cancelled.

(¢) O = O, where Oy is the ring of multipliers of I (see Exer. 4.5.6). In other
words, I doesn’t absorb multiplication by any order bigger than O,.

An ideal of O, satisfying these conditions is called invertible.

4.6.11. Let I be an invertible ideal of O,.. Prove that I -I = O, - N.I, and
that N.I = ged(Na : « € I).

4.6.12. Let I be an ideal of O, and J an ideal of O with gcd(N.I,c) =
ged(NJ, ¢) = 1.

(a) Compute the sizes of the lattice quotients O/O. and O./cO.

(b) Use Exer. 3.4.6 to show that J+ O, = O and I + ¢cO = O.. Conclude
from the latter that IcO = 1N cO.

(¢) Deduce the isomorphisms of quotient rings O/J = O./(J N O.) and
0./I=20/I0.

4.6.13. Consider the sets of ideals,

I.(c)™ = {I an ideal of O, : gcd(N.I,c) = 1},
I;(c)" = {J an ideal of O : gcd(NJ,c) = 1}.

The subscript is the conductor of the order in which the ideals lie; the number
in parentheses appears in the norm condition.

Deduce from Exer. 4.6.12 that the assignments I — IO and J — J N O,
define mutually inverse bijections between I.(c)* and I} (c). Show that these
bijections preserve norms and ideal multiplication.
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4.7 Fractional Ideals

Ideal multiplication is an associative and commutative operation on the set
]IJIS of nonzero ideals of O. The only invertible element in HJI,C is its identity O
(see Exer. 2.4.3 e). Despite being so poor in inverses, HJI,C satisfies cancellation.
To resolve this discrepancy, we enlarge H} by the inverses of all nonzero ideals
to a construct a group Ir. From Thm. 4.6.5 we know that I1 = O - NI, so
it’s tempting to put I~! = (1/NI) - I.

4.7.1 Example. Consider the ideal I = Z[i] - 2 of Z[i]. With the above
(provisional) definition, I =% = (1/2)Z[i] = Z-1/2+ Z-i/2, which is a lattice,
but is not contained inside Z[é]. O

A ideal I of O is a subgroup which absorbs multiplication by O. We arrive
at the notion of a fractional ideal by dropping the requirement that I C O.

4.7.2 Definition. A fractional ideal in F' is an additive subgroup -# of F
that satisfies both of the following conditions:

(a) 5 =Za+ 706, where a, § € F are linearly independent over Z;
(b) 69 C 7.

Cursive letters will generally stand for fractional ideals. The set of all
fractional ideals is denoted Ir. A few remarks:

(a) Fractional ideals are a genuinely new class of objects. They are not ideals
of O with some extra property called “fractionality”; indeed, they need
not be subsets of O at all. Nor are fractional ideals simply ideals of the
field F' (of which there are exactly two).

(b) The field F itself is not a fractional ideal, since it’s not of the form
Zo+75.

(¢) A fractional ideal contained in O is just an ideal of O in the usual sense;
in other words, ]1;5 C Ip. We will sometimes, for emphasis, call ideals of
O integral ideals, and denote them, as before, with upright rather than
cursive letters.

4.7.3 Example. For any « € F'\ 0, the set
Oa={fa:pe0}=2Zua+Zx

is a fractional ideal. Fractional ideals of this form are called principal
fractional ideals. O

4.7.4 Proposition. An . C F is a fractional ideal if and only if there exists
an e € 7 such that e is an ideal of O.

Proof. Let &% = Za + ZS. Taking the common denominator, we can find
a,b,¢,d, e € Z for which a = (a +bv/D)/e, 8 = (¢ +dv/'D)/e. Multiplying by
e clears denominators, so e.# C O. More than a mere subgroup, e.# is an
ideal of O, since §(e.#) = e(§.7) C e.#. The converse is trivial. [ |
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We will refer to any e from the proposition as an (integer) denominator
of .#. Combining Prop. 4.7.4 and Prop. 4.5.1 yields the following statement.

4.7.5 Corollary. Fractional ideals are precisely the subsets of F' of the form
q(Za + Z(—=b + 9)) for some ¢ € Q* and a,b € Z satisfying a # 0 and
b2 —tb+n =0 (mod a).

Now that we have an explicit description of its elements, we proceed to
define a group structure on Ip.

4.7.6 Proposition. Let S, 7 €y and let k,l € Z be such that k7,1 7 C
O. The formula

s g = hF) (1F)

gives a well-defined operation on Ip extending the usual ideal multiplication
on ]I;. Under this operation, Ir is an abelian group. Moreover, ideal norm
extends to a homomorphism of multiplicative groups Ir — QZ, by putting
N(LI) = NI forn e N, I € I}.

Proof. The definition of .#- _# isn’t circular, since the product on the right is
the usual product of integral ideals k.# and [_#. Let k’,l’ € Z be another pair
of denominators for .# and _#, respectively. Then kk'.# C O and ll' # C O
as well. The associativity and commutativity of the usual ideal multiplica-
tion give

(K1) (kI)17) = (kK Z)U' 7) = (KD)(E I 7).
Scaling by 1/kk'll’, we get

1 1, ’
= (BI) - (1.7) = 7 (W) - (' 7),

which shows that the product of fractional ideals doesn’t depend on the choice
of denominators.

This operation obviously extends the multiplication on ]I;,C, and is asso-
ciative and commutative with identity O. It remains to establish the exis-
tence of inverses. Take . € Ip and e € Z with e C O. By Thm. 4.6.5,
(ef)-(ef) =0 -N(eI), 50 .7 - (e2/N(ef) - #) = O, which shows that

2

-1 _ € —
N(e.#)
We leave the claim about the norm as an exercise. |

The construction of I from ]IJIS is analogous to enlarging N by the inverses
of all its elements to construct the positive rationals.



4.7 Fractional Ideals 79

Exercises

4.7.1. Let ]16 be the set of all nonzero ideals of Z equipped with ideal multi-
plication. Imitate the construction of this section to make a group Ig D ]16.

Let f: 116 — G be a multiplication-preserving function to a group G. Show
that f has a unique extension to a group homomorphism Iy — G. Deduce
that Ig is isomorphic to the multiplicative group of positive rationals.

4.7.2. Let .# be a fractional ideal in F'.

(a) Show that Dy = {a € O: af C O} is an ideal of O.

(b) Let F = Q[v/=5] and .# = Z[\/=5] - 2-Y=2 Find D .

4.7.3. Prove the statement about the norm in Prop. 4.7.6.

4.7.4. Let & be a fractional ideal in F. Prove that # =1 ={a € F: a9 C
O}.

4.7.5. Let .# and _# be two fractional ideals in F'. Prove that .# C _# if and
only if #/71 D> g#~1.

4.7.6. When do two triples (¢,a,b) and (¢',a’,b’) as in Cor. 4.7.5 give the
same fractional ideal?

4.7.7. Show that O is a PID if and only if all fractional ideals are principal.

Orders

4.7.8. Let G be an abelian group and M C G a multiplicatively closed subset.
Show that (M) = {gh~!: g,h € M} is the smallest subgroup of Gi containing
M. Let M’ C G’ is another such pair, and f : M — M’ a multiplication-
preserving bijection. Show that f extends uniquely to a group isomorphism
(M) = (M').

4.7.9. Let O, C O be the order of conductor ¢. Consider the sets

I.(c) = {11];1 : I, Iy ideals of O, ged(N 11, ¢) = ged(Neolo, ¢) = 1},
Iy(c) = {J1Jy i Ju, Jo ideals of O, gcd(NJy,c) = ged(NJa, ¢) = 1}.

(a) Show that
I.(c) = {1 :e €N, I ideal of O with ged(e, ¢) = ged(Nel) = 1},

and similarly for I (c).

(b) Show that I;(¢) and I.(c) are the smallest groups containing, respectively,
I;(c)™ and I.(c)* of Exer. 4.6.13.

(c) Show that the bijections between I (¢)™ and I.(¢) T of Exer. 4.6.13 extend
to group isomorphisms I; (¢) 2 I.(c)

It’s often convenient to replace I.(c) with the isomorphic group I;(c). As ¢
varies, the I (c) are all subgroups of I 5.
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4.8 Unique Factorization of Ideals

We are finally ready to prove unique factorization for ideals.

Theorem 1.5.5. Let F = Q[v/D] be a quadratic field and O its ring of
integers. For any ideal I of O, other than 0 and O, there exist prime ideals
P, P, ... P, of O, not necessarily distinct, such that [ = PyP,...P,. This
factorization is unique up to permutation of factors.

Proof. Ezxistence: Let S be the set of all ideals 0 ; I ; O without a prime
factorization. Suppose that S were nonempty. By Prop. 4.4.3, O is a Noether
ring, so Cor. 4.4.5 produces a largest element L € S. The ideal L can’t
be prime, as each prime ideal is its own factorization. Then L is not max-
imal either, so L is strictly contained in a maximal ideal P by Cor. 4.4.6:
LS PSO.

Multiplication of fractional ideals preserves strict inclusion: if J ; K but
1J = IK, cancelling I gives a contradiction J = K. Thus, multiplying L ; P
by P~! gives LP~! G O. Similarly, P G O implies O G P! (Exer. 4.7.5),
which multiplied by L gives L & LP~".

To summarize, LP~' # O is an integral ideal strictly larger than L, and
therefore not in S. Thus we have a prime factorization LP~' = P, --- P.
But then L = P; --- P, P is a prime factorization of L, contradicting L € S.
We see that S must be empty: each nontrivial ideal of O has a prime factor-
ization.

Uniqueness: Let I = Py---P. = Q1---Qs. Then P; | Q1---Qs. By the
ideal version of Euclid’s Lemma (Exer. 2.5.1) we have that P; divides, say,
@1 (P1 2 @1). By Cor. 2.5.8 all nonzero prime ideals in O are maximal, so
P, = Q. By Cor. 4.6.9, we can cancel P, = Q1 toget Po--- P, = Q2+ Qs.
Proceeding inductively, we match every P; with some @}, so that one prime
factorization of I is a permutation of the other. |

Exercises

4.8.1. Let P be a nonzero prime ideal of O, and k € N. By Exer. 2.5.9,
R = O/P¥ is a local ring. For a € O we write @ = a+ P* € R, and similarly
for subsets of O.

(a) Prove that R D PDP2D...D P11 D PF =0is the complete list of
ideals of R. Show that they are all distinct.

(b) Let 0 <i < k. Show that P* = Ra for any & € P'\ Pt

(¢) Construct an isomorphism of additive groups R/P = P/P*~ !,

(d) Use Exer. 2.5.10 to prove that R* = (1 4+ P) x (O/P)*.

4.8.2. We generalize the Euler phi function to ideals 0 ; 1 ; O by putting
o(I) = |(O/I)*|. Prove the following:
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(a) o(IJ) = p(I)p(J), for relatively prime ideals I and J of O.
(b) p(P*) = (NP)*=}(NP — 1), for P a nonzero prime ideal of O.

These two properties, along with Unique Factorization of Ideals, allow us to
compute ¢(I) for any I.

4.9 Prime Ideals in O

Before we start factoring ideals, we need an explicit description of prime
ideals.

4.9.1 Lemma. Let P be a nonzero prime ideal of O. There exists a unique
prime number p € N such that P | p.

Proof. Let NP = pp’... be the prime factorization in N of NP. The ideal P
is prime, and divides PP = O -NP = (Op)(Op') . ... By Euclid’s Lemma for
ideals, Exer. 2.5.1, we must have P|p, up to renaming. Then NP | Np = p?,
so p € N must be the sole prime factor of NP. |

To find all nonzero prime ideals of O, it’s enough to factor the ideal Op for
every prime number p € N. Let Op = P, P, ... be that factorization. Taking
the norm, we get

p®> =N(Op) = (NP)(NP2)...,
which leaves only three possibilities.

4.9.2 Proposition-Definition. Let p € N be a prime. The prime factoriza-
tion of Op has one of the following forms:

(a) Op = P with NP = p?; in other words, p remains prime when viewed as
a principal ideal of O. We say that p is inert.

(b) Op = P? with NP = p. We say that p is ramified.

(c) Op = PP with NP =p and P # P. We say that p is split.

The terms inert, ramified and split also apply to the prime ideal factors
P (and P) of Op.

Proof. Let P be a prime ideal factor of Op. If NP = p?, we're in case (a).
Otherwise, Op = O - NP = PP must be the unique prime factorization of
Op. If P = P, we're in case (b); otherwise, we're in case (c). |

4.9.3 Proposition. Let p € N be a prime, and let v = 0,1 or 2 be the
number of distinct solutions in Z/pZ to the equation x> —tx +n = 0. Then
the type of prime factorization of Op is determined by v:

(a) v =0 if and only if p is inert.
(b) v =1 1if and only if p is ramified.
(¢c) v =2 if and only if p is split.
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Proof. Since a quadratic equation has at most two solutions in the field Z/pZ,
it suffices to prove only the “if” direction in all three cases.

(a) Suppose that p is inert and that there exists an r € Z such that
72 —tr+n =0 (mod p). Then (r — 8)(r — &) = r? — tr + n € Op. The ideal
Op is prime, so it must contain one of the factors on the left, say r — §. But
then r/p — §/p € O, which is a contradiction.

(b) and (c) Assume now that Op = PP, which describes both the ramified
and the split case, according to whether P = P or not.

Let P = d(Za+ Z(—b+9)) be a standard form of P. Then p = NP = d?a,
sod=1,a=p, and

P =1Zp+Z(—b+9),
P=Zp+Z(-b+0)=Zp+Z(b—t+9).

Asd—(t—b)=—(t—0)+b=—6+be P, we have
2 —tr+n=(x—0)(x—0)=(xr—>b)(x—(t—>0)) (modP).

Since b and ¢ — b are both in Z, modulo P they both end up in Z/pZ. We
have that ¥ = 1 if and only if b =¢ — b (mod p), and v = 2 otherwise.

The last congruence is also necessary and sufficient for P to be ramified.
Indeed, the condition P = P is equivalent to the weaker one P C P, or

(Zp+ Z(=b+0)) C (Zp + Z(b — t + 5)).

This, in turn, is equivalent to the existence of k,l € Z such that —b+ 9§ =
kp 4+ 1(b—t+ ¢). Comparing coefficients, we see this happens if and only if
l=1,-b=kp+b—t, or, equivalently, b=t — b (mod p). |

4.9.4 Proposition. The number of solutions to the equation x> —tx+n =20
inZ/pZisv=1+ (%).

For the definition of (%), see Exer. 1.1.13.

Proof. Assume first that p > 2, so 2 is invertible in Z/pZ. This allows us
to divide by 2 when completing the square, as in the standard proof of the
quadratic formula:

O:x2—t:v+n=(x—%)2—tz_%,

or, equivalently (22 —t)? = Dp. The number of solutions v thus depends on
whether Dr is a square modulo p, which is detected by the Legendre symbol
of Def. 1.1.7:

0 if Dp is a nonsquare in Z/pZ

D
v=<1if Dp=0 (mod p) —1—|—<—F>.
2 if Dp is a nonzero square in Z/pZ b
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When p = 2, we can no longer complete the square. Instead, in Exer. 4.9.4
you will directly examine the four possible quadratic equations with coeffi-
cients in Z/27. |

We summarize the previous results in the definitive statement on the fac-
torization in O of integer primes.

4.9.5 Theorem. Let p € N be a prime.
(a) If (%) = —1, Op is a prime ideal in O: p is inert.

(b) If (%) =0 or 1, pick b € Z so that b> —tb+n = 0 (mod p). Put
P =Zp+ Z(—b+ ). Then the following hold:

P is a prime ideal in O.

P=Zp+Z(—(t—0b)+9). B
We have the factorization into prime ideals Op = PP.
D
TF'

ramified.
° (%) =1 if and only if P # P, or equivalently b % t —b (mod p): p is
split.

) =0 if and only if P = P, or equivalently b=t —b (mod p): p is

Since (%) = 0 if and only if p | D, we have the following important

corollary.

4.9.6 Corollary. A prime p € N is ramified if and only if p | Dp. In
particular, only finitely many primes in N ramify.

4.9.7 Example. Let F' = Q[v—14], so O = Z[v/—14]. The only ramified
primes are 2 and 7, the prime divisors of Drp = —56. The element 6 = /—14
is a root of the equation 22 4+ 14 = 0, which reduces to 2 = 0 modulo both
2 and 7. We can then take b = ¢t — b = 0 in Thm. 4.9.5 (b). We find that
0-2=P; O-7= P? where

Po=7Z-24+7Zv—-14and P, =7 -7+ 7~—-14

are prime ideals of O.
Let’s consider the factorizations of 11 and 23. By Quadratic Reciprocity,

0N (DY (25 (2 (2 2y
1w ) \1) 7 \23) \23) \23)
so that 11 is inert and 23 split. In fact (£3)? = —14 (mod 23), and the recipe

in Thm. 4.9.5 (b) gives the prime factorization
0-23=(Z-23+7Z(-3+V—14))(Z-23+Z(3 + v—14)). 0
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4.9.8 Example. Let F = Q[v/—15]. We find that Dp = —15 and O = Z][J],
where § = (1 ++/—15)/2 satisfies 62 — § + 4 = 0.

Let’s factor I = Z-84+7(49+76) into prime ideals. We put I into standard
form by factoring out ged(84,49,7) = T:

(4.9.9) I=7(Z-12+Z(7 +§)).

In our general notation, d = 7,a = 12 and b = —7. Since (—=7)% — (=7) +4 =
60 = 0 (mod 12), I is indeed an ideal. Its norm is NI = d?a = 22 -3 - 72
by Exer. 4.6.3. We first figure out the factorizations of 2, 3 and 7 into prime
ideals in O:

2: Since 2> —x+4 =22+ =z(x +1) (mod 2), the prime 2 splits: O -2 =
PoyPy = (Z-2+738)(Z -2+ Z(1 +9)).

3: This is a divisor of D, so it must ramify. We find that 22 —z+4 = (z+1)?
(mod 3), so O -3 = P§ with P =73+ Z(1 + ).

7: As (_715) = (%) = —1, the principal ideal O - 7 is prime. Consequently,
there is no ideal of norm 7.

We will factor I by finding sufficient powers of these prime ideals to account
for all prime powers dividing NI in N. The factor of 7 in (4.9.9) has norm
N(O - 7) = 72, and so contributes all the powers of 7 in NI. Similarly, as
3| NI and Pj is the only ideal of norm 3, P; must divide I.

To account for the factor of 22 in NI, the ideal I must have two (possibly
equal) prime ideal factors of norm 2. The product of the two can be P2, PZ, or
PyPy = O - 2. We rule out the last possibility, since it’s obvious from (4.9.9)
that 2  I. To decide whether P# | I or P# | I, we could use brute force:
calculate I(P§)~" = 1IP} and I(P§)~' = 1IP}, and see which is a subset
of O.

We can, however, avoid the tedious ideal multiplication altogether. Since
12 € P, we have that P> | I, i.e., P, D I, if and only if 7+ ¢ € P, and
similarly for Py. We calculate 7+ = 3 -2+ (1 +§) € P, so that Py | I. We
finally get the prime factorization I = 7- Py - P§. O

This example generalizes to a factorization algorithm for ideals with d = 1.
In combination with Thm. 4.9.5, it allows us to explicitly factor any ideal.

4.9.10 Proposition. Let I = Za + Z(—b + 0) be an ideal of O. Let a =
pit S be the prime factorization of a in Z. The factorization of I into
prime ideals is given by

T

I=1]@pi+Z(-b+5))*.
i=1
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Exercises

4.9.1. List, in standard form, all prime ideals in Z[y/—30] of norm < 50.
Decide for each prime ideal whether it is inert, ramified, or split.

4.9.2. Factor the following ideals into primes in their respective rings of in-
tegers:

(a) Z[v/=17] - 30

(b) Z- 147 + 7,(42 + 7V/15)

(c) (The principal ideal generated by) 5+ /=5
(d) (The principal ideal generated by) 5 + 2v/85

4.9.3. Finish the computations of I(P#)~" and I(P; %)~! in Ex. 4.9.8.
4.9.4. We prove Prop. 4.9.4 when p = 2:

(a) Show that Dp = t*> — 4n (mod 8) depends only on n (mod 2) and ¢
(mod 4). Write out the 2 x 4 table of the possible values of Dp (mod 8).

(b) There are four different quadratic equations with coefficients in Z/27Z.
Enter them in the first column of the table below, then fill in the four
corresponding rows:

2> —tr+n=0 (mod2) | v | Dpr (mod 8) | (%)

Here v is the number of distinct solutions of the equation, and (%)
is defined in Exer. 1.1.13. Since the equations are determined by t,n
(mod 2), while Dr (mod 8) depends on t (mod 4), there may be several
values in the third column corresponding to a single equation.

(c) Verify that v =1+ (Z£).

4.9.5" Describe the prime factorization of an ideal I of O satisfying I = I.
4.9.6. Let P be a ramified prime ideal of O. Show that for all « € O, @ = «
(mod P).

4.9.7. Let ¢(a)) = @ be the conjugation in F. By Prop. 4.1.3 e), G = {idp, ¢}
is the group of ring isomorphisms from F' to F. Let P # 0 be a prime ideal
of O, and consider the chain of subgroups G O Dp 2 Ep given by

Dp={oce€G:0(P)=P}
Ep={ce€G:0a=a (mod P) foralla € F}
(a) List all possible chains of subgroups G O G5 2 G2 of length three.

(b) Show that the chain G 2 Dp O Ep depends only on whether P is inert,
ramified, or split. Do all the chains listed in (a) arise in this way?
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4.9.8. Prove Prop. 4.9.10. Extend this to a recipe for factoring an arbitrary
ideal of O.

4.99* Let r1,...,7k,81,---,81,%1,---,im € N be distinct positive primes.
Prove that there exists a quadratic field in which all r; are ramified, all s;
are split, and all ¢; are inert.

4.9.10F By Exer. 2.2.16, every finite field of prime characteristic p has p"
elements. Galois theory shows that there is, up to isomorphism, only one
such field for each n. We give an elementary proof for n = 2.

(a) Let K be a subfield of an arbitrary field L, with L of dimension 2 as a
K-vector space (see Exer. 2.2.16). Show that any o € L'\ K is a root of
some quadratic polynomial 2% + az + b € K|x].

(b) Construct a ring isomorphism K|[z]/(z? + ax + b) — L. Deduce that
22 + ax + b is irreducible in K[z].

(¢) The derivation of the quadratic formula requires division by 2, which
we can do in any field K of odd characteristic. In that case, show that
L = K[z]/{z* — m) for some nonsquare m € K*.

(d) Fix an odd prime p € N, and take m,m’ € F \ F}?. Construct a ring
isomorphism F,[z]/(z? — m) = F,[z]/(x? — m/). Conclude that any two
fields with p? elements are isomorphic. We denote any one of them by F ..

(e) Construct Fy and show that it’s unique.

4.9.11. Let P # 0 be a prime ideal of O. Find the quotient O/P when P is
inert, ramified, or split.

4.9.12. We will determine the ring structure of O/Op, for p € N prime.

(a) Construct the appropriate ring isomorphism:

Fpe, for pinert
O/Op = { Fplz]/(x?), for p ramified
F, x T, for psplit

(b) The unique ring homomorphism F), = Z/pZ — O/Op allows us to think
of F), as a subring of O/Op. In all three cases, describe the image of F,,
and (O/Op)* under the isomorphism of a).

(c) Show that the quotient (O/Op)*/F) is cyclic of order p — (%).
Exer. 2.3.11 is helpful.

Orders
4.9.13. Let O, C O be the order of conductor ¢. Show that the correspon-

dence of Exer. 4.6.13 matches prime ideals of O, in I.(¢)" with prime ideals
of O not dividing c.



Chapter 5

The Ideal Class Group
and the Geometry of Numbers

5.1 The Ideal Class Group

It turns out that the group of fractional ideals Ir is not an interesting
invariant of the quadratic field F: for different fields F, F’, Exer. 5.1.7 shows
that Ip & [p/. To get an object which does reflect the arithmetic of F', we
consider a quotient of Ip.

5.1.1 Definition. Let Pr be the subgroup of Ip consisting of all principal
fractional ideals. The quotient

CI(F) =1p/Pp
1s called the ideal class group of F'.

The ideal class group is trivial precisely when all fractional ideals in F' are
principal, that is, when O is a principal ideal domain (PID). A nontrivial
CI(F') measures how far O is from being a PID. The second big theorem of
this book states that it’s never too far.

5.1.2 Theorem. For any (quadratic) field F, CI(F) is finite.

We define the class number of F as h(F) = |CI(F)|. In Sec. 5.4 we’ll
get some hands-on experience with computing ideal class groups. We start,
though, by thinking of C1(F') as an abstract group quotient.

(a) Let . and _# be fractional ideals. A typical element of C1(F) is a coset
[-¥] = Pp.#, which we call the ideal class of .#. By the definition
of a quotient group, [.#] = [ #] if and only if & = (Oa) # = a ¢
for some o € F \ 0. Two ideals are in the same class precisely when
they’re proportional. In particular, the identity of C1(F') is [O], the class
of principal fractional ideals.

(b) For any fractional ideal .# there exists an k € Z such that [ = k. C O.
Then [.¥] = [k.] = [I], so that every ideal class is represented by an

M. Trifkovié, Algebraic Theory of Quadratic Numbers, Universitext, 87
DOI 10.1007/978-1-4614-7717-4_5, © Springer Science+Business Media New York 2013
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integral ideal. We can define ideal classes without leaving O: [I] = [J] for
ideals I, J of O if and only if there exist 5, € O such that vI = 8J.
(c) The inverse in CI(F) is given by conjugation. The identity I7 = O - NI
translates to [I][I] = [0], or [I]~! = [I].
(d) By Unique Factorization of Ideals, each element of CI(F') is a product of
classes of prime ideals. In group-theoretic terms, those classes form a set
of generators for the group CI(F'). We obtain relations among them by

factoring principal ideals.

5.1.3 Example. We calculated in Exer. 4.9.2(c) that
ZV=5|(5++v—b) =P, - P3 - P,

which gives us the relation [P][P3][Ps] = [O] in C1(Q[v/—5]). The prime ideal
Py is not principal, by Exer. 2.3.6. The class [P] has order 2, since P§ = O-2.
We will see later that C1(Q[v/—5]) is cyclic of order 2, generated by [Pz]. O

We will deduce the finiteness of C1(F') from a geometric property of ideals,
viewed as lattices in a plane.

5.1.4 Proposition. Fiz a positive constant Mp. Each of the following state-
ments implies the next:

(a) Each fractional ideal ¥ contains an « # 0 for which |Na| < Mg - N.7.
(b) Each ideal class in CI(F) contains an integral ideal I of norm NI < Mp.
(¢) The ideal class group of F is finite.

Proof. To show that (a) implies (b), we must find in every ideal class [_#]
an integral ideal of small norm. To do this, we look for o« € F'\ 0 such that
I=a¢ COandN(a_#)<Mp, in other words

—1 Dj’tF
aec #7\0and |Na|§W.
Applying statement (a) to .# = _# ! produces such an a.

Now assume that (b) holds. To deduce (c), it suffices to show that there
are only finitely many nonzero ideals I of O with norm < 9. For this, in
turn, it suffices to show that a fixed B € N is the norm of only finitely many
ideals.

The standard form I = d(Za + Z(—b + §)) is unique once we require
that d > 0 and 0 < b < a. The equation NI = d?a = B has only finitely
many solutions d,a € N, and for each of them there are only finitely many b
satisfying 0 < b < a and b2 —tb+n =0 (mod a). [ ]

Statement (a), and with it the finiteness of Cl(F'), reduces to the purely
geometric task of finding a nonzero lattice point near the origin. A satisfying
sufficient condition for the existence of such a point is the subject of the next
section.
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Exercises

5.1.1. Prove that Pr = F*/O*.

5.1.2. The order of a group element g € G is the smallest n € N such that
¢g" = 1. In terms of the ideal I, when does the class [I] € C1(F') have order 27

5.1.3. Determine the order of the class of each ideal below in the ideal class
group of the corresponding field:

(a) Z-5+7/35
(b) Z -7+ 235
(c) Z-3 42128
(d) Z-13+Z(5+1)

5.1.4. Are the two ideals I and J from Exer. 5.1.3(a) and (b) in the same
ideal class? If they are, find a € Q[v/35] such that J = .

5.1.5. We can define the ideal class group purely in terms of integral ideals:

(a) Let I and J be nonzero ideals of O. Put I ~ J if and only if there exist
8,7 € O for which vI = pJ. Show that ~ is an equivalence relation
on I}.

(b) Show that [I][J] = [IJ] gives a well-defined operation on the quotient set
Cl(F)int = [}/ ~, which turns it into a group.

(¢) Show that Cl(F)iy coincides with CI(F') of Def. 5.1.1.

5.1.6. Let F' be a real quadratic field. We say that o € F is totally positive
if both @ > 0 and @ > 0.

(a) Show that the set Fso of totally positive elements is a group under
multiplication.

(b) Show that Na > 0 if and only if o or —«v is in Fsg.

(c) Let OZ, = O* N F5q be the group of totally positive units. Show that

N 727 if Nu=1 for all u € O

O /O>O - .

Z)27 x 7/27 if Nu = —1 for some u € O*.

(d) Find units u,v € Z[v/2] with Nu = —1, Nv = 1.

(e) Define the narrow ideal class group of ' by C1"(F) = I /P, where
]P’; is the group of principal fractional ideals with a totally positive gen-
erator. Construct a surjective group homomorphism CI*(F) — CI(F),
and determine its kernel.

5.1.7. By unique factorization, any nonzero ideal I of O can be written as a
product ranging over all nonzero prime ideals:

=[P
P
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Here ep € Z>p, and ep = 0 for all but finitely many P. For I = O, we put
ep = 0 for all P. The set

J={(ep) :ep € Z,ep = 0 for all but finitely many P}
is a group under componentwise addition.
(a) Show that the assignment I — (ep) extends to a group isomorphism
(b) ]g;n_cl‘ljl'de that for two fields F' and F’, Ip = Ip:.
5.1.8. Fix a bound B € R+ . Prove, using unique factorization of ideals, that
there are only finitely many ideals I of O with NI < B.

5.1.9. Let .Z be a fractional ideal in F', and d € N. Prove that there exists
an ideal I C O in the class [.#], for which ged(N7,d) = 1.

Orders

Let O, C O be the order of conductor c¢. In Exer. 4.7.9 we defined the group
I.(c) of fractional ideals of O, and identified it with the subgroup I (c) of
I. To define the ideal class group of O., we have two corresponding groups
of principal fractional ideals:

Po(c) = {0y 7 € FX(c)} and Py(c) = {07 : 7 € FX(0)}.
Here we put

FX(c) ={a/B:a,B € Oc, ged(Na, c) = ged(NS, ¢) = 1},
FX(c)={a/B:a,B €O, ged(Na,c) = ged(NS, ¢) = 1}.

Note that P.(c) (resp. P1(c)) is the smallest subgroup of I.(c) (resp. Ii(c))
containing the principal ideals of O, (resp. O) with a generator that is in
O, in both cases. The isomorphism I.(c) 2 I (c) sending .# to # O identifies
P.(c) with Py(c). The ideal class group of the order O, is the quotient
Cl(O) = Le(¢)/Pe(c) = L (c) /Pr(c).

5.1.10. Show that Py(c) - # — Pp - .# defines a surjective group homomor-
phism 1 : C1(O,) — CI(F) with kernel (I (c) N Pg)/P1(c).

5.1.11. Construct group isomorphisms I (¢) N Pr = F*(c)/O* and Py(c) =
FX()/(FX (e) NOX) = FX(c)O* [0 = FX(¢)/ O

5.1.12. Let ¢ : O — O/cO be the natural ring homomorphism. Reducing the
inclusion Z C O modulo ¢ allows to view Z/cZ as a subring of O/cO.

(a) Show that O. = ~Y(Z/cZ).
(b) Extend ¢ to a multiplicative homomorphism ¢* : F[*(¢) — (O/cO)*.
Show that ¥* is onto, and that F.*(c) = ()" ((Z/cZ)*).
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(c) Conclude that the composed homomorphism ¢ : F*(c) = (O/cO)* —
(O/cO)*/(Z/cZ)™ induces an isomorphism Fy*(c)/F.*(c) = (O/cO)*/
(Z)cZ)*.

5.1.13. Using the preceding exercises and the Second and Third Isomorphism
Theorems for abelian groups, verify the following isomorphisms:

ker ¢ = (I (c) NPr) /Py (c) = (F (¢)/O%)/(F ()0 /O%)
= F )/ (FX()O™) = [FY (o) /[ FX ()l /[FZX ()0 [FZ ()]
= [(0/cO)* (Z]cz)*]/p(07).

The last group is finite and easily computable, and measures how much bigger
Cl(O,) is than CI(F).

5.1.14. Calculate the group structure of [(O/cO)*/(Z/cZ)*]|/p(O*) for
orders of discriminant D = ¢?Dp = {100, —180, 180}.

5.2 Minkowski’s Theorem

The geometric fact alluded to at the end of the previous section is Minkowski’s
theorem: a planar region that is sufficiently big, symmetric, and regular con-
tains a nonzero lattice point.

5.2.1 Definition. We say that a set S C R? is nice if it satisfies all of the
following:

(a) S is centrally symmetric around 0: if x € S, then —x € S.
(b) S is convex: the line segment joining any two points in S is entirely
inside S.
(¢c) S is measurable: we can make sense of the integral A(S) = [[dzdy
s

defining the area of S.

We won’t worry about the technical condition (c), as it will be obviously
satisfied by all the S we encounter. The pictures in Fig. 5.1(a) and (b) are
two examples of nice regions. We denote by A(A) the area of the fundamental
parallelogram of a lattice A.

5.2.2 Theorem (Minkowski). Let A, S C R? be a lattice and a nice region,
respectively. If A(S) > 4A(A), then there exists a nonzero point in SN A. If
S is closed, the weaker condition A(S) > 4A(A) suffices.

The region in Fig. 5.1(a) satisfies all conditions of the theorem and indeed
contains a nonzero lattice point. The remaining regions contain no lattice
points except 0, even though all have area > 4A(A). Each fails one of the
requirements of the theorem:

(b) The region is not closed because it doesn’t contain its boundary
(the dashed line). Even though it is nice and its area is precisely 4A(A),



92 5 The Ideal Class Group and the Geometry of Numbers

a b
L] ® [ ] [ ] [ ] T——-— p—— ®
' :
! 1
. . ™ + 'Y °
( :
! 1
. ° + ° ® @ *————;———i °
c d
° ° ® ° ® s . ' . .

o
()

Fig. 5.1 Examples of regions in R?

it contains no lattice points except 0. For nonclosed regions, the strict
inequality in Thm. 5.2.2 is necessary.

(c) The region is convex, but not centrally symmetric.

(d) The region is centrally symmetric but not convex, allowing us to avoid
lattice points.

The area condition of Minkowski’s theorem is sufficient, but not necessary.
Any x € A can be joined to —z by a nice rectangle of arbitrarily small area.

Proof of Minkowski’s Thm. 5.2.2. Before giving the formal argument, let’s
look at Figs. 5.2 and 5.3 to see what’s going on. The elements of A are drawn
as dots, the bold ones belonging to the scaled-up lattice 24 with fundamental
parallelogram 1.

We have marked by A through F the six translates of IT that intersect the
nice region S. Imagine those parallelograms as tiles made of transparent glass
on which S is painted in solid color. Stack the tiles on top of one another,
as in Fig. 5.3, and shine a light vertically down on the stack. The solid
regions that make up S will cast a shadow on the bottom parallelogram,
which has area A(IT) = 4A(A). The total area of the painted regions adds
up to A(S). By assumption, this is greater than 4A(A), so some two tiles
must have overlapping shadows. Pick a point z in that overlap, and take two
points z,y € S above z lying on different tiles. Having the same shadow
means that = and y have the same relative position within their respective
tiles (see Fig. 5.2). We see from that figure, and will prove shortly, that the
point v halfway between a and —y is in both A\ 0 and S, as desired.
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Fig. 5.2 A nice region S covered by parallelograms.

Fig. 5.3 The stack of tiles.

Formally, think of the bottom parallelogram in Fig. 5.3 as the fundamental
parallelogram IT of 2A. For o € 24, denote by II, = {p+ a : p € IT} the
translate of IT by a. The set S, = (II,NS)—a C IT is the rigorous incarnation
of the shadow cast by II, NS on the bottom parallelogram in Fig. 5.3. Grant
for now the following claim:

(5.2.3) There exist distinct «, 8 € 24 for which S, N Sg # 0.
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Take z € S, N Sg. There exist points € II, NS and y € IIg NS such that
z=c—a=y—p. Theny= (z—y)/2 = (a—f)/2is in A\ 0. Geometrically,
v is the midpoint of the line segment joining z to —y. By symmetry, —y is
in S5 by concavity, so is any point on the line joining x and —y. Thus, v is a
nonzero point in S N A, proving Minkowski’s theorem provided that (5.2.3)
is true.

Assume to the contrary that the S, are pairwise disjoint subsets of II.
That justifies the first equality in the chain

A< | ] sa> = A(Sa)=A< | ] (HamS)> = A(S).

a2/ a2/ a2/

The II, N S are always pairwise disjoint, which along with translation-
invariance of area explains the second equality. The third equality is true
since the translates of Il cover the whole plane, so in particular all of S.
From Uge24S4 € IT we deduce that A(S) < A(II) = 4A(A), contradicting
the assumption of the theorem.

In Exer. 5.2.5 you will prove that, when S is closed, we may assume that
A(S) > 4A(A). |

Exercises

5.2.1* Consider a prime p € N, p = 1 (mod 4). By Quadratic Reciprocity,
we can find a j € Z satisfying j2 = —1 (mod p). Exercise 3.1.1 shows that
A={[y] € Ao : z = jy (mod p)} C R? alattice. Apply Minkowski’s theorem
to A and a suitable disc S to deduce that any prime p € N, p =1 (mod 4),
is a sum of two squares.

5.2.2. Mimic the method of Exer. 5.2.1 to show that every primep € N,p =1
(mod 3), is of the form p = 2% + xy + y? for some x,y € Z. Start with the
definition of a suitable lattice as in Exer. 3.1.1.

5.2.3. Let {v1,...,v,} be a basis of the R-vector space R™. The subsets

A =Zv1 + -+ Zv,
II={tjvy + - +tpv, : t; €[0,1) for all 1 < i < n}

are, respectively, the rank n lattice in R™ with basis {vq,...,v,}, and
the corresponding fundamental parallelotope. Prove the n-dimensional
generalization of Minkowski’s theorem:

Let S C R™ be a convex, measurable region, centrally symmetric about the origin.
If V(S) > 2"V (II), then S contains a nonzero point of A.

Here V(T') = fT dx; - - -dz, is the standard n-dimensional volume of a mea-
surable region T'. In particular, V' (IT) is the absolute value of the determinant
of the matrix with columns vy, ..., v,.
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5.2.4. Here we prove a theorem of Legendre: each prime in N is a sum of four
squares (some of which may be 0):

(a) Consider the subsets of Z/pZ given by
K={k?*:keZ/pZ}, L={-1>-1:1€Z/pZ}.

Count the number of elements in K and L to conclude that p | k* +1%—1
for some k,l € Z.
(b) For the k and [ you just found, put

A={(a,;bc,d): [§]=[2][3] (modp)} C RE

Prove that A is a rank 4 lattice by finding a basis. Show that its funda-
mental parallelotope has volume p?.

(c¢) Find the smallest four-dimensional ball which must contain a point in
A\ 0 by the generalized Minkowski’s theorem of Exer. 5.2.3. Prove that
a?+b*+c* +d*> =0 (mod p) for any (a,b,c,d) € A. Deduce Legendre’s
theorem. (Note: The volume of a four-dimensional ball of radius r is
w2rt[2))

5.2.5. Here we prove the last sentence in Minkowski’s theorem: if the region
S is closed, then there exists a point in S N (A 0) even under the weaker
condition A(S) > 4A(A). We will show that the claim (5.2.3) still holds, so
that the proof of Thm. 5.2.2 can proceed unchanged. To argue by contradic-
tion, we assume that A(S) = 4A(A) and that the S, are pairwise disjoint.

(a) Prove that the S, are closed subsets of IT, and that their union is not
connected. Conclude that there exists a w € IT \ Uye24S4.

(b) Let S, be the closure of S, in R2. It consists of S, and the adjacent
portion of the boundary of II. Show that the distance function d,, :
US, — R, dy(2) = |z — w| has a nonzero minimum value 7.

(¢) Consider the disk of small enough radius around w to derive a contradic-
tion with our assumption A(S) = A(IT).

5.3 Application to Ideals

Fix a quadratic field F'. In Prop. 5.1.4 we showed how to deduce the finiteness
of the ideal class group CI(F') from the statement

There exists a constant 9z for which the following holds: each fractional

(5-3-1) ideal .# contains an « # 0 for which [Na| < Mp - N7

The value of M p depends only on the field F', not on the fractional ideal.
To prove the finiteness of CI(F') we need to find My big enough for (5.3.1)
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to hold. To efficiently compute ideal class groups, we’ll use the bound in
Prop. 5.1.4(b), for which we want Mp to be as small as possible. We will
determine such 9 separately for real and imaginary quadratic fields.

Start with F' an imaginary quadratic field. By Prop. 4.4.2, we may think
of any fractional ideal .# in F' as a lattice in the complex plane.

5.3.2 Proposition. Let .# be a fractional ideal in an imaginary quadratic
field F. The fundamental parallelogram of % has area A(F) = (\/|Drl|/2) -
N.s.

Proof. Write .# = q(Za + Z(—b + 0)) as in Cor. 4.7.5. Its fundamental par-
allelogram with respect to the basis {ga, ¢(—b+ 0)} has base |qa| and height
lgIm 6], hence A(#) = |¢%a| [Im 6| = N.# /| Dpl/2. |

To apply Minkowski’s theorem to the lattice .# and a closed disc S centered
at the origin, we need the disc to satisfy A(S) > 4A(#) = 24/|Dp| - N.7.
The smallest such disc is given by

5= {z 2| < \/(2/w)\/m-Nf}.

Minkowski’s theorem produces a nonzero point a € S N .#, for which

2
(5.3.3) Na =aa = |a]* < Z/|Dp|- N5
T

This is just (5.3.1) with 9Mp = 24/|Dp|/7. As in Prop. 5.1.4, we deduce that
CI(F) is finite when F' is imaginary quadratic.

By contrast, the ring of integers O of a real quadratic field F' is a dense
subset of the real line. To apply Minkowski’s theorem to O and its ideals, we
need a way of viewing them as lattices in a plane.

When thinking of Q[v/319] as a subset of R, we're following the usual
calculus convention by putting v/319 = 17.8605.... Algebraically speak-
ing, this is misleading: the only property of v/319 we’ve ever used is that
it’s a solution to 22 — 319 = 0. We lose information unless both solu-
tions to that equation get equal billing. This suggests identifying v/319 with
the vector (—17.8605...,17.8605...) € R?, which extends to an arbitrary
a € Q[v/319] by

pla) = (@,q)

This formula defines an injection p : F < R? for any real quadratic field
F (see Fig. 5.4). We know that O = Z + ZDFJFT VDr Tts embedding p(O)
is a lattice in R? because it is spanned by the linearly independent vectors
(Fig. 5.4)

p(1) = (1,1) and p (DF+2\/W) — (DF—2\/W7 DF'Z@) )

Similarly, p(.#) is a lattice for any fractional ideal .#. It satisfies the following
analog of Prop. 5.3.2.
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Fig. 5.4 The lattice p (Z [1%‘/5}) with a fundamental domain shaded in. The natural

axes here are the rational axis y = z, and the irrational axis y = —z

5.3.4 Proposition. Let .Z be a fractional ideal in a real quadratic field F'.
The fundamental parallelogram of p(-#) has area A(F) = /D -NJ.

When F' is imaginary, the distance-to-origin-squared function C — R, z —
|2|*, restricts to the norm on F. In (5.3.3), this provided the crucial link
between the geometry of the lattice .# and the arithmetic of the field F'.
An analogous function R? — R in the real case is (z,y) — 2y, which sends
pla) = (@, a) to aa = Na.

Let .# be a fractional ideal in a real quadratic field F'. Consider the subsets
of R? depicted in Fig. 5.5 and defined by

H = {(z,y): [zy| < A(S)/2}
S={(z,y) : |z Lyl < V2A(S)}.

It is natural to consider H, since we want to bound the norm of « € .# by a
multiple of A(.#). Unfortunately, Minkowski’s theorem doesn’t apply to the
non-convex set H. Instead, we work with S, the biggest square contained in
H. The bounds in the definition of H and S were chosen so that A(S) =
4A(#). Applying Minkowski’s theorem to S and the lattice p(.#) produces
an « € . \ 0 for which p(a) = (&,a) € S C H. By definition of H,

Na| = |aal < A(#)/2 = (v/Dr/2) - NJ.

This is the statement of (5.3.1) with 9Mp = /Dp/2. Proposition 5.1.4 now
shows that CI(F) is finite for a real quadratic field F.
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Fig. 5.5 The square S = {(z,y) : |z £ y| < \/2A(I)} contained inside the hyperbolic star
H={(z,y): ley| < A(I)/2}.

Exercises

5.3.1. For the given ideal I in an imaginary quadratic field, list all a € T
satisfying the bound of (5.3.3):

(a) Z-14+Z(3 + /—19)
(b) Z -5+ Z(2 — v/—26)
(c) Z- 47 4 74T/

5.3.2. Let .# be a fractional ideal in a real quadratic field F. Show that
p(-#) C R? is a lattice and that A(.#) = /Dp - N..

5.3.3. The complex conjugation restricted to any imaginary quadratic field
gives the field conjugation. There is no such universal recipe for conjugating
in a real quadratic F', which is why we need to remember both conjugates in
defining the embedding p : F — R2. To appreciate the difference, consider
the decimal expansions

a=25+17-3.122498... and 8 = —16.734993 . ..

Given that a and /3 are both quadratic numbers, try finding & and 3.

5.3.4. We can sometimes use the embedding of a real quadratic field into R?
to prove the division algorithm, by analogy with Prop. 1.2.5.

(a) Prove that v(a) = |Na| defines a Euclid size on Z[%ﬁ] Do this
by drawing an analog of Fig. 1.2 for the fundamental parallelogram of
p(Z[%ﬁ]) C R2. Caution: If v(8 — a) < 1, then p(83) no longer has to
lie inside the circle of radius 1 around p(«).

(b) Draw an analogous picture for Z[v/14] to show that |Na/| is not a Euclid
size on Z[v/14]. Nevertheless, Z[v/14] is a Euclid domain for a different
size function, as was proved only in 2004 by Harper [6].
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5.3.5. Minkowski’s theorem constructs a non-trivial unit in the ring of inte-

gers of a real quadratic field F. For that, we can think of a real quadratic

number a = a + by/D as a real number by interpreting the symbol /D as

the positive square root. The absolute value of that real number is denoted

|al.

(a) Fix a € O\ 0. Find positive real constants A, B for which Minkowski’s
theorem applied to the lattice p(O) C R? and the rectangle

S={(z,y): |zl < A |yl < B} CR?

produces a nonzero 3 € O with N8| < vDp and |3 < |a.

(b) Iterate the procedure of part (a) to get a sequence ag,ag,--- € O
with |ai| > || > ... and N(Oq;) = |Nay| < vDp. By the proof
of Prop. 5.1.4(c), there exist only finitely many possibilities for Ocy;.
Deduce that O has a unit other than £1.

In Ch. 6 we will explicitly compute the units in a real quadratic field.

5.4 Some Ideal Class Group Computations

We extract from the preceding section, and Prop. 5.1.4(b), the statement
that will allow us to explicitly list elements in C1(F).

5.4.1 Proposition (Minkowski’s Bound). Each ideal class in C1(F) contains
an ideal of norm at most Mg, with

smF_\/W-{

for F' imaginary
for F real .

N[ RN]

To get a sense of how to use this proposition to compute ideal class groups,
we begin with a few simple examples.

5.4.2 Example. Let F = Q[i], O = Z][i]. Minkowski’s bound allows us to
represent any ideal class by an ideal I satisfying

2
NI < Mp = =+/|—4] ~ 1.27.
™

Since NI € Z, we must have NI = 1, so I = O. Thus, each class contains
O, CI(F) = {[O]}, and Z][i] is a PID. We have known this for a long time, of
course; the point is that we can now prove it without resorting to the division
algorithm in Z[i]. O

5.4.3 Example. Let F' = Q[v—19], so O = Z[(1 + v/—19)/2]. We will show
that O is a PID, despite not being a Euclid domain by Exer. 2.3.9.
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Minkowski’s bound tells us that each ideal class has a representative I with
2
NI <9p=—-V19=2.7.
T

If NI =1, then I = O, and [I] is the identity in CI(F). If NI = 2, then [
is prime factor of 2. This is impossible: 2 is inert in Q[v/—19], and the only
prime ideal dividing it, namely O - 2 itself, has norm 4. We conclude that
h(F) = 1. O

5.4.4 Example. Let F = Q[v/-5], so O = Z[\/=5] and Dr = —20. Let
Py =72+ Z(1+ v/=5) be the unique ideal of norm 2. We saw in Ex. 5.1.3
that CI(F') has at least two elements, [O] and [P»]. There aren’t any more:
Minkowski’s bound shows that each nonidentity ideal class contains an ideal
I with

2
2<NI<ZV20~2.8,
™

whence NI = 2 and I = P,. Thus CI(F) is cyclic of order 2, generated by
[P2]. i

5.4.5 Example. Let ' = Q[V15], so O = Z[/15] and Dr = 60. By
Minkowski’s bound, each ideal class bar [O] contains an ideal I, whose norm
is bounded by

2<NI< %\/60 ~ 3.9,

that is, NI = 2 or 3. There exists a unique ideal of either norm, since 2 and
3 divide Dp and are therefore ramified:

O-2="P} where P,=7-2+7Z(1+V15)

(5.4.6)
O-2=P} where Py=7-3+7ZV15.

Thus, CI(F') has at most three elements, [O], [Pz], and [Ps], with the under-

standing that some of the classes on the list may coincide. Moreover, (5.4.6)

shows that [Pz] is either trivial or has order 2, and ditto for [Ps]. To decide

which, we use the following straightforward lemma.

5.4.7 Lemma. Let F be a quadratic field with ring of integers O. Let P be
an ideal of O with prime norm. Then P is principal if and only if there exists
an o € O with N = £NP.

To apply the lemma to P, and P3, we look for solutions in Z to N(z +
yV15) = 22 — 1532 = 42 or £3. Reducing these equations modulo 5, we
get 22 = £2 (mod 5), which has no solutions, as (%) = —1. We conclude
that [P2] # [O] # [Ps], so that both [P2] and [P3] have order 2. As Z/37Z has
no elements of order 2, C1(F') can’t have three elements. We conclude that

CU(F) = Z/2Z and [R,] = [P3)].
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The identity [P»][P3]~! = [O] is an example of a relation in C1(F). We can
prove it directly by observing that N(3 ++/15) = —6. In light of (5.4.6), this
means that O(3 4+ v/15) = Py Ps. O

For larger discriminants, it’s helpful to systematize the procedure for cal-
culating the ideal class group. The following proposition is a direct combina-
tion of the two main theorems of the book—the unique factorization of ideals
(Thm. 1.5.5) and the finiteness of the ideal class group (Thm. 5.1.2), along
with the observation that all inert prime ideals are principal.

5.4.8 Proposition. The ideal class group of F is generated by the finitely
many classes [P], where P ranges over ideals of prime norm bounded by

NP <Mp.

5.4.9 Example. Let F = Q[v/130], with O = Z[v/130] and Dr = 520. By
Prop. 5.4.8, a set of generators for CI(F') is given by all ideals P of prime
norm p satisfying

1
p < 5\/520 ~11.4

The possible p are given in the table

p 2 3 5 7 11
(2% 1
b 0 1 0 2 3

Here b defines the ideal P, = Zp + Z(b + 1/130) for which Op = P, P,.

Classes of ramified prime ideals have order at most 2: Py = O -2, so
[P2)? = [0], and similarly [P5]* = [O]. To find other relations among the five
generators, we factor a few elements of O, the norms of which have only prime
factors < 11. A computer search produces the following useful elements and
the corresponding relations:

N(12 +v130) =2-7, 012+ V130) = P, - P;
N(35 +3V130) = 5 - 11, O(35+3V130) = Ps - Py
N(10 + V130) = —2- 3 - 5, O(10 + V130) = P, - P3 - Ps

From the first equation we get [O] = [P][Pr] = [P2][Pr] !, so that [P;] = [Ps].
Similarly, [Pll] = [P5] and [Pg] = ([PQ][P5])71 = [PQ][P5] Thus, CI(F) is
generated by the classes [P] and [Ps], each of order at most 2. Unless there
are other relations between them, we’ll have C1(F') = Z /27 x Z/2Z.

To prove this, it suffices to show that none of the classes [P],[Ps] and
[P][P5] = [Ps] equals [O]. Lemma 5.4.7 reduces this to showing that none of
the equations x? — 130y% = £2, £3 or 45 has integer solutions.
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22 —130y? = £5: Reducing modulo 13, we get 22 = £5 (mod 13), which is
impossible since (jf—g) = —1. The same argument shows that z2 —130y? = 42
has no solutions, so that both our generators are nontrivial.

2% — 130y? = £3: Reducing modulo 5, this becomes 2?2 = 43 (mod 5),

which is impossible. O

5.4.10 Example. Let F' = Q[v/—47], so that O = Z[] with 62 —§+ 12 = 0.
Proposition 5.4.8 shows that C1(F) is generated by ideals P with prime norm
bounded by

2
NP < —v47 =~ 4.36.
T
We factor the two possible values of NP:

O-2="PP, P,=7-2+476
O-3=PD; Py =7-3+Z(-1+9).

Any relation between [P;] and [Ps] is of the form [P]?[P3]® = [O]. This means
that Py P? = Oa for some a € O of norm 2%3°. We immediately find such
an o: N§ = 12 = 22 . 3. A quick check as in Ex. 4.9.8 shows that

O = PPy,

so that in C1(F), [P3] = [P]?. We can replace every power of [P3] with a power
of [P2], and conclude that CI(F) = ([P]). All that remains is to determine
the order of [P2], i.e., the smallest e > 0 for which thereisa f =z +yd € O
with P§ = OB.

Taking the norm, we get

e 2 2 AL

(5.4.11) 2°=N(z +yd) =2 + 2y + 12y :(:c+§) +y
If y = 0, then 8 = +2¢/2, so that Of = O - 2¢/2 = P5/2P5/2. This prime
factorization of Of contradicts O = Ps. If y # 0, we see that N > [47/4] =
12, so NB can’t be 2, 4 or 8. In particular, NS # 2 implies that P, isn’t
principal.

If N8 = 16, we must have y = £1, otherwise the right-hand side of (5.4.11)
is too big. But 22 + = + 12 = 16 has no solution in Z, which disqualifies 16
as a candidate for Nj.

Next, let’s try to solve 32 = 22 + 2y + 12y%. As before, we can’t have
ly| > 1, which leads us to a solution (z,y) = (4,1), and the factorization
O(4 + ) = P5. Thus, CI(F) = Z/5Z. O

The moral of the preceding example is that, for imaginary F', solving the
equation N(z +yd) = (z — %y)2 — %y2 = n is easy. Since D < 0, the norm
increases with x and y, and we only need to check finitely many values of
either.
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5.4.12 Example. For real quadratic fields the situation is harder, as we will
see in the example of F' = Q[v/223]. We have O = Z[v/223] and Dp = 892.
We start by factoring the ideals Op for all integer primes p bounded by

1
p < 5V892 ~ 14.933.

We make a table as in Ex. 5.4.9:

p 3 5 7 11 13
(32) -1 -1 -1
b 1 — —~ 5 —~

The b corresponding to p = 2,3 or 11 defines a prime ideal P, = Zp + Z(b +
v/223) for which Op = Pppp. We disregard 5,7, and 13 since they are inert,
and thus belong to [O]. We also ignore P,, which is principal by Lemma 5.4.7,
as N(15 4+ 1/223) = 152 — 223 = 2.

To find a relation involving [Ps] and [P11], we look for elements of small
norm divisible only by 3 and 11. Even without a computer we soon find that

N(16 ++/223) =3-11 and O(16 +Vv223) = P3 - Py,
N(14 ++v223) = —3*  and O(14 + V223) = P}

We conclude that Cl(F) = ([Ps]) is isomorphic to Z/3Z, provided we show
that [Ps] is not principal. As before, this boils down to showing that the
equation 22 — 223y% = 43 has no solution in Z. We can’t do this by reduc-
ing modulo a prime, because the equation 22 — 223y? = 4+3 (mod p) has a
solution for each prime p € N. To see this, We consider several cases.

If there is an a € Z with a® = +3 (mod p), then a? — 223 - 0> = £3
(mod p). Assume now that both 3 and —3 are nonsquares modulo p. If 223
is a square modulo p, there exists a b € Z with b*> = 4/223 (mod p). Then
12 — 223b% = —3 (mod p). Otherwise, both 3 and 223 are nonsquares, and

there is a b € Z satisfying v* = 3/223 (mod p). Then 0% — 223p* = —3
(mod p).

To see that z? — 223y2 = +3 has no integral solution, we will need the
techniques from the next chapter. O

We extract from these examples a template for finding the ideal class group
of a quadratic field F":

(a) Calculate the Minkowski bound B = [9r] as in Prop. 5.4.1, and find the
prime factorizations Op = P,P, for all noninert prime numbers p < B.
The prime ideals P, make up a list of generators for CI(F), possibly
highly redundant.

(b) Find a few o € O with Na small and divisible only by primes < B.
Factoring O« gives us a relation on the generators obtained in (a).
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(c) Use these relations to cut down the number of generators needed, until
we determine the group structure of CI(F).

This template can be refined to fast algorithms, implemented in various
number theory software packages. The vaguer template presented here will
suffice to give you a feel for ideal class computations. Moreover, in Ch. 7
we’ll learn an elementary method for computing the size of C1(F), if not its
full group structure.

Exercises

5.4.1. Prove Lemma 5.4.7.

5.4.2. Let I be an ideal of O with a norm that is divisible only by ramified
primes. Prove that I is principal if and only if there exists an o € O with
Na = +NIJ.

5.4.3. Let O be the ring of integers in Q[v/D]. Prove that O is a PID when
D e {-1,-2,-3,-7,—11,—19,—43, —67, —163}. This is the complete list
of imaginary quadratic O which are PIDs: a difficult theorem of Heegner
and Stark, originally conjectured by Gauss, states that Drp < —163 implies
h(F) > 2.

5.4.4. Prove that h(Q[v/D]) = 1 for D € {107,197,227}.

5.4.5 Prove that the equation 22 — 107y? = 457 has a solution z,y € Z.

5.4.6F Verify the following ideal class group calculations:

(a) CUQVD]) = 7/27

(b) CUQ[vV—21]) = Z/2Z x Z/2Z

(c) CHQ[V399]) = Z/AZ x 7./27 or 727 x 7,/ 27 (to decide which, we’ll need
the techniques of Ch. 6)

(d) ClQ[V-T1) = Z/TZ

(e) CHQ[v—23]) 2 Z/3Z

5.4.7. Compute CI(Q[v/D]) for D € {—38, —26,79,195}.

5.4.8* Given any n > 3, find a D < 0 for which CI(Q[v/D]) contains an ideal

class of order n.

5.4.9" Let F = Q[\/ﬁ] be an imaginary quadratic field, with D square-free.

Let p1,...,ps be the prime factors of D, and p1,...,p, the prime factors

of Dp (the ramified primes). Since Dp = D or 4D, we have that r = s

unless D = 3 (mod 4), when r = s + 1 and p,=2. Define prime ideals P; by

Op; = P? for 1 < i < r. Denote by CI(F)[2] the group of ideal classes of

order dividing 2.

(a) Show that each element of C1(F)[2] is a product of distinct classes chosen
from [Py],...,[Pr].
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(b) Factor Ov/D to find a relation among [P1], ..., [P].

(c) Use Exer. 5.4.2 to show that we have a relation [P;,]---[P;] = [0],
1 <i; <rif and only if there is an a € O with Nao = p;, - - p;,..

(d) Prove that Na = p;, ...p;, has a solution if and only if {i1,...,ix} =
{1,..., s}, so that the relation we found in (a) is the only one.

5.4.10. Give a necessary and sufficient condition on D < 0 for h(Q[v/D]) to
be odd.



Chapter 6
Continued Fractions

6.1 Motivation

When we write 7 = 3.141592.. . ., we really mean that 7 be approximated (the
“...7 part) by the rational number 3.141592 = %. That approximation
requires a large numerator and denominator to accurately give the first six

decimal places of w. We can attain the same precision with a shorter fraction

355
(6.1.1) 113 = 3.14159292035.. . ..
The Chinese mathematician Zu Chongzhi discovered this “detailed approx-
imation” in the fifth century CE. With an error of just 0.0000085%, it was
the best approximation of © known for the subsequent millennium.

The theory of continued fractions gives a method for efficiently approx-
imating real numbers by rationals, as in (6.1.1). A crude approximation to
1 € R is given by the largest integer not greater than 7. It is called the floor
of n, denoted |n], and characterized by

(6.1.2) Inlez, 0<n-—|nl <l

To estimate the error n— 1|, we invert it and apply the floor function again.
Repeating this gives ever closer rational approximations to 7.

6.1.3 Example. Here’s an illustration of the procedure:

1 1 1 1
[ e L O T RO T 1
0.141... T+ 1 7+15.997...
0.062...
(6.1.4) . 1 . 1 _
1 1
7+ 1 7+ 1
15+ 1 15+1.003...
0.997. ..
M. Trifkovié, Algebraic Theory of Quadratic Numbers, Universitext, 107
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Rounding off the last denominator to 1 doesn’t change the value of the
expression too much, and yields the approximation (6.1.1):

1 355
113

The sequence of integers 3,7,15,1,... is called the CF (for “Continued
Fraction”) sequence associated with 7. g

6.1.5 Definition. A CF sequence is a finite or infinite sequence ag, ay, - . .
satisfying a; € Z for i > 0 and a; > 0 for i > 1. The a; are called the
elements of the CF sequence.

The computation in Ex. 6.1.3 is an instance of the general recipe for as-
signing a CF sequence to a real number.

THE CONTINUED FRACTION PROCEDURE (CFP)

INPUT: n € R. Put 19 := n and set counter ¢ := 0.
Put a; := |n;]. Print a;, and continue.
If a; =1, STOP.

Otherwise, set 7,41 := 1/(n; — a;), increase the counter i := i+ 1, and go
to Step 2.

Ll

It’s not hard to see that the a; produced by the Continued Fraction Procedure
indeed form a CF sequence. The 7; is called the ith tail of 7, for reasons
explained in Exer. 6.1.8.

Technically, these steps do not constitute an algorithm: if 7 is irrational,
we never get to Step 3 and are therefore caught in an infinite loop. In practice,
we stop once we have enough a;’s to approximate n with the desired precision.
We are especially interested in applying the Continued Fraction Procedure
(CFP) to the sort of numbers we’ve studied.

6.1.6 Definition. A quadratic number is an irrational element of a
quadratic field. In other words, it’s a complex number of the form

z+yv/z
w )

with x,y, z,w € Z,y,w # 0, and z not a perfect square.

Note that, unlike in the previous chapters, we require quadratic numbers
to be irrational. We say that a quadratic number is imaginary if z < 0, and
real if z > 0. In this chapter, we deal exclusively with quadratic numbers in
R, so we drop the qualifier “real.” We also agree that 1/z > 0.

In previous chapters we worked inside a fixed quadratic field. Now we shift
our perspective, and aim to distinguish the set of all quadratic numbers from
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other real numbers. The main result of this chapter is that they are precisely
the real numbers whose continued fractions eventually become periodic. This
will complete our understanding of quadratic fields: the description and ex-
plicit computation of units in a real quadratic field.

Exercises

6.1.1. Use the CFP to find the first five elements of the continued fraction
of: (a) —249/41; (b) (1 +/5)/2; (c) ¥/10.

6.1.2. Find the first 15 elements of the continued fraction of e. Do you see
a pattern? Can you prove it? The pattern is a little easier to state if you
consider e — 1 instead.

6.1.3. Take n = m and compute 7; for ¢ = 0, 1,2, 3. Compare with the calcu-
lation in (6.1.4).

6.1.4. Arrange the numbers

22 333 355 103993 104348

T2 7 1060 1137 331020 33215

in increasing order. What do you observe? Where do these fractions come
from? (Archimedes knew that 22/7 is a good approximation of w. More imp-
ressively, he knew it wasn’t the exact value, but contented himself with ass-
erting that 3 < m < 22/7.)

6.1.5. Prove that the a; produced by the CFP form a CF sequence.

6.1.6. Let a,b € Z,b > 0. The division algorithm produces ¢, € Z such that
a = gb+ r with 0 <r < b. Fill each blank in

1
7
7

a
— =7
b f+

with one of the letters a,b, g, to get the result of the first iteration of the
CFP on 1 = a/b. What is the connection between the division algorithm and
the CFP applied to n € Q7

6.1.7. Show that n € Q if and only if the CFP applied to n terminates after
producing a finite sequence ag, . .., ax. In that case, observe that
n 1
= Q, —_—
n 0 ag + 1

B ak—lJri
6.1.8. Prove the following identity, which justifies calling 7; the ith tail of n:

1

=qy+ —m7F——.
K 0 ay + —L—
"'aifl"l‘l

i
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6.1.9. Prove that there exists a [ 4] € GL2(Z) such that

an+b
en+d’

i =

Conclude that 7 is irrational if and only if all its tails 7; are irrational.

6.1.10. Prove that 7 is a quadratic number if and only if it satisfies a quadratic
equation an?+bn+c = 0 with coefficients in Z and a non-square discriminant
b? — 4ac.

6.2 Finite and Infinite Continued Fractions

The inverse to the Continued Fraction Procedure should send an arbitrary
CF sequence to a real number. We define it first for finite CF sequences. For
technical convenience, in this section we drop the integrality requirement,
and consider a sequence {a;} of real numbers with a; > 0 for ¢ > 1.

6.2.1 Definition. The finite continued fraction with elements ay, ..., ax
s the expression

1
[ag, a1, az,...,ax] = ag + 1
a1 +
1 . 1
a
2 1
TOg—1+ —
ag
Since a; > 0 for i > 1, we never divide by zero when computing [ag, . . . , ax].

As you showed in Exer. 6.1.6, every rational number is equal to a finite
continued fraction with elements in Z.

6.2.2 Example. To find the continued fraction for 57/17, we repeatedly
apply the division algorithm:

57 3-174+6 6 1 1 1
ﬁ—T—3+ﬁ—3+ﬁ—3+ﬁ—3+2—1
3 il +ﬁ
*3
In continued fraction notation, 57/17 = [3,2,1, 5]. O

6.2.3 Definition. The ith convergent of the sequence {a;} is the truncated
continued fraction [ag, a1, ..., a;].

6.2.4 Example. Other than 57/17, the convergents of [3,2,1, 5] are
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1 1 1
81=3, B2A=3+:=1, [3,2,1]:3+_1:_0'

2 2
2+ -

Since the a; are computed using the recursive CFP, it isn’t surprising
that there is a recursive formula for the numerator and denominator of a
convergent.

6.2.5 Proposition. Define the sequences {p;},{q.} for —2 <i:

0=0, po1 =1, Pis1 = aip1pi +Ppi-t,
(6.2.6) b2 P-1 Pit+1 i+1Pi T Pi—1
q—2=1,¢-1=0, git+1=0ai+1¢ + ¢i-1-

Then [ag, ..., a;] = pi/¢.

Unlike in previous chapters, there is no suggestion that p; is prime. The
values of p; and ¢; depend only on ao,...,a; since no a; with j > ¢
enters into computing them. When we want to emphasize that fact, we write
pi(ag, ..., a;) instead of p;.

Proof. We argue by induction. The base case is clear, as pg = a¢ and gp = 1.
For the induction step, assume that the recursions are valid up to the jth
convergent of any sequence a; satisfying a; € R, a; > 0 for i > 1, in particular
of the right side of the equality

[ao, aly...,05-1,0aj, CLj+1] = |:CLO, a1y...,05-1,0Q; + 1 :| .
aj+1
Let pi,q; be the numbers defined by (6.2.6) for the left side, and p},q. the
corresponding quantities for the right side. Since the elements of the two sides
with indices from 0 to j — 1 coincide, the corresponding convergents are the
same: p; = p;,q; = ¢ for all 0 < < j — 1. Thus,

1 } B (aj + ajil)p;‘—l 1o

[CLo,...,CLj+1] = ao,...,CLj+
@j+1 ai+-—)d¢_,+¢
J ajt1 J—1 Jj—2

= (aJ " am)pj‘l TP ajia(apio1 +pi-2) + P

(aj 4 #) qj—1+qj—2 ajr1(a;qi—1 +qj—2) + g1

ajr1p; + Pj—1 _ Pjt1

. |
aj+14q5 + gj+1 qj+1

6.2.7 Example. We use the CF sequence of 7, the first four terms of which
we computed in Ex. 6.1.3 to illustrate a convenient way of tabulating the
convergents of a continued fraction:
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i -2 | -1 | o 2 3 4 5
a; - - 3 7 15 1 292 1
Di 0 13 | 22 | 333 | 355 | 103993 | 104348
qi 1 0] 1 7 | 106 | 113 33102 33215

We start by putting [9] and [}] in columns numbered —2 and —1, and then
write the CF sequence across the top. An example of the pattern by which
we fill either row is:

3 <+ 99

15
A 333 =15-22 + 3.

333
Reading along the arrows gives the recursion (6.2.6). This recipe computes
both the p; and the ¢;, since their recursions differ only in the initial condi-
tions. (]

6.2.8 Corollary. The convergents p;/q; satisfy the following:

(a) The recursions (6.2.6) can be written in matriz form:
My = M;A;y, where M_y = [§§], M; = [4i21 4], and A; = [} 4]

(b) We have p;_1q; — pigi—1 = (—1)*. In particular, when {a;} is a CF se-
quence (a; € Z), we have ged(pi,q;) = 1 and the fraction p;/q; is in
lowest terms.

(c) The ordering of the convergents is given by

Po P2 P4 bs _P3 _P1

—<< =< =< <=L =<
q0 q2 qa g5 q3 q1

Proof.

(a) Multiply the matrices.

(b) Takmg the determinant of Mi+1 = MfL’ArL’+1 ylelds DPiqi+1 — Pi+14i —
—(pi—1¢i — pigi—1), so that (b) follows by induction from the base case
det M_1 = —1.

(¢) Using the recurrence relation (6.2.6) we compute

pivz _ pi _ (=1)'airs

qi+2 qi qiqi+2

Since a; > 0 for 7 > 1, we have po/qo < p2/gq2 < --- and --- < p3/q3 <
p1/q1. To put the two sequences of inequalities together, observe that

Pit1  Pi _ Pi+19i — Pi9i+1 (—1)i

qi+1 qi qi+14; qi+14; ’

so that pa;/qei < p2iv1/qzit1 < p2j+1/qej+1 for any i > j > 0. |
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We now turn to defining infinite continued fractions. We’ve seen in
Ex. 6.1.3 and Exer. 6.1.4 that the convergents [3,7,15,1,...] give closer and
closer approximations of 7. This suggests defining an infinite continued frac-
tion as the limit of its finite convergents.

6.2.9 Proposition-Definition. When ag,a1,as... is an infinite CF
sequence, the limit

lim [ag, a1, ..., ai]
11— 00
exists and is irrational. We denote it [ag,a1,...], and call it the infinite

continued fraction with elements ag,a,....

Proof. By Cor. 6.2.8 (c), there is a sequence of nested intervals

2.2 [22] - [22)-
qo 1 q2 43 (7

Let 1 belong to their intersection, which is non-empty by completeness of R.
Comparing the distances from p;/q; to n and p;+1/qgi+1, we get the estimate

1

< | B B = :
qiqi+1

di+1 qi

‘ Di
n—=
qi

(_1)i+1
’ qiqi+1

As {g;}i>0 is an increasing sequence of natural numbers, we conclude that
1 = lim; o0 pi/¢;. In particular, n # p;/q; for all 4.

If n = a/b with b > 0, then a/b # p;/q; implies |ag; — bp;| > 1. This gives,
for all 4:

L_je_m L
bgi — b G| GGt
Thus, g;+1 < b for all i, a contradiction that shows 7 to be irrational. |

6.2.10 Definition. A continued fraction of n € R is an equality of the

form n = [ag,a1,...], where ag,a1,... is a CF sequence, finite if and only if
n e Q.
Exercises

6.2.1. Prove that ¢ € Q has precisely two continued fractions, namely ¢ =
[ag, - ..,ax] = [ao, .. .,ar — 1,1], where a; # 1.

6.2.2. Prove the following about the convergents of a continued fraction
[ap, ai,...]:

(a) git1>¢q >0fori>0

(b) pivaqi — pigive = (—=1)'aiy2
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6.2.3. Let n = [ag,a1,...] € R, with convergents p;/g;. For a € Z, find the
continued fraction for n” = 7 + a. Prove that its convergents p}/q} satisfy
ph = pi +aq;, q; = ¢, for all i > 0.

6.2.4. Recall that we write p;(ao, . ..,a;),¢;(ag, ..., a;) when we want to emp-
hasize that p; and ¢; depend only on ag,...,a;. Prove that:

(a) gi(ao, ..., ai) =pi—1(a1, ..., ai)

(b) pi(ao, ..., ai) = pi(ai, ... ao)

(C) qifl(ao, RN ai,l)/pi,l(ao, .. ,aifl) = [ao, .. ,ai]fl.
6.2.5. Give an algorithm for deciding which of the (finite or infinite) continued
fractions [ag, a1, ...] and [bg, by, ...] is bigger.

6.2.6. Give a necessary and sufficient condition on 7 for its continued fraction
to satisfy a; = 1.

6.2.7. Let n = [ag,a1,...], finite or infinite. Find the continued fraction
for —n.
6.3 Continued Fraction of an Irrational Number

In this section we establish a one-to-one correspondence between irrational
numbers and CF sequences,

CFP
R\Q = {(ai)izo ca; €7, a; > 0 for i > 1}
LP

The function LP is the Limit Procedure of Prop.-Def. 6.2.9. It associates

to a CF sequence ag,aq, ... the real number
[ag,a1,...] = lim [ag,...,a;].
1— 00

The function CFP is the Continued Fraction Procedure, which inputs an

irrational number 7 and outputs the CF sequence ag,aq, ... defined by the
recursions
1
no=mna=[n], Nt = .
Ni — Qi

Since the 7; are all irrational, we never come to Step 3 of the CFP, so n; — a;
is never 0. As usual, put p;/¢; = [ao, - .., ai]-
6.3.1 Lemma. With notations as above, 1; 11 = %

Proof. By the recursions for convergents we have:

Ni+1Di + Di—1
(632) n= [a07a17"'aai7ni+1] - l-l-l—l
Ni+1Gi + Gi—1
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The last equality comes from the recursions (6.2.6), with a;+1 = 7;41. Solving

for n;+1 proves the lemma. |

We need to estimate how closely 7 is approximated by its convergents.

6.3.3 Lemma. Forn € R\Q we have the error estimate

1

< .
qiqi+1

N ‘ _pi
¢i(qi + qiv1) 4

Proof. The expression (6.3.2) yields an exact formula for the error of approx-
imating 7 by pi/q::

Ni+1Pi +Pi-1 _ Pi

Ni+19i + Gi—1 qi
1

¢G(Mig1@s + qie1)

Pi—-14i — Pigi—1
Gi(Mit1Gi + ¢i-1)

’ Di
’]7—— =
qi

We convert this into a more usable estimate by using a;+1 < ;41 < @41+ 1:
Qit1 = @ir1¢i + Gi-1 < Mit1Gi + Gi—1 < (@iv1 + 1)Gi + Gim1 = ¢iv1 + G-
Combining the two identities proves the lemma. |

6.3.4 Proposition. The functions CFP and LP are mutually inverse.

Proof. We only show that LP o CFP = id, and leave the other composition as
an exercise. Start with an irrational n and define a;, p;, ¢; as usual. Passing
to the limit as ¢ — oo in

i 1 1
‘T] - & < < 9>
qi digi+1  4;
we get that n = llmzﬁoo (pz/Q1) = limiﬁoo[ao, [P ,ai] = [CL(), Aty ... ], as
desired. |

Exercises

6.3.1. Show that CFP o LP = id. In other words, start with an infinite CF
sequence ag, a1, ... and put n = lim;_,[ao, ..., a;]. Prove that applying the
CFP to n recovers the sequence ag, ay,.. ..

6.3.2. Show that | — pit1/qit1| < |n — pi/ail-

6.3.3* Arrange the numbers

Pi  Pi+1  PitPit1
4 Qi1 G+ i

)

in increasing order. Assume that i is even; the case of i odd is similar.
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6.3.4. We say that 7, € R\ Q have the same tail if and only if n; = 773
for some 4,5 > 0. If this happens, show that n° = (an + b)/(cn + d) for
some [2Y] € GLy(Z). If, moreover, i = j (mod 2), prove that we may take
[¢5] € SLa(2).

6.3.5. Use the bounds of Lemma 6.3.3 to find the irrational number with
slowest-converging convergents.

6.4 Periodic Continued Fractions

We now describe the continued fraction of a quadratic number. The results
in this section are not only beautiful, but also essential to finding units in
real quadratic fields, and to classifying quadratic forms in Ch. 7.

6.4.1 Definition. An infinite continued fraction [ag, a1, as,...] is periodic
if there exist | € N,r € Z>o such that ar, = ay; for all k > r. If we can take
r =0, we say that the continued fraction is purely periodic.

A periodic continued fraction looks like
[bo,. .. ,brfl,Co,. s Cl—1,C0y .-, Cl—1, - ]

The shortest repeating part cg,...,c;—1 is called the period, and the corre-
sponding [ the period length. We abbreviate a periodic continued fraction
by putting a bar over the period: [bo, ..., b.—1,¢0, -+, Ci—1]-

6.4.2 Theorem. The continued fraction of n € R\ Q is periodic if and only
if 7 is a quadratic number.

We will prove each implication as a separate proposition preceded by an
example. The numbers n;, p;, ¢;, etc., are defined as usual in reference to 7.

6.4.3 Example. Let’s compute the value of the periodic continued frac-
tion n = [3,1,2,5] = [3,1,2,5,2,5...]. The purely periodic part 7y =

[2,5,2,5,...] doesn’t change when we remove the first two elements:
1 11n; + 2
—12,5,2,5,...] = [2,5,15] = 2 - :
m=I = 25m] =24 — = T2
5+ —
2

Clearing denominators we get a quadratic equation 513 — 10m; — 2 = 0 with
solutions (5 £ v/35)/5. Since 12| = 2, we must have 72 = (5 + v/35)/5. We
then compute:

1 1 42 + /35

1
L L —
L+ 5+ /35
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6.4.4 Proposition. If the continued fraction of n is periodic, then n is a
quadratic number.

Proof. The proof is an immediate generalization of the preceding computa-
tion. We consider two cases:

(a) If n = [cg,---, ¢ci—1) is purely periodic, then

_ P11 + pi-2

= 1C0s---5Cl—1,7] .
[ ] Nq—1 + qi—2

This yields a quadratic equation satisfied by n:

q-11m° + (@—2 — pi—1)n — pi—2 = 0.

(b) In general, let n = [b,...,br—1,(], where ¢ is the purely periodic part.
Putting [bo, ey bl] = hz/kl, we find

o Chrfl + hrf2

S Gk Ok

because Q[(] is a quadratic field by (a). Thus 7 is also a quadratic number.
|

6.4.5 Example. As a warm-up for proving that the continued fraction of a
quadratic number is periodic, consider the following application of the CFP:

77:6—|r2\/ﬁz4—|r\/1TJ2 2 _aq i :4+2+fm
V10—2 3
=4+ Ly Ly !
14 A= 14—t 14—t
1 1 1
=4+ 1 =4+ I =4+ 1
1+1+¢§72 1+1+ : 1+1+ T
=44 ! =44 ! =44 !
1+ ! 1+ ! 1+ !
I PRI 1+ !
24 ¥0-2 24 1L 24 1

Each line consists of three expressions, together constituting a single iteration
of the CFP. All action takes place in the denominator of the last 1/...
fraction in the preceding line. In the first expression we write n; = a;+(n;—a;),
while in the second we invert the fractional part to get

1
N =0, +——=a; +

Ti—aq

Thi+1
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The third expression is peculiar to quadratic numbers: we rationalize the
denominator of 7,11. We read off n; as the denominator of the last 1/...
fraction on the ith line:

_2+4V10 14410 ~2+V10
R 3

Since n4 = m1, and since a; and 7;+1 depend only on 7;, we see that 15 = 1.
In general, 7,13 = n; and a;+3 = a; for ¢ > 1, hence (6 4+ \/E)/2 =[4,1,1,2].
O

All ; in the example have the form n; = (m; +/10)/v; for m;,v; € Z.
The appearance of v/10 is somewhat arbitrary. Other elements of Q[v/10] can
be used instead, most naturally 7 itself. Indeed, v/10 = 2 — 6, so that

Uil 12 13 y T4

24410
==

=442 =5+ 2 =4+ 2n =4+ 27
L B i e
Note that 27 is the smallest multiple of n that is in O.

In general, a quadratic number 7 satisfies en? — fn+g = 0 with e, f, g € Z.
Put no = en or ef, whichever is bigger. Then 7o is a root of the polynomial
P(x) = 2% — fx + eg. In particular, no is an algebraic integer.

6.4.6 Proposition. If n € R is a quadratic number, then the continued
fraction of n is periodic.

Proof. By constructing an explicit recursion, we will first find m;,v; € Z
satisfying

m; + No
(%

(6.4.7) 0 = , for i > 0.

We will then prove that the m; and v; are bounded independently of i. Since
they are in Z, there are only finitely many different pairs (m;, v;). For some
i # j we must have m; = m; and v; = v;, hence also n; = n;. The periodicity
of the a; will then follow as in Ex. 6.4.5.

Recursion for (m;,v;): We substitute (6.4.7) into the formula n;41 =

/(i — ai):

1 v; m; — a;v; + Mo

Ni+1 = 7o = : —
_mljno —a;  (mi—aw;) +no m; —av; + Mo

vi(mi — a;v; + o) av; —m; — f+ 10

P(aivi - mi) - _ Plajvi=mi)

Vi

This suggests putting m;+1 = a;v; —m; — f and v;y1 = —P(a;v; —my)/v; =
—P(mit1 + f)/vi. Using the identity P(z + f) = P(—=x), we get the final
form of the desired recursions:

P(=miy1)

(6.4.8) Miy1 = aivi —m; — f, Vg1 = — v
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Since the roots of P(z) are irrational, v;v;—1 = P(—m;) # 0. By induction,
v; # 0 and v;41 is well-defined. Finally, we need the initial condition:

if no = en, take mg =0, vy = €;
ifno =en=f—en, takemo=—f, vo=—e.
In either case, n = (mo + no)/vo and P(—mg) =0 (mod vg).
Integrality of m; and v;: The preceding identities are the case i = 0 of the

statement
m;,v; € Z and P(—m;) =0 (mod v;),

which we prove by induction. It is clear from the recursion (6.4.8) that m;41 €
7. Furthermore,

P(—mi41) = Plav; — m;) = P(—m;) =0 (mod v;),
the last congruence being the inductive step. Thus, v;41 = —P(—m;4+1)/v; €
Z, and P(—mi+1) = —ViViy+1 = 0 (HlOd ’U»L'+1).
Bounding m; and v;: We now show that v; > 0 for ¢ > 1. Applying the
conjugation in the field Q[n] to the expression for 7; from Lemma 6.3.1, we get

_ 3 bi—2

=GNt pi—2 G2 1T g,
i = = = = i < 0.

qi—17 — Pi—1 Q-1 N~ g,

To justify the inequality, observe that the first factor is always negative,
while the second is close to 1 for ¢ large. Indeed, both its numerator and
denominator approach 7 — lim; o pi/qi = 7 —n # 0. On the other hand,
1n; >0as>1, and

m; + m; + 1) — 1
0<m—i; = i ‘77(9_ i tho _ 1o 77(’).

Vg Vi Vi

This is where our assumption 7o > 7o allows us to conclude that v; > 0
for i > 1 (vg can be negative). The desired bound on v; follows:

0<y < ViVit1 = —P(—mi+1) < —min P(I)

This chain of inequalities gives P(—m;) < 0, so that —m; lies between the
two roots of P(x):
—no <m; < —To. u

For arithmetical application it is useful to relate the coefficient v; to the
field norm.

6.4.9 Proposition. For n an algebraic integer and i > 0, we have vi41 =
(—1)"'N(pi — qin)-
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Proof. As 7 = no is an algebraic integer, we can find f,g € Z for which
n? — fn+g=0,sothat n +7 = f and 7 = ¢g. By Lemma 6.3.1,

—¢i-1N+Ppi-1 _ —¢i-1M+Pi-1 ¢l —Pi

Ni+1 = = —
qi"n — Di qi1 — Di qi"n — Di
~ (=pipi-1 — 99%i-1) + Pi—14iT + Digi—17
B N(pi — qin)
~ (=pipi-1 — 9691 + fPi—1G) + (—Pi—1G + Pigi—1)N
B N(p: — qin)
_ (—pipi—1 — 99iGi—1 + [Pi—1qi) + (1) 1y
B N(p:i — qin)

_ (=D)(pipi-1 + 99i0i—1 — fPi16:) + 1

(=1)"N(pi — qim) '
Comparing this with 7,11 = (mi4+147)/vi41 proves the proposition. We also
get that m;y1 = (=1)"(pipi—1 + 949iGi—1 — [Pi-14:)- [ ]

We conclude with a simple characterization of purely periodic quadratic
numbers.

6.4.10 Theorem. Let n be a quadratic number, which by Thm. 6.4.2 has a
periodic continued fraction. That continued fraction is purely periodic if and
only if n>1 and —1 <7 <O0.

Proof. Denote by [ the period length of 7. First, assume that 7 is purely
periodic. By Prop. 6.4.4 (a), n and 7] are the roots of the polynomial f(z) =
@172 + (@—2 — p1—1)® — pi—2. Since {a;} is a CF sequence, 1 < a; = ag =
po < 1. The recursion then shows that p; > 0 for all ¢ > 0, in addition to
q; > 0, which is always true.

The inequality —1 < 77 < 0 holds if and only if f(x) has a zero in the
interval (—1,0). To show that it does, it’s enough to show that f(—1) and
£(0) have opposite signs. Indeed,

f) =g —q2+pi-1—pi2
=a-1qi—2 + Q-3 — Qi—2 + @—1p1—2 + P1—3 — P1-2
= (a1 = 1) (@2 +p1—2) + @3+ p-3>0,
f(0) = —pi—2 <0.

For the converse, assume that n > 1 and —1 < 77 < 0. This is the case i = 0
of the bounds 7; > 1,—1 < 7; < 0. The first inequality is true for all ¢ > 0,
since n; > |[n;] = a; > 1. To prove the second inequality, we argue inductively.
If 7j; < 0, then 7; — a; < —a; < —1, hence —1 < 1/(7; — a;) = i1 < 0.

Rewrite the inequality —1 < 7; < 0 as 0 < —7; = —1/fit1 — a; <
1, so that a; = |—1/7i+1]. Since 7 is a quadratic number, we know that
Mk = Nk for all k big enough. From
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{ 1 J { : J
Ap—1 = |—— | = | ——— | = Ok+i1-1
Nk Nk+1

we conclude that nx_1 = ax—1 + 1/nk = aky1—1 + 1/Mk41 = Me+1—1. We keep
lowering the index until we get ng = n;: n is purely periodic. |

6.4.11 Example. Take D € N not a perfect square. Observe that L\/ﬁj +
VD > |V/D| >1,and 0 < VD — |V/D| < 1 by the definition of |v/D]. Thus,
L\/EJ + /D satisfies the condition of Thm. 6.4.10 and its continued fraction
is purely periodic:

VD +|VD| =[2|VD),ai,...,a;-1,2|VD],...].

Subtracting the integer |v/ D] only changes the first element in the continued
fraction, giving

VD =[|VD],ai,...2|VD]]. 0

Exercises

6.4.1. Prove Prop. 6.4.9 directly from the recursions (6.4.8).
6.4.2. Let n be a quadratic number.

(a) Give a necessary and sufficient condition on 7 for its period to start at
ay, i.e., n = lag,ar,- .-, a.

(b) Check that this condition is satisfied when 7 is a quadratic integer with
n>n.

(¢) Give an example of an ) that is not a quadratic integer, but with a period
that starts with a;.

6.4.3. Let VD = [ap, a1, -, a]. Prove that a; < 2ag for 1 <4 < [. When
computing the period of v/D, we can stop as soon as we get a; = 2[v/D].

N

6.4.4. (a) If n = [ag, a1, ---,a1—3,a1-1), then —1/7 = [a;_1, a1—2,- -, a1, Go)-

(b) Let VD = [ag, a1, .., a1, 2ag]. Prove the mirror-symmetry of the se-
quence aGi,...,a;_1: a; = a;_; for 1 <7 <[—1.
6.5 Computing Quadratic Continued Fractions

The following proposition is a simple variation on Prop. 6.4.6 that paves the
way for effective computation of continued fractions of quadratic numbers.
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6.5.1 Proposition. Any quadratic number is of the form n = (mg++/d)/vo,
for some d,mg,vo € Z satisfying vo | m3 —d. Put v_q = (m3 —d)/vo. The
sequences {m;} and {v;} defined recursively by

Mit1 = QiU — My, Vig1 = Vi—1 + a;(m; — myp1)

satisfy the following properties for ¢ > 1:

(a) n; = (mi—l—\/g)/vi;
(b) mi,vi € Z and v; | m? — d;
(c) 0<v; <d and —/d < m; < Vd.

Proof. The argument is parallel to the proof of Prop. 6.4.6, with 7 replaced
by V/d. It’s worth pointing out that we’re not requiring d to be square-free,
and that vy can be negative. For example, (1 —+/2)/3 has to be rewritten as
(=3 +/18)/(—9) to ensure that v_; € Z. To find mg,vo and d in general,
follow Exer. 6.5.3.

The initial condition guarantees that the recursions produce m; and v; in
Z. What may be less obvious is that the recursion for v; is the one in (6.4.8),
with P(x) replaced by z2 — d. Indeed, starting with (6.4.8), we find that

2 2 2
o omiy —d o (awg—my)® —d 5 ms —d
Vi4+1 = — = — = 2aimi — ;U —
(% (% (%
= a;(m; +m; — a;v;) + vim1 = vi—1 + a; (M — Mig1). n

In principle, the formula a; = | (m;++/d) /v; | combined with the recursions
of the proposition gives an algorithm for determining the continued fraction
of n. Both computationally and philosophically, it would be better not to
have to deal with v/d. Indeed, requiring the foreknowledge of the decimal
expansion of v/d would defeat the purpose of the algorithm, which is to
efficiently describe irrational numbers purely in terms of integers. Fortunately,
it suffices to replace v/d by its crudest approximation, [v/d].

6.5.2 Proposition. For all i > 1 we have a; = |(m; + [Vd])/v;]. In addi-
tion, ag = | (mo + |Vd])/vo] or [ (mo + |Vd])/vo| —1. The second possibility
occurs if and only if vo <0 and vy | m + [Vd].

Proof. We leave the case i = 0 as an exercise, and assume that i > 1.
By Prop. 6.5.1 (¢), a;v; — m; = miy1 < L\/gj Dividing by v; > 0 gives
the first inequality in the following chain:

mi+L\/gJ <mi+\/g

Vg

a; <

< a;+1.

This just means that a; = |(m; + [Vd])/vi]. [ ]
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For convenience, we extract from the proof of Prop. 6.5.2 an algorithm for
finding the continued fraction of a quadratic number 7:

THE CONTINUED FRACTION ALGORITHM FOR QUADRATIC NUMBERS

1. INPUT: Quadratic number € R. Put 7y := n = (mg + V/d) /vy with
vo | d—md, as in Exer. 6.5.3. Put v_; := (d —m2)/vo, s := [V/d], and set
the counter ¢ := 0.

2. If (my,v;) = (my., v,.) for some 0 < r < i, OUTPUT:
n=1[ao,...,0r—1,8r, .., Gi1]-
3. Otherwise compute, in the following order:
a:=[(m; +s)/vi]

a—1 ifi=0,u90<0and vy |mg+s

Q; 1= .
a otherwise

Mit1 = Q;V; — My

Vig1 = Vi—1 + a;(miy —mq1).
Increase the counter ¢ by 1 and go to Step 2.
6.5.3 Example. To find the continued fraction for /223, we put d =

223,mg = 0,v9 = 1,5 = 14, and fill in the following table using the algo-
rithm, keeping an eye out for periodicity:

i -1 0 1 2 3 4 5
a; — 14 1 13 1 28 1
m; — 0 14 13 13 14 14
v; 223 1 27 2 27 1 27

As ms =mq and vs = v, we get /223 = [14,1,13,1, 28].
An interesting piece of information lurks in this table. Denote by p;/¢;
the ith convergent of v/223. Then {p;} and {¢;} are both strictly increasing

sequences of integers. By Prop. 6.4.9, however, the only possible values for
N(p; — qiv/223) = (=1)" ;1 are 1, —27, and 2. O

Exercises

6.5.1. Apply the Continued Fraction Algorithm for Quadratic Numbers to:

(a) V163; (b) (4 +v/89)/5: (c) (2~ V7)/3; (d) V310.
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6.5.2. Prove the claim about ay made in Prop. 6.5.2. Give an example of an
n for which ag = |(mo + Vd)/vo| — 1.

6.5.3. Let n = (z + yy/2)/w with z,y,2,w € Z,w # 0, and z > 0 not a
perfect square. Put g = w/ ged(w, y?z — 2?), d = g%y*z, mo = sgn(y)gz, and
vo = sgn(y)gw. Show that n = (mg + V/d)/vo with vo | d — m3. Prove that d
is the smallest possible such value.

6.6 Approximation by Convergents

We hinted at the beginning of this chapter that a real number is efficiently
approximated by the convergents of its continued fraction. In this section we
make that claim precise. We will repeatedly use the simple observation that,
for a,p € Z and b,q € N,

4 #+ b implies
b’ q

_ 13’ _loa—tbpl S 1
q bg bg
as aq — bp is a non-zero integer. We assume throughout that n = [ag, a1, .. .]

is irrational, with convergents p;/¢;.

6.6.1 Proposition. Let a,b € Z with b > 0 and ged(a,b) = 1. If ‘n — %’ <
‘77—% , then b > q;.

Put plainly, if we want to improve the approximation of 7 given by a
convergent, we need a fraction with bigger denominator.

Proof. For simplicity, let’s assume that i is odd, so that

Pir1/qiv1 <0 < pi/Gi-

The even case is similar, with the inequalities reversed. By assumption, a/b is
in the interval centered at n with one endpoint at p;/q;. We leave the right half
of that interval as an exercise, and consider only the case a/b € (2n—p; /¢, n).
Since the p;/q; get steadily closer to n (Exer. 6.3.2), p;+1/git+1 1s in the same
interval (see Fig. 6.1).

The length of (2 —p;/qi,n) is therefore greater than the distance between
Di+1/¢i+1 and a/b. This gives the second inequality in

1 i i
(6.6.2) e <‘77—£ < .
bgiv1 ~ |b Qi1 G| @i+
We conclude that b > ¢;. [ |

How can we tell whether a fraction is a convergent of 1n? The following
proposition gives a sufficient condition.
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Pi—1 Pit1
qi—1 i qi+1

Fig. 6.1 Illustration for Props. 6.6.1 and 6.6.3 (odd ).

6.6.3 Proposition. For a,b € Z with b > 0 and ged(a,b) =1,
’ —a}<—1 impli =pi,b=1¢q; [ i >0
— mmmlie s i JOoT Some 1 .
=3 opz implies a =p q s

Proof. We argue by contradiction. If a/b # pi/qx for all k, there exists a
unique ¢ such that a/b is between p;_1/q;—1 and p;11/qi+1. We assume that 4
is odd; the even case is analogous. The situation is pictured in Fig. 6.1, with
the caveat that, unlike in the preceding proof, a/b can be on either side of
21 — pi/qi-

We have the following chain of inequalities, the last of which is apparent
from Fig. 6.1:

a

1 b 1 b
< — .
b

< =—- <
G%i+1 G bqiy1 T g

Pit1 @
Giy1 b

n— =

‘ Di
qi

b

Combining this with the triangle inequality, we get

<’n—%’<1+%)-

Only now do we apply the assumption |n — a/b| < 1/2b%:

1 b 1 q+b
— 2 (1 . .
<l b‘<+ > W g
Thus b < g;.

On the other hand, a/b lies in the interval (p;—1/¢;—1,7). Arguing similarly
to (6.6.2) gives ¢; < b. That contradiction shows that a/b is a convergent. W

1 a
o<
bg; — | b

. |
S’n—z’ﬂL‘n—&

3

The following corollary is the key to our application of continued fractions
to real quadratic fields.

6.6.4 Corollary. Let P(z) = 2% — fa+g be a polynomial with coefficients in
Z, of discriminant D = f? —4g > 0. Assume that its roots satisfy n > 0 > 1,
and let p;/q; be the convergents of the continued fraction for n. For relatively
prime a,b € N, the following implication holds:
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vD
If ‘a2 — fab+ gb2‘ < 5 then a = p;, b = q; for some i > 0.

Proof. Dividing the bound by b? gives

a a2 a VD
PEI=|G) -1 (G o<
?(5 p) ~I\G) T < g
We distinguish two cases.
Case 1: 1 < a/b. Since P'(n) = v/D > 0, and since the parabola y = P(x)
is above its tangent line at 7, we have that 0 < P’'(n)(z —n) < P(z) when
n < z. Putting * = a/b and dividing by P’(n), we get

}g B ’ _0 . P(a/b)  |P(a/b)]| - VD/2b? 1
R A > VD JD 202
so that a = p;, b = ¢; for some i, by Prop. 6.6.3.

Case 2: 0 < a/b < 7. By our assumption n > 0 > 7, the polynomial
Q(z) = —2?P(1/z) = —ga* + fx — 1 has roots 1/ > 0 > 1/ and satisfies
Q'(1/n) = V/D > 0. Moreover, its leading coefficient —g = —77j is positive,
so Q(x) shares the salient properties of P(x). If 0 < <, then 1/n < 1/x,
and the same reasoning as in Case 1 gives

LY e Irte)
r m

VD 22V/D 22D’

the last equality because P(x) < 0 for 0 < z < 7. For x = a/b this becomes

Pla/b) _ VD /20 1

b 1
3| < G < D

By Prop. 6.6.3 again, b/a is a convergent of 1/1. We see from Exer. 6.2.4 that
b/a = ¢;/p; for some i, as desired. |

6.6.5 Example. Let F = Q[v/223]. In Ex. 5.4.12 we showed that CI(F) =
7./37, provided that 22 —223y? = 43 has no integer solutions. That is, indeed,
the case. If not, assume a,b € N satisfy the equation, and apply Cor. 6.6.4
with n = v/223: |a? — 223b?| = 3 < V/4-223/2 gives that a = p;,b = g;, for
some convergent p;/q; of v/223. In Ex. 6.5.3 we found that p? — 223¢? can
only be 1, —27, and 2. Thus, 22 — 223y? = 43 has no integer solutions. [J

Exercises
6.6.1. Finish the proof of Prop. 6.6.1 by handling the case n < a/b < p;/q;.

6.6.2. Verify the claims made about the polynomial Q(z) in the proof of
Cor. 6.6.4. Where do we use the assumption n > 0 > 7?
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6.6.3. Find relatively prime solutions z,y € Z to each of the following
equations, or prove that there isn’t one:

(a) 22 =58y =7, 22 —-58y2=5
(b) 2% —89y? = -5, 2% —89y? =40
c

2
2

(d) 2% —73y* =72
2

6.6.4* Compute CI(Q[VD]) for D € {82,401,469,577}. Use Cor. 6.6.4 to
decide when ideals are principal, as in Ex. 6.6.5.

6.6.5. Conclude Exer. 5.4.6 (c): show that Cl(Q[v399]) = Z/4Z x Z./27.

6.7 The Group of Units of a Real Quadratic Field

So far, we've looked at continued fractions as a tool for approximating real
numbers. But they have another, unexpected use: determining the group of
units in the ring of integers O = Z[d] of a real quadratic field F. In Exer. 4.2.4
we saw that there is some leeway in choosing 0. In the context of real quadratic
fields, however, there is one preferred choice.

6.7.1 Proposition. There exists precisely one A such that O = Z[A] and
the continued fraction of A is purely periodic: A > 1 and —1 < A < 0.

Proof. After possibly replacing § by 0, we may assume that § > §. Any ¢’
with O = Z[0'] must be of the form ¢’ = a £ ¢ for some a € Z. Assume that
¢’ is purely periodic, which by Thm. 6.4.10 means that

a+é>1land —1<a+d<0.

In particular, =6 > —a > =+6, so our condition § > ¢ forces the sign to be
plus, i.e., &' = a + §. The second inequality then gives a + 1 > —§ > a, in
other words, a = | —4].

If there is a periodic ¢, it thus must be A = | —d] +§. It remains to check
that A > 1. The smallest possible discriminant of a real quadratic field is
Dyyz =5 Then2 < Dp = 6—0 < §+|—6]+1, whence 1 < | 0] +6 = A..

For the remainder of this section, we fix the usual notations in reference
to A. Thus, ¢t and n are defined by A2 —tA +n = 0, while a;, p;, ¢; and A;
are the quantities associated with the continued fraction of A. Since A is an
algebraic integer, Ao = A. As in the proof of Prop. 6.4.6, we put

A = with v;, m; € Z and v; |mf—|—tmi+n.

v;
Finally, [ stands for the length of the period of A, which we call the period
length of F.
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6.7.2 Proposition. Fori >0, v; =1 if and only if i is a multiple of [.

Proof. Assume v; = 1, so that A; = m; + A. As both A and A; are purely
periodic, Thm. 6.4.10 implies that we have —1 < A < 0 and —1 < m;+A < 0.
Since m; € Z, this is only possible if m; = 0. Then A; = A and i is a multiple
of the period length.

Conversely, if i = [k for some k, we have A = Ay = (myg + A)/vi.
Comparing coeflicients gives vy, = 1. |

The unit group in a real quadratic field turns out to essentially consist of
powers of a single unit.

6.7.3 Definition. A fundamental unit of O (or F) is a unit ep € O
satisfying the following conditions:

(a) For any e € O%, e = +ek for some k € Z, and
(b) erp > 1.

Condition (a) means that O* = +(ep). Here (¢p) is the multiplicative
infinite cyclic group generated by er (don’t confuse it with the principal
ideal generated by e, which is just @). Condition (b) guarantees that e is
unique, if it exists. The following theorem shows how to construct it.

6.7.4 Theorem. Let O = Z[5] with § > §. Let p'/q. be the convergents of d,
and | the period length of F.

Put ey =p, | —q]_,0. Any unit ¢ € O* is of the form ¢ = +e¥ for some
k € Z. The fundamental unit ep is then +e1 or £&1, whichever is greater
than 1.

Proof. By Prop. 6.4.9, 1 is a unit. As § > 6, there is an a € Z such that § =
A+ a. By Exer. 6.2.3, the convergents of 6 and A are related by p; = aq; +p;
and ¢} = ¢;. We compute

E1=pj_1— Q10 =p—1+aq-—1—q-10 =pi—1 — q—1(0 — a)
=pi-1— q14.

We henceforth assume, without loss of generality, that § = A.

A unit ¢ is a power of 1 up to sign if the same is true for —e, or for
€ = +e~ 1. This allows us to restrict to the case ¢ = a — bA for a,b € Z>o.
Indeed, if a < 0, replace € by —¢. Then, if b < 0, replace € by £ = a — bA =
(a —bt) — (—b)A. Since A is purely periodic, t > 0 and a — bt is still positive.

Since Dp > DQ[\@ =5, we have

|a? — tab+ nb?| = |N(a — bA)| = 1 < V5/2 < \/Dp/2.

We conclude from Cor. 6.6.4 that a = p;,b = ¢; for some i > 0. Prop. 6.4.9
then gives

Vi41 = (—1)i+1N(pi — in) = (—1)i+1N€ =+1.
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As v;41 > 0 by the proof of Prop. 6.4.6, we conclude that v;11 = 1, and
therefore, by Prop. 6.7.2, that i + 1 = kI, a multiple of the period.
We have shown that every a — bA € O with a,b € Z>¢ must be of
the form
€k = Pri—1 — qri—14, for some k > 0.

To prove the theorem it suffices to verify that ex11/ex = £1. By Lemma 6.3.1,

Pi—1 — ¢i—14A
B/ VNP st B it el
" Pi — GA

We form a telescoping product:

Dic1 — 14 pi — GA Piti—2 — Giti—24
DA g Ay = .
(F1) A2 A " Pi— ¢G4 pit1— i1 Divi-1 — 1A

Di—1 — ¢i—14A

C Piti—1 — Qi1 A
When ¢ = kl, we get
Pri-1 — qri—14 _ &k
Pk+1)i—-1 — (J(k+1)z—1A Ek+1

(=)' Api1 Drigz - Aoy =

When k = 0, this in turn becomes

p—1—q14 1 1
—D)!A Ay A = = =_.
(1) A g pa—aaA &

Periodicity implies Agjy1Aki42- - Apgry = A1dz... A, Consequently,
ex/ert1 = 1/e1, as desired. [ ]

6.7.5 Example. We illustrate Thm. 6.7.4 by finding the fundamental unit
of Z[v/223]. We compute the convergents of the continued fraction we found
in Ex. 6.5.3, v/223 = [14,1,13,1, 28]. It suffices to go up to the end of the
period:

i -2 -1 0 1 2 3 4
a; — — 14 1 13 1 28
Di 0 1 14 15 209 224 6481
qi 1 0 1 1 14 15 434

Theorem 6.7.4 shows that, up to sign, Z[223]* is generated by &1 = p3 —
q3V223 = 224 —15/223 = 0.0022 . ... The fundamental unit must be greater
than 1, so we obtain it as &1:

€Q[vaz3] = P3 + q3v223 = 224 + 15v/223. O

In general, we read off the fundamental unit from the column under the
next-to-last element of the period of the continued fraction of 4.
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Exercises

6.7.1. Show that the unique purely periodic generator of O is

A {\/DF — DFJ " Dp ++Dp
2 2 '

6.7.2. Show that i is a multiple of the period length of F' if and only if §; € O,
where O = Z[J].

6.7.3. Prove that there is at most one unit satisfying the conditions (a) and
(b) of Def. 6.7.3. Check the last claim of Thm. 6.7.4 by showing that precisely
one of +¢&1,+£&; is greater than 1.

6.7.4. Find the fundamental unit and the period of Q[v/D], for D €
{7,13,17,41,70, 58,102}

6.7.5 We know a priori that Nep = £1. How can we determine the sign?

(a) Prove that Nep = 1 if and only if no unit in O has norm —1.

(b) Show that Nep = —1 if and only if the period length of F' is odd.
(¢c) If Dp is divisible by a positive prime p = 3 (mod 4), then Nep = 1.
(d) If Dp = p, a positive prime, then Nep = —1.

Orders

6.7.6. Let F' be a quadratic field, real or imaginary, and let O, # O be
the order of conductor ¢ > 1. Let ¢ : F*(¢) — (O/cO)*/(Z/cZ)* be the
homomorphism defined in Exer. 5.1.12 (c).

(a) If F is imaginary, show that OX = {+1}.

(b) Assume from now on that F isreal. Let e1 = pj_1 —qi-14 = :l:a%l be the
unit constructed in the proof of Thm. 6.7.4. Show that ¢(O*) = (p(e1)).

(¢) Let t be the order of ¢(e1) in (O/cO)*/(Z/cZ)*. Show that ¢ is the
smallest positive integer for which ¢ | g;—1. Without this group-theoretic
argument, it is not a priori obvious that such a ¢ exists.

(d) Show that OF = £(e%), and that s = [0* : OF].



Chapter 7
Quadratic Forms

7.1 Motivation

In this final chapter we go back to the late-eighteenth-century roots of
algebraic number theory. Its fathers, Lagrange, Legendre, and Gauss, had
none of the algebraic machinery we have used. They discovered the ideal
class group solely by studying certain Z-valued functions on the standard
lattice Ag = {[y] : z,y € Z}.

7.1.1 Definition. A form is a function q : Ay — Z given by q(z,y) =
ax?® + bxy + cy?, for some a,b,c € 7.

Even though A consists of column vectors, we write ¢(z,y) instead of
the correct but cumbersome ¢([y]). We reserve the more common term
“quadratic form” for forms that are nontrivial, in the sense described in
the next section.

7.1.2 Example. We can rephrase Fermat’s question from the beginning of
the book as follows: which primes are possible values of the form z? + 2?
In Ex. 5.4.12 we needed to decide whether the prime ideal P3 of Z[/223]
is principal. That boiled down to determining whether the form 2% — 223>
could take the value 3 or —3.

Note that 2% + y? computes the norm of z + yi € Z[i] in terms of its
coordinates relative to the basis {1,i} of Z[i]. A similar interpretation holds
for 22 — 223y? and the basis {1,/223} of Z[/223]. O

7.1.3 Example. The preceding example generalizes to any ideal with a
chosen basis. Let .# = Za + Z be a fractional ideal in a quadratic field F,
with a choice of an ordered basis (a, §). The expression

N(za —yp)  Na 22 Tr(ap) N5

qy,a,ﬁ(xuy):T_ N7 N7 :Ey—i—Wy

M. Trifkovié, Algebraic Theory of Quadratic Numbers, Universitext, 131
DOI 10.1007/978-1-4614-7717-4_7, © Springer Science+Business Media New York 2013
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has coeflicients in Z by Exer. 4.6.5. It thus defines a form, called the form
associated to (.4, a, 8). It is is invariant under scaling by half the elements
of F*:

(7.1.4) Qy.7 ya8(T,Y) = 47 ,a,8(x,y), when Ny > 0.

This suggests a connection between forms and ideal classes that is the theme
of this chapter. The link is subtler than it appears: ¢.» g depends not only
on (the ideal class of) .#, but also on the choice of ordered basis («, 3). Any
other ordered basis of .# is of the form (o/,5") = (ma + 18, ka + j3) for
H 7’; | € GL2(Z). The forms associated with the two bases are related by

N(z(ma +18) — y(ka + jB))
47 a5 (2,y) = N7
(7.1.5) _ N((mz — ky)a — (=lz + jy)B)
N.s
= q.7,a,p(mz — ky, —lz + jy).

Together with (7.1.4), this shows that the set of values of ¢.» 3 depends only
on the ideal class of .7, not on basis chosen (at least for imaginary quadratic
F, where the norm is always positive).

As a convenient normalization, we say that the form ¢ o/ g is obtained
from g 5 by a linear change of variables H fl} € GL2(Z). If we don’t
want to specify the matrix, we say that the two forms are equivalent.They
are properly equivalent if in addition, we can take det H 7’;] = 1.
In Sec. 7.5 we will study proper equivalence in detail.

We can simplify any form ¢(x,y) = az? + bxy + cy? by repeated linear
changes of variables of two types:

(T*q)(x,y) = q(x — ky,y) = az® + (b — 2ak)xy + (ak? — bk + c)y?,
one for each k € Z, and

(Sq)(z,y) = qly, —x) = ca® — bxy + ay”.

7.1.6 Proposition. For any form there is a sequence of linear changes of
variables, each of type T* or S, which produces a form ax® + bxy + cy?
satisfying

(7.1.7) |b] < la| < |e|, and b > 0 when |a| = |b| or |a| = |c|.
Proof. We apply the following algorithm, due to Legendre:
DEFINITE REDUCTION ALGORITHM

1. INPUT: coefficients a,b,c € Z. Put q(x,y) := ax?® + bxy + cy?.
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2. The variant of the division algorithm, Exer. 1.1.2, gives k,r € Z with
b = k(2a) + r and |r| < |a|. The change of variables ¢ := T*q for this k
results in a form with |b| < |a].

3. If |a] < ¢|, go to Step 5.

4. Put g := Sq to produce a form with |a| < |¢|, and go back to Step 2.

5. If b = —|al, put ¢ := T"8"%q to replace ax® — |a|zy + cy? with az?® +
(= lal + 2 al)zy + cy® = az® + [a] 2y + cy®.

6. If b < 0 and |a| = |¢|, put ¢ := Sq to replace ax?® + bry + cy? with
cx?® — bry + ay?.

7. OUTPUT: ¢(z,y).

The positive integer |b| either decreases (in Step 2), or stays constant
(in Step 4). As the algorithm never applies Step 4 twice in a row, |b| keeps
decreasing and we eventually exit the loop made of Steps 2—4. Finally, if b < 0
in the two special cases in (7.1.7), Step 4 or Step 5 changes b to —b. |

7.1.8 Example. Let F = Q[y/—47], so that O = Z[d] for §2 — § + 12 = 0.
The form corresponding to the ideal I = Z - 27+ Z(47 4+ §) with the indicated
ordered basis is qr 27.47+5(%,y) = 272% — 952y + 84y>. We apply the Definite
Reduction Algorithm to this form:

—2
2722 — 952y + 84y% —— 2722 + 133y + 242
-3
5,002 132y + 27y* 002 - zy + 6y

Check that 222 — 2y + 6y? = gp, 2.5(z,y), and that I and P, = Z -2 + Z4 lie
in the same ideal class. O

7.1.9 Example. Let’s list all forms ax?+bxy+cy? which have discriminant
b?—4ac = —47, have a > 0 (and therefore ¢ > 0), and satisfy condition (7.1.7),
which now reads |b] < a < ¢, and b > 0 when a = |b| or a = ¢. Such a form
will be called reduced. From

AT = dac — b > 4> — b* = 3b?

we deduce that |b] < \/47/3 and hence |b| < 3. For each b, we find the finitely
many possibilities for a and ¢ by factoring % + 47 = 4ac. This equality forces
b to be odd.

There are no reduced forms with b = £3, because such a form would
satisfy ac = 14 and 3 < a < ¢. If b = +1, then ac = 12 and we have the
following possibilities:

(a) a = 1,c = 12: we get a single form z2+zy-+12y?. We discard 2> —zy+12y>
since |b| = a in this case.
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(b) a = 2,c= 6: we get two forms 222 + xy + 63>
(c) a = 3,c=4: we again get two forms 322 + xy + 4y>.

Check that no two of these forms are properly equivalent. O

7.1.10 Example. There are five reduced forms of discriminant —47, and
there are also five ideal classes in Cl(Q[v/—47]) = ([P2]), as we calculated
in Ex. 5.4.10. Scaling invariance (7.1.4) suggests that this is no coincidence.
In the following table, the ideal I and its basis are chosen to make the
associated form ¢ reduced. Moreover, I} is in the ideal class [Pz]k. The third
column lists 7y, the solution of ¢x(x,1) = 0 with positive imaginary part.
The 7y are pictured in Fig. 7.1.

f
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Fig. 7.1 Reduced forms of discriminant —47.

The table gives bijections between the following three sets:

(a) the ideal class group Cl(Q[v/—47]);

(b) proper equivalence classes of forms, for which the reduced forms provide
a convenient set of representatives;

(¢) quadratic numbers of the form (—b++/—47)/2a contained in the shaded
region F. The interior of F is {z € C:Imz > 0,|Rez| < 1/2,|z| > 1}.

These bijections are an instance of our main result on forms, Thm. 7.8.1.
The correspondence between (a) and (b) gives us a quick way to compute the
class number using only simple manipulations with integers, as in Ex. 7.1.9.
The bijection between (b) and (c) associates to each form a sort of “ID
number”, or parameter, in the complex plane. Geometrically, the reduced
forms are precisely those whose parameter lies in the region F. O
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As [P)* = [P]! = [P, it’s not surprising that the ideal P» appears
on the last line of the table in Fig. 7.1. But why choose the basis {2, —§}
over the more obvious {2,6}? What is special about the region F? Why
consider proper equivalence of forms, rather than the plain kind? We will
answer these (as it turns out, related) questions as we carefully develop the
theory of quadratic forms.

Exercises

7.1.1. Verify the formula for ¢.» o g(z,y) in Ex. 7.1.3. Show that the g.c.d. of
the coefficients is 1.

7.1.2F Check that the ideals I and P> of Ex. 7.1.8 are in the same ideal class.
7.1.3. Verify the table in Fig. 7.1.

(a) Check that the ideal I,, is in the ideal class [Ps]".
(b) Show that the five numbers in the last column of the table are the only
quadratic numbers of the form (—b -+ +/—47)/2a in the region F.

7.1.4. The region F in Fig. 7.1 doesn’t include the right half of its boundary.
How is that related to the second condition of (7.1.7)?

7.1.5. Let q(x,y) = ax® + bry + cy? be a quadratic form with a > 0 and
discriminant b? — 4ac < 0.

(a) Fill in the blanks by completing the square: ax? + bxy + cy? = __ (z +
_ y)?>+ __y?% Deduce that g(z,y) > (4ac — b*)/4a for y # 0.

(b) Prove that ¢(z,y) > (a — |b| + ¢) min(2?,y?). Deduce that q(x,y) >
a — |b| + ¢ when z,y # 0.

7.1.67 We show here that no two of the five forms of Ex. 7.1.9 are properly
equivalent.

(a) Show that the forms 222 + zy + 6y and 222 — zy + 6y are related by
a linear change of variables H fl} € GL2(Z), hence have the same set of
values. An analogous statement holds for the forms 322 + zy + 4y

(b) Can we choose the matrix H :J to have determinant 17

(¢) Show that the three (pairs of) forms from Ex. 7.1.9:

22+ oy + 1292, 222 +xy + 6y, 322 £ ay + 497,
have different sets of values. Deduce that none can be obtained from the
others by a linear change of variables in GLa(Z).

7.1.7. For each D € {—23, 26,71}, list all reduced forms az? + bxy + cy?
of discriminant 2 — 4ac = D. Prove that no two are properly equivalent,
following Exer. 7.1.6.

7.1.8. Fix a D € Z. Show that only finitely many forms ax? 4 bxy + cy? with
b — dac = D satisty (7.1.7).
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7.2 Elementary Theory of Quadratic Forms

The form 222 — 6zy + 4y? = 2(x — y)(x — 2y) is not interesting: all its values

are even because the coefficients are, and we can study it in terms of its linear

factors. To exclude such forms, we need some basic definitions. Fix notation

by putting ¢(z,y) = ax?® + by + cy?.

7.2.1 Definition. A form is decomposable if it is a product of two linear

polynomials with coefficients in Q: q(x,y) = a(x —ry)(x — sy) for a € Z and

r,s € Q. Otherwise, the form is indecomposable.

7.2.2 Definition. To a form q we associate two invariants with values in Z:

(a) the content, cont ¢ = ged(a, b, c). If cont ¢ = 1, the form is called prim-
itive.

(b) the discriminant, discq = b? — dac = (a(n — 7))?, where 1 is any
solution to q(z,1) = ax® + bx + ¢ = 0.

7.2.3 Definition. A quadratic form is an indecomposable primitive form.

The form ¢(z,y) is decomposable precisely when disc g is a perfect square,
as is obvious from the first equality in the following:

az? +bry + ey’ =a (:v _ *b+2—\/amy) (x _ *b*\/my)

2a
(7.2.4) L
=a ((:z: +2y) - —dif;qu) :

The second equality allows us to determine the possible signs of values of
q(z,y) in terms of its discriminant.

7.2.5 Definition. An indecomposable form q is called:

(a) indefinite, if discq > 0. By (7.2.4), q takes both positive and negative
values.

(b) definite, if discq < 0. In that case, a and ¢ must have the same sign.
We further call q:

e positive definite, if a,c¢ > 0, so q(z,y) > 0 for all z,y € Z;

e negative definite, if a,c < 0, so q(z,y) <0 for all x,y € Z.

First, we give an alternative characterization of content.

7.2.6 Lemma. The content of a form is the g.c.d. of its values.

Proof. Let I = (q(r,s) :r,s € Z) be the ideal of Z generated by all the values
of q(z,y) (see Exer. 2.2.1). We need to show that I = Za + Zb + Zc. One
inclusion follows from ¢(r, s) = (r*)a + (rs)b + (s*)c € Za + Zb+ Zc. For the
other, observe that the coeflicients of g,

(7.2.7) a=q(1,0),c=q(0,1), b=¢q(1,1) — ¢(1,0) — ¢(0, 1),

are Z-linear combinations of values of ¢(z,y), and are therefore in I. |
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7.2.8 Example. Let . = Za + Zf be a fractional ideal in the quadratic
field F'. We claim that ¢.» o g of Ex. 7.1.3 is a quadratic form. Without loss
of generality, we may assume that .# = I, an ideal of O. Indeed, scaling
invariance (7.1.4) shows that ¢.# o8 = ¢n.# na,ng for any n € N, in particular
for those with n.# C O.

We have a factorization

G plry) = EEION B o (B ayy) (e~ (Bla).

Being a basis of I, a and [ are linearly independent over Q. Therefore
B/« is irrational, and g g is indecomposable. As NI = gcd(Ny : v € I)
(Exer. 4.6.5), we get that

cont qr,qa.p = ged(N(raw — s8)/NI :r,s € Z) = 1.

The quadratic equation gr . g(z,1) = 0 has 8/« as one solution. To com-
pute disc qr,q,5, we will find another quadratic equation satisfied by 5/«, and
compare the discriminants of the two. As in Ch. 4, we write the ring of in-
tegers of F' as O = Z[6], where 62 —t§+n =0, t,n € Z and t* — 4n = Dp.
Multiplication by ¢ is a linear transformation F' — F. Let H 7’; ] be its ma-
trix with respect to basis {«, 8}: da = ja+ 18,08 = ka + mf. Dividing the
second equality by the first, we get

B k+m(B/a)
Blo= 6/

Since 61 C I, the entries j, k, [, m are in Z. By Exer. 4.1.1, tr H :J =Trd=t
and det [/ :1] = N§ = n. Thus, 8/« satisfies the equation [2? +(j —m)z—k =
0, with discriminant

(j —m)* 4+ 4kl = (j + m)* —4(jm — kl) = t* — 4n = Dp.

We claim that ged(k, 7 —m, 1) = 1. If p is a prime dividing all three, then
p? | Dr. Since 4 is the only square that can divide Dy, we must have p = 2;
you should check that doesn’t happen.

We have two equations with relatively prime integer coefficients, both sat-
isfied by 8/a:

Na , Tr@g)  NB

— — = d
N N7 3:—|—NI 0, an
le? + (j —m)x —k =0.

ql,a,ﬁ(za 1) =

The equations must be the same up to the sign, so their discriminants are
equal: disc qr,o,3 = DF. O
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Occasionally, we will want to prove that a function on Ay is a form without
finding its coefficients. Check that the following condition achieves that, by
distinguishing forms among all functions Ag — Z.

7.2.9 Proposition. A function q: Ay — Z is a form if and only if, for all
v,w € Ag,

(7.2.10) q(v+w) + qlv —w) = 2(q(v) + q(w)).

In that case, q(x,y) = ax?+bxy+cy?, with a, b, ¢ given by (7.2.7). Conversely,
a form q(x,y) = ax? + bxy + cy?, can be written as a function of a vector
ve Ay by

Exercises

7.2.1. Show that the following three conditions on a form ¢ are equivalent:

(a) g is decomposable.
(b) The equation ¢(z,1) = 0 has a solution z € Q.
(¢) The equation ¢(x,y) = 0 has a solution =,y € Z.

7.2.2. Let g be a quadratic form. Show that discq = ¢?Dp, where ¢ € Z and
F is the quadratic field containing a solution to ¢(z, 1) = 0.

7.2.3. Prove Prop. 7.2.9. Use induction on x and y to show that any ¢ : A9 —
Z satisfying (7.2.10) is of the form ¢([3]) = az? + bxy + cy?.

7.2.4* Let q: Ag — Z be a function satisfying property (7.2.10).

(a) Show directly from this property (without using the fact that ¢ is a
quadratic form) that g(kv) = k?q(v) for k € Z.

(b) Prove that the function B(v, w) = £ (q(v+w)—q(v)—q(w)) is a symmetric
bilinear form: B(v + v/, w) = B(v,w) + B(v',w) and B(v,w) = B(w,v).

(c) Express ¢(v) in terms of B.

7.2.5. Given a primitive form ¢ and a prime p € N, prove that there exist
relatively prime r, s € Z, for which p { ¢(r, s).

7.2.6* Complete the proof of discq.s o3 = Dp from Ex. 7.2.8 by checking
that k, j —m and [ can’t all be even.

7.2.7. Let Ay = {[y] € Ao : ged(x,y) = 1} be the set of primitive vectors.
Prove that a vector is primitive if and only if it belongs to a basis of Ajg.
Given a quadratic form g : Ay — Z, show that g(Ag) = L2, k?q(A7).
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7.2.8. We say that d € Z is represented by ¢ if d = ¢(r, s) for some r, s € Z.
If we can find r and s relatively prime, we say that d is properly repre-
sented by q. Suppose that q(z,y) = ax? + bxy + cy? satisfies b — 4ac < 0
and |b| < a < ¢ (in particular, ¢ is positive definite and reduced). Show that
the three smallest numbers properly represented by g are a < ¢ < a— |b| +¢.

Orders

7.2.9. Let & = Za + Z C F be a subgroup with Oy = O, so that it is a
fractional ideal for O, and no bigger order. Prove that the form ¢.» o g(z,y) =
N(za — yB) /N7 is a quadratic form of discriminant disc O, = ¢*Dp.

7.3 Parameter of a Quadratic Form

In (7.2.4) we factored a form as ¢(x,y) = a(x —n1y)(x — n_y), where ny are
the roots of the equation q(x, 1) = ax?+br+c = 0. We'd like to systematically
choose one of 1+ as an “ID number” that uniquely determines g. Since 1+
don’t change when we replace ¢ by an integer multiple, it makes sense to con-
sider only primitive forms. If ¢ is decomposable, 14 and 7_ are two unrelated
rational numbers, and there is no natural reason to choose one over the other.
By contrast, when ¢ is indecomposable, 71 are conjugate quadratic numbers.
Uniformly choosing one of them will establish a one-to-one correspondence
between
Q = set of all quadratic forms, and

H = set of all quadratic numbers (real or imaginary).
It’s important to remember that a quadratic form is by definition primitive
and indecomposable, while a quadratic number is an irrational element of a
real or imaginary quadratic field.

Choosing between 74 and n_ amounts to picking the sign of the square
root in the quadratic formula. For any d € Z, we agree that v/d stands for
the positive value of the square root when d > 0, and the value with positive
imaginary part when d < 0. Fixing a choice of the square root allows us

to define analogs of real and imaginary parts of an element in a quadratic
field F.

7.3.1 Definition. The rational and the irrational part of o € F are given,
respectively, by

Raa:#, Ira=

2Dy’

Note that Raa,Ira € Q, and that « = Raa + Ir an/Dp. Since H is the
disjoint union of all quadratic fields, minus the rationals, the above formulas
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define functions Ra,Ir : X — Q. (By the same token, the norm functions
on all quadratic fields compile into a single function N : H — Q.) With this
terminology, we are ready to define the promised bijection.

7.3.2 Definition. The parameter function iq.: Q — H is given by

—b+ \/dlSC

q(z,y) = az® + bay + cy® Mg =  ou

7.3.3 Proposition. The function tos is a bijection. The parameter 14
is determined by the following two conditions: (a) q(ng,1) = 0, and (b)
(Irng)/a > 0.

Proof. To construct the inverse, start with n € H satisfying en? + fn+g =0
with e, f,g € Z and ged(e, f,g) = 1. If necessary, multiply the equation by
—1 to ensure that e has the same sign as Ir7. Then ¢, then sends 7 to the
form ¢, (z,y) = ex? + fry + gy

Clearly, 7, satisfies the conditions of the second statement. For the con-
verse, assume that ¢(n,1) = 0 and (Irn)/a > 0. By the first condition, n = 7,

or 7j,. The latter is impossible, since (Ir7j,)/a = —/discq/Dr/2a®> < 0. B

We denote the inverse of 1oy by 13,0 : 7+ ¢,. This allows us to concisely
extend the definition of a discriminant from quadratic integers (Def. 4.2.3)
to an arbitrary quadratic numbers.

7.3.4 Definition. Forn € H, we put discn = discg,,.

If an? + by + ¢ = 0 with a,b, ¢ € Z relatively prime, it’s easy to check that
discn = [a(n — 7)]? = (2a1rn)?DF € Z.

7.3.5 Example. A direct computation shows that

95 + —47
Lo (2727 — 95xy + 849%) = i

54 ’
95 — /—47
Lon(—272% + 95xy — 849%) = —i

In general, we have 17—, = 7,. The discriminant of (95 & +/—47)/54 is —47.
For a general way of reading off the discriminant of a quadratic number,
see Exer. 7.3.3. O

Multiplying by —1 turns a positive definite quadratic form into a negative
definite one. It thus suffices, for each D € Z, D < 0, to restrict our attention
to the sets

Op={¢qe Q:disc¢g=D,a>0}, Hp ={n € H :discn=D,Irn > 0}

of positive definite forms of discriminant D and their parameters.
Indefinite forms have no such dichotomy, as they take values of either sign.
We therefore simply put, for each D € Z, D > 0 which is not a perfect square,



7.4 Linear Symmetries 141
Op={qe Q:discq= D}, Hp ={n € H :discn = D}.

By definition, the parameter function preserves the discriminant, giving the
following statement.

7.3.6 Corollary. For a nonsquare D € 7Z, the parameter function q — 14
gives a bijection Qp — Hp, still denoted by Loy .

Exercises

7.3.1. Let n € H, and let ¢,(z,y) = ar?® + bxy + cy? be the corresponding
quadratic form. Show that a is determined by the following conditions:

(a) Za = {n € Z : nn is an algebraic integer}, and

(b) sgnlrn =sgna

We think of a € Z, up to sign, as the smallest denominator of 7.

7.3.2. Let q(x,y) = ax® + bry + cy? have parameter n,. Verify that ¢(z,y) =
aN(x — yn,), where N is the norm in the field Q[/discg].

7.3.3. By Exer. 6.5.3, we can write any quadratic number 7 as (m + \/E)/v,
where m,v,d € Z and v | m? — d. Write d = s%r with r square-free. We
may assume that m,v,d are minimal, i.e., gcd(m,v,s) = 1. Under those
conditions, show that discn = d if v is even, and 4d if v is odd.

7.3.4F Let q(z,y) be a quadratic form of discriminant Dp. If Ir, > 0, prove
that ¢ = qzyzn,,1,4,- What about Irn, <07

7.3.5. Put —Qp = {—q(z,y) : q(v,y) € Qp} and Hp = {7 : n € Hp}. Prove
the disjoint union decompositions:
Q= |_| Qpu |_| —9p, H= |_| HpU |_| Hp.
D€z D<0 DeZ D<0

7.3.6. Show that, for D > 0 square-free, Q[v/D] = QLI |l.cn He2p- State and
prove the analog for D < 0.

Orders

7.3.7. Show that Oznizs = O, for ¢ given by disc(8/a) = *Dp. As
in Exer. 4.2.13, Ozqa+zs is the ring of multipliers of Za + 7.

7.4 Linear Symmetries

We next explore what happens to a form and its parameter after a linear
change of variables. For our definition, it’s best to think of a form as a function

on column vectors. Fix, for this section, the notation A = H 7’;] € GLy(Z).
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7.4.1 Definition. For a form q: Ag — 7Z, define the function Aq: Ay — Z by
(Ag)(v) = q(A™"v) = q(mz — ky, ~lz + jy).

The reason for using A~" will become apparent in Ex. 7.5.3. The Definition
generalizes the identity (7.1.5), which, in the new notation, reads simply
4.7 a+18,ka+iB = H 7’;] 4.7.a,5- Similarly, the formulas before Prop. 7.1.6 are

special cases of the Definition for matrices S and T*, where S = [9 '] and
T=[51l

7.4.2 Proposition. Let q(x,y) be a form and A € GLa(Z). The function Aq
is also a form: there exist a’,b', ¢’ € 7 such that (Aq)(x,y) = a’z?+b zy+c'y?.
Moreover, o' = g(m, —1),¢ = q(=k,j), and cont Ag = contgq.

Proof. We check that Aq satisfies the condition of Prop. 7.2.9:

(Ag)(v +w) + (Ag)(v — w) = g(A7 (v +w)) + ¢(A7 (v —w))
=q(A v+ A w) + g(A v — A w)
= 2(q(A™v) + ¢(A7 W)
= 2((4g)(v) + (Ag)(w)).
The formulas for the coefficients of Ag follow directly from (7.2.7). Since

A € GLy(Z), we have A1 Ag = Ag. The forms q and Aq take the same values
and therefore have the same content, by Lemma 7.2.6. |

7.4.3 Corollary. If q is a quadratic form, so is Aq.

Proof. The form Agq is primitive, as cont A¢q = contq = 1. If Aq were re-
ducible, Exer. 7.2.1 would produce a vector v € Ag with (Aq)(v) = ¢(A~1v) =
0. By the same exercise, that would mean that q is reducible; but it is not. W

The change of variables in a quadratic form should be reflected in its
parameter. Every n € H is irrational, so In + m # 0 for all [,m € Z, and the
following definition makes sense.

7.4.4 Definition. For A € GLy(Z), the linear fractional transformation
by A s the function H — H given by

_jn+k

CIln+m’

An

7.4.5 Lemma. For A € GLy(Z) and n € H, Ir An = det AIrn/N(In +m).

The definition of An was chosen to ensure that A moves 1, “in sync” with
the corresponding form ¢, at least when det A = 1.

7.4.6 Proposition. Let A € SLy(Z), and let q¢ be a quadratic form with
parameter 1. The parameter of Aq is naq = Ang.
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Proof. We check that An, satisfies the two conditions of Prop. 7.3.3
characterizing 744. Condition (a):

ljnq_:rk 1

""1 ]) = W—m)g(AQ) (
1 1 1

- (Ing +m)? (4d) (A ) - (Ing + m)2q (A 4

1
= D=0

gng +k
ng+m

)

We only use the assumption det A = 1 to verify condition (b). By Prop. 7.4.2
and Exer. 7.3.2, the coefficient of 22 in (Aq)(z,y) is a’ = q(m, —1) = aN(Ing+
m). Then Lemma 7.4.5 gives

(Ag)(Ang, 1) = (Aqg) (

Tq
1

Nq
1

A, NOem 7 1 Irp,
= = > 0. n
a aN(lng+m)  N(lng+m)? a

7.4.7 Corollary. Let g € Q, n € H, and A € SLy(Z). Then disc Aqg = discq
and disc An = discn. The function q — Aq (resp. n+— An) sends Qp (resp.
Hp) to itself.

Proof. By Def. 7.3.4,

. (det A)Trn, \*
dlSC Aq = (20/ II‘ A’I’]q)2DF = (2G/N(l77q + m)m DF

= (2aTrn,)?Dr = discq.

Then disc An = discga, = disc Ag, = discg, = disc. When D > 0, this
proves that A preserves both Qp and Hp.

When D < 0, we need to check the additional positivity conditions.
The form (Agq)(x,y) = da'z? + bzy + 'y? is positive definite. Indeed,
a = q(m,—1) > 0, being a value of the positive definite form ¢ € Qp.
On the parameter side, we again use the assumption det A = 1. If n € Hp,
then Ir An = (det A) Irn/N(In + m) > 0, since the norm of an element in an
imaginary quadratic field is always positive. |

Exercises

74.1. Let A = [Jl :1] € GL2(Z) and q(z,y) = az? + bzy + cy?. Check by
explicit computation that
(Aq)(z,y) = (am? — bml + cl®)—(2amk — bmj — bkl + 2clj)
+(ak? — bkj + cj?).
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74.2. Let T = [} 1],8 = [ 3']. Given a form g, show that the formulas
before Prop. 7.1.6 compute T%q and Sgq, respectively.

7.4.3. Let ¢q(z,y) be a quadratic form, and fix d € Z. Prove that there exists
an A € GLy(Z) for which (Aq)(z,y) = az? + bxy + cy? satisfies ged(a,d) = 1.
7.4.4* In this exercise, Aq and An have the same meaning as in the text
for A € SLy(Z). By slightly changing the definition of one or the other for
A € GLy(Z) \ SLy(Z), we can ensure that the identity na, = An, remains
valid.

(a) Do this by keeping the definition of Ag, and putting

[7F]n= rm when jm — kl = —1.
(b) Keeping Def. 7.4.4 as the definition of An for all A € GL2(Z), find the
right re-definition of Aq for A € GLy(Z) \ SL2(Z).

7.5 Group Actions

In the preceding section we studied how one matrix changes a quadratic
form and its parameter. We compile the effect of all the matrices in GL2(Z)
or SLy(Z) into a single structure with the help of the following definition.

7.5.1 Definition. Let G be a group and X a set. A (left) group action of
G on X (a G-action on X, for short) is a function G x X — X, denoted
(g9,x) — gz, that satisfies the following azioms for all g,9' € G and x € X :

(a) lgx =z, and
(b) (99")x = g(g'x).

For a fixed g € G, z +— gz is a bijection X — X. We think of it as g per-
muting the elements of X in a manner compatible with the group operation
on G (see Exer. 7.5.4 for a formalization of this point of view).

7.5.2 Example. Let H C G be a subgroup and Y C X a subset preserved
by H:if h € H and y € Y, then hy € Y also. The group action G x X — X
restricts to a function H x Y — Y which also satisfies the group action

axioms. We say that we restricted the action of G on X to an action of H
onY. O

For the next two examples, take A € GL2(Z), a quadratic form ¢ € Q,
and a quadratic number n € H.

7.5.3 Example. By Cor. 7.4.3, Aq is also in Q. The function (4, q) — Agq
satisfies the axioms of a group action with G = GLy(Z), X = Q:

(a) ([391a)(®) =a([§9]"v) = q(v)
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(b) [(AB)q](v) = q((AB)~'v) = q(B~'A™'v) = (Bq)(A™v) = [A(Bq)](v)

The A~! in the definition of the action was essential for A and B to appear
in the correct order in the last expression. By Cor. 7.4.7, this action restricts
to an action GL2(Z) x Qp — Qp, and further to an action of SL2(Z) on Qp,
for any nonsquare D € Z. (]

7.5.4 Example. It’s easy to check that the formula (A, 7n) — An € H defines
an action of GLy(Z) on H. For D < 0, this action does not restrict to an action
of GL2(Z) on Hp: it A € GLy(Z) \ SL2(Z) and n € Hp, Lemma 7.4.5 gives
Ir A < 0, so that An ¢ Hp. The same lemma shows that (A4,n) — An does
restrict to an action of SLy(Z) on Hp. O

Group actions give rise to interesting equivalence relations.

7.5.5 Definition. Let z,y € X. If y = gx for some g € G, we write x ~ y
and say that x and y are G-equivalent . The orbit of x is the set Gx =

{gz : g € G}.

The use of the term “equivalent” is justified by the following proposition,
the proof off which is a good exercise.

7.5.6 Proposition. The relation x ~ y is an equivalence relation on X . The
equivalence class of x is Gx. The following three statements are equivalent:
(a) x ~y; (b)y € Gz; (¢) Gz = Gy.

In traditional terminology introduced in Ex. 7.1.3, two forms are equivalent
(resp. properly equivalent) precisely when they are GLy(Z)- (resp. SLa(Z)-)
equivalent.

7.5.7 Definition. The quotient of X by G is the set of all orbits,
X/G={Gzx:z e X}

A fundamental domain for the action of G on X is a subset F C X such
that for each x € X there exists a unique y € F equivalent to x.

Sending an element in X to its orbit defines a surjection X — X /G, which
restricts to a bijection F = X/G. You can think of a fundamental domain
as a concrete model for the quotient X/G, obtained by picking a preferred
representative in each equivalence class.

7.5.8 Example. Recall the matrices S = [ '] and T' = [} 1] from Sec. 7.4.
The Definite Reduction Algorithm of Prop. 7.1.6 produces a sequence of
matrices Ay, ..., A, each equal to S or a power of T, such that (A;...A,)q
has small coefficients. As S and T are in SLo(Z), this shows that any form
q is properly equivalent to a form az? + bry + cy? with |b| < |a] < |¢|, and
b > 0if |a| equals |b] or |¢|. There are five such forms of discriminant —47, as
we found in Ex. 7.1.9:

F = {2? + 2y + 1292 227 £ 2y + 62, 32 + zy + 49%).
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Exercise 7.1.6 shows that no two of these forms are properly equivalent.
In other words, F is a fundamental domain for the action of SLs(Z) on

O _ur. O

When studying a structure on a set, we invariably study structure-
preserving functions as well: groups and homomorphisms, topological spaces
and continuous functions, sets with a G-action and equivariant functions.

7.5.9 Definition. Let ¢: X — Y be a function between two sets, each with
a G-action. We say that ¢ is G-equivariant if, for all g € G and x € X,

p(gr) = gp(z).

On the left, g acts on X, and on the right, it acts on Y.

7.5.10 Proposition. Let a group G act on two sets X and Y, and let
p: X = Y be a G-equivariant function. The expression ¢(Gx) = Go(x)
gives a well-defined function ¢: X/G — Y/G. We say that ¢ is induced
from ¢ by passing to the quotient.

Proof. If Gz = Gy, then there exists a ¢ € G with y = gx. By the G-
equivariance of ¢, this implies ¢(y) = p(gz) = gp(x), so that Go(x) = Ge(y)
by Prop. 7.5.6. Thus, $(Gx) depends only on the orbit Gx and not on the
particular choice of representative. |

7.5.11 Example. With the new terminology, Prop. 7.4.6 says that the
parameter function to, @ Q@ — H is an SLg(Z)-equivariant bijection.
By Prop. 7.5.10, it induces a bijection of sets Q/SLa(Z) = H/SLa(Z), and
further

Op/SLa(Z) = Hp/SLa(Z).

Our goal in the rest of the chapter is to further identify these two sets with
(a version of) the ideal class group, at least when D is the discriminant of a
quadratic field. Il

We finish with a dry but simple lemma that will be crucial in Sec. 7.7;
you can skip it until then. It concerns two groups, G and H, both acting on
a set X. To distinguish the two actions, we denote them by (g, z) + ¢ -« for
g € G, and (h,x) — hxx for h € H. The orbits of x are denoted G - = and
H x x, respectively.

The two actions commute if for all g € G,h € H, and = € X,

g-(hxx)=hx(g-x).

Here’s a useful way of reading this equation: the function x — ¢ - = is equiv-
ariant with respect to the action of H. It induces, by Prop. 7.5.10, a function
g: X/H — X/H. This is easily checked to define an action of G on X/H,
explicitly given by g+ (H xx) = H *(g-x). By symmetry, we also get an action
of H on X/G, and can therefore form two quotients (X/H)/G and (X/G)/H.
The upshot is that the order in which we take the quotients doesn’t matter.
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7.5.12 Lemma. The assignment G-(H xx) — Hx*(G-x) gives a well-defined
bijection (X/H)/G — (X/G)/H.

Proof. We need to show that if G- (H xx) =G - (H xy), then H % (G - x) =

H % (G -y). Once we have that, we get bijectivity for free: the same argument

with the roles of G and H reversed shows that the inverse is well-defined.
We have the following chain of implications:

G- (Hxx)=G-(H=xy) =

(H x) = H =y, for some g € G =
x(g-x)=Hx*y=

x (g-x) =y, for some h € H.

Since the two actions commute, this means that ¢g- (h*z) =y, hence G-y =
G- (h*z)=hx(G-x),and finally H * (G -z) = H % (G - y). [ |

Exercises

7.5.1. Here are two examples of group actions:

(a) Let K be a field. Check that the usual matrix multiplication of a 2 x 2
matrix and a 2 x 1 column vector defines an action of GLy(K) on K2.
What is the quotient of this action?

(b) Show that a subgroup H C G acts on the group G by left translations,
(h,g) — hg. If G is abelian, prove that the quotient of this action is
G/H, the usual set of cosets of H. What if G isn’t abelian?

7.5.2. Fix a group G. For the given set X, check that the indicated function
G x X — X is an action of G on X.

(a) any X; (g,2) — z (the trivial action)

(b) X =G; (g9,2) = grg~! (the conjugation action)

(¢) X = G/H = {zH : = € G}, for a subgroup H C G, not necessarily
normal; (g,2H) — gaxH. (First check that this is independent of the
choice of coset representative x.)

7.5.3. Let G act on X, and let ¢: H — G be a group homomorphism. Prove
that (h,z) — @(h)z defines an action of H on X.

7.5.4. Given an action of G on X, the function 7, : x — gz belongs to Bij(X),
the group of all bijections from X to itself. Show that g — 7,4 is a group ho-
momorphism G — Bij(X). Conversely, starting with such a homomorphism,
reconstruct the action G x X — X.

7.5.5. Let G ={z € C: |z| = 1} act on C by (e, z) — e?¥2. In other words,
e’ acts as the rotation of the plane with angle ¢. Describe all orbits of this
action, and draw a few of them. The picture should suggest the origin of the
term “orbit.”
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7.5.6. Let X be a set with a G-action, and let z € X. The stabilizer of = in
G is defined as G, = {g € G : gz = z}.

(a) Show that G, is a subgroup of G.

(b) Given h € G, what is the relationship between G, and Gj,?

(¢) Show that hG, — hx gives a well-defined G-equivariant bijection
G/Gy — Gz C X. Here G/G, = {9G, : g € G}.

7.5.7. Find a fundamental domain for the action of GL2(Z) on Q_47.

7.5.8. Verify that your re-definition of A7 in Exer. 7.4.4 (a) defines a group
action of GLy(Z) on H.

7.5.9. Let X be a set with a G-action, Y an arbitrary set, and f: X — Y a
function satisfying f(gx) = f(z) for all g € G,z € X. Show that f(Gz) =
f(x) gives a well-defined function f: X/G — Y. Do this directly, or apply
Prop. 7.5.10 with the trivial G-action on Y, as in Exer. 7.5.2 (a).

7.5.10. A right group action of G on X is a function X x G — X, denoted
(x,9) — xg, which satisfies the following axioms for all g,¢’ € G,z € X: (a)
xlg =z, and (b) z(g99’) = (xg)g’. Right and left actions differ in more than
just typography. When gg’ acts on the right, the first element, g, acts first;
when gg¢’ acts on the left, g acts second.

(a) If (g,7) — gz is a left action, show that (z,g) — g~ 'z is a right action.

(b) If G acts on X on the left, construct a natural action of G on the set of
functions .Z#(X) = {f : X — C}. Is it a left or a right action?

7.5.11. The set X has two commuting actions by groups G and H.

(a) Show that G x H acts on X by (g,h)z =g - (h*x).

(b) Since (g,1p) and (1g,h) commute in G x H, it is essential to assume
that their actions on X commute. Where did you use that assumption in
the proof of (a)?

(¢) Re-prove Lemma 7.5.12 by showing that (X/G)/H = X/(G x H) =
(X/H)/G.

7.6 Orientation

In Sec. 7.1 we hinted at a correspondence between ideal classes of an imag-
inary quadratic field F' and reduced quadratic forms of discriminant Dp.
To construct it, let’s first try to send the ideal class [.#] to the orbit
GL2(Z)q.s 0,8, where («, ) is any ordered basis of .#. This assignment is
well-defined: changing the basis of .# changes ¢ o5 to a GLa(Z)-equivalent
form, and choosing a different representative of [.#] doesn’t change the form
either, by (7.1.4). The resulting function ¢ : CI(F) — Qp,/GL2(Z) is un-
fortunately not a bijection, as it can’t distinguish between [.#] and [.#]:

N(za—yB) N(za—
Q,i,a,B(%y) = (xlo\;jyﬁ) = (xlo\;jyﬁ) = qf,oz,ﬁ(xuy)'
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To get the correct correspondence between ideals and forms, and to include
real quadratic fields, we impose an orientation condition on the basis («, 3).
From now on, F' is an arbitrary quadratic field.

Any z,w € C span a parallelogram in the complex plane. Up to sign,
the area of this parallelogram is Im Zw = (Zw — zw)/2i. This expression is
positive precisely when the angle from z to w is oriented counterclockwise.
This inspires the following definition.

7.6.1 Definition. For o, € F, put

aB — aff
,B3) = —— = Nal .
(o) = G = Nala(5 /)

This pairing satisfies (@, 3) = —(a, 8) = (8, a). The value of v/Dp is fixed
in the usual way, as in Sec. 7.3. It is evident from the second expression in the
Definition that {(«, 8) € Q. Even when F' is imaginary, the following definition
thus makes sense.

7.6.2 Definition. An ordered pair (o, ) of elements of F is oriented if
(a, B) > 0. An oriented fractional ideal is a triple (7, a, 8), where & is
a fractional ideal in F with an oriented basis (o, 3).

7.6.3 Example. Let I = Za + Za with a | Na be an ideal of O in standard
form. The triple (1, a, «) is an oriented fractional ideal if and only if (a, @) =
alra > 0. O

The set of all oriented fractional ideals in F',
Ir ={(4,a,B) : # = Za + Z fractional ideal in F, («a, 8) > 0},

has a rich structure.

Conjugation: We would like to associate to an oriented fractional ideal
(F,a, B) a “conjugate” of the form (.#,?,7). Our guess from the beginning
of this section, (., @, ), doesn’t work since (@, 3) is not oriented: (&, §) =
—(a, B) < 0. This suggests defining the conjugate by

(j7a7ﬁ) = (j,B,d),
with associated quadratic form

N(zf —ya) N(zp —
gy = MDD NGBy

In other words, q 7 5 5 and ¢z o5 are related by [ §] € GLy(Z) \ SLy(Z).
They may also be related by a matrix in SLo(Z), but apart from such special
cases we will see that SL2(Z)q.s o5 # SL2(Z)q s g 5 Proper equivalence can
distinguish between an oriented ideal and its conjugate, which partly explains
our interest in SLy(Z)-actions.
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7.6.4 Example. Let’s go back to the field FF = Q[v/—47], the ideal P, =
Z -2+ 74, and the corresponding form gp, » s(z,y) = 22? — 2y + 6y>. The
form associated to the conjugate ideal, qp27572(:v, y) = 622 — xy + 2y, reduces
to 222 + 2y + 6y2. In general, conjugating an ideal corresponds, up to proper
equivalence, to changing the sign of the zy-coeflicient of the associated form.

O

¢

7.6.5 Example. Even though ¢ 7 5 ; and ¢ o, are always related by [{ §]
(Z).

SL2(Z), they can, in some instances, also be related by a matrix in SLo
Consider the forms

q1,17,7+\/ﬁ($= y) = 172% — 1day + 29>,
(Jf,7—\/ﬁ,17(17, y) = 22% — lday + 17y%

They correspond to conjugate oriented ideals in Q[v/15], but are nevertheless
in the same SLy(Z)-orbit, as q; ;5,7 = (T7S)q1_’1717+\/ﬁ. This reflects the

fact that the class of I = Z- 17 4 Z(7 4+ /15) is of order 2 in C1(Q[v/15]). O

Scaling: For v € F and (4, , ) € Zp put (4, a, 8) = (7.7, v, v5).
As (ya,vB) = (Nv)(a, ), this is an oriented ideal if and only if

yeF ={yeF:Ny>0}

The set Zp thus has an action of F, but not of the larger group F*.
SLy(Z)-action: For [7 fl} € SLy(Z) and (£, «, B) € Iy, put

(7.6.6) H:j] (SF,a,8) = (F,ma+15,ka+ jp).

Check directly that this formula defines a group action. To see it conceptually,
observe that matrix multiplication
ik _ | JatkB
(7.6.7) 551081 = e ]
defines an action of SLy(Z) on column vectors with entries in F. Writing that

action in typographical disguise, and restricting to oriented pairs (a, ) for
which & = Za + 75 is a fractional ideal, we get an action on Zp:

[1 5]+ (I, 0, 8) = (I, ja + kB, la+mp).

We only need to check that the above triple is still an oriented fractional
ideal. This follows from Exer. 7.6.1, since H 7’;} has determinant 1. Here it
is crucial that we’re restricting to an action of SLo(Z). With the aid of the
conjugation homomorphism

XD =081 E10 8 =40,
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formula (7.6.6) can be written as A(.#, «, 8) = x(A)*(#, a, §). By Exer. 7.5.3,
it defines a group action. The “twist” by x will be necessary to ensure com-
patibility of actions in Thm. 7.8.2.

Exercises

7.6.1. For o, 8 € F and H :J € GLy(Z), show that (ja + kB, la+ mf) =
(det [, ])¢e, B).

7.6.2. Apply Prop. 4.1.3 (d) to the first expression in Def. 7.6.1 to check that
(a, ) € Q.

7.6.3. Let I = Za + Z be an ideal of O. Prove that NI = 2|(«, 8)|.

7.6.4. Show that scaling by a € F}* commutes with action of A € SLy(Z) on
Zr. Which of those two actions commute with the conjugation?

Orders

7.6.5. Fix a conductor c. Define the set of oriented invertible fractional ideals
of O, by Zo, ={(F,a,8) : I = Za+ 73,04 = O, {a, ) > 0}. Prove the
analogs of the results on Zr in this section for Zp,

7.7 The Narrow Ideal Class Group

The actions of F* and SLy(Z) on Zp commute. Setting X = Zp, G = F
and H = SLy(Z) in Lemma 7.5.12 gives a natural identification

(Zr/FY)/ SLa(Z) = (Ir/ SL2(Z))/ FY'.

The left side will play a key role in the next section; here we study the right
side. First, the inside quotient:

7.7.1 Proposition. Sending the orbit SLo(Z)(.7, «, B) to & defines a bijec-
tion QZ? IF/ SLQ(Z) l> HF.
Proof. Define a function ¢ : Zp — Ip by ¢(#,«, ) = .#. This function is
SLo(Z)-invariant:

cp([]l m (S, 0,8)) = (I, ma+18,ka+jB) =5 =o(I,a,pB).

By Exer. 7.5.9, ¢ induces a well-defined function Zp/SLy(Z) — Ip which
is none other than ¢. As ¢ is clearly onto, we only need to check that it
is injective. Assume @(SLo(Z)(7,,B)) = &(SLa(Z)(F',a/, ), so that
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& = #'. Then (a, ) and (a/, '), being two bases of ., are related by
a matrix A € GL2(Z). By Exer. 7.6.1, (¢/, 8) = (det A){a, 3). Since both
bases are oriented, det A must be positive, so det A =1 and A € SLy(Z). As
A(S,,8) = (F',d, ), the basic properties of orbits from Prop. 7.5.6 give
SLo(Z)( S, a, B) = SLa(Z) (I, o, B'). ]

The bijection ¢ is equivariant for the scaling action of Ff, and induces a
bijection (Zp/SLy(Z))/F} = 1p/F} . The latter is the quotient of I by the
equivalence relation which identifies .# and _# precisely when ¢ = a.# for
some o € F'. As . = (Oa).#, this is just the equivalence relation defining
the group quotient of I by the subgroup IP’;,C, of the following definition.

7.7.2 Definition. Let F' be a quadratic field.

(a) A principal ideal is totally positive if has the form Oa with Na > 0.
Such ideals form a subgroup ]PJIE C Pr Clp.

(b) The narrow ideal class group of F is the quotient group Cl+(F) =
Ir/PL.

(¢) The narrow class number of F is h™(F) = |CI"(F)|.

The narrow ideal class group is clearly a variation on the ideal class group.
It’s “narrow” because we take the quotient by a smaller subgroup. Implicit
in the definition of h*(F) is the fact that C17(F) is finite. For F imaginary
quadratic, that is obvious, as F* = F* and therefore C1*(F) = CI(F). For
real quadratic fields, we will see in Prop. 7.7.5 that C1" (F) is either equal to
CI(F), or double its size.

7.7.3 Example. Let F = Q[v/2] and O = Z[v/2]. Is the principal ideal Ov/2
totally positive? Since Nyv/2 = —2, you might be tempted to say no. But
think again: ©O/2 is in P} precisely when it has some generator in F. Such
a generator is v/2(14+/2): as 14+/2 is a unit of norm —1, N(v/2(14+/2)) = 2.
The same argument shows that P}, = Pp, and therefore C1*(F) = CI(F),
whenever O* contains a unit of norm —1. O

7.7.4 Example. Let F = Q[V15] and O = Z[/15]. Any generator of
O(3 + V/15) is of the form (3 + v/15)e for some unit e. For our ideal to
be totally positive, we’d need Ne = —1, since N(3 4 v/15) = —6. But there
is no such € = = + y/15: reducing 22 — 15y® = Ne = —1 modulo 3 produces
a contradiction. The ideal O(3 + v/15) is principal, but not totally positive.
The class of O(3++/15) in C1T(F) is not the identity, even though its class in
CI(F) is. O

You will have no problem generalizing these examples to prove the follow-
ing proposition.

7.7.5 Proposition. A well-defined, surjective group homomorphism 1 :
CIt(F) — CI(F) is given by

$(Ph - I) =Py 7.
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It is an isomorphism, unless F' is a real quadratic field with a fundamental
unit that satisfies Nep = 1. In that case, ker ) is cyclic of order 2, generated
by the coset P - (OVD).

The following combination of results from this section is all we will need
in proving the main theorem of the chapter, Thm. 7.8.1

7.7.6 Corollary. Denote the F [ -orbit of (7, B) by |7, a, B]. The assign-
ment SLa(Z)[ 7, v, B] + PL - I is a well-defined bijection

(Zr/FY)/SLa(Z) = CI*(F).

Exercises

7.7.1. We know that [.#]~! = [#] in CI(F). Is that still true in C17(F)?

7.7.2. If F is a real quadratic field, show that P = {Oa : @ > 0 and & > 0}.
This characterization of ]P;S generalizes to bigger number fields.

7.7.3. Prove Prop. 7.7.5.

7.7.4F Let F be a real quadratic field. We say that an ideal class in C1(F') or
CIt(F) is ramified if it contains a ramified prime ideal.

(a) Show that C1T(F)[2] is generated by ramified classes.

(b) When Nep = —1, conclude that C1(F)[2] is generated by ramified classes.

(c) Assume that there is a ramified prime p € N with p = 3 (mod 4), or
p = 2. Prove that C1(F)[2] is still generated by ramified classes.

(d) For an example where C1(F')[2] is no longer generated by ramified classes,
we need a field F' in which Neyp = 1, and in which all ramified primes
are congruent to 1 mod 4. Moreover, by Exer. 6.7.5 (¢), D must have at
least two prime divisors. Check that these conditions hold for Dp = 205
(which is, in fact, the smallest example). Compute C1(Q[v/205]) to show
that its 2-torsion is not generated by ramified classes.

Orders

7.7.5. Fix a conductor c. Resuming the notation from the Orders exercises
of Sec. 5.1, we put

Py 4(c) ={0(a/B) : a, B € O, ged(Ney, ¢) = ged(NS, ¢) = 1,N(a/B) > 0}.

Define the narrow ideal class group of O, by CIT(0.) = I(c)/Py +(c).
Show that the natural homomorphism C1*(0,) — CIT(F) is surjective, with
kernel isomorphic to [(O/cO)* /(Z/cZ)*]/p(OF). Here OF = {y € O*:
Ny =1}.
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7.8 The Three Avatars

Given a quadratic field F', we write Qp for Qp,., and Hp for Hp,. Our main
result on quadratic forms is an extension of Ex. 7.5.11, where we showed that

Qr/SLy(Z) = Hp/SLa(Z).

7.8.1 Theorem. There exist bijections
CIM(F) = Qr/SLe(Z) = Hp/ SLa(Z).

Proof. By Cor. 7.7.6, CI"(F) = (Ir/F[)/SL2(Z) is a quotient set of
an SLo(Z)-action, like the other two terms. In Thm. 7.8.2 we will con-
struct SLy(Z)-equivariant bijections Zp/F} = Qp = Hp, the latter coming
from Cor. 7.3.6. By Prop. 7.5.10 these induce the desired bijections on the
quotients by SLz(Z). |

Theorem 7.8.1 is beautiful mathematics. It lets us study the same object
from three different viewpoints:

(a) Since Qp/SLa(Z) is identified with C1*(F), it too should have a group
structure. It is far from obvious how to “compose” two classes of
quadratic forms. Legendre almost figured it out, a century before the
definition of the ideal class group, but was thrown off by considering
GL2(Z)-, rather than SLo(Z)-equivalence. It was Gauss who realized the
importance of the latter (see Exer. 7.8.4 for a modern explanation of this
confusion). The subject has surprising vigor in the twenty-first century,
with Bhargava opening an important new perspective on the composition
of quadratic forms, which we take up in Sec. 7.11.

(b) It is no more difficult to consider quadratic forms of the more general
discriminant D = ¢?2Dp. We then naturally ask what group, analogous
to CIT(F), is in bijection with Qp/ SLa(Z). The answer, the narrow ideal
class group of the order O, in F, has been studied in the exercises.

(c) We can think of Hp C F as a subset of a plane, either directly when F'
is imaginary, or via the embedding p : F — R? when F is real. We then
view Hp/SL2(Z) as the geometric avatar of the narrow ideal class group.
Geometry will give us a nice description of the fundamental domain for
the action of SLa(Z) on Hp, explaining reduction of quadratic forms and
allowing us to quickly compute class numbers.

To construct the bijections Zr/ F_f =~ Qpr = Hp, consider the functions

tzn: Ir — HrF, (f,a,ﬁ)ﬁg
N(za —yB)

LZQ:IF%QFW (ﬂ,a,ﬁ)’_)qﬂ,a7ﬁ(fr;y): Nf
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It is clear that ¢, is invariant under the scaling action of F'}*. Formula (7.1.4)
shows that the same is true for ¢;o. The two functions they induce on Zp /F}
are still denoted ¢z, and t7o.

7.8.2 Theorem. The functions iz, : IF/F_ﬁ — Hp and t7o: IF/F_ﬁ — Qf
are bijections, with inverses denoted 5,z and tor. These four functions are
compatible with the parameter function tgoy: QF — Hp of Cor. 7.3.6 and its
muerse Ly, o, in the sense of the composition identities

(7.8.3) biug Olry = lzg, loz Olyug = luzy, lzn Olor = low,

and similarly for the inverses:

(7.8.4) bz Olon = loz, lon Olzg = lzy;, Lz Oluz = lyuo-
Finally, all siz bijections are SLa(Z)-equivariant.

Beneath the crowded notation, the theorem simply identifies three sets of
very different objects: oriented ideals up to scaling, quadratic forms, and their
parameters. Those three sets are the vertices in the directed graph (7.8.5).
The solid arrows represent the functions we already have; the two dashed
arrows stand for the functions we need to construct. The three loops stand
for the identity functions on their respective sets:

(7.8.5)

We neatly summarize Thm. 7.8.2 by saying that this diagram is commu-
tative: pick any two vertices and any two paths connecting them, and the
compositions of the functions along the two paths will be equal. Here are
two examples of deducing a composition identity in Thm. 7.8.2 from the
commutativity of the diagram (7.8.5):

(a) Consider the following two paths from Zp/F to Qp:

Irp/FY 2% He 2% Qp and Ip/F) 2% Qp.
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The commutativity of the diagram asserts that the composition of
functions along either of these paths is the same: 4,6 © tz5 = t7o. This
is the first identity in (7.8.3).

(b) The equality of the compositions along the paths

Hp 25 Tp/FX 25 Hp and Hp S He

gives Lyz O Lry = idpyp, SO Ly7 is the left inverse of t7,,. The other half
of the bijectivity of itz is proved similarly, using the two paths starting
and ending at Zp /F.

Proof of Thm. 7.8.2. Once we’ve constructed ¢,z and to7, we need to prove
ten composition identities: the two that show ¢y, is the two-sided inverse of
73, the two analogous ones for to7, and finally the six listed in (7.8.3) and
(7.8.4). We start by removing redundant identities from this list.

We may drop the three identities in (7.8.4), since any one of them arises
by inverting the corresponding identity in (7.8.3). For example, if we assume
the first identity in (7.8.3), we get

lor = L;QI = (L’HQ S LI’H)71 = L;i S L'):lg = lyz Oloyn-
In particular, if ¢,,; exists, we must put tozr = Lyz © Loy The function thus
defined is indeed the inverse of t;4:

tze © lor = (L2 O tzrs) O (L O Loy ) = tno ©idy, 0ty = idg,,

and similarly 1oz 01z = idz_ px. Moreover, the first identity in (7.8.3), along
+
with the existence of ¢z, implies the other two. For example,

Loz Olyo = (LHI o LQ’H) Olyg = lyz © (LQ’H o LHQ) = luz-

This leaves us with just three identities. Specifically, to prove the theorem
it is enough to:

(a) construct the function ty,7;
(b) check that ¢y7 is a two-sided inverse of t7y;
(c) prove the first identity of (7.8.3), tyo 0 tzy = tzo.

Construction of tyz: Denote the F[-orbit of (#,a, ) by [£,«,]. For
ne€Hp, put

e () = [Z + Zn,1,n) if Irn>0
* =N (VD p(Z + Zn), Dy, VDen]  if Try < 0.

The triples inside the brackets make sense as oriented ideals. By Exer. 7.3.7,
Z + Zn is a fractional ideal in F since discn) = Dp. In the first case, the indi-
cated ordered basis is oriented since (1,1) = Irn > 0. The second case occurs
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only for F real, when we have (v Dp, vVDpn)=(NVDp)(1,n)=—DpIrn > 0.
The oriented ideals (Z+Zn, 1,1) and (VD p(Z+Zn), D g, /D pn) need not
be F[-equivalent, as the obvious constant of proportionality VDp is not

in FX.

+

Proof of 1,z = t75: Recall that tr4([7,a,8]) = B/a, so that
tr3(t2z(m)) = m. To check that iy is the two-sided inverse of i, all

we need to show is that 14,7 (tz([-7, @, B])) = tyz(B/ @) = |7, o, B].
Since (£, «, B) is oriented, Nov and Ir 5/« have the same sign. If Na > 0,
then 1/a € FJf This justifies the last equality in

s <ﬁ) - {Z+Z§,1,é} _ B(Zoﬁ—Zﬂ,a,ﬂ)} — 70,8

(0% «

If Naw < 0, then v/Dp/a € F}, and we get

bz (g) = |[VDr (Z+Z§> D, @Fﬂ

) VBF

~F (2o + 26,0, B)] — 7,0, 8]
Thus, ¢4,7 is the desired inverse of t1,,.

The identity ty,0 © Lz = Lzo: By the definition of ;o in Prop. 7.3.3, we
need to show that tz4, ([-7, a, B]) = /a is the parameter of the quadratic form
tzo([7, , B]) = ¢z ,a,3.- We do this by checking the conditions of Prop. 7.3.3,
starting with condition (a):

N.s

For condition (b), we saw in Ex. 7.1.3 that the coefficient of 22 in ¢ o s(z,y)
is Na/N.# | implying

Ir(B/a) N.s g N.s
NO(/Nf = (Na)2 <NO(II‘ E> = W<Oz,6> > 0.

Finally, we prove the SLo(Z)-equivariance of the six bijections. In
Prop. 7.4.6 we showed it for 1,0 and tg«. By the composition identities
(7.8.3), it is enough to check that iz, is also SLa(Z)-equivariant. The
SL(Z)-action on Zp, defined by (7.6.6), induces an action on Zp/F . It was
chosen to make the following computation work:

v ([3 E 11,0, B]) = 1oy ([, ma + 1B, ko + jB])

ka+jB _ j(B/a)+k
ma+18  I(B/a)+m
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= H :1] trn ([, o, B]).

This proves Thm. 7.8.2, and with it the identifications CI*t(F) =
Qr/SLy(Z) = Hp/ SLa(Z). n

7.8.6 Example. Returning to Q[v/—47], the three objects in the left triangle
correspond under the bijections of the commutative diagram (7.8.5):

P2;275 P2,5 2
1
1+\/7< —> 222 — zy + 6y2 —1+‘/j<——>6:c + zy + 2y°

Acting on each of the three objects by [§ '] € SLz(Z) produces the
vertices of the right-hand triangle. By SLy(Z)-equivariance, they too should
be identified by the bijections of Thm. 7.8.2. You are invited to check thad
directly.

Exercises

7.8.1. Check that the functions t7,, and ¢, really take values in Hp and Qp,
respectively.

7.8.2. The vertices in the following graphs stand for sets, and arrows for
functions between them. Translate the commutativity of these diagrams into
composition identities:

(a) A b)) 4 -9, p © 4 25 p
| N [ A Y
BTC CTD CTD

Observe that the commutativity of diagram (b) is equivalent to the com-
mutativity of diagram (c): a commutative square (and any other, more com-
plicated commutative diagram) breaks up into commutative triangles.

7.8.3. Show that if the two small squares AA’BB’ and BB’CC’ in the dia-

gram below are commutative, then so is the big square AA’CC’:
a

A B b c

Pk, b
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7.8.4. Find an equivalence relation ~ on CI*(F) for which (C17(F)/~) =
Qr/ GL2(Z). Show that the latter quotient doesn’t inherit a group structure
from C1T(F).

7.8.5. Show that [¢] € Qr/ SL2(Z) corresponds to the identity [O] € CIT(F)
if and only if the equation ¢(x,y) = 1 has a solution.

7.8.6. If the class [#] € CIT(F) corresponds to the SLy(Z)-orbit of ax? +
bxy + cy? under the identification C1*(F) = Qp/SLy(Z), show that [.#]~*
corresponds to the orbit of az? — bay + cy?, which is also the orbit of ca? +
bxy + ay?.

Orders

7.8.7. For the order O. in F of conductor ¢, prove that CI*(0,) =
Qep,/SLa(Z) =2 Heap, /SLa(Z).

7.9 Reduced Positive Definite Forms

Let F' be an imaginary quadratic field. To visualise C1(F) = Hp/SL2(Z),
we find a fundamental domain for the action of SLy(Z) on Hp. We can
do this for any discriminant D < 0, not just Dp, by viewing Hp C F
as a subset of the complex plane. In fact, Hp is contained in the complex
upper half-plane H = {z € C : Imz > 0}: by definition, every n € Hp
has Irnp = 111117/|DQ[\/5]|1/2 > 0. The action of SLy(Z) on Hp by linear
fractional transformations extends to an action on all of H, still given by
[ 5]2 = (jz+k)/(lz+ m). All we need to check is that [ * ]z € H for

Il m Il m

[4 7’;] € SLo(Z) and z € H:

jk —1Im

(7.9.1) Im [] 5] 2= Im z > 0.

B Lz +m|?

Consider the region Fiy in the upper half-plane given by
Fim={z € H:[Rez| < 3,]2| > JU{~§ +yi:y > F}
U{z€H:—% <Rez<0,|z| =1},

and depicted as the shaded region in Fig. 7.2. The set Fiy includes only the
left half of its boundary, drawn in solid lines.

7.9.2 Proposition. The region Fiy, is a fundamental domain for the action
of SLa(Z) on H.
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1im l
|
|
|
|
|
Lyl T3 13447
4 : - - - - -4
| :
|
|
|
S ]
/,_‘73 =
¢ S
—134/—47 ™ ro2  95+V/=dT
54 @ - — - ® 54

6

Fig. 7.2 Reduction of (95 + /—47)/54 to Fim,the fundamental domain for the action of
SLo(Z) on H

Proof. Tt suffices to show that any z € H can be moved to a unique point in
Fim by repeated action of the matrices S = [ '] and T'= [} 1] in SLa(Z).
As Tz = z + 1, a suitable power of T will move z to the strip |[Rez| < 1/2.
Since |Sz| =1/ |z|, S interchanges the inside and the outside of the half-disc
|z| < 1. Alternating these two transformations should eventually move z to a
point simultaneously inside the strip and outside the disc, i.e., in Fj,,. That
is the idea behind the following:

REDUCTION ALGORITHM FOR H

1. INPUT: z € H. Put zy := z, M := [} {], and set counter i := 0.

2. Choose a € Z so that z; + a is in the strip |w| < 1/2. (To wit, —a is
the integer nearest Re z;.) Put z;41 := 2z; + @ = T%2;, M := T*M, and
=1+ 1.

3. If |z;| > 1, go to Step 5.

4. Put z;41 := —1/2; =8z, M := SM,i:=1i+ 1, and go to Step 2.

5. (Boundary condition) If Rez; = 1/2, put z; :== z; — 1 and M := T~ M,
so that now Rez; = —1/2.

6. (Boundary condition) If |z;| = 1 and 0 < Re z; < 1/2, put z; := —1/z; and
M := SM, so that now |z;] =1 and —1/2 < Rez; < 0.

7. OUTPUT: z; = Mz € Fiy as the point SLa(Z)-equivalent to z, and M as
the matrix that moves z to z;.
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We need to prove that this procedure terminates. If not, the exit test in Step 3
is never satisfied: |z;| < 1 always, implying Im z; < 1 for all ¢ > 0. By (7.9.1),
Im z;

—s > Im z;,

Im Zi+1 =
|2

giving us a bounded increasing sequence Im zp < Imz; < --- < 1. For each i,
z; = A;zo for some A; = [gz :;J € SL2(Z). Then by (7.9.1) again,

Im zg Im zg

Im 2y < - < 1,

ll120 +ma|® . llizo + my|?
or, equivalently,

1
VImzg

In geometric terms, we have found infinitely many points of the lattice Zzy +
Z in the annulus (Imz)~*/? < 2 < 1. This contradiction shows that the
Reduction Algorithm for C indeed terminates, and that each point in H is
SLa(Z)-equivalent to one in Fip,.

To show that Fi,, is the desired fundamental domain, it remains to show
the following, for any A = H jﬁ € SLy(Z): if z and Az are both in Fip,, then
z = Az. Since Az = (—A)z, we may assume that either [ > 0, or [ = 0, m > 0.
Switching z and Az if necessary, we may also assume that Im z > Im Az. Then
(7.9.1) shows that [z + m is in the closed half-disc C' = {z € H : |z| < 1}.
In other words, Iz € {Fiy, N (C 4 Z), which is possible only in the following
cases (draw a picture):

(a) I = 0. This forcesm = 1,s0 A = [}4] and Az = z+ k. If z and 2+ k
were distinct elements of Fi,,, which has width 1, we’d have k& = =£1.
Then one of z and Az would lie on the line Rez = —1/2, and the other
on Rez = 1/2. But the latter line is disjoint with Fiy,, hence k = 0 and
Az = 2.

(b) I =1.Now z € Fiy, and z+m € C, which happens only for z = ¢ = *>7/3
andm =1.Then A = [{77 ] and Az = (j(+j—1)/(¢+1) = j+¢ € Fim,
which implies j =0 and Az = z. |

1>|llz0+m1|>--->|liz0+mi|>---

7.9.3 Corollary. The fundamental domain for the action of SLa(Z) on Hp
consists of quadratic numbers of discriminant D in Fiy,.

Observe that the Reduction Algorithm for H parallels the Definite Reduc-
tion Algorithm of Prop. 7.1.6: if Step n of the latter transforms a form ¢ into
q', then Step n of the former takes its parameter 1, to 7, .

7.9.4 Example. Take the sequence of forms of Ex. 7.1.8,

—2
2722 — 952y + 84y% —— 2722 + 133y + 242

-3
5,002 132y + 27y? 002 zy + 6y
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The corresponding parameters, depicted in Fig. 7.2,

95 + /=47 12 =13+ /47 EN 13+ /=47 73 1+ /47
54 54 4 4 ’

form the sequence of numbers zg — 21 — 22 — z3 produced by the Reduction
Algorithm for H. O

We formally recall the notion of a reduced positive definite form introduced
in Ex. 7.1.9.

7.9.5 Definition. Let q(z,y) = ax®+bxy+cy? be a positive definite quadratic
form, so that b*> — 4ac < 0,a > 0. The form q is said to be reduced if the
following conditions hold:

(@) bl <a<c, and
(b) b>0 when a=1b] ora=c

7.9.6 Proposition. A positive definite quadratic form q(x,y) = ax? + bxy +
cy? is reduced if and only if ng € Fim.

Proof. We have n, = (—=b+ iv4ac — b?)/2a € H, so

b 5 b +4dac—0b> ¢
Reny = —o and |74 =T o

The conditions |Re z| < 1/2 and |z| > 1, which define the closure Fiy,, trans-

late to
b 1 c
- <=, =->1
20| — 2 a

Multiplying by a > 0, we get the inequalities of Def. 7.9.5 (a). Condition (b)
applies when 7, is on the boundary of Fiy,: a = |b| if and only if Ren, = +1/2,
and a = ¢ if and only if |n,| = 1. Taking b > 0 corresponds, in both cases, to
selecting the ¢ with Ren, < 0. |

The SLo(Z)-equivariant bijection tyo : Hp — Qp translates the
Proposition into the following result on forms, which we saw in Ex. 7.1.9
and Exer. 7.1.6 for discriminant —47.

7.9.7 Corollary. A positive definite quadratic form is equivalent to a unique
reduced form.

To find the fundamental domain for the action of SLy(Z) on Qp, we need
a procedure for listing all reduced forms of discriminant D.

7.9.8 Proposition. A complete list of reduced positive definite forms
q(z,y) = ax?® + bry + cy? of discriminant D < 0 is determined by the
following conditions on the coefficients a,b, c:

(7.9.9) [b] < %, b=D (mod 2)
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2 _
7.9.10 Amin = b <a< u = Amax
4

b2 —D
4a
(7.9.12) b>0 when a=|b| ora=c

(7.9.11) c= €z

Proof. Assume that ¢ is reduced. From |b| < a < ¢ we get —D = 4ac — b? >
41b|-[b] — |b* = 3|b|*. Moreover, b = b> = D (mod 2). The second inequality
of (7.9.10) follows from a? < ac = (b* — D)/4. Finally, (7.9.11) limits us to
those a for which c is also in Z.

For the converse, take a form satisfying (7.9.9)—(7.9.12). All the conditions
for being reduced are already on that list, except a < ¢. That we get by
combining (7.9.11) with the second inequality of (7.9.10). |

Take D = Dy for an imaginary quadratic field F'. The proposition, com-
bined with the identification CI(F) = Qp/SLa(Z) of Thm. 7.8.1, lets us
quickly compute the class number of F' by counting the reduced forms of
discriminant Dg.

7.9.13 Example. Let’s compute h(Q[v/—231]) by enumerating all reduced
quadratic forms of discriminant Dy, /=537 = —231. We first find the values
of |b| allowed by (7.9.9). Next, we find the prime factorization of the cor-
responding value of ac, and go through its factors a satisfying the bounds
(7.9.10). We summarize the computation in the following table:

|b] = amin|ac = b2+‘231 |vVac] = amax (a,c)
1 2-29 7 (1,58)™,(2,29)
3 22.3.5 7 (3,20)T, (4,15), (5,12), (6, 10)
5 26 8 (8,8)
7 2.5.7 8 (7,10)*

Each pair in the last column stands, in principle, for the two reduced forms
ax?+bzy+cy?. The exception are the pairs marked with a 4. They contribute
just the form with b > 0, either because they satisfy the boundary condition
(7.9.12), or because b = 0 (which doesn’t happen in this example). We see
that the total number of forms is 4 +2 -4 = 12.

It’s no wonder that this computation is easier than the ideal class group
computations of Ch. 5: we merely determined the size of C1(Q[v/—231]), not
its group structure. We still get some information about its 2-torsion. Any
abelian group of order 12 is isomorphic to either Z/2Z x Z/27 x Z/37Z, or
Z/AZ x Z/37Z. The two groups are distinguished by their 2-torsion, Z/2Z x
Z.)27 or Z]2Z, respectively. By Exer. 7.9.4, ideal classes of order 2 correspond
precisely to the forms marked with a +, so that

CI(Q[vV—=231]) = Z/2Z x Z./2Z x Z./3L. O
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Exercises

7.9.1. Apply the Reduction Algorithm for H to move the given point to the
fundamental domain Fiy: (a) (7w + i)/10; (b) (=10 + v/—21)/9; (¢) (=2 +
204)/101.

7.9.2. Show directly that Fiy contains only finitely many quadratic numbers
of any fixed negative discriminant.

7.9.3. Find all reduced forms of discriminant D < 0 that look like 2% + bzy +
cy®. When D = Dp, which ideal classes in CI(F) do they correspond to?
7.9.4. Let F be an imaginary quadratic field. Let (£, «, 8) be an oriented
ideal for which the corresponding form qs o g(x,y) = az? + bxy + cy? is
reduced. Prove that [.#]? = [O] in CI(F) if and only if one of the following
holds: b = 0, a = |b|, or a = c. In all three cases, ax? + by + cy? is the only
reduced form with outer coeflicients a and c.

7.9.5. Let F = Q[v/—D] for D € {5,14,23,71,89,163}. Compute h(F') by
listing all reduced forms of discriminant D . Where possible, follow Ex. 7.9.13
to deduce restrictions on the structure of the 2-torsion of CI(F'). Compare
with your ideal class group computations in Ch. 5.

7.9.6. Find all matrices A € SLy(Z) that satisfy AX = XA for each X €
SLa(Z).

7.9.7. In the upper half-plane, draw the effect of the matrices S = [(1) ’01]
and T = [} 1] on z € H. For S, it’s best to write z as re*?.

7.9.8. In this exercise, we prove that SLy(Z) is generated by the standard
generators S and T

SLy(Z) = (S,T) = {S“T" ... 84Tt : a;,b; € Z}.

(a) Let z € H. Show that the stabilizer subgroup SLy(Z), = {A € SL2(Z) :
Az =z} is equal to {£ [} 9]}, unless z is a quadratic number.

(b) Fix a z € Fiy, which is not a quadratic number, and take any A € SLa(Z).
The Reduction Algorithm for H of Prop. 7.9.2 produces a M € (S, T for
which M Az € Fiy. Deduce from this that A = +=M € (S, T), so that S
and T indeed generate SLy(Z).

7.9.9. We now prove the presentation
SLy(Z) = (S,T: 8% = (ST)* = — [ ])

by showing that there are no additional relations between S and T'.

(a) Verify the two relations.
(b) Put U = ST. Using 5% = U? = —[}9], show that any relation
Sagbr . 8yl = [} 9] reduces to one of the form

(SU)(SU)---(SU) = £ [§ V], where e; =1 or 2.
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(c) Both SU and SU? have one zero and three negative entries. Conclude
that any product of at least two of them will have no more than one zero
entry. The extra relation in (b) thus cannot hold.

7.9.10. Find a presentation (generators and relations) for GLy(Z).

7.10 Reduced Indefinite Forms

The reduced quadratic forms of discriminant D < 0 form a fundamental
domain for the action of SLa(Z) on Qp. Geometrically, they are the quadratic
forms with a parameter that lies in the fundamental domain F;,, of Fig. 7.2.
We would like to have an analogous theory for indefinite forms.

The parameter of an indefinite quadratic form is a real quadratic number,
and as such has a periodic continued fraction. The purely periodic quadratic
numbers are, by Thm. 6.4.10, those n € H N R for which p(n) = (7,7) is in
the region

Fre={(z,y): —1<2 <0,y >1} C R

This region is not a fundamental domain for some natural SLy(Z)-action on
R2. The possibility that F,. contains several points in the same SLo(Z)-orbit
is an essential feature of the reduction theory for indefinite quadratic forms.
Still, by formal analogy with Prop. 7.9.6, we make the following definition.

7.10.1 Definition. An indefinite quadratic form q is reduced if its param-
eter is purely periodic, i.e., if 1g € Fre.

Here’s a simple but useful consequence of the definition.

7.10.2 Proposition. A reduced indefinite quadratic form q(x,y) = ax® +
bry + cy? has a > 0 and b < 0.

Proof. Let T C R? be the quadrant above the lines y = —x and y = x. Since
q is reduced, 7, is in Fre, which is visibly a subset of T' (see Fig. 7.3). For any
real quadratic n, Fig. 5.4 shows that p(n) € T if and only if Ran,Irn > 0.
Thus

discq 1 —b
II‘T]q: D—F%>Oand Raﬁq:%>0.
We conclude that a > 0 and b < 0. |

Take an indefinite form with parameter 7. The Continued Fraction Pro-
cedure of Sec. 6.1 defines the usual sequences {a;}, {pi}, {¢:}, and {n;}, so
that n = [ao,...,a;—1,7;]. Choose the smallest r and [ such that n;4; = n;
for ¢ > r.

7.10.3 Proposition. The orbit GLa(Z)n contains exactly | purely periodic
continued fractions, namely the tails Ny, ..., Nryi—1.
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—Qqi—1 Pi—1

Proof. Putting M; = [ Gz TPz }, we get from Lemma 6.3.1 that

(7.10.4) ni = M;n, with det M; = (—1)".

Thus, all tails, periodic or not, are in the GLa(Z)-orbit of 7.
Conversely, the next proposition shows that any ' € GL2(Z)n has the
same tails as n: 77;'6“6 = Nj,+& for some jo,j, > 0 and all £ > 0. A purely

periodic 7’ is itself a tail of 7, since there is an m with ' = 3’6+m = Njo+m-
|

7.10.5 Proposition. The continued fractions of n,n’ € R\ Q have the same
tails if and only if ' € GLa(Z)n.

Proof. We leave the “only if” part as an exercise, and just show that n and An
have the same tails for A € GL2(Z). It’s enough to check this when A ranges
over a set of generators of GL2(Z). One such set consists of [§ 1], [ ' 9], and
(981=173"9] 19 5] by Exer. 7.9.8, [§ 1] and [§ ' | generate SLy(Z), while
[o'9] is in the only nontrivial coset of SLy(Z) in GLz(Z). Applying any of

these generators to 1 produces a continued fraction with the same tails as »:

[(1)%]77:77—’_1: [a0+17a17a27"']

[0y = —n = [—(ao+1),1,a1 — 1,a2,as,...] ifa; #1
01 [—(ap 4+ 1),a2 + 1,as3,a4,...] ifa; =1
[V3In=1/n=10,a0,a1,...] for ag >0
We can always ensure that ag > 0 by repeatedly applying [§ 1]. [ |

While GL2(Z)-equivalence is natural in the context of continued fractions,
it is SLa(Z)-equivalence of quadratic forms and their parameters that we re-
ally care about, in light Thm. 7.8.1. By the determinant formula of (7.10.4),
n2; 18 SLa(Z)-equivalent to n. For i large enough, 7; is purely periodic, and
is therefore the parameter of a reduced form properly equivalent to ¢,. Those
forms and their parameters come in a periodic sequence with a natural or-
dering: 12;, N2i+2, M2i+4, - - - - The 19;41 may or may not be SLo(Z)-equivalent
to n, depending on the parity of its period length.

7.10.6 Example. Let’s find all reduced forms properly equivalent to
q(z,y) = x> — 2y — 4y?, which has parameter n = (14 /17)/2 = [2,1,1, 3].
By Prop. 7.10.3, n1, 12,13 are all the distinct purely periodic continued frac-
tions in the GLg(Z)-orbit of n (see Fig. 7.3). When i > 1, the 72; are purely
periodic and SLg(Z)-equivalent to 7. But n4 = m1,176 = 13, etc.: since the
period length of 7 is odd, its SLy(Z)-orbit contains all its purely periodic
tails. We list them in the order of appearance, along with the corresponding
reduced forms:
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_ 1+ V17
72 :[1735 1] = Tv
— 3+ V1T
=13 =2
3+ V17
U :[37171 = T =3,

g2(z,y) = 22° — xy — 2y°
a1 (z,y) = 22° — 3ay — ¢

as3(z,y) = 2 — 3wy — 2

167

Check that h(Q[v/17]) = 1 and Neg( 17 = —1. By Prop. 7.7.5 and Thm. 7.8.1,
Q17/SLy(Z) = CIT(Q[V17]) = CI(Q[V17]) = {[O]}, so any two forms of

discriminant 17 are properly equivalent. The only reduced forms in the single

equivalence class are ¢, ¢1, and gs.

0

O
24v7
*
yi
N '
. 4
B r
g 24v7
2 l".\:?:
3 \
A
o 7

Fig. 7.3 Reduction of 2 — 2y — 4y? (left); 2 — Ty? and —x2 + Ty? (right). A bold point

labeled « is p(a).

7.10.7 Example. Next, we list all reduced forms properly equivalent to the
form ¢(z,y) = 2% — Ty? of parameter n = /7 = [2,1,1,1,4]. For i > 1, 7, is
purely periodic with period length 4, and the elements of F,. that are SLo(Z)-
equivalent to 1 are n2,m4,M = 12,8 = N4, etc. We see that there are only
two distinct purely periodic elements in the SLo(Z)-orbit of 7, corresponding

to two reduced forms:

72 :[151745 1] 2

T4 :[4717171] :2+\/?7

C1+VT

g2(z,y) = 22* — 2zy — 3y°

qa(z,y) = 2* — 4wy — 3y,
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The remaining periodic tails 7; and 73 appear as the parameters of the
reduced forms properly equivalent to ¢'(z,y) = —q(x,y) = —2% + Ty?, the
parameter of which is 7 = —v/7 = [~3,2,1, 4, 1, 1]. Purely periodic numbers
in the orbit SLo(Z)r', and the corresponding forms, are

1+vV7

= [LATT =ng = ——, ¢ (z,y) = 32* — 2zy — 2y°
2+7
= LLLA =m==——, ¢y(z,y) = 32° — day —

What is the connection with CIT(Q[v/7])? Since the period length of
V7 is even, Exer. 6.7.5 (a) shows that Negiys = 1. You can check that

Z[V7] is a PID, whence h*(Q[v/7]) = 2h(Q[/7]) = 2 by Prop. 7.7.5. As
CIM(QW7]) = Qq(v7)/ SL2(Z), there are two SLy(Z)-orbits of quadratic
forms of discriminant 4 - 7. The orbit corresponding to the identity in
CIT(Q[V7]) contains ¢2,q4, and no other reduced forms. The only reduced
forms in the other SLy(Z)-orbit are ¢4 and ¢). O

The preceding examples illustrate the general fact that each quadratic
form is properly equivalent to finitely many reduced forms, possibly more
than one. The set of these forms, moreover, has the structure of a cycle: a
reduced form with parameter n; has a unique successor in its SLo(Z)-orbit,
namely the form with parameter 7; 5.

To pass from 7; to 712 we twice apply the “next tail” function % =
1/(n — [n]). It’s useful to work out the relation between the forms with
parameters 1 and 7.

7.10.8 Proposition. Let q(z,y) = ax® + bxy + cy? be a reduced indefinite
quadratic form with discriminant D = b* — 4ac > 0 and parameter 1. The
quadratic form tq(z,y) = a'z? + Vay + y? with parameter 'n is uniquely
determined by

V' =-b (mod2a), —VD<¥b <2a—VD
/ /!

b? - D
, @ =

Proof. First, let’s check that these conditions determine a’, b’ and ¢’ uniquely.
There are precisely 2a integers in the interval (—v/D, 2a —+/D), among them
only one & = —b (mod 2a). That congruence implies "% = b* (mod 4a),
hence > — D = 0 (mod 4a), and o’ is indeed an integer.

To show that fq has parameter fn, we verify the two conditions
of Prop. 7.3.3. Put s = |n]. Since n is a root of ¢(x,1), we know that
fn=1/(n—=s)=1[9 L ]nisaroot of ([ %] q)(x,1). Therefore, up to sign,

“q(z,y) equals

([? L] o,y) = a5 §115) = a(sz + y,2)

(7.10.9) : , ,
= (as” + bs + c)x* + (b + 2as)zy + ay”.
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As 7 is purely periodic, we have —1 <77 < 0 < s <n < s+ 1. In particular,
s lies between the a-intercepts 7 and 7 of the parabola y = ax? + bx + c.
Since a > 0 by Prop. 7.10.2, we deduce that

—————Trp>0 and +d =as®+bs+c=q(s,1) <0.
(n—5)(7 = s)

Irfp =

To ensure Ir#/a’ > 0, we must take the negative of the form (7.10.9):

“q(z,y) = —(as? + bs + ¢)x? + (—b — 2as)zy — ay’.

From here we read off ¢ = —a and b’ = —b (mod 2a). Solving the estimate
—b D
s<n= +—\/_ <s+1
2a
for bounds on b = —b — 2as gives —/D < b’ < 2a —\/D. [ |

The forms g(z, y) and *q(z, y) are related by the matrix [{ 1, ] € GLo(Z)\
SL2(Z), so they need not, on the face of it, be SLa(Z)-equivalent. By contrast,
q(z,y) and *¢(x,y) are always in the same SLo(Z)-orbit. This accounts for
the musical notation #q(x, y): to get from ¢ to its successor in its SLy(Z)-orbit,
we need to take two half-steps.

7.10.10 Example. Let’s use Prop. 7.10.8 to re-discover the SLy(Z)-orbit
of the reduced form qa(7,y) = 222 — 2y — 2y? of discriminant 17. We have
bga(w,y) = a’'z? + b'wy — 2y%, where

V=1 (mod4)and [-VIT| =—4<¥ <-1=[4-V17].

We must have v’ = —3, so fqa(z,y) = 22 — 3xy — 2y°. Tterating this procedure
produces a sequence of forms, which we tabulate alternating between two
columns. The arrows point from ¢ to #g:

g="q ¢ ="q
qo = 222 — zy — 29° 22 —3zy — 2y% = 3
@ = 22% — 3zy — > 222 — 1y — 2y% = @0

q3:x2—3xy—2y2 2x2—3xy—y2:q1

Passing from a form ¢ to the one below it requires two half-steps, and
yields the successor form ¢. Each column therefore lists, in order, a complete
SLa(Z)-orbit of forms. In our example, the two columns differ only by a shift,
so there is a single SLo(Z)-orbit of reduced forms, the same one we found in
Ex. 7.10.6. O

To use reduction theory as a tool for computing class numbers of real
quadratic fields, we need to systematically enumerate all indefinite reduced
forms of a given discriminant.
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7.10.11 Proposition. An indefinite form q(z,y) = ax® + bry + cy® of
discriminant D = b*> — 4ac > 0 is reduced if and only if

’\/5—2al<—b<\/5.

Proof. Assume that ¢ is reduced. Keeping in mind that a > 0, the condition
ng = (=b+ \/5)/2(1 € Fre becomes

—2a<-b—vVD<0<2a1< —b+VD.

The second inequality shows that —b < +/D. Solving the first and the last
inequality for bounds on /D, we get b < 2a — VD < —b, and finally

’\/D — 2(1‘ < —b as desired. For the converse, observe that ’\/5 — 2a’ <vD
implies @ > 0, and reverse the argument.
It is useful to re-write these bounds in a form closer to an algorithm.

7.10.12 Corollary. The list of all reduced indefinite forms ax? + bxy + cy?
of discriminant D = b? — 4ac > 0 is determined by the following conditions
on the coefficients a, b, c:

—{@J§b<0,bED (mod 2)
Ami :F/I_)—Fb—‘ <a<{\/ﬁ_b

B) B = Omax

b2 —D
= Z
c 1o S

7.10.13 Example. We will use the Corollary to produce the list of all re-
duced forms of discriminant 316 = 4 -79. We summarize the computations in
a table, dropping the values of b for which no a, c exist:

,—5), (10,-3), (15, —-2)
1,-15),(3,-5), (5, —3), (15, 1)

b lac= I’Qf# Gmin | Gmax (a,c)
6| —2-5-7 | 6 | 12 |(7,-10),(10,-7)
-8 —-32.7 5 13 [(7,-9),(9,-7)
—-10 —-2-33 4 | 14 |(6, 9) (9,—6)
—14f -2-3-5 2 16 |(2,-15),(3,—10), (5, —6),
(6
(

—-16| —=3-5 1| 17

We now sort these reduced forms into their SLy(Z)-orbits, in order of succes-
sion. We can start anywhere: for instance, #(z2—16zy—15y2) = a’2%+b'zy—y?
where b = 16 (mod 2), {M—z] =16 < =¥ < LMJ = 17, so that
b = —16 and @’ = 15. Continuing, we tabulate the forms alternating be-
tween two columns, so that in each column q is followed by #¢:
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q="q q ="%q
2?2 — 162y — 15y? x> 152% — 162y — 3>
222 — 4zy — 15y21><E 1522 — 1day — 2y°
The calculation #(1522 — 14y — 2y?) = 22 — 162y — 15y closes the cycle.
We've found two SLa(Z)-orbits of reduced forms, each with two elements.

Next, we take a form we haven’t tabulated yet, like 722 — 62y — 10y?, and
fill out a similar table of successors:

q="q d ="q
722 — 62y — 10y 922 — 8xy — Ty?
622 — 10zy — 9y? 522 — ldxy — 6y
2 _ 2 2 _ _ 2.2
3x 16xy — 5y 10z — 14zy — 3y

Again, we get two SLo(Z)-orbits, each of length 3. The analogous table start-
ing with 1022 — 6zy — 7y? finally exhausts the list of reduced forms of dis-
criminant 316:

q="q ¢ ="
1022 — 62y — Ty? 322 — ldzy — 10y
5x2 — 16xy — 3y 622 — 14xy — 5y

922 — 10zy — 6y T2 — 8xy — 9y?

Check that CI(Q[v79]) = Z/3Z and CIT(Q[V/79]) = Z/6Z. The six nar-
row ideal classes correspond to the six SLo(Z)-orbits of reduced forms we
computed. O

Exercises

7.10.1* Show that an indefinite quadratic form q(z,y) = ax? + bxy + cy? is
VD +2¢| < —b< V/D.

7.10.2. Show directly that 2% — 7y? and —2?%+ 7y? are not GLo(Z)-equivalent.
How is this fact related to the properties of the fundamental unit of Q[v/7]?
7.10.3. The forms ¢; and g3 of Ex. 7.10.6 are obviously related by [{}] €
GL2(Z) \ SL2(Z). Find an A € SLo(Z) for which g3 = Aq;.

7.10.4. Find all reduced forms SLa(Z)-equivalent to: (a) 3z — 162y — 6y;
(b) 2 + 5zy + 3y?; (c) —22% + Tay + y?; (d) 52? — Say + 2y°.

7.10.5. For D € {19, 85,223, 235,401}, list all reduced forms of discriminant
D. Arrange them in cycles, as in Ex. 7.10.13, and use this to determine
hH(Q[VD)).

7.10.6. Let q(z,y) = ax? + bry + cy? and *q(z,y) = a’2? + b'zy + 'y?. Show
that fq = [? %} q.

reduced if and only if
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7.11 Form Composition and Bhargava Cubes

Let F be an arbitrary quadratic field, and (£, a, 8) an oriented fractional
ideal. The SLa(Z)-equivalence class [q.s o 5] doesn’t depend on the choice
of oriented basis (a, 3); we abbreviate it to [¢»]. By Thm. 7.8.1, the map
[#] = [qr] is a bijection t;o : CIT(F) = Qp/SLy(Z). There is a unique
group structure on Qp/ SLy(Z) which makes t7o into a group isomorphism.
It is given by the following operation.

7.11.1 Definition. The composition of two SLa(Z)-equivalence classes of
quadratic forms in Qp/SLa(Z) is given by

[qﬂl][qﬂz] = [qfl'fz]'

We refer to Qp/ SLa(Z) under the composition as the form class group
of F. Its identity is [go] = [#® — tzy + ny?], usually denoted simply by 1.
Here we put O = Z[6] with 62 — t§ + n = 0. By Exer. 7.8.6, the inverse of a
class is given by

[ax? + bry + cy®] 7! = [ax? — bay + cy?] = [ca® + bry + ay?].

In this section, whenever we write an ideal as Za + Z, we implicitly assume
that the basis («, 8) is oriented.

7.11.2 Example. The ring of integers of F = Q[v/—23] is O = Z[)] with
§2—5+6 = 0. Consider its ideals I = Z-2+Z(—1+6) and I? = Z-4+Z(1+34).
The square of the quadratic form q(x,y) = qr.2,—14s(z,y) = 222 + 2y + 33>
is, by definition,

(0 = g7 4 509] = [0 = 3y + 27] = 207 — 2y + 3?).

The last form is the reduced representative of its equivalence class. As [¢] 7! =
[22% — 2y + 3y?] = [q]?, we deduce that [¢]> = 1. This agrees with Exer. 5.4.6
(e), where we found that C1(Q[v/—23]) = Z/3Z.

Putting X = —zz+ 2w+ yz+2yw and ¥ = —xz — 2w — yz + yw, a
computer algebra program will check the following identity:

(227 4 zy + 3y*)(22% + 2w + 3w?) = 2X? — XY + 3V

In English, the product of two numbers “of the form” 22 + zy + 332 is “of
the form” 222 — zy + 3y2. It is in this elementary guise that Legendre first
discovered the composition of forms; it is also the origin of the term “form.”
The identity is unsurprising if we think of quadratic forms as associated to
ideals, since it boils down to

NO&l NQQ N(O&lag)

NT NI NIB) , for all aq, s € 1. O
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We want a general recipe for composing the classes of two quadratic forms
of discriminant D . The following lemma allows us to assume that they have
relatively prime z2-coefficients.

7.11.3 Lemma. For d € N and a quadratic form q, there exists a quadratic
form a'x? + b'zy + 'y? properly equivalent to q, for which ged(a’,d) = 1.

Proof. Tt suffices to construct relatively prime integers [ and m for which
ged(g(l, m),d) = 1. Once we have them, we can find r, s € Z with rm—sl = 1.
Then the form ([ _} 72 ] ¢)(z,y) = q(l,m)z® + - - - is properly equivalent to
q, and its z2-coefficient is relatively prime to d.

We look for [ and m among the divisors of d. We group the prime factors
p; of d into three pairwise relatively prime numbers:

k= H Di, l:Hpi, m = H Di-

pilged(a,c) pife pita, pilc

We will show that no p; divides ¢(I,m) = al? + blm + cm?. It’s enough to
check that two terms in the sum are divisible by p;, while the third isn’t.
Each p; divides precisely one of k, [ and m, so we consider three cases:

pi | ki As p; divides a and ¢, it can’t divide b, because the form ¢ is
primitive. Thus p; divides the outer terms in ¢(I,m), but not bim.

pi | : As p; | al? + blm, it suffices to show that p; { em?. By definition,
pi {1 ¢, and [ is relatively prime to m.

pi | m: Similarly, p;  al?, while p; | blm + cm?. [ |

Take two forms of discriminant D, say ¢;(z,y) = a;x? + bjxy + ¢;y?, for
i = 1,2. By the Lemma, we may assume that gcd(a1, az) = 1. By passing to an
SLo(Z)-equivalent form, e.g., a reduced one, we may assume that ai,as > 0.
It’s easy to check that the set I, = Za; + (—b; + /DF)/2 is an oriented
ideal for which the associated form is ¢;. Since NI; = a; is relatively prime to
NIy = as, the ideals I1 and Is are themselves relatively prime, as in Ex. 4.6.4.
In that case, an explicit formula for I I allows us to compute [g1][go].

7.11.4 Proposition. There exist b € Z satisfying b = b; (mod 2a;) for
1= 1,2. For any such b, we have

—b+vDp

—

Lil, =7 -aia9 +7Z

Proof. Since by = Dp = by (mod 2) and ged(ay,as) = 1, the strong version
of the Chinese Remainder Theorem (Exer. 1.1.11) produces b € Z satistying
b = b; (mod 2a;) for i = 1,2. We have 2a; | b — b; and 2 | b+ b;, so 4a; |
b? — b2, and

o | b? —b? +bl2—DF V¥ —Dp _N ~b++/Dr
! 4 4 4 2 '

Since a; and ag are relatively prime, ajas also divides N((—=b; + v Dr)/2),

making I =Z - ayas + Z(—b+ /Dp)/2 an ideal.
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Put b = b; — 2a;k; for some k; € Z. Since (—=b+ /Dr)/2 = a;k; + (—b; +
\/D_F)/2 € I, we have that I C I; N I, = I11>, the last equality holding
because I; and I, are relatively prime. Comparing norms, we deduce that
I =1NL1s. |

The quadratic form corresponding to I;I>, with the indicated oriented
basis, is (a1az2)z? + bxy + cy? for some ¢ € Z. A linear change of variables in
q; produces a form whose xy-coefficient is also b:

(T*q;)(z,y) = aix® + (bi — 2a:k;)zy + (aik? — bik; + ¢;)y?
= a;x? + bay + iy
The three forms a;2% +bxy +cy?, azx® +bzy+chy?, and (ayaz)z? +bry+ cy?
all have discriminant D = b% —4a;ch, = b? —4da;chy = b* —4arazc. We deduce
that ¢} = cas and ¢, = cay.

We assumed that a1, as > 0 for convenience only. You may check that the

argument proves the following proposition regardless of signs.

7.11.5 Proposition. Any two SLa(Z)-equivalence classes of quadratic forms
of discriminant Dg have representatives ajz? + bxy + c1y? and azx® + by +
cay?, with ged(ay, az) = 1. We say that two such quadratic forms are united.
Put ¢ = ged(eq,c2). Then ¢; = cas, ca = cay, and the composition of the
classes is given by

[a1x2 + bry + (caz)y2][a2x2 + bxy + (cal)yQ] = [(Q1a2)$2 + bxy + cy2].

7.11.6 Example. Let’s compose the classes of the forms
qi(z,y) = 2% — 2y + 6y> and go(x,y) = 32 + zy + 4y°,
both of discriminant —47. To apply the proposition, we find that b = 7
satisfies the congruences b= —1 (mod 4),b =1 (mod 6). Then
(T2q1) (2, y) = 2% + Twy +12y°, (T~ 'go)(2,y) = 32 + Ty + 8y°
are two united forms representing [¢1] and [g2], respectively. Their composi-
tion is
[222 — zy + 6y%][322 + zy + 497

= [22% + Txy + 129°][32% + Tzy + 8y°]

= [62% + Toy + 4y%] = [322 — zy + 497].
The last form is the reduced representative of its class. Check this computa-
tion against the table in Fig. 7.1. O

Early in the twenty-first century, Bhargava discovered a new perspective on
the 200-year-old theory of composition of forms. To motivate it, observe that
F is a two-dimensional vector space over Q, and fix a basis B = {f1, 52}.
Multiplication by a € F is a Q-linear transformation of F, whose matrix
Mp(a) = H f@] relative to B is determined by af; = jB1 + 82 and afs =
kB1 + mpPs2. The function o — Mp(a) preserves addition and multiplication.
In Exer. 4.1.1, we saw that Noo = det Mg(a) and Tra = tr Mp(«).
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7.11.7 Example. Let [ = Za+Z(—b+6) be an ideal, so that b —tb+n = ja
for some j € Z. Putting B = {a, —b+ §}, we easily compute

Mg(a) =[39], Mp(-b+38)=[° 37,]

We express the form ¢y q,—p+5 in matrix terms:

N(za —y(~b+9) _ det (¢ [§0] =y [0 a])
a N a
=det (z[§ 0]~y [(1) —;b{rt]) :

The last equality holds since both matrices on its left side have first column
divisible by a.

We can recover gy q,—p4s from the pair of matrices [§ 9], [? 72}{&} . Chang-
ing the typography slightly, those two matrices can be thought of as the front
and back faces of a cube:

QI,a,—b+5(x7 y) =

O

Such cubes are the protagonists of Bhargava’s take on the composition of
forms.

7.11.8 Definition. A Bhargava cube Cupedefgn is a 2 X 2 X 2 array of
elements in Z:

There are three ways of slicing a Bhargava cube into a pair of matrices.
Given a subscript * € {F, L, T}, let M, be the matrix on the Front, Left, or
Top face of the cube with a as its upper-left entry. Let IV, be the parallel
matrix on the opposite face. The following table gives the three slicings. For
orientation, we draw an arrow along the top row of M, and N, :
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* Slicing M,, N,
e ——> f
1
I o= (28] Mo [3]
9——/|=h
c d
e f
/ / we b d
L a b Mp=[23], Ne=[}i]
/ /
c d
e f
7 / ae cg
T a b Mr=1[b%], Nr=[37]
g h
A /
c d

We refer to the cube by any of the symbols | Mp|Np] = |[MLINL] =
|[M7|N7T. We always write the position subscripts on the matrices.
We define the associated forms of the cube by

¢«(z,y) = —det(xM, — yN,), for x € {F,L,T}.

The minus sign in the definition of will simplify the connection between cubes
and composition. A tedious computation shows that qr, g, and ¢ have the
same discriminant, called the discriminant of the cube.

A cube is called primitive if all three forms ¢, q;, and gp are primitive.

7.11.9 Example. Consider the cube

1_..._........_....
/| /
1 |

1
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It’s symmetric with respect to rotation by 2m/3 around the diagonal con-
necting —1 and —2. That means that the three associated forms are equal:
qr(r,y) = qu(z,y) = qr(z,y) = 222 + xy + 3y%. This is the form ¢ of
Ex. 7.11.2. There we established that [¢]®> = 1, which we now re-write as
lgr]laL]ler] = 1. 0

7.11.10 Example. Take aj,as,b,c € Z, with ged(ar,az) = 1 and b —
4ayas¢ = Dp. Consider the following cube and its three associated forms:

— (9
1/ | 0/ qr(z,y) = a12® + bry + (azc)y”
qr(z,y) = aza’® + bay + (a10)y”
gr(w,y) = ca® + by + (a1a2)y>
—ay
/ e
00— (~a)

This cube is primitive since gcd(ajaz,b,c¢) = 1, which follows from

ged(ag,az) =1 and the (near-) square-freenes of Dp.

The formula for composing united forms of Prop. 7.11.5 translates into
[gr]lar]ler] = 1. Indeed, the forms gr and qr are the two forms on the left
side of the formula, while its right side is the inverse of [¢r]: [cz? + by +
(a1a2)y?] 7" = [(araz)x® + bry + cy?]. O

The pattern in these examples persists: any Bhargava cube of discrimi-
nant Dp imposes a relation [¢r][gr][gr] = 1 in the group Qp/ SL2(Z). We will
prove this by transforming an arbitrary cube into one from Ex. 7.11.10, with-
out changing the classes [¢r],[qL] or [¢r]. For this we’ll use three-dimensional
analogues of row and column operations.

7.11.11 Definition. Letx € {F, L, T}, and let SLa(Z)« be a copy of SLa(Z).
Take A € SLy(Z), and denote by A, the corresponding matriz in SLo(Z)..
We define the (left) action of A, on a primitive cube C = ||[Mp|Np] =
[MLINL] = [Mr|NT] by

A.C = |AM,|AN.].

The three actions of SLa(Z) on the cube C with vertices a, b,..., h are
determined by the actions of the generators [} 1] and [{ '] (see Exer. 7.9.8),
as given in the following table:

The first cube in the table shows that any one of the following computes
the action of [§ 1]
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A=[51] A=[}7]
/e+g /f+h -9 (=h)
a+'e | b+d —/| (—d)
Afp
9 — h e — f
/ / /
c d a b
/e f /a /b
/
a+e | b+ f —¢ I (=5
Ar
g —h c —d
/ / / /
c+yg d+h -9 (=h)
e+ f f —f e
/| / /| /
a+b b —b a
A
g+h "—/"h /—h — 9
ctd——4d —d_c/

[G1pC =511 ME[{ 1] NR] (add row 2 to row 1, in both Mg and Np)
=M [19]INL[19]] (add col. 2 to col. 1, in both M}, and Ny)
= H_MT +NT|NTﬂ

Similar identities hold for any matrix in SLg(Z).. In particular, for A €
SLy(Z) and its transpose Af, we have

ApC = [[M A NLAY],  ALC = [[MrA' N7 A",  AgC = | MpAt|NpAT.
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7.11.12 Proposition. Any two of the actions of SLa(Z)p, SLa(Z)r, and
SLo(Z)r commute, and therefore define an action of SLa(Z)r x SLa(Z), X
SLo(Z)7r on primitive cubes.

Proof. By definition, SLo(Z);, acts on the cube C by left-multiplying M7,
and Ny, which performs row operations on both of them. Similarly, SLo(Z) ¢
acts by column operations on My, and Ny. Since row and column operations
commute, so do the two actions. Formally, for A, B € SLy(Z), we have

Ap(BrC) = Ar|MB*|N.B'| = | AMB"|AN B"]|
= Bp||AML|ANL] = Br(ALC).
The commutativity of the other two pairs of actions is analogous.
By Exer. 7.5.11, the three actions then combine into an action of

SLQ(Z)F X SLQ(Z)L X SLQ(Z)T, given by (AF,BL,CT)C = AF(BL(CTC))
Since the actions commute, Ap, By, and Cp can act on C in any order. H

Let’s take A € SLy(Z) and determine how the action of Ar on a primitive
cube C changes its associated forms qr, qr, and ¢r. Marking with a prime
the quantities associated to ArC, we find:

qp(z,y) = —det(xtMy — yNy) = —det(xAMp — yANF)
= —det A-det(zMp — yNr) = qr(z,y)

¢r (z,y) = —det(zM} — yN}) = — det(x M A" — yN A")
= —det(zMy —yNyp) - det A* = qr.(,y).
To see what happens to ¢r, we compute with the standard generators of
SLa(Z). Since [{ 1] [ Mr|Nr] = [ Mr 4+ Np|NrT, we find that
¢p(z,y) = —det(x(Mr + Nr) — yNp) = —det(aMr — (y — x)Nr)
= qr(z,y —x) = ([1 ] ar)(z,y).

Similarly, [§ '] . [Mz|N7 ] = |-~ N¢|MrT), and

¢y = —det(—aNp — yMr) = qr(—y,z) = ([ % §] ar) (2, ).

We see that any Ap € SLa(Z)p transforms gp into an SLa(Z)-equivalent form.
A similar calculation for the other two actions gives the following proposition.

7.11.13 Proposition. Let M € SLa(Z)r x SLa(Z)r, x SLo(Z)7, let C be
a primitive cube, and take x € {F,L,T}. Denote by ¢, the quadratic form
associated to MC. Then [q.] = [¢.].

We're ready to prove the main theorem on Bhargava cubes.

7.11.14 Theorem. The three forms associated with any primitive cube C of
discriminant Dp satisfy [qr)[qr]ler] = 1.
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Proof. We will use the action of SLa(Z)p x SLa(Z)r, x SLa(Z)r to simplify
C without changing the classes [¢r], [gL], or [gr].

By a slight variation on Thm. 3.4.3, we can find matrices X, Y € GLy(Z)
for which X MY = [g 2} with g|s, so that g is the g.c.d. of the entries of Mp.
Since C is primitive and all the coefficients of gz, and g are divisible by g, we
must have g = 1. After possibly multiplying by [(IJ o } , thus changing the sign
of s, we may assume that X,Y € SLy(Z). The cube (Xp,Y},id)|Mp|Nr]|
has the form of the first cube in the following diagram:

1 e U, 00— u
/| / /| /
1—0 Lo 1—0

{*""1]1,
/’U ;w /v -}w—rs
() ——————— 5 Q—— s

Subtracting r times the front of the first cube from its back produces
the second cube. It has the same form as the cube in Ex. 7.11.10, with
a; = —s,az = —v,¢c = —u, and h = w — rs. The form ¢} (z,y) = —vz? +
(w — rs)wy + (su)y? associated to the second cube is still primitive, hence
ged(ag, az) = ged(s,v) = 1. The conclusion of Ex. 7.11.10, and the invariance
of the classes [g,] under the actions of the SLa(Z)., imply that

1= [a12? + bay + (age)y’][a2a® + by + (ar¢)y®|[ca® + bry + (a1a2)y”]
= lgrllgc]lgr]. W

Theorem 7.11.14 allows us to compose the classes of any two forms if we
can construct a suitable Bhargava cube.

7.11.15 Proposition. Let ¢1 and go be two quadratic forms of the same
discriminant. There exists a Bhargava cube for which qr = q1 and qr, = q2.

Proof. Put q;(z,y) = a;z?® + bizy + c;y? for i = 1,2. To reduce the number
of variables, we look for a cube with 0 at its front-left-bottom vertex:

e ——f
/| 4
a——D

We want to choose the values at the vertices so that
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gr(z,y) = (aa})z® + (ah — dye + asb)zy — (eh + ayf)y* = qi(z, y)
qr(z,y) = (aay)z® + (ah + dje — apb)ay — (bh + d\ f)y* = g2 (@, y).

Equating the z2-coefficients and averaging the xy-coefficients forces

by +b
(7.11.16) a; = aa}, az = aay, ! —; 2 = ah.

This suggests that we put a = ged(ay, az, (b1 + b2)/2), and define af, afy, and
h accordingly.

Equating the y2-coefficients shows that f satisfies the system of congru-
ences

(7.11.17) ayf=—c; (mod h), ajf=—-cy (mod h).
As disc q; = disc g2, we have the chain of implications

b% —4aic1 = bg —4dascy = a1c1 = asco (HlOd (b1 + b2)/2) =
ajey = abes  (mod h) = ged(ab, h) | ajer.

By construction, ged(a},ab,h) = 1, hence ged(ab,h) | c¢1, and similarly
ged(ali, h) | c2. Put d; = ged(al,h),a = a/di,h; = h/d;, ¢y = ¢1/ds, and
¢y = ca/d;. Dividing each of the congruences (7.11.17) by the appropriate
d;, and observing that ged(al, h;) = 1, we see that the system (7.11.17) is
equivalent to

f=—-a""¢, (modhy), f=-a!"'c, (mod hy).

The Chinese Remainder Theorem produces a solution f, as ged(hy, ha) =
ged(al, ab, h) = 1. Any such f will yield a cube we want. If h # 0, comparing
the y?-coefficients gives e = —(cy + abf)/h and b = —(c2 + @} f)/h.

Except for the last sentence, the above argument works even when h = 0.
In that case, all the congruences become equalities, and f = —¢1/af =
—cg/a). Comparing the y2-coefficients yields no information on b and e. In-
stead, we chose them to be any solution to —aje + ahb = by, which exists
since ged(a}, ab) = ged(ay, ab,0) = 1.

|

7.11.18 Example. Let’s follow the proof of Prop. 7.11.15 to compose the
classes of the forms q; (z,y) = 222 +2xy+17y% and ¢2(z, y) = 622 +6xy+Ty?,
both of discriminant —132. As in (7.11.16), we find that

a=ged(2,6,(246)/2) =2, soa) =1,a5 =3, and h = 2.
By inspection, f = 1 satisfies the congruences (7.11.17),

3f=-17 (mod2), f=-7 (mod2).
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This choice of f is not unique, and neither is the cube we’re constructing;
this is why we only define the composition of classes of forms, and not of
forms themselves. Finally, we compute e = —(17 + 3 -1)/2 = —10, and
b= —(7+1-1)/2 = —4. We have our cube, and the three associated quadratic
forms:
-10 ——1

2/ | /
qr(w,y) = 20% + 2zy + 17y°
qr(z,y) = 62% + 6y + Ty
qr(z,y) = 3822 — 18zy + 3y°.

/
00— (=1)
By Thm. 7.11.14, we find that

[1][a2] = larllaL] = [gr] ™" = [32® — 18y + 38y°] = [32® + 11y°].

In fact, [22? + 22y + 17y?], [62? + 62y + Ty?], and [32% + 11y?] are the three
nonzero classes in Qq,/=33)/ SL2(Z) = CHQ[vV—33]) = Z/2Z x Z/2Z. O

7.11.19 Example. Let’s find the formula for squaring the class of a
quadratic form by constructing the Bhargava cube when ¢; = ¢o. Here
a1 = ao; in a sense, this example is the opposite of Ex. 7.11.10, where
ged(ag,az) = 1.

Assume first that by # 0. The equations (7.11.16) become

a=ged(ar,br), a)=ay=ai/a, h=bi/a.

Fix k,I € Z such that ka} + lh = ged(ai,h) = 1. In particular, o} " = k
(mod h). The congruences (7.11.17) reduce to f = —a} '¢; (mod h), and

we may take f = —cik. We now have to put b = e = —(¢; — djc1k)/h =
—c1(1 = kal)/h = —c1lh/h = —cql. The desired cube is
—Cll (—Clk)

S

(—cil)

0 — (=ai)
We invert gp by switching the outside coefficients, and get that

(@) = [gr] ™" = [a}%2® + (b1 — 2d)erl)zy + (crak + E12)y?).

When b; = 0, check that [a122 + ¢1y?]? = 1. O
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In this section we only considered quadratic forms of discriminant Dp.
All our results, however, hold for quadratic forms of arbitrary discriminant
D = ¢®Dp, once we define their composition. For this we use, as in Def. 7.11.1,
the natural bijection Qp/SL2(Z) = CIT(0O,). The latter group, defined just
before Exer. 5.1.10, is the narrow class group of the order O, = Z[cd]. Al-
ternatively, the statements of Prop. 7.11.5 and Thm. 7.11.14 make sense for
forms and cubes of arbitrary discriminant, and we could take either of them
as the definition of composition. If we do that, we have to check that the
composition is well-defined, and that it gives Qp/SLa(Z) a group structure.

Exercises

7.11.1. Find the following compositions of classes in Qp/ SL2(Z), using both
united forms and Bhargava cubes:

(a) [72? — 62y — 10y?][52? — 1dzy — 6y?]

(b) [1522 — 10xy — Ty?][T2? — 182y — Ty?]

(c) [622 4 2zy + 9y?][32? + 2xy + 1817

7.11.2. Practice form composition in its elementary guise.

(a) Prove that
(222 + 2zy + 3y?)(22% + 22w + 3w?) = X2 + 5Y2,

for some functions X and Y f the form azz + bxw + cyz + dyw.
(b) Express the product (322 + 2zy + 10y?)(522 + 2zw + 6w?) in a similar
way.

7.11.3. Let q(z,y) = axz? + bxy + cy? be a quadratic form of discriminant
Dp. Show that ¢ is associated to the oriented ideal Za + Z(—b + /Dr)/2
when a > 0, and \/Dp(Za + Z(—b+ +/Dr)/2) when a < 0. Use this to show
that Prop. 7.11.5 is true as stated, regardless of the signs of a1, as.

7.11.4. Prove that the three forms associated with the cube Capcgergn have
the same discriminant, given by

disc(qr) =disc(qr) = disc(qr) = a®h? + b2g* + A2 f? + d?e?
— 2(abgh + cdef + acfh + bdeg + aedh + bfcg)
+ 4(adf g + beeh).
7.11.5. Construct Bhargava cubes that show that:
(a) [az? + bry + cy?][ax? — bay + cy?] = 1;
(b) [ax® + bay + cy?|[ca? + bay + ay?] =1
7.11.6. Let qr, qr, and gr be the forms associated to a Bhargava cube.

(a) Show that if two of the forms ¢, ¢, and gr are primitive, then so is the
third.
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(b) Give an example of a cube where ¢p is primitive, but ¢;, and gy are not.
(¢) Referring to the forms of Ex. 7.11.10, show that if ged(ai,a2) = 1 and
qr is primitive, then so are gr and qr..

7.11.7. Check that the identity class, in the appropriate Qr/SL2(Z), is the
square of each of the classes [ax?+cy?], [ar?+axry+cy?], and [ax®+bry+ay?].
Compare with the exceptional cases of the Definite Reduction Algorithm
of Prop. 7.1.6, and with the forms marked with a “4+” in Ex. 7.9.13.

7.11.8. Generalize Ex. 7.11.9 to construct infinitely many quadratic fields F'
for which 3 | h(F).

7.11.9. Let & be the set of all Bhargava cubes, and let R : 8 — % be the
rotation by 27/3 about the ah diagonal. Denote by ¢¢ the forms associated

to a cube C. Show that q% = qﬁc and q;cp = Q§2C-

7.11.10. Let ¢¥p be the free abelian group generated by quadratic forms of
discriminant D:

n
Yp = {Zaiqi ta; €72,q; € QD} .
i=1
Here we treat the ¢; as symbols, so that all sums are formal. Consider the
subgroup Zp C ¥p generated by all linear combinations of the form qr+qr+
qr, where the ¢, are the three quadratic forms associated to some Bhargava

cube of discriminant D. Put (¢) = q+ %p € 9p/%p.

(a) The action of SLa(Z) p x SL2(Z) . x SLa(Z)7 on Qp extends by linearity to
%p. Show that this action induces a trivial action on ¥p/Zp: (Mq) = (q)
for all M € SLQ(Z)F X SLQ(Z)L X SLQ(Z)T

(b) Show that (¢q) +— [q] is a well-defined group isomorphism ¥p/%Zp —
Qp/SLa(Z).

Orders

7.11.11. Let D = ¢?Dp be an arbitrary discriminant. Define the composition
of classes of forms of discriminant D via the isomorphism Qp/SLy(Z) =
CIt(0,). Check that the results of this chapter remain valid in this more
general context.



Appendix

Let F be any quadratic field, real or complex, and O = Z[d] its ring of
integers, with 62 — t6 + n = 0. In this appendix we collect the results on the
arithmetic of subrings of O, developed in the exercises.

A.1 Proposition (Exer. 4.2.11). Any subring of O, apart from Z, is of
the form O. = Z + Zcd = Z[cd] for a unique ¢ € N. We call O, the order
of conductor c. In fact, O. = Z[d.] for any §. € O satisfying an equation
82 —tbe +ne = 0 with t2 — 4n. = ¢*Dp = disc O.. We have that O. C Oy
if and only if ¢ | c.

A.2 Example. We will illustrate the claims in this appendix with the order
of discriminant 43,708 = 72 - 22 - 223 = ¢?Dp. Given the constraints on the
discriminant of a field, this is only possible when ¢ = 7, Dp = 4 - 223. Thus,
F = Q[v/223], our old friend from Exs. 5.4.12 and 6.6.5, and the order is
O7 = Z[7V/223). O

We start by describing the units in O..

A.3 Proposition (Exer. 6.7.6). Assume that ¢ > 1, i.e., 0. G O. If F is
imaginary, then OF = {£1}.

If F is real with fundamental unit e, then OF = +(e%) = {+e$¥ 1 k € Z}.
The exponent s has the following equivalent characterizations:
(a) s =[0": O]
(b) s is the smallest positive exponent for which €% € O.
(c) s is the smallest positive integer for which ¢ | qsi—1. Here 1 is the period

length of the continued fraction of §, and p;/q; its ith convergent.

A.4 Example. Let’s find the fundamental unit €p,. In Ex. 6.7.5 we found

that ey = 224 4 15v/223 is the fundamental unit of ©. Then 2 = 100, 351 +

6,7201/223 € O, as 6,720 = 7-960. We conclude that s = 2 and OF = +(e%)

O

In Prop. 4.5.1 we constructed the standard form of an ideal of O. The

argument works when we replace § by c¢d, giving the analogous standard
form for ideals in orders.

M. Trifkovié, Algebraic Theory of Quadratic Numbers, Universitext, 185
DOI 10.1007/978-1-4614-7717-4, © Springer Science+Business Media New York 2013
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A.5 Proposition (Exer. 4.5.4). A subset I C O, is an ideal of O, if and
only if we can find a,b,d € Z satisfying

I =d(Za+ Z(—b + ¢d)) with b* — (ct)b+c*n =0 (mod a).

Such an expression is called a standard form of I relative to O.. The
latter qualifier is important, as the following example illustrates.

A.6 Example (Exer. 4.5.5). The standard form of the ideal cO relative
to O is Z-c+7Z-cd, with a = ¢, b= 0 and d = 1. Viewing cO as an ideal of
the bigger ring O, the standard form becomes cO = ¢(Z + Z§), with a = 1,
b=0,and d=c.

As this example shows, an ideal of I of O, may also be an ideal of a
bigger order. The ideals for which that doesn’t happen have particularly nice
arithmetic.

A.7 Definition. Let I be an ideal of O.. The norm of I relative to O, is
N.I =|0./I|.

A.8 Proposition (Exer. 4.6.8). Let I = d(Za + Z(—b+ ¢d)) be an ideal of
O, in standard form. The following hold:

(a) N.I = d?a.
(b) Ne(Oca) = N(Oa) = [Na| for any a € O..
(c) If ged(a,c) =1, we have I - I = O, -N.I, as in Thm. 4.6.5.

Thanks to claim (c¢), the proof of unique factorization for ideals of O carries
over to ideals of O, which have norm relatively prime to c.

A.9 Proposition. Let I be an ideal of O. of norm prime to c. Then I =
Py --- P., where P; are prime ideals of O, of norm prime to c. The P; are
unique up to ordering.

A.10 Proposition (Exer. 4.6.10). Let I = d(Za + Z(—b+ ¢d)) be an ideal
of O.. The following statements are equivalent:

(a) ged(a,c) = 1.

(b) I can always be cancelled: if J, K are ideals of O, then IJ = I K implies
J=K.

(c¢) I doesn’t absorb multiplication by any order bigger than O.

An ideal satisfying these conditions is called an invertible ideal of O..
Condition (c) has a useful rephrasing in terms of lattices. Here, we slightly
abuse the term “lattice” to refer to any subgroup of F' of the form A = Za+7Z
with 8/a ¢ Q. There is no risk of confusion: embedding F into a plane turns A
into a lattice in the sense of Def. 3.1.1. Orders appear naturally as symmetry
rings of lattices.

A .11 Definition. The ring of multipliers of A is Oy = {y € F : vA C A}.
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A.12 Proposition (Exer. 4.2.13). Let A C F be a lattice. Let j, k,l,m,c €
Z be the unique quintuple for which ¢ > 0, ged(4,k,1,m,c) =1, and

ba="la+ktp p="Lla+ 2B

Then Oy = O,.
Condition (c) of Prop. A.10 inspires the following definition.

A.13 Definition. A fractional ideal for O. is a lattice & C F for which
Oy =0..

The set I, of all fractional ideals of O, is a group under multiplication.
Inverses exist by virtue of Prop. A.8 (c¢). The subgroup of principal fractional
ideals is Po, = {O.a : @ € F*}. Their quotient is a natural generalization

of CI(F).

A .14 Definition. The ideal class group of O, is C1(O.) = lo,/Po.. The
class number of O is h(O.) = |CL(O.)|.

We will soon see that C1(O,) is finite. The same quotient can be obtained
in two easier ways: first by replacing Io, and Pp, with more manageable
subgroups, and then by identifying those with subgroups of Ir. To do this
we need some technical preliminaries. For e = 1 or ¢, put

I.(c) = {Illgl : I1, I ideals of O, gcd(N 11, ¢) = ged(Nela, ¢) = 1},
FX(¢)={a/B:a,B € O, gcd(Na,c) = ged(NS,¢) = 1}
Pe(c) = {0y 1 v € F(0)}

Some remarks:

(a) We have the redundant notations Irp = Ip, = I;(1) and Pp = Pp, =
Py(1).

(b) T.(c) is the smallest subgroup of I, containing all (necessarily invertible)
ideals of O, of norm prime to c. It is generated by the prime ideals of O,
not dividing c. Similar statements hold for I (c), viewed as a subgroup
of ]IF.

(¢) Pi(c) (resp. Pc(c)) is the smallest subgroup of Iy (¢) (resp. I.(¢)) contain-
ing the principal ideals with generators that are in O, in both cases. This
equality of the sets of generators is key to the second statement of the
following proposition.

A.15 Proposition (Exers. 4.7.9 and 4.6.13). The assignment .& — 7O
defines a group isomorphism I.(c) = Iy (c). This isomorphism identifies P.(c)
with Py (c).

The inverse isomorphism sends an (integral) ideal J of O to the ideal JN O,
of O,.
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A.16 Proposition. We have group isomorphisms
ClO) =lo./Po, = Lc(c)/Pc(c) = T1(c)/P1(c).

Proof. The second isomorphism follows directly from Prop. A.15. For the
first isomorphism, observe that by the equivalence of Prop. A.10 (a) and (c),
each invertible ideal of O, can be scaled to one of norm prime to c. In other
words, Ip, = I.(¢c)Pp.. The Second Isomorphism Theorem for groups gives
us the identifications

ClO.) =To./Po. = (L(c)Po,)/Po. = L(c)/(Ie(c) NPo,) = Tc(c)/Pe(c).

Take o € O, and denote by & its coset in O/cO. It’s easy to check that
a € (0/cO)* if and only if ged(Ne,¢) = 1. We put o/ = af~* for all
a, B € O with ged(Na, ¢) = ged(NS, ¢) = 1. This extends reduction modulo
¢ to a multiplicative homomorphism F}*(¢) — (O/cO)*. Further composing
with the quotient homomorphism (O/cO)* — (O/cO)* /(Z/cZ)*, we get a
group homomorphism ¢ : F{*(¢) = (O/cO)* /(Z/cZ)* with kernel F.*(c).

A.17 Proposition (Exers.5.1.10-5.1.13). The assignment P1(c)-.9
Pp- 7 defines a surjective homomorphism

CI(OC) = Hl(C)/]P)l(C) — ]IF/PF = CI(F)

with kernel isomorphic to Pr/Pi(c) = ((O/cO)* /(Z/cZ)™)]/p(O).

For any field F we have that O* = +(ep) (if F is imaginary, we can
take ep = £1, with the exceptions eqp) = i,eq;/=3 = (1 + v/—=3)/2). Then
|p(O*)] is the order of p(ep) in (O/cO)* /(Z/cZ)*. When F is real, that
order is [O* : OF] (see Prop. A.3).

A.18 Example. As (@) = —1, the prime 7 is inert in F = Q[v/223],
and Exer. 4.9.12 shows that (O/70)*/(Z/TZ)* is cyclic of order 8. The
preceding discussion and Prop. A.3 give |p(O*)| = 2, so that the kernel of
Cl(O7) — CI(F) is cyclic of order 8/2 = 4. The class number of Oy is thus
h(O7) = 4h(O) = 12. O



Hints to Selected Exercises

1.1.8. Observe that f(x) = 2? is a homomorphism of multiplicative groups
Z/pZ\ 0 — Z/pZ\ 0, find its kernel, then count.

1.1.9. From the first congruence we get that x = a; + tny for some t € Z.
Plug this into the second congruence and solve for ¢, which is possible because
ged(ng,ng) = 1.

1.1.10. For (a): follow the steps in the proof of Exer. 1.1.9. For (b): start
by solving the first two congruences to get an answer modulo 56. Then find
a simultaneous solution to that congruence modulo 56 and the third con-
gruence. For (c), the Chinese Remainder Theorem no longer guarantees a
solution, since the moduli are no longer pairwise relatively prime. Still, the
same procedure will produce a solution if there is one. Be sure to cancel as
much as possible.

1.2.1. Factor 2% = (z+yi)(z —yi) and apply unique factorization in Z[i]. How
are the factorizations of x + yi and x — y¢ into irreducible elements related?
1.4.4. Draw a picture analogous to the right-hand square in Fig. 1.2

1.5.1. Asin Figs. 1.2 and 1.3, draw a picture of the fundamental parallelogram
with circles of radius 1 centered at the vertices.

1.6.7. Rephrase the problem in terms of the norm in Q[v/319].

1.6.8. Show that such a c¢ fixes a dense subset of R. The continuity of ¢ then
implies ¢ = idg.

2.2.7. Expand (a + b)? using the binomial formula, then show that p | (?) for
1<i<p-1

2.3.3. Use the First Isomorphism Theorem, Thm. 2.2.6.

2.3.9. For (b): there are at most as many elements in D/Da as there are in
the set of remainders of division by a. What does Exer. 2.3.8 (b) tell you
about the latter set?

2.5.1. Prove the contrapositive: if I ¢ P,J ¢ P, then I.J ¢ P.

2.5.8. Every integer prime is contained in a prime ideal of O. Show that
different primes must lie in different prime ideals.

3.2.4. Prove an intermediate step: 7Z2? = Z% = 7Q? = Q? = yR? = R2.
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190 Hints to Selected Exercises

3.4.4. Find matrices M, N € Max2(Z) such that Z/ZaxZ/Zb = Ay/M Ay and
Z]Zab = Ay /NAg. Use row and column operations to transform M into N.
4.1.1 For (b): This is a straightforward calculation, but it becomes partic-
ularly easy when you work with the basis {1,a}, in the interesting case
a€ F\Q.

4.1.4. By Exer. 4.1.1, we can write 8 = x + ya for some z,y € Q.

4.1.6. For (a), use the three properties of Def. 2.2.3. For (b), apply f to the
equality (v/D)? = D.

4.2.14. For (b): yA C A means that we can find j, k,1,m € Z such that

(*) Yo =ja+ kB, B =la+mp.

For a suitable v € Oy, solve this system for 5/« to show that 5/« satisfies
a quadratic equation over Q. We can re-write (*) in matrix form: v[3] =
[4 7’;] [3]. In other words, 7 is an eigenvalue of a matrix in May2(Z). Use
this to deduce that v is an algebraic integer.

4.4.4. For a (possibly infinite) list g1, g2,93... € I, consider the ascending
chain of ideals (g1) C (g1, 92) C (91,92,93) C .. ..

4.4.6. We need an ascending chain of ideals. Try ker ¢ C ker(p o) C ker(po
pop)....

4.6.6. You can do this without multiplying ideals. First check that I; |
dydz(Z(araz) + Z(—b + §)), then compare norms.

4.6.7. Observe that K C J by definition. For the reverse inclusion, it’s
enough to show that IJ C (O -NI)K.

4.6.10. For (b) = (c), let e = [Or : O], and consider the ideals J = eO. and
K =eOj of O,. For (c)= (a), use Exer. 4.5.6

4.9.5. Answer: I = Py --- P,(On), where the prime ideals P; are all ramified,
and n € Z.

4.9.9. For all f = 1,...,k, choose D,, € Z which is divisible by ry. For
all g = 1,...,1, choose Dy, which is a non-zero square modulo s,. For all
h = 1,...,m, choose D;, which is a non-square modulo ;. The Chinese
Remainder Theorem produces a D € Z satisfying the congruences D = D,
(mod ry), D = D,, (mod s4),D = D;, (mod i). The field we're looking for
is roughly Q[v/D], with extra care needed if one of the primes on the list is 2.
4.9.10. Since dimy L = 2, the three elements 1, a, o? are linearly dependent.
5.2.1. Use the basis you constructed in Exer. 3.1.1 to compute A(A). Let S be
the circle centered at the origin, with minimal radius r for which Minkowski’s
Theorem produces a point (z,y) € (A\0)NS. Combine the bound z?+y? < r?
with a congruence on 22 + y? (mod p) from the definition of A.

5.4.5. You don’t need to actually find the solution. Use the fact that 457 is
prime, and combine it with Exers. 5.4.1 and 5.4.4.

5.4.6. For (c): Factor a + /399 for a € {0,16,17,18,19,22}. To prove
that ideals are nonprincipal, you need to show that equations of the form
22 — 399y? = n have no solution. For that, it suffices to show that n is a
non-square modulo one of the factors of 399 = 3-7-19. For (e): See Exer. 2.3.4.
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5.4.8. Look for an example where the class of an ideal dividing 2 has order
n. Does this make 2 split, inert, or ramified? Your answer should give you a
congruence for D mod 8. Now choose a D so that it’s easy to find an element
of norm 2", but impossible to find one of norm 2¢ for a < n.

5.4.9. For (a): combine Exer. 5.1.2, Exer. 4.1.4, and Exer. 4.9.5. For (d): let
d be the product of all the odd primes among p;,, ..., p;,, and put D = dd'.
Then the solvability of Naw = p;, - -+ p;, is equivalent to that of 22 — dd'y? =
2¢d, where e = 0if 2 | Dp but 2 is not among p;,,...,p;,., e = 1if 2 | D and
some p;; = 2, and e = 2 if 2 Dp (to justify the last case, see Exer. 4.2.7).
Show that, in all cases, we must have d’' = 1.

6.3.3. It’s convenient to treat the cases ¢ even and ¢ odd separately. Since
irrationals are trickier than fractions, show that for the purposes of ordering
you may replace 7 by its approximation p;t2/gi+o.

6.6.4. For 469: it turns out that the continued fraction for v/469 is longer than
the one for (1 4 1/469)/2, giving more elements of small norm that produce
relations. For 577: factor z + (1 4+ v/577)/2 for = € {~10, -9, —8}.

6.7.5. For (d): assume that Nep = 1. By Exer. 4.1.4, there exists a § € O
with e = 3/8. What does that tell you about the ideal ©3? What do you
deduce when you apply Exer. 4.9.5 to it? How many ramified prime ideals
are there in O7 Which of them are principal?

7.1.2. Put I = aP,. Look for a = /v, where 8,7 € Z[] satisfy N3 =
54, N~y = 4.

7.1.6. Use Exer. 7.1.5 to find the first few values of each of the forms.

7.2.4. Show that property (7.2.10) implies ¢(0) = 0, then use induction.
7.2.6 Assume that 2 | k,j5 — m,l. Then D = 4D with D square-free and
D =2,3 (mod 4). We may take 6 = /D, so j = —m and —j2 — kl = —D.
7.3.4. The case Ir 7, < 0 can only happen if Dp > 0. In that case, N\/Dp < 0.
7.4.4. Observe that GL2(Z) = SL2(Z) U [ ' V] SL2(Z). B

7.7.4. For (a), generalize Exer. 5.4.9. The key point there is that I = af
implies N = 1 (and not —1!). Show that the latter is impossible under the
conditions of (c) by generalizing Exer. 6.7.5 (b).

7.10.1. If n is purely periodic, so is —1/7.
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