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1. INTRODUCTION

In the theory of iterated rational maps, the easiest maps to understand are post-
critically finite: maps whose critical orbits are all periodic or preperiodic. These
maps are also the most important maps for understanding the combinatorial struc-
ture of parameter spaces of rational maps.

We know a lot about postcritically finite rational maps. The main result is a
theorem of Thurston [DH] which gives a purely topological criterion for whether or
not a given postcritically finite branched covering map f : S2 — S2 of the two-sphere
to itself is equivalent (in a precise sense, given in Definition 2.2) to a rational map.
Either a postcritically finite branched cover is equivalent to an essentially unique
rational function or there is a “Thurston obstruction”. Such an obstruction is a
collection of simple closed curves such that a certain associated matrix has leading
eigenvalue at least 1.

Thurston’s theorem has two limitations. One is that the criterion is not easy
to check, even though it is purely combinatorial-topological. More relevant to the
present paper is the fact that the degree of the map enters in an essential way into
the proof; the proof just does not go through for transcendental functions.

The simplest non-trivial transcendental maps are exponential maps z — E)(z) =
Aexp(z) with A € C* := C\ {0}. These have been investigated by many people;
see for example [BR, EL, DGH, S1, RS1] and the references in these papers. Ex-
ponential maps have no critical values, but the unique singular value 0 plays an
analogous role.

Postsingularly finite exponential maps are those for which the orbit of 0 is prepe-
riodic. There are countably many such parameters. Bergweiler (unpublished) has
used value distribution theory to estimate their density with respect to |\|. There
are no exponential maps with periodic singular orbits (but there are countably
many hyperbolic components in exponential parameter space; these are completely
classified in [S2]).

A topological exponential map is a covering map f : S?\ {oo} — S§%\ {0,00};
this bears the same relation to exponentials as branched coverings S> — S? bear to
rational functions. Our Main Theorem 2.4 is the analog of Thurston’s characteri-
zation theorem: we show that a postsingularly finite topological exponential map
is either equivalent to a holomorphic exponential map or it admits a (degenerate)
Levy cycle. As with Thurston’s result, the complete classification of postsingularly
finite maps is a separate step; we only state the result here and refer to [LSV] for
details.

In the mid-1980’s, [DGH] gave a conjectural description for postsingularly fi-
nite exponential maps in analogy to and as a limit of results for polynomials
A1+ z/d)? with a single finite critical point as d — oco. The theory of spiders
[HS] was developed in the process. Our results confirm the conjecture in [DGH].

We use the same machinery for our proof as Thurston: given a postsingularly
finite topological exponential map f: S? — S?, we set up a Thurston map oy :
T — 717 in an appropriate Teichmiiller space 7; and show that either o; has
a fixed point, in which case the topological exponential map is equivalent to a
holomorphic exponential map, or the iteration of oy diverges in Teichmiiller space,
and there is a degenerate Levy cycle.

As mentioned above, the proof given in [DH] for Thurston’s result on rational
maps depends in an essential way on the fact that rational maps have finite degree;
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it does not work for exponentials. That paper shows that, depending on the initial
point of the iteration of o¢, there is a subset of Teichmiiller space (with compact
projection to moduli space) such that as soon as the iteration leaves this subset,
the existence of a Thurston obstruction follows. A key ingredient in this proof is
an estimate about how moduli of annuli on the finitely punctured Riemann sphere
increase when erasing the points in f~!'(Pf) \ Py; the cardinality of this set is
bounded by d|Py|, which diverges when d — oo (see the beginning of Section 3 for
details).

We use a different strategy to relate the failure of convergence to the existence of
a Thurston obstruction. The cotangent space 17y to Teichmiiller space at 7 € 7
is a certain space Q!(7) of integrable meromorphic quadratic differentials on C,
with at most as many poles as the length of the singular orbit (plus possibly a
pole at o0). The dual of the L'-norm on the Q! (7) space defines the infinitesimal
Teichmiiller metric on 75 (see Subsection 3.2). The analytic map oy : 7y — 75 is
weakly contracting for this metric in the sense that ||doy|| = ||(dof)*|| < 1. This is
not surprising: all analytic maps are non-expanding; but the norm may tend to 1
as we iterate oy.

More precisely, if the sequence

70,71 = 0f(70); -+, Tnt1 = 0f(Tn), . -

does not converge in 7y, then there must exist ¢, € Q'(r,) with lgnllc = 1 such
that lim, o [|(dos)*(gn)llc = 1.

In this case, the ¢, cannot converge in L!(C). In fact, poles must coalesce, and
very fat annuli in the complement of the poles of the g, must develop; the core
curves of these annuli will present us with the needed Levy cycle.

Proving this requires understanding how the mass of degenerating quadratic
differentials is distributed. We prove in Section 4 a “thick-thin” decomposition
theorem which describes this distribution in considerable detail.

Although in this paper we use this decomposition only for integrable meromor-
phic quadratic differentials on the Riemann sphere, it is proved for integrable qua-
dratic differentials on an arbitrary Riemann surface; moreover, the constants that
appear are independent of the topology. As such it may have many other appli-
cations: Veech curves (already in progress), compactifications of moduli spaces,
complex dynamics, conformal field theory, and perhaps other subjects as well.

Exponential maps are of course rather special transcendental entire maps. How-
ever, we believe that our methods should help to prove a similar result for larger
classes of transcendental maps.

Organization of the paper. In Section 2, we give the main definitions, state the
main theorem (Theorem 2.4) and give the resulting classification of postsingularly
finite exponential maps. In Section 3 we discuss Thurston’s iteration in Teich-
miiller space and in particular its contracting properties, and we prove the main
theorem modulo a key proposition about contraction of quadratic differentials under
repeated exponential push-forwards, which will be proved in Section 6. In Section 4
we state and prove our “thick-thin” theorem for quadratic differentials. This will
be used in Section 5 to provide limit models for quadratic differentials when some
annuli become infinitely fat; these limit models are either integrable or they are
multiples of dz2/z% on C. In Appendix A we provide some background information
about the geometry of Riemann surfaces with short hyperbolic geodesics.
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2. THE CHARACTERIZATION THEOREM

2.1. Definitions and statement of the main theorem. CONVENTIONS. Let
S? be an oriented topological 2-sphere with the two distinguished points 0 and oo.
All homeomorphisms and coverings in this paper will be understood to preserve the
orientation of S? or C. We write f°" for the n-th iterate fo fo---o f of f, and
Ey(z) = Xe? for A € C*:=C\ {0}.

Definition 2.1 (Topological exponential maps). A universal cover g: (S?\{oc0}) —
(S2\ {00, 0}) will be called a topological exponential map. It is called postsingularly
finite if the orbit of 0 is finite, hence preperiodic. The postsingular set is Py :=

UnZO g°"(0) U {oo}.

Definition 2.2 (Thurston equivalence). Two postsingularly finite topological ex-
ponential maps f and g with postsingular sets P; and P, are called Thurston
equivalent if there are two homeomorphisms 1, ¢s: S? — S? with <p1|pf = @2|pf,
P, = ¢1(Py) = p2(Py) and ¢1(00) = @2(00) = 0o such that the diagram

52\ {00} 2 §2 1\ {o0}
f g
(1) §2\ {00,0} ——+  §2\ {c0,0}

commutes and ¢ is homotopic (or equivalently isotopic) to ¢s on S? relative to
;.

Since 0 is the only omitted value of f and g, the relation 1 o f = g o ¢ on
S?\ {oco} implies ¢;(0) = 0 and hence 2(0) = 0.

Definition 2.3 (Essential curves and Levy cycle). Let g be a postsingularly finite
exponential map. A simple closed curve v C S? \ P, is called essential if both
connected components of S?\+ contain at least two points of P,. A Levy cycle of g is
a finite sequence of disjoint essential simple closed curves vg, 71, -, Ym—1,Ym = Y0
such that for i = 0,1,...,m — 1, one component v, of g~!(;+1) is homotopic to 7;
relative to Py and g: 7, — 7,41 is a homeomorphism.

Levy cycles are preserved under Thurston equivalences. Let U; be the compo-
nents of S? \ y; not containing oo; if all restrictions g: U; — U;,1 are homeomor-
phisms, then the Levy cycle is called degenerate. It is easy to see that in our case,
every Levy cycle is degenerate. Degenerate Levy cycles have the convenient prop-
erty that one can collapse all postsingular points surrounded by each simple closed
curve in all Levy cycles and thus obtain another postsingularly finite topological
exponential map without Levy cycle.

Main Theorem 2.4 (Characterization of exponential maps). A postsingularly
finite topological exponential map is Thurston equivalent to a (necessarily unique)
postsingularly finite holomorphic exponential map if and only if it does not admit a
degenerate Levy cycle.

2.2. Classification of postsingularly finite exponential maps. The main the-
orem allows us to classify postsingularly finite exponential maps completely. This
has been done in [LSV]; we briefly state the main result in Corollary 2.6 below. To
do this, we need to introduce dynamic rays and to state one lemma.
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Let f be an entire holomorphic map. A point z € C is called an escaping
point if f°"(z) — oo as n — oo. A dynamic ray of f is an injective continuous
map 7: (0,00] — C with y(co) = oo such that (t) is an escaping point for every
t € RT, subject to the condition that v((0, oc]) is maximal with respect to inclusion
(in the sense that it is not a proper subset of the image of another curve consisting
of escaping points). The dynamic ray v lands at a point a € C if lim;_,¢ y(t) exists
and equals a.

It is shown in [SZ1] that for every exponential map FE), every escaping point z
is either on a dynamic ray or it is the landing point of a dynamic ray; in both cases
the dynamic ray is unique. For every dynamic ray 7, the f-image 4: (0,00] — C
with 4(t) = f(y(t)) for t € RT and §(00) = oo is contained in another dynamic ray.
A dynamic ray v is periodic if y(R*) = f%(y(R*)) for some k € N (no 7(t) can be
periodic, but the set v(R*) can be); the ray v is preperiodic if f°!(vy) is periodic for
some positive [ € N. The following result is shown in [SZ2, Theorem 6.4].

Lemma 2.5 (Dynamic rays landing at singular value). For every postsingularly
finite exponential map, the singular value 0 is the landing point of at least one and
at most finitely many dynamic rays.

Let 71 be one of the rays landing at 0, and let v, := f°"~Y(y;) for n > 2. By
[SZ1], the limit v, := limy;_, o, Im(7,,(¢)) exists for every n, and v, +Imlog A € 27Z
(the branch of log A does not matter here as long as it remains fixed). We will
associate an external address s = $1S283... of integers to 7; by setting s, :=
(vp, — v1)/27.

Corollary 2.6 (Classification of exponential maps). For every strictly preperiodic
external address s € 7N, starting with s, = 0, there is a unique postsingularly finite
exponential map for which the dynamic ray v1 landing at O has external address s.

Different external addresses s, s’ may yield the same exponential map; this hap-
pens if and only if more than one dynamic ray lands at the singular value. There
is a straightforward algorithm to tell when this happens; see [LSV]: a necessary
condition is that s and s’ have the same period and the same preperiod, and the
precise answer involves either combinatorial itineraries or internal addresses [S3],
[RS2, Appendix A]: s and s’ describe the same exponential map if and only if they
have the same angled internal address associated to them.

This result has useful implications on exponential parameter space (see [S1,
S5, RS1]): this space is structured in terms of parameter rays associated to a
precisely described set of external addresses in Z" [FS], and postsingularly finite
exponential maps are exactly the landing points of parameter rays at preperiodic
external addresses. More precisely, a postsingularly finite exponential map E) is
the landing point of the parameter ray at the strictly preperiodic external address
s if and only if in the dynamical plane of E), the dynamic ray at external address
s lands at the singular value 0 [LSV, Theorem 3.4]. Together with [FRS], this also
allows us to answer a complex version of a question of Euler [E]: he determined
for which @ > 0 the sequence a, a®, a®", a“ua, ... has a limit. The answer is
that convergence to a fixed point happens for a € [e™¢,e!/¢); convergence to a
2-cycle happens for a < e~¢, and convergence to co happens for a > e'/¢. An
equivalent formulation of this question is to ask for which A € R (with A = loga)
the sequence zy := 0, 2,41 := Ae® has a limit. In this form, this question makes
sense for complex A. It is easy to see that this sequence converges to a limit in C,
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without eventually being constant, if and only if A\ = pe™* for |u| < 1 or p a root of
unity (convergence to periodic cycles, without eventually being periodic, is classified
in terms of hyperbolic components in [S2], as well as boundaries of hyperbolic
components, as in [S5, RS1]). Eventually periodic dynamics happens exactly for
postsingularly finite exponential maps, and the special case of eventually constant
convergence happens for those postsingularly finite exponential maps where the
singular orbit eventually falls onto a fixed point. Finally, convergence to oo leads
to parameter rays as described above and is classified in [FRS].

3. ITERATION IN TEICHMULER SPACE

In this section, we will describe the Teichmiiller space setup that allows us to
prove the Main Theorem 2.4. This is lifted almost verbatim from [DH]: for each
postsingularly finite topological exponential map g, we will define an analytic map
o4 : Ty — 14, where 7 is the Teichmiiller space modeled on a sphere with punctures
at P, (this is not to be confused with the Teichmiiller space modeled on a genus
g surface, which is often denoted similarly). A fixed point of o, corresponds to a
holomorphic exponential map which is Thurston equivalent to g.

We will see that oy is strictly contracting for the infinitesimal Teichmiiller metric,
i.e., that ||dog(7)| < 1 for every 7 € 7;. Since Teichmiiller space is path connected
and geodesically complete, it follows that if 04 has a fixed point 79, then this fixed
point is unique, and every point 7 € 7, is attracted to 7o under iteration of oy.

The problem is that the contraction of 04 is not uniform: there is no constant
k < 1 such that ||doy(7)|| < k, so the existence of a fixed point does not follow from
the Banach fixed point theorem. In fact, it is fairly easy to see that if g admits a
Levy cycle, then o, has no fixed point. The main issue in the proof of Theorem
2.4 is the converse: to show that if for some 7 € 7 the sequence o,*(7) does not
converge in 7, then g admits a Levy cycle.

In [DH], finiteness of the degree of a rational map made it possible to describe
a subset of Teichmiiller space, depending only on the initial point of the iteration,
such that the contraction on this subset is uniform, while the existence of a Thur-
ston obstruction follows as soon as the iteration leaves this subset. An important
ingredient in this argument is the following: let f: P! — P! be a postcritically
finite rational map of degree d with postcritical set Py of finite cardinality |Pyl|.
Let Py = f~1(Py) be the set of pre-postcritical points; then clearly |P;| < d| Py,
and this bound depends on d. At most |Py| non-homotopic annuli in C \ Py may
become homotopic in C\ Py. Thus if an annulus in C \ Py is very fat, at least one
of the annuli on C \ Py must have been fat too. If there is no bound on |Py|, then
very fat annuli in C \ P may arise without any fat annuli in C\ Pf. This destroys
the motor for the proof in [DH|. (The relevant parts in [DH] are Theorem 7.1,
which describes how moduli of annuli, or equivalently inverses of lengths of simple
geodesics, can increase when p punctures are removed, and Proposition 8.2, which
identifies the number of removed points as d™, where d is the degree and m is an
integer which also depends on d.)

Since this strategy fails for transcendental maps, and we need a different argu-
ment: if there is no fixed point in Teichmdiller space, the Thurston map o, cannot
be uniformly contracting; this leads to a sequence of integrable meromorphic qua-
dratic differentials with arbitrarily little loss of mass under the push-forward, and
our Limit Theorem 5.2 provides control on the mass distribution of the quadratic
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differentials. This will be used in Propositions 3.2 and 3.3 to conclude the existence
of a degenerate Levy cycle.
We will now make this program precise.

3.1. The Teichmiiler space of a topological exponential map. Let g: S? \
{00} — §%\ {00, 0} be a postsingularly finite topological exponential map with
singular orbit p; := ¢°U~Y(0) for j > 1. Let k' > 1 and k" > 1 be the preperiod
and period of the singular orbit so that pxs # prroxr but prri1 = Prrygrs1. Set
also k:= kK + k" and pg := oo.

Since g: §? \ {o0} — §?\ {o0,0} is a universal covering map, the group of
deck transformations is canonically isomorphic to Z; denote by t the generator
corresponding to a positively oriented simple loop around 0 in S? \ {oo,0}. Let
v € Z\ {0} be the unique integer such that t’py = prirr. Equivalently, let
v:[0,1] — S?\ {oc} be a path with v(0) = pjs and (1) = pgrys; then v is the
winding number of the closed curve g o v around 0.

Let (S2,Pg) be a topological 2-sphere with the k + 1 distinct points P, :=
{po.p1;- .. prr+k} marked. The Teichmiiller space T, of g (modeled on (S?, P,))
is the space of homeomorphisms ¢: §? — C with p(c0) = 0o, ¢(0) = 0 and
©(prr4rr) — p(prr) = 2miv, modulo the equivalence relation ¢ ~ ¢ if [p, = ¢'|p,
and ¢ and ¢’ are isotopic relative to P,. (The normalizations ¢(c0) = 0o, ¢(0) =0
and p(pr k) — @(pr) = 2miv allow us to avoid the usual quotient by conformal
equivalences in the definition of Teichmiiller space. Thus 7, is isomorphic to the
standard Teichmiiller space modeled on S? with k + 1 marked points.)

The next step is to construct a map o,: 7, — 7, as follows: for a homeo-
morphism ¢: S? — C with ¢(0) = 0 and ¢(c0) = oo, the map ¢ o g is a universal
cover S?\ {oo} — C*, which is analytic for a unique analytic structure on S?\ {oo},
and with this analytic structure S? \ {co} is isomorphic to C (note that there
is no universal covering from D to C*). Let ¢ : S \ {oo} — C be the unique
conformal isomorphism such that $(0) = 0 and @(pr/1x~) — @(prr) = 2miv; the first
requirement determines ¢ up to a multiplicative factor, and the second determines
the factor. If we set A = p(p2), we see that the diagram

2\ {oo} Ld C
g By
(2) S\ {0, 0} 4 c*

commutes: the map o go@~! is a holomorphic universal cover from C to C* and

sends 0 = p; to A = (p2), so it has the form Aexp(az) for some a € C*. By
construction, the points pg: and pg- differ by the v-th power of a generating deck
transformation, so the same must be true for ¢(pg/ 44 ) and @(pys) with G(prrx-)—
&(prr) = 2miv; thus translation by 27 is a generating deck transformation on the
right hand side. The orientation of the generator ¢ implies a = 1.

The homeomorphism ¢ extends to a homeomorphism @: S? — C with $(c0) =
00, since on both sides we have the one-point compactification. Therefore, @ rep-
resents a point in 7.

Since an isotopy of ¢ lifts to an isotopy of ¢, we see that the formula o4((¢)) :=
(¢), where (¢) denotes the point in Teichmiiller space represented by ¢, defines a
mapping o4: 7y — T5. We will often write o for o,.
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The crucial observation is the following:

Theorem 3.1 (Fixed points and exponential maps). A fixed point of o gives a
postsingularly finite holomorphic exponential map Ey which is Thurston equivalent
to g, and conversely any such holomorphic Ey defines a fized point of o in 7.

Proof. If (¢) and (@) = o({p)) are the same point in Teichmiiller space, then for
A = p(pa), the relation Ey o p = p o g from (2) gives a Thurston equivalence
between g and E). Conversely, if g = E) is holomorphic to begin with, then (id) is
a fixed point of 7. O

The case |P;| < 3 is immediate: it implies ¥ = k” =1, P; = {00,0,p2} and
g(p2) = p2, and in particular |Py| = 3. There is no essential simple closed curve in
C\ P, and hence no Levy cycle. On the other hand, we have ¢(ps) = (0) + 2miv =
2miv and any two admissible maps ¢, ¢: S? — C are isotopic to each other rel P,.
Thus Teichmiiller space consists of a single point which is fixed under ¢ and g is
equivalent to the exponential map z — Ae* with A = 2miv. We will from now on
suppose that k = k' + k" > 3, hence |Py| > 4.

3.2. The Teichmiiler metric and its dual. The Teichmiiller metric on Teich-
miiller space is given as follows: let 7,7" € 7, be represented by two homeomor-
phisms ¢, ¢’: S? — C so that ¢ := ¢’ o ¢! is quasiconformal. Then d(7,7’) =
inf log K, where 9 ranges over all quasiconformal homeomorphisms obtained from
representatives ¢ and ¢’ of 7 and 7', and K, > 1 is its maximal dilatation. Back-
ground on quasiconformal maps can be found in [A2, GL, H, IT, L]. We will need
the facts that 7, is complete for the Teichmiiller metric and that the Teichmiiller
metric is a Finsler metric: there is a norm, called the Teichmiiller norm, on each
tangent space 1,7, such that the distance between points 7,7’ is the infimum of
lengths of curves joining 7 to 7': if 7/ # 7, then this infimum is positive, and it is
realized as the length of a curve in 7, connecting 7 to 7’.

The cotangent space to Teichmiiller space is the space of integrable holomorphic
quadratic differentials endowed with the L'-norm |\¢||c = [; |¢(x + iy)| dz dy. The
infinitesimal metric inducing the Teichmiiller metric is the dual norm to the norm
on cotangent space.

For a finite set Z C C, let Q'(Z) be the finite-dimensional Banach space of inte-
grable meromorphic quadratic differentials on C with poles only on Z; integrability
implies that all poles are simple (note that for a Riemann surface X, the notation
Q'(X) is often used for integrable quadratic differentials on X, also in our Sec-
tion 4). We will make use of results from [DH] and [HS], which fit in with general
results in Teichmiiller theory as described in [A2, GL, H, IT, L].

The cotangent space to Teichmiiller space at the point () is canonically isomor-
phic to

T T, = QY (e(Py)) -
The L'-norm on Q' (¢(P,)) is dual to the infinitesimal Teichmiiller norm on Ty, 7.
For a quadratic differential ¢ on C, we denote its L'-norm on C (or equivalently on
C) by |l¢|lc- We use the words “mass” as a synonym for the norm of a quadratic
differential.

The assignment (p) — (¢(p1), ..., (pk)) defines a map 7, — CF; because of
the two normalization conditions, this turns 7, into a k — 2-dimensional complex
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manifold. The map o is analytic. The crucial fact is that the co-derivative of o at

(@) = o({¢)) is the linear map
dUZ‘@; T<*¢>’Z; — T<*¢>Tg given by dof@q = (Ex)«q ,

for ¢ € QY(@(P,)) with X := ¢(p2). Here, (E)).q denotes the push-forward of
q = q(2)dz? under the map E,, i.e.

z ’LU2 ’LU2
E). @) = 3 G- Y

ceB; (w) eB;H(w)
(3) = dw_uf q (log <%) + 27rim) .
mez

This defines a meromorphic quadratic differential on C* with norm [|(Ey).q||lc <
lgllc- Since the isolated singularities at 0 and oo have finite mass, they must be at
worst simple poles, so (E)).q is a meromorphic quadratic differential with all poles
simple, and these poles can only be at the E)-images of the poles of ¢, as well as
at 0 and co. Similar remarks apply to all push-forward maps induced by coverings.

For exponential maps Fy, as for all transcendental entire maps, we have

(Ex)«qllc < llgllc  for g # 0;

in case of equality, all preimages of a pole of (E)).q (other than 0 or co) must also
be poles of g, but ¢ can have only finitely many poles.
Since Q' (p(P,)) is finite dimensional, it follows that

* E)\ *q
Hdow)H = { sup M} <1.

se@i@Pno  llalle

By definition of the dual norm, we have Hdo<¢> H = Halazk@> H < 1.

This argument can be iterated: every 7y := (po) € 7, defines a sequence 7, :=
(pn) in Ty via Tp41 = 0(7y,). For every n > 0 and s > 1, we have

E®)Y,
@ fo =] sy Dl
0@ (enrr@o0 |l

where EF) = Ey, o---0Ey with Ay = @nip_s(p2).

The strategy of the proof of the main theorem is to show that the non-existence
of a fixed point in Teichmiiller space implies the existence of quadratic differentials
with almost no contraction under the push-forward, and this will give us good
enough control on the geometry to conclude that there is a Levy cycle. The key to
this will be Proposition 3.2, which will be proved in Section 6. Before stating it,
we will describe how to visualize certain quadratic differentials.

3.3. Examples of quadratic differentials. We have found the following con-
struction useful when trying to visualize elements of Q'(Z), especially quadratic
differentials which undergo little contraction under (E}y).. Let P C C be a compact
polygon with sides parallel to the real and imaginary axes, so the interior angles
are all 7/2 or 37/2. The double P of P, i.e., the surface obtained by gluing two
copies P’ and P” of P along their common boundary, is homeomorphic to a sphere
and carries a unique complex structure compatible with that of P C C on P’ and
compatible with the conjugate complex structure on P”. Moreover P carries a
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\ ZCTOCS
A a |

0

FIGURE 1. The quadratic differential corresponding to this poly-
gon has 11 simple poles and 7 simple zeroes. The polygon P is
composed of a “base rectangle” with three corners labeled 0, 1, oo,
with decorations attached at the end of two “tubes”. When P is
identified with P!, the boundary of P becomes the real axis. The
poles and zeroes, except for the four corners of the base rectangle,
are concentrated in two small disks centered at points on the seg-
ment [0,1]. As the tubes get longer (and perhaps thinner), more
and more of the mass may “migrate” out to the decorations.

quadratic differential ¢ which is simply dz? on P’ and dz? on P”. The quadratic
differential has simple poles at the vertices of P with angle w/2 and simple zeroes
at those with angle 37/2. The measure |g| is then simply the element of area, so
that ||¢|| 5 is equal to twice the area of P.

Since by the uniformization theorem P is isomorphic to P!, by simply drawing
P, we have completely specified an integrable meromorphic quadratic differential
on P! if we require three points of P to correspond to 0,1, 00. Of course, actually
writing it down might be difficult (already for a square the uniformization requires
elliptic functions), but it is usually quite easy to grasp the qualitative aspects of
q, and more particularly, it is easy to find the fat annuli in the complement of the
poles and estimate their moduli.

Figure 1 illustrates this construction. Note that the annulus A has large modulus;
since 0,1,00 are in the same component of P!\ A, it follows that the bounded
component of P!\ A has small diameter.

3.4. Proof of the Main Theorem 2.4. As mentioned above, the following result
will be a key ingredient in the proof of our main theorem. In the remainder of this
section, we will prove the main theorem using this result, and the rest of the paper
will then give a proof of Proposition 3.2.

Proposition 3.2 (Contraction after several iterations). For every number of poles
N, for every number of iterates m and for every modulus M > 0, there is a positive
ratio r < 1 with the following property: if q is an integrable meromorphic quadratic
differential with at most N poles on C and My, ..., A\ € C* so that

[(Ex,, 0 Ex,,_y 0w 0 Ex gl > rllgll
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then there exist two concentric disks D C D such that Ey

injective on D, the disk D contains at least two poles of q, and the annulus D\ D
has modulus at least M.

oFEy, ,o0---0FEy is

m

We will need some properties of the geometry of Riemann surfaces which are
collected in Subsection A.1. We will always use the hyperbolic metric on C\ ¢(P,)
with constant curvature —1.

A simple closed curve or an annulus in C \ ¢(P,) is called essential if both
complementary components contain at least two points in p(P,). We will call a
closed geodesic v “short” if it is a simple closed geodesic with length £(v) < £* :=
log(3 +2v/2) (a closed geodesic is necessarily essential). Then any two short closed
geodesics are either identical or disjoint and non-homotopic (see Corollary A.2).
Since |Py| = k + 1, it follows that the number of different short closed geodesics is
at most k — 2.

Proposition 3.3 (Contraction or Levy cycle). Let g be a postsingularly finite topo-
logical exponential map. Denote the preperiod of the singular orbit by k' and the
period by k", and set k := k" + k'. For every distance dy, there is a real number
r < 1 with the following property: if T € 1, satisfies

d(r,0(1)) < dy and |do® ()| > |
then g has a degenerate Levy cycle.

Proof. Let r < 1 be as in Proposition 3.2, applied to N =k + 1 and

M=k . okdo

=k .
For this r, assume that 7 € 7, satisfies the above conditions. Denote 75 := o*~%(7)
for s = 0,...,k. By the definition of o, one can choose representatives ¢ of

Ts so that Ey, o ps—1 = ps0g for s = k,...,1, where A\; = ps(p2). It follows
from (4) that the co-derivative of o°* at 7y corresponds to the push-forward by
E®) = E,, o---0 E),. Hence there is a ¢ € Q' (¢o(P,)) with [[(E®).q|| > r||q|.

By Proposition 3.2, there are two concentric disks D C D such that E(’“)|D is
injective, A := D\ D is a round annulus with mod(A) = M, and ¢ has at least two
poles (which are automatically in ¢o(P,)) in D.

The injective image E*)(A) is an annulus which surrounds at least two points
in E®(¢o(P, N C)) C ¢r(P,); it may contain some of the points ¢ (P,). Since
¢r(Py) NC contains exactly k points, there is a parallel round subannulus Ay C A
with mod(Ay) > M/k such that E*)(Ay) does not contain a point of ¢y (P,).
Define A; by A; = Ey_ (As—1) for s =1,...,k. Then for s =0,...,k — 1, the map
Ex, . |la,: As — Asqq is a conformal isomorphism, A, does not contain a point of
s(Py) and A, surrounds at least two points of 4(FP,). These A, are essential in
C\ ps(Py), since ps(prr) and @s(pr) = ps(prr) + 2miv cannot be surrounded at the
same time because of the injectivity of Ey ,, on the disk surrounded by A,.

Let 75 C S*\ P, be a simple closed curve such that ¢s(vs) is the core curve of As;.
By the construction, g maps 7, homeomorphically onto vsy1. Since d(7s,7s—1) =
d(c°"=9) (1), 0° =5tV (7)) < d(7,0(T)) < do, we have d(7s,70) < kdy. There exists
a quasiconformal map 95 : C — C isotopic to pgop; ! relative to s (P,) such that its
dilatation K (1) is at most e¥(™:70) < e*90_ Then (v, ) is homotopic to ¥ (s (7s))

and the annulus A, = ,(A,) has modulus at least %mod(/ls) > e kdo M = T



12 JOHN HUBBARD, DIERK SCHLEICHER, AND MITSUHIRO SHISHIKURA

(See Ahlfors [A1].) Therefore there is a closed geodesic 45 in C\ ¢o(P,) homotopic
to ©o(7s) (and to the core curve of A,) and its length satisfies

£(4s) < (length of core curve of A,) = — T <
mod(A;)
There can be at most k—2 distinct closed geodesics of length less than £*. Therefore
there are two indices s1 < s2 € {0,1,...,k—1} so that 45, and 4., coincide. Hence
corresponding 7s, and s, are homotopic in S? \ Py. Thus {7s,,...,7s,} is a Levy
cycle of g. It is automatically degenerate because the s bound disks on which g is
a homeomorphism. [l

Proof of Theorem 2.4. Let g: C — C* be a postsingularly finite topological expo-
nential map, and again let k be the length of the singular orbit. Choose a point
70 € 74 and run the Thurston iteration 7, := ¢°"(79). Let Cy: [0,1] — T, be
a curve in Teichmiiller space connecting 7y to 7, with finite length, say dy. Let
C,: [0,1] — 7, be the image curve with C,(t) := 0°"(Cy(t)), for n > 1. Then for
7/ = Cyp(t), we have

d(t',o(7")) (T, 1) + d(Tna1,0(1) < d(T', Ta1) + d(Tn, )

<
< d(Co(t), 1) + d(10,Co(t)) = do -

Suppose that g has no degenerate Levy cycle. Then Proposition 3.3 yields an
r < 1 such that for every n € N and every t € [0,1], ||do°*(C,(t))| < r. Hence
o°F contacts the length of C, by factor » and we have d(7,41,7,) < r(n=k)/kdq,.
Therefore (7,,) forms a Cauchy sequence which converges to a fixed point in 7; this
implies that ¢ is Thurston equivalent to a holomorphic exponential map.

The uniqueness statement in the theorem follows because no contracting map can
have more than one fixed point. It remains to show that ¢ cannot simultaneously
be Thurston equivalent to a holomorphic exponential map and have a Levy cycle.
This follows just as for rational maps; we give an argument different from [DH]:
since the existence of a Levy cycle is preserved under Thurston equivalences, it
suffices to show that a postsingularly finite holomorphic exponential map g cannot
have a Levy cycle. Let M be the maximal modulus of an essential annulus in C \ P,
and let v C C\ P, be a simple closed curve on a degenerate Levy cycle. Choose
a point (pg) € 7, in which there is an annulus with modulus 2M and with core
curve homotopic to pg(vy). Then every (¢,) = c°™({ypp)) must have an annulus
with modulus at least 2M in the homotopy class of +, and the Thurston iteration
cannot converge to the fixed point (id) € 7. O

Remark. A different way to show that no holomorphic exponential map has a Levy
cycle uses lengths of hyperbolic geodesics: let g be a holomorphic exponential map
with finite postsingular set P, and set ]59 = g’l(Pg) D P,. If a simple closed
curve «y is part of a Levy cycle, then we may as well represent v by the unique
closed hyperbolic geodesic in its homotopy class; let £(y) be its length in C\ P,.
Since g: (C\ P,) — C\ P, is a covering map, hence a local hyperbolic isometry,
g~ %(v) is a countable collection of simple closed curves in C \ ]59, each of length
{(y) (or g=1(7) is a single curve, homeomorphic to R; but then « cannot be part
of a Levy cycle). Since the inclusion ¢: (C\ P,) — (C\ P,) is a strict contraction
with respect to the hyperbolic metrics, it follows that all bounded components of
g1 (7) are closed curves of length less than ¢(v); for those which are essential, the
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FIGURE 2. For the exponential map z — Ae* with A\ =~ 1.449 +
1.008i, the singular orbit lands at a fixed point after three itera-
tions, and this fixed point is the landing point of the three dynamic
rays at external addresses 001, 010, and 100; these rays are per-
muted transitively by the dynamics. Consequently, the singular
value is the landing point of the three preperiodic dynamic rays at
external angles 001010, 001100, and 002001. If a topological expo-
nential map is modeled after this example, except that the three
dynamic rays are forced to land at three distinct fixed points, then
the single curve surrounding the three fixed points is mapped to
itself with degree one and forms a degenerate Levy cycle, hence a
particularly simple Thurston obstruction. In the Thurston itera-
tion, any annulus around this curve would acquire modulus tending
to infinity, squeezing the three fixed points into a single point.

corresponding simple closed geodesics are yet shorter. But if v were part of a Levy
cycle, then a finite repetition of this argument would yield a simple closed geodesic
of length less than ¢(7) in the same homotopy class as «, and this is a contradiction.

An example of a topological exponential map with a Thurston obstruction is
given in Figure 2. See also [HS, Sec. 5] for a discussion of Thurston obstructions of
polynomials which applies also in our case.

4. THE DECOMPOSITION THEOREM

In this section we will give a “thick-thin” decomposition of Riemann surfaces
of finite type with an integrable quadratic differential. This result is of interest in
its own right, and it may help to prove an analog of Thurston’s theorem for entire
functions other than exponentials.
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4.1. The thick-thin decomposition theorem for quadratic differentials.
Let X be a hyperbolic Riemann surface of finite type. If v C X is a simple closed
geodesic of length £(y) < ¢* := log(3 + 2v/2), then by the Collaring Theorem A.1,
7 is surrounded by an annulus A, of modulus at least 7/¢ — 1 (the standard collar
around <) so that v is the core curve of A,; moreover, for different simple closed
geodesics, the standard collars are disjoint.

The standard collar A, is isomorphic to the cylinder {z € C: |Imz| < h,}/Z
with circumference 1 and height 2h., by a conformal isomorphism which identifies
v with R/Z. Set hl, := hy — \/h,. We define the central collar AY C A, as the
subannulus which corresponds to the region {z: |Imz| < A/}, so that mod(AY) =
mod(A,) —/mod(A,). We will also denote by A$ the two components of A, \ AY;
in context we will need to be careful which is which.

Remark. The choice of the square root VA in this definition is not critical. It is
sufficient to require that for each short curve v, h, —h. is large, while 1, /h., is close
to one: this means that mod(A,f) (the “boundary padding”) is large in absolute
terms, but small compared to mod(A,). Under these assumptions, the estimate in
Theorem 4.1 below still holds.

For any § € (0,¢*), the §-decomposition of X consists of writing

x=J4auJy;,
where the 7; are the simple closed geodesics on X of length £(7;) < &, the A?
are the central collars around the 7;, and the Y are the connected components of
X\ UJ; A?. We denote the standard collars around 7; by A;.
For any Riemann surface X, we denote by Q! (X) the space of integrable holomor-
phic quadratic differentials on X. If Y C X is a measurable subset and ¢ € Q*(X),

we will write
lally = [ lal.
Y

The following theorem is the main result of this section.

Theorem 4.1 (Decomposition of quadratic differentials). For every e > 0, there
exists a universal constant dg > 0 with the following property: if X is a hyperbolic
Riemann surface of finite type and 0 < § < §g and if

x=JAuJy
iel jed
is the §-decomposition of X, then every q € Q1 (X) can be written as
q= Z qa; + Z qy;
iel jed

with all qa,,qy; € QY(X) and adapted to the decomposition of X so that

Z (||q —qa, X\Ag) + Z (Hq —qy; HYJ +|[|av; ||X\Yj) <cllallya, -
J

7

a0+ llga;

Remark. The value of §y depends only on ¢, not on the topology of X, so the result
might generalize to arbitrary hyperbolic Riemann surfaces.
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4.2. Quadratic differentials on annuli. Choose h > 1 and let A := {2z €
C:|Imz| < h}/Z. Then any element ¢ € Q'(A) can be developed in a Fourier

series
o0
q= < Z ane2ﬂ'inz) dZ2 )
n=—oo

Write

—1 o)

q+ _ ( Z aneQﬂ'inz> dzz, qO = ap dzz, ¢ = (Z aneQﬂ'inz> dz2 .
n=-—oo n=1

Note that ¢ is actually defined in the semi-infinite cylinder {z € C: Imz < h}/Z
and ¢~ is defined in {z € C: Imz > —h}/Z.

Proposition 4.2 (Decomposition of differentials on annuli). For h > 1, let A :=
{2z € C: |Imz| < h}/Z be an annulus of modulus 2h, let ¢ € Q' (A) be an integrable
quadratic differential and decompose it as ¢ = ¢° + q* + g~ as above. For every
e > 0, we have the following: suppose A;’,r and A, are parallel subannuli of A at the
two ends of A, both of modulus n > i log (2 + %), and A° C A is another parallel
subannulus of A with A°® C A\ (AT UA™) and mod(A°)/mod(A) > 1— Then
we have

_£&
142¢

Hq_qOHAO SEHQ”A7 ||qO‘A:7rUA77 SEHq”A’
Hq - quHAf,r <e Hq”A’ ||q+H{Im 2<h—n}/Z <e HqHA ’
||q - q7’ Ay S € Hq”Av ||q7||{1mz>—h+n}/Z S € HqHA 9
(5) HqHA\(A'U*'UA;UAU) <ellalla -

Proof. Let us consider
¢ = 27z (Z an€2‘n’i(nl)z> dz2 = e27rizf(z)d22 )
n=1

Set F(y) = fol |f(z + iy)|dx as in Proposition A.4. For a < f € RU {£o0}, let
B, :={z€C: a<Im(z) < 5}
If 3> a > —h, then

8 8
a5, , 12/@ </R/Z|q_($+iy)d$> dy:/a e P (y)dy.

Moreover, by Proposition A.4(b), the function F is decreasing, so we have

—h+n e2mh _ o2m(h—n)
la s, ., =FER) [h e ™dy = F(—h') - —
whereas
B N Comy , e2m(h—n)
ol P— F(h)/hMe ay=F(-)- "
and hence
lalpa: g s, . e2nthm | -

(6)

= < =€
Hq_HA; o Hq_”A; - 627Th — eQﬂ(h_n) 627”7 —1 1 +e
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The case of ¢t is similar, and the case of ¢° is easier: since gy = ag dz?, we have
(7) 1l a0 < 75 1%l a0 = &' [l -
The argument from here is just bookkeeping: we have
lall4 = llall az + llall a0 + llall o>
> (la*las = 14 MLy = lla [z
(I ao = la* I = Nl 140
(o s = lla* Iz = lll; )
> (lla*lag + 16l o + lla |-
=& ([la* [y + 114"l ao + a1 )
(8) = (1= (llg* L ag + l10°lpo + o[ )-

Now inequality (6) leads to

6/

— / — — .
la HB_HWO <e'q HA; ST =7 lalla =<ligll 4
the analogous inequality for ¢T is proved the same way, and the analogous formula
for ¢° follows in the same way from inequality (7). This proves half of Proposi-
tion 4.2.
The other half follows also: for instance, using (8),

A

la=alla0 < Nlallao +lla™ a0 < o™ llayaz + e llaaz

IN

!
& (a7 lla; +llalaz) < 7= llalla =< lall -

O

Corollary 4.3 (Little mass near end). For h > 1, again let A:={z € C: |Imz| <
h}/Z be an annulus of modulus 2h, let ¢ € Q*(A) be an integrable quadratic differ-
ential and let A# and A, be the two parallel subannuli at the two ends of modulus

n>0. Ifn > 5-log(2+ 1) and n/h < 55, then |lall 45 + llall o5 < € lall 4 implies

that there is a ¢ € C with
. 2
lo—ca2,
H(JHA

Proof. Using Proposition 4.2 and its notation, write ¢ = ¢t 4+ ¢~ + ¢° with ¢° =
ag dz? and estimate

a4 < lallag +lla* = all gz +1la g ar < lallag +E+2) llalls -

The estimate for ¢~ is the same. The claim follows. (I
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4.3. The component of a quadratic differential adapted to a short closed
geodesic. We now start to discuss an arbitrary hyperbolic Riemann surface X,
using ideas from McMullen [M3]. If v C X is a simple closed geodesic of length
£(7y), we denote by m: Xv — X the covering space in which there is a unique
simple closed geodesic 7, and ¥ projects under 7, to v by an isometry. We will
make the identification

~ ™
X, =<zeC: Imz<—}Z,
s ={recma < s by
so that 4 = R/Z. Then dz? € Q'(X,) with ||dz
differential

QHXW = 7/(7), and the quadratic

4y = (WW)*dZQ
is an element of Q' (X) with [|g,[y < 7y

Again let A, be the standard collar around v (compare Subsection A.1), and
set mod(A,) =: M, = 2h,,. As a covering map, m: )NCY — X is a local hyperbolic
isometry. Let A, be the component of (m,)'(A,) containing 7; hence

A, ={2€C:|Imz| < h,}/Z.

Set h/v = hy—+/hy, and as before decompoge the cylinder flw as flw = Aguﬁj U[L?
corresponding, respectively, to points z € A, with

[Imz| <hl,, Al <Imz<h,,and —hy<Imz<—h .

These project to annuli Ag, Afyr ;A7 in X by conformal isomorphisms; then A,Oy is
the central collar around 7. Let v and v~ be the components of the boundary 6 A.,
with v+ C 9AT, v~ C 9A7, and let 4+ and 5~ be the corresponding boundary
curves of A.,.

In the proposition below, we speak of ¢ € Q*(A,). In practice, such a differential
will be obtained by taking a differential in Q' (X), restricting it to A, and extending
it by 0 elsewhere. In particular, it will be quite discontinuous on the boundary of

A,

Proposition 4.4 (Decomposition of differentials on annuli in X). For every e > 0,
there exists § > 0 (independent of X ) such that if {(~) < &, then for any ¢ € Q' (A,),
there exist quadratic differentials qg, qjy‘ and g, subject to the following conditions:
@ eQ (X)), ¢t €Q'(X\"), ¢ €QYX\v7) ;

o g= qg +qf +q; on X (where we use the extension ¢ =0 on X \ A, );
the differential g — qjy‘ has an analytic extension to a neighborhood of v+,
and q — q;, has an analytic extension to a neighborhood of v~ ;

these differentials satisfy the inequalities

la=allag < ellalas Ml yap <elalla,
lo= s <ellallars Nt lons <<lala,

Proof. Use the restricted projection . : 1:17 — A, to define a pull-back quadratic
differential ¢ := m3¢q on A, and extend it by 0 to X, \ A,. We then have HqHA7 =

||(j||AW. Expand ¢ on fly into a Fourier series as in the beginning of Subsection 4.2,
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FIGURE 3. On the left we see X, identified with {z € C: |Im z| <
m/(20(y)}. On the right we see the Riemann surface X, together
with the various subannuli. The key issue is that only a tiny part
of )~(7, the little sliver at the top and the bottom, can project to
X \ A, (and part of the sliver also projects to A,). Thus the
quadratic differential dz2, corresponding to the element of area on
the left, has very little mass to spare for the remainder of X, or to
compensate for the mass of Ag.

and decompose ¢ =: §+ +¢°+§~ corresponding to the positive terms of the Fourier
series, the constant term agdz?, and the negative terms.

Recall that the series for ¢* converges if Im z < h, and that for ¢° it converges
if Imz > —h,; we extend them by 0 to {z: Imz > h,} and {z: Imz > —h,},
respectively, so that they give quadratic differentials on X,y holomorphic on the
complement of 5+ and 4~, respectively. The differential ¢° is holomorphic on X,
anyway, with ¢° € QI(X'W).

Since A, is a parallel subannulus of X, with mod(A,) > mod(X,) — 1, the
complement X’y \fl,y consists of two parallel subannuli £ and E—, each of modulus
at most 1 and so that ET is adjacent to fl;’ and E~ is adjacent to fl;.

Define quadratic differentials on X, as

Gt = (@ +@")|p+  and  Grog = (@7 +3°)| -

(the restrictions to E*, extended by zero elsewhere). This gives an exact equality
G+ Gt +Gest =07+ +¢ onallof X = EY UAUE~. We can thus write

G= (G — Grost) + @+ (@7 — Gt -
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While this is valid on X, the left hand side has its support on A; on the right hand
side, the first term is discontinuous only at 7, the last term is discontinuous only
at 4T, and the middle term is continuous everywhere.

Thus we can define

¢ = (), 0", q" = (1)@ —Ghe) and ¢ = (1)u(@ — Grest) -

This yields holomorphic quadratic differentials ¢° € Q'(X), ¢t € Q'(X \ v") and
¢~ € QY(X \ v7). Moreover, we have ¢* +¢° + ¢~ = g on all of X (where we have
extended ¢ by zero to X \ A,). The construction assures that ¢ — ¢* = @ +q
has a holomorphic extension to a neighborhood of v+ and ¢ — ¢~ = ¢° + ¢* has a
holomorphic extension to a neighborhood of v~.

Now subdivide A, = A,Jyr U Ag U A7 as above into disjoint parallel subannuli,

and similarly for flv. We will show that ¢—, ¢° and ¢* satisfy the inequalities as
claimed in the proposition.
On Aﬁ;, we have the decomposition

(a=aas = () (@-a")as)
= (M)« <q+|f(,y\,¢ify)
+ () (@ +3)ee)
because g|a, = (7y)«(g), the differential ¢ has its support in A, and m HAT)N
i = it.
Since the push-forward (). does not increase the L'-norm of quadratic differ-
entials, we have

(10)  fla=a e <lla—a"lla + 102 ar + 18050 + 10 045

Now suppose that § is sufficiently small so that £(v) < § implies

1 1
+y _
mod(AY) = /hy > o log (2 + 5/4)
and
Inod(A?Y) 1 g/4

it e £ S S (R
mod(A-) Ve ~ 1+4+2¢/4

Then we can apply Proposition 4.2 with an error term £/4, and (10) becomes
la—a*[las < 47 1dlz, =<lal
¢=q" | ar <47 ldla, =<llalla, -

Similarly, from the decompositions

‘IJF‘X\A;r
(- = (m). (@3

i
¢’lx\ay = (™). (q |X7\Ag)7

I
—
N

2
~—
*
/N
SN
+
><X
2
—
~— D
2+
N—
\
—
3
2
S~—
*
—~
—
L=}
[=)
+
=i
S~—"
&
+
S—
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we obtain
W < 0T as + 1805 g + 17N < 35 s, < <lalla,
lo=allag < 7=l + 100 <25 1lLa, < llalla -
ey ne < 12l 20 < 5 I, < elialla, -
The case of ¢~ is similar. g

4.4. The component of a quadratic differential adapted to the thick part.
Given a finite type hyperbolic Riemann surface X and a length ¢ € (0, £*), there is
a bounded finite number of simple closed geodesics 7; of length less than §. Each of
them has an associated standard collar A; with core curve 7; and a parallel central
collar AY C A;.

Now consider a quadratic differential ¢ € Q'(X) and a particular standard collar
A;. Applying Proposition 4.4 to the restriction ¢|4,, we associate to A; a quadra-
tic differential g4, = qgi € QY(X), so that for all i, we have the inequalities
la— qallao < (/4) llalls, and lga,ll a0 < (¢/4) alLs,. provided & is sufficiently

small depending only on . We also have two additional quadratic differentials qjﬁ

and ¢ which approximate ¢ near the two ends of A;.

This automatically defines the domains Y}, as the components of X \ |J; A?.
Every component Y contains one component of X \ |J; A; (the actual thick part)
plus finitely many adjacent annuli of diverging moduli (the “boundary padding”).
We still need to define the gy, associated to the thick parts Y; and show that they
satisfy the corresponding inequalities of Theorem 4.1.

For each Y}, consider its adjacent annuli 4, ,...,A; . To lighten notation, we
will write Y for Y; and denote the adjacent annuli by Ay,...,A,. These will be
oriented so that A; is on the same side of 7; as Y (suppose for now that no A; is
adjacent to Y on both ends). Write

i=1
and consider the (non-analytic) quadratic differential ¢|z obtained by restricting ¢

to Z and extending by 0 to X \ Z (see Figure 4).
We can now define gy to be

n
(11) qy Z(J|Z+Zq;§i .
i=1
In the case that an annulus A, is adjacent to Y on both ends, it will be counted

twice, and both differentials ¢, and qu are included in the sum for qy.

Proof of Theorem 4.1. We start by observing that gy is holomorphic on X: it
is by definition holomorphic on X \ |J~;", and by Proposition 4.4, g A qj{j is

holomorphic near y;.r for every j. Now in a neighborhood of 7;-“,

av = (alz +ala,) = (dla, — k) + > dh,
i

S0 qy is holomorphic in a neighborhood of fy;-r also.
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FIGURE 4. One thick piece Y with its adjacent annuli A4, ..., A,.
(Some annuli A; might be adjacent to Y at both ends.)

We claim that ¢ =)y gv + > 4 g4, where > - and >, run over the thick and
thin parts of the d-decomposition of X. Indeed,

g=> dlz+Y ala=D dz+Y (Ga+aa+ai) =Y av+D qa
Z A Z A Y A

because every A~ and every A7 is adjacent to exactly one component Y.
Now we start to establish the inequalities. We have

lg—avlly < |lak,
7

Z

and

lg = avllar <D llak,
i#]

la=avlly <3 lak [l a0 <€D Nl
i '3

where the summation is over the annuli A; adjacent to Y (counting an annulus
twice if both ends are adjacent to Y'). Similarly,

lavllx\y <D llak, x\ar < (/4 llalla, -

3

+
Aj

hence

A;

Combining this with the inequalities on ¢4, from the beginning of Subsection 4.4,
we obtain

Slla—avlly +D llavlixy + D lla—qallao + > laalxao <D llall4-
Y Y A A A
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The sum ), runs over all thick components, and together they count all annuli
exactly twice (once from each end); the sum ) , runs over all thin annuli. O

5. LIMITS OF QUADRATIC DIFFERENTIALS

In Theorem 4.1, we have described how a meromorphic integrable quadratic
differential on a Riemann surface of finite type can be decomposed according to
a decomposition of the Riemann surface into annuli around short simple closed
geodesics and the complementary components. In this section, we describe the
possible limit models when the lengths of the simple closed geodesics tend to zero.
This will be used in Section 6 to prove our key Proposition 3.2.

5.1. Limit models. We continue to investigate sequences of quadratic differentials
(such as those arising as cotangent vectors in the iteration procedure in Teichmiiller
space, especially when the contraction under the push-forward tends to zero). In
particular, we want to describe possible limits (for each of the components in the
thick-thin decomposition as described in Section 4) that can arise in such sequences:
we show that up to choosing a subsequence, we can describe simple models for the
limiting mass distribution of holomorphic quadratic differentials on the complex
plane. For our purposes it is sufficient to investigate quadratic differentials up to
automorphisms of their domain C, so we replace a sequence of quadratic differentials
¢n by arescaled version Mg, where the M,, are automorphisms of C. (The second
of our two possibilities involves holomorphic quadratic differentials on C*.)

Definition 5.1 (Limit model for quadratic differential). Let (¢, )nen be a sequence
of measurable quadratic differentials on C with 0 < ||g,[|c < oo for each n, such
that lim, o ||¢n || exists and is non-zero.

e If ¢ is a meromorphic quadratic differential with 0 < ||¢||c < oo, then we
say that (g,) has limit model q if there exist conformal automorphisms
M, (z) = apz + b, of C (with a,, b, € C) satisfying

nh_)néo My qn — QHC =0.
In this case, we call M, the scaling and a,, the scaling factor.
e We say that the sequence (q,) has limit model dz?/z? on annuli

A, ={2€C:r,<|z—by| < Rp,} (with0O<r, <R, and b, € C)

if there exist complex numbers ¢, # 0 such that R,,/r, — oo and the affine
maps M, (z) = z + b, satisfy

dz?

22

lim =

n—oo

C
In this case, we call r, and R,, the inner and outer radii of A,, and b, the
center of A,. (Note that r,, R, and b, are not unique.)

‘MZQn — Cnp

{rn<|z|<Rn}

In the first case, it is easy to see that ||gn||c — [l¢llc. In the second case, the
differential cni%z|{rn<‘z|< R,} 18 a finite-mass restriction of cni%z to the annulus
between radii r,, and R,,, so in particular the claim implies that

M50l 2y <ryuizl> Ry — 0 -

Note that the g, in this definition are not global meromorphic differentials on C
(unlike differentials g, used in Theorem 5.2): our quadratic differentials are not
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required to be continuous; they will be the restrictions of meromorphic quadratic
differentials to measurable subsets of C.

Figure 5 shows a sequence of quadratic differentials in which both kinds of limit
models occur.

100 X
. 1
1
3
4
ol !
B \
2 L
1/n
1
0 n /

A

FIGURE 5. The shaded figure is a polygon P, representing a se-
quence of quadratic differentials ¢, on C. The symbols 0, 1, oo
written inside P, indicate that the double P, should be normalized
so that the three labeled vertices go to 0, 1, and oo, respectively.
The numbers written around P, (and the 1/n written inside it)
are intended to be the actual Euclidean lengths of the sides, so
P, has area 13 + 1/n, and since g, is a quadratic differential on
the double P, of P,, we have ||g,|| = 26 + 2/n which does not
tend to 0 or co. The symbols 0, 1, co written inside indicate that
those points of the double of the polygon correspond to 0,1, c0 on
the Riemann sphere. Around it are the three limit models of the
thick parts. The actual limit of the quadratic differentials “is” the
model on the right, because 0, 1, 0o belong to distinct components
of the complement, or to the region itself. This convergence is
actually uniform on any compact subset of C omitting 0 and oc.
Small neighborhoods of these points need to be blown up to “see”
the other limit models. There is only one thin part contributing
a region to Theorem 5.2, the one labeled A. Although the part
labeled B is an annulus of modulus n, it carries mass 2/n which
disappears in the limit. The region labeled C' (shaded dark) is also
a large annulus, of modulus ~ (logn)/(27), and it also contributes
a definite share of the mass, since its area is ~ 7 and does not tend
to 0. But the quadratic differential in that region does not behave
like dz2/2? (it surrounds as many zeroes as poles of q).

Now we show that every sequence of integrable meromorphic quadratic differen-
tials with bounded numbers of poles and constant mass has a subsequence so that
the entire mass is recovered in finitely many limit models.
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Theorem 5.2 (Decomposition of mass). Let (gn) be a sequence of meromorphic
quadratic differentials on C with at most N poles and ||qn||c = 1 for all n. Then
there are a subsequence (also denoted (qy,)), a number I € N and disjoint regions

Vnm, ceey VTEZ] C C for each n with the following properties:

(a) for each j, the non-zero limit lim, . ||¢n exists in (0,1], while

Iy
nh_)rréo ”qn”@\uézl vl = 0;

(b) for each j = 1,2,...,1, the restriction gu|, has limit model qLZJ, where

either
(b1) q[ojo] is a meromorphic quadratic differential on C with at most N poles
and 0 < ‘qL{JHC < 1; in this case, for each pole ws of q([fo], there exists

a pole w,, for q, such that (M)~ (w,) — ws, where M, is the scaling
associated to qn; or
(b2) q[ojo] = dz—zj, and Vnm s contained in the annulus A, associated to q, in

Definition 5.1; moreover, the bounded component of C\ Vij] contains
at least two poles of qy,.

Proof. Let Z%(q,) be the set of poles of ¢,, and define Z(g,,) := Z°(g,) U {oo} and
X, = C\ Z(gn): each X,, is a Riemann surface on which we have a holomorphic
quadratic differential ¢,, € Q*(X,,), to which we will be able to apply Theorem 4.1.
By choosing subsequences repeatedly, we may assume:

e The number of poles of g, on C and on C is constant, so that all X,, have
the same topology. Moreover, the poles are labeled so that the cross-ratios
of all quadruples of distinct poles or of any triple of distinct poles and co
converge in the Riemann sphere as n — oco.

e There is an integer s, a length §* < log(3 + 2v/2) and a sequence 6, —
0 such that on every X, there are precisely s simple closed geodesics
’yg], e mlf] of length E(WE]) < 6%, and these lengths satisfy ﬂ(%[f]) < Op-

Let I:={1,...,s}. (To accomplish this, note first that by Corollary A.2,

the number of simple closed geodesics of length less than log(3 + \/5) is

bounded by N — 3; by restricting to a subsequence, we may assume that
all their lengths converge. Relabel so that 6(7,[11]) < E(%[LZ]) < ..., and let

s be the largest index with lim é(’y,[ls]) = 0. Then 6* is half the smallest
positive limit length, or 6* = 1 if all limit lengths are zero. Finally, let
8, = max{f(vi1), ... e(vEN})

e The components of X,,\J; %[f] can be labeled by a set J so that components
with a given label have the same boundary curves and contain the same
number of poles, independently of n.

Around each curve %[f] put the standard collar A%] and the central collar Br[f} C
A%] (compare Subsection 4.1; we write Bw instead of (A%])O), and let Y,gj] be the
components of

S
X, \ U Bl
i=1
By passing to a further subsequence, we may assume that the masses

o) = llanll g and el = flguly 10
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converge to bl and ¢Vl respectively. Note that Y7, bl + 7. clil = 1.

The decomposition of X,, into the components B,[f} and Yn[j] is related to the
standard thick-thin decomposition of X,, for the constant §*, but there are two
significant differences. First, the punctures are all in the thick part; by our con-
struction none of the poles are in the closure in C of the A%], much less in the
closure of the Blf]. Second, since the padding A%] \Bif] has been added to the thick
parts, but itself has modulus tending to infinity with n, the boundary curves of the
Y,Ej I have hyperbolic lengths tending to 0 with n.

In our limit n — oo, we have §, — 0 in our ¢,-decomposition of ¢, on X,.
Therefore, there exists a sequence &, — 0 such that §,, < dy(e,,), where dg(g) is as
in Theorem 4.1. We restrict to such n for which 9,, < §*. We will use Theorem 4.1
to decompose the quadratic differentials ¢, on X,, with error size ¢, as follows:

for each region By[li] C A%] and Yn[j }, we have a quadratic differential ¢ 4l € Ql((C)
or gy € Q'(C) which “represents” g, in its respective region Bg] or Yn[j], SO

that < 2, ||gn]lc — 0 and

nl gl — @410

’qn\yn[q] - qYJ'j]H(C < 2e,|lgnllc — 0.

Hence, as n — oo, we have — bl and L W Let vV, vl

‘qu c
be the collection of B,[f} with bl > 0 and YM with ¢/l > 0. For such regions
it suffices, in view of these estimates, to show that the Gyl and dy ) have limit
models. This will be done in Lemmas 5.3 and 5.4 below. (For the remaining regions
with bl = 0 or ¢! = 0, we could say that the limit model is zero.) It also follows
that lim, . ||qn =0.

4yl

levy_, v

5.2. Thin parts.

Lemma 5.3 (Limit model on thin parts). For every index i with blil > 0, q 10 has

limit model dz?/2%; moreover, B7[f] surrounds at least two poles of qy,.

Proof. The annulus B,[f] surrounds at least two poles of ¢, because its core curve
is essential by construction. Let w, be one of them; after an affine change of
coordinates, we may assume that w, = 0. Let A,, be the largest round annulus
centered at w,, with A, C AE], let /1% C A, be the smallest parallel subannulus
containing B,[f], and let A:[ and A:L be the outer and inner components of A, \
/12 (see Figure 6). The annuli exist and are non-empty by the Round Annuli
Lemma A.3, and there is a universal constant p* with

mod(Al) > mod(A,,) > mod(All) — u* ;

since the two components of Al \By[f] contain A} and A, we get

\/mod(Aw) > mod(A) > \/mod(AE]) —pf— 0.

mod(A¥)/mod(4,) — 0 .

In particular,
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FIGURE 6. Since the padding AB] \B,[f] is itself the union of two an-
nuli of large modulus (even though much smaller than the modulus

of Ag]), each contains a large round subannulus, of approximately
the same modulus; we may take these annuli AF to be centered

at the same point w,. By definition A,, is the smallest annulus
containing both, and A% = A, \ [J AF.

Since AX ¢ X, \ BY and A, > Bl, Theorem 4.1 implies that [ga, [l 51 —
bl > 0 and 194, |l pa — 0, so we have

lga,llz  laaullx g
laa.lla, = llaa.llge

—

Let hy, := mod(A,)/2, so that A, is conformally equivalent to
B, ={ze€C:|Im(z)| < hy}/7Z ;

conformal isomorphisms t,: B, — A, have the form ¢, (z) = an (exp(27iz))
with a,, € C. Define @, := 9)qa,. Then Corollary 4.3 applies to the restricted
differentials Qy |z ; since [|@Qnllg = llga, 4, — bl this yields

s, -t

. —0
By,
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for an appropriate sequence of numbers c,, € C. But since ()« (dz?) =—dz?/(272)?,
we obtain

—¢, dz? 0
qa, — sl —0.
(2m)? 22 |4,
Since |qa, [lcy 4, — 0, the claim follows. O

5.3. Thick parts. From now on, consider an index j describing thick regions Y# )

with el = lim,_, oo cm > 0.

Lemma 5.4 (lelt model on thick parts There s a lzmztmg integrable meromor-
(4]

H I and a sequence of Mébius

transforms M, (z) = anz + by, so that H qym q([)o]‘

—0.
vyl

n

1

Proof. Choose two poles w?, wl € C of ¢, with the same labels for all n, not

belonging to the same component of C\ ngj ], and not belonging to the unbounded
component of C\ vl (if any); it is perfectly acceptable to have w® and/or w} in

75 | Such poles exist: each component of C\ 75 ! contains two elements of C \ X,
(s

(or the boundary annuli of ¥,;”' would not be essential); each element is either a

pole of g, or the point co. If X, \?Lf} has at least three components, then let w!
and w! be two poles from two different bounded components. If X, \7[; ! has only

two components, then at least one of them is bounded, and additionally Y[j] must

contain one pole (or the two annuli in the boundary padding would be homotoplc)

If X, \ Y I has only one component, then Y[ 4

adjacent annulus B, [ would not be essential), and if X, \Y is empty, then Y
must contain at least three poles, at most one of which is at co.
Let M,, € Aut(C) be given by M, (2) = anz + by := (w), — wl)z + w?, so that

must contain two poles itself (or the
svatl

’I’l

M, (p) = wP for p = 0,1. By construction, all poles of ann converge in C; let
{wp = 0,w1 = 1,...,ws = oo} be the set of their limits, including co even if it is
not a limit of poles. Set XUl := C\ {wo,...,ws}.

We argue in two steps: first we show that Y, := M,jlYn[j] fills XVl as n — oo
(in the sense that every compact K C XU is contained in almost all Y;/). Then we

show that, after choosing a further subsequence, there is a q([)jo] € Q*(C) with the
required properties.

For the first step, recall that Y,P l'is surrounded by annuli with diverging moduli.
Let D,, be an open component of C\ Y., it contains at least two poles of M ¢, (or
one pole and o), and the positions of the poles converge in C. There is an annulus
C,, C Y, which separates D,, from all poles in Y,/ and all components of C\Y,, other
than D,, (this annulus is part of the boundary padding in Y}!), and mod(C,,) — oc.
By construction, C,, separates D,, from at least two of the three points 0, 1, co.
This implies that the spherical diameter of D,, tends to zero: for every four distinct
points ay,as, by, by € C, the modulus of annuli separating {a;,as} from {by,bo} is
bounded above

Since C\Y,! consists of a bounded number of open components, and each compo—
nent either converges to oo or has diameter tending to 0, it follows that Y, fills Xl
as claimed. Distinct sequences of poles in Y,/ or components of C \ Y,/ converge to
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distinct points in €\ XVl: otherwise there would be a short curve which separated
the poles of g, in a way the previously chosen short curves 7; never did.
Now for convergence of the ¢, := M}q,.1;1, which are meromorphic quadratic

differentials in Q*(M, *(Z(g,))). For one thing, there is no problem in choos-
ing a subsequence that converges algebraically in the following sense: if we write
Gn = g;‘—((zz))dﬁ with polynomials P, (z) and Q,,(2), after adjusting by multiplicative
constants and extracting a subsequence, we may suppose that P, and @, converge
to limit polynomials P, and (., so that at least one of them is not identically
0. Moreover we have Qo #Z 0; otherwise in a neighborhood of a point zy where
P (z0) # 0, the mass of ¢, must tend to oo, and this contradicts the fact that

lgn||c is uniformly bounded. Therefore ¢, — qg} = 5” (é)) dz? uniformly on com-

pact subsets of C\ X b, (At this point, we cannot exclude the possibility that
Po=0.)
(]

The differential ¢, cannot have a multiple pole: otherwise, there would be a

compact set near a multiple pole of qgo] in which the mass of qoo exceeded the

available mass of the §,. It follows that q[J I ¢ Q*(XV]) and the poles of qc[xj] are
the limit of poles of §,. (The same conclusion can be reached using the Cauchy
formula and the uniform bound on the L'-norm, together with the Arzela-Ascoli
theorem and Fatou’s lemma.)

It remains to show that the sequence §, converges in L'-norm, since this will
imply ‘

converges in C \ XU, it suffices to show the following:

Gn — QL@HC — 0 and Hqc@HC = ¢Ul. Since we had shown above that g,

Claim 5.5 (Small mass in small neighborhood). For every w € C\ XUl and & > 0,
there exists § > 0 such that ||gn | ;) < € for sufficiently large n, where Ns(w) is
the 0-neighborhood of w in the spherical metric.

IfweC\X Ul is the limit of simple poles of ¢, in Y, then the claim follows
from the following fact whose proof is left to the reader (it can be derived from
Proposition 4.2 via z — 2™%).

Claim 5.6 (Mass near simple pole). Suppose h(z) is a meromorphic function in
D = D;(0) with at most one simple pole in D;/,(0) and no poles in the annulus
D\ Dy /2(0). For every € > 0, there exists a 6 > 0 (depending only on ¢, not on h)
such that [|A]|p, <5||hHD1

The remaining case is when w € C\ X is the limit of components of C\ Y;.
Even though we already know that chnH@\Y—n, — 0 by Theorem 4.1, it is conceivable
that some or all of the mass of the ¢, could drift into the punctures (such as w)
that the complement of Y, becomes. While ||gy,lly, — cll > 0, the Y/ contain
annuli in the boundary padding with diverging mo&uli, and parts of these annuli
tend into the punctures. We need to know that almost all the mass of ¢, is not
near the punctures.

Given w as above, for each n, there exist a component D,, of C\ Y, and a pole
(or 00) wy, of §, within D,, such that D,, and w, tend to w. Let 4, be the closed
geodesic in M, 1(X,,) homotoplc to OD,,, and let A,, be its standard collar. Then

77[11] = M, (%) and Al = M, (A,) for some i. Let A1 be the boundary padding of
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A, attached to Y/, i.e. AT =Y/NA,. Forn>0,let Af ., be the parallel subannulus

of A+ of modulus 7, sharing the boundary with A4, (as in Proposition 4.2).

By Proposition 4.2 applied to ¢, on A, (or, more directly, applied to ¢} 4, that
appeared in Subsection 4.4), we obtain the following: given € > 0, there exists
1 > 0 such that an”fﬁ\fﬁ,n < § for sufficiently large n. Since ||(jn||@\Y7 < § for
large n, in order to prove Claim 5.5, it suffices to show that, with 7 fixed as above,
for some d > 0 and large n,

(12) Ns(w,) € (C\V7) U (AF\AL,).

Let C,, be the maximal round annulus within A4,, \ fltn with center w,,, and let
C!, be the maximal round annulus within M, 1(X,,) with center w,, and containing
C),. Then we have

mod(C,) > mod(A, \ /Aljn) —u* =mod(A,) —n—pu*

0
t(5m)
indeed, the first inequality is the Round Annuli Lemma A.3, the second is the
Collaring Theorem A.1, and finally mod(C}) < w/£(%,) is the fact that 4, has
shorter length in M, 1(X,,) than the core curve of C!, where the latter has length
m/mod(C},) in CJ,.

Now suppose that w # oo. Then the outer boundary of C/, must pass through a
point in C\ M, (X,,) which does not converge to w or oo; otherwise it contradicts
the choice of scaling M,, at the beginning of the proof. Therefore the outer radius
of C) converges to a positive finite limit /. By (13) and C,, C CJ,, the outer
radius of C,, must be at least r =’ exp(—27(1 4+ n + p*)). This implies (12) with
Ns(wy) = Dy (wy).

The same argument works for w = oo, by considering the inner radius of C,,

and thus Claim 5.5 has been proved for all cases. This concludes the proof of
Lemma 5.4. (]

(13) > —n—p* >mod(Cp) —1—n—p"

Now we can finish the proof of Theorem 5.2. For a thick region Y,P ! with bl > 0,
we have found a limiting quadratic differential qm € Q'(C) with Hq[ojo} H(C =l TIts

number of poles is bounded by N, and each pole is a limit of poles of Mg,
Moreover,

o)l )

+ quu

ko o gli]
C+HM y,15) QOJOH

qym C\Y[j] + an[J — 45

[4] H

— 0.
This shows that the restrictions of the ¢, to the Yn[j ! have limit model qc[,@.
As for an annulus Bw with bl7] > 0, by a similar estimate and Lemma 5.3, we
conclude that the restrictions of the g, to the annuli B} have limit model dz2/22.
Since the mass of ¢, on the remaining domains must tend to 0, this finishes the
proof of Theorem 5.2. O
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6. PUSH-FORWARD OF QUADRATIC DIFFERENTIALS

In this section, we finally conclude the proof of our main theorem, by proving
Proposition 3.2: if the Thurston map o from Subsection 3.1 has no fixed point,
then there exists a sequence of quadratic differentials with almost no contraction
under the push-forward under any finite number of exponential maps. Now that
we have established good control on the geometry of quadratic differentials, it will
be relatively easy to conclude that this implies the existence of a degenerate Levy
cycle.

We would like to point out that the results in this section are the only places in
this paper where we really need the precise properties of the exponential function.
These are the statements which need to be generalized in order for a generalization
of the main theorem to hold.

We call a sequence (g,) of measurable quadratic differentials exp-efficient if
”CXP* Qn”c =1

llgn|lc # 0 for all n and lim,, gl

Proposition 6.1 (Exp-efficient integrable push-forwards). Let g, be a sequence
of measurable quadratic differentials on C which has limit model q with associated
scalings My (2) = anz + by, where q is a meromorphic quadratic differential on C
with 0 < ||q|¢ < oc.

If the sequence (qy,) is exp-efficient, then the scaling factors a,, — 0, and (exp, qn)
also has limit model q with scaling z — M, (z) := an, exp(bn)z + exp(bp).

Remark. The scaling M, is chosen so that if a,, — 0, then

. anz _ 1
Sp(2) := (M)t oexpoM,(z) = SN as n — 0o
Qn

uniformly on compact sets on C.

Proof. No non-zero meromorphic integrable quadratic differential has absolutely
efficient push-forward under the exponential map (in the sense that |lexp, ¢l =
llgllc) because that would require that ¢(z + 27i) = ((2)q(z) where (§(z) is holo-
morphic and positive real-valued (see equation (3)); hence § is constant, and this
implies that ||g|| = oo. Therefore, there is an a € (0,1) depending on ¢ such that
llexp, qllc < o lgllc-

We first discuss the special case that ¢, has the limit model ¢ with trivial scalings,
i.e. My,(z) = z for all n. Then for every € > 0 we have ||g, —q||c < €]|¢||c for
sufficiently large n; hence ||q||c < ||gnllc /(1 — €). For such n we have

lexp, gnllc < llexp, qllc + llexp.(gn — D)l < allgllc + llan — dlle
a+e
< (ate)ldle < 7= llanllc -

If € > 0 is chosen small enough so that (a +¢)/(1 —¢) < 1, this implies that g,
cannot be exp-efficient, a contradiction.

Now consider the case of general scalings M, (z) = a,z + b,. It is clear that
the translations b,, have no effect on the efficiency under the push-forward, so we
may as well translate the differentials ¢, so that all b, = 0. If the sequence a,, is
bounded in C*, this leads to the same contradiction as before: for bounded scaling
factors a,,, there is a uniform contraction rate a < 1. If the sequence a,, — oo, then
we write a,, = 2F7af with k, € N and a sequence af, with 1 < |a}| < 2; define an
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auxiliary scaling Mf(z) := af 2z and set Q(z) := 2%
exp(2z) = Q(exp(z)) implies

lexp. (Mn)<a)llc = (@) exp, (M)q| ¢ < [lexp. (M)l

and this is at least as bad as before. Therefore, the sequence a,, can have neither
a bounded subsequence nor a subsequence tending to oo, so a,, — 0 as claimed.
Since b, = 0, it remains to show that (exp, ¢,) has limit model ¢ with scalings
Mn(z) =a,z+ 1.

Recall that S, = (]\Zn)*1 o expoM, converges to the identity uniformly on
compact sets of C. Since the push-forward by S,, cannot increase the L'-norm, we
have

Now the functional equation

| ()" (exp. 40) o M) 0 exp, o(My). o (M) (42) = |

=l

1(Sn)- (M) = allc
(S1)
(

(
< H Sn)«(Myqn) — (Sn)*qnc + ”(Sn)*q - CIH(C
< [(Mn)"gn — dlle + 1[(Sn)va —dallc -

Given ¢ > 0, it follows from Claim 5.6 that there exists a neighborhood W of
Z(q) U {0,00} such that for sufficiently large n, we have ||(Sy).q|ly < €/3 and
llglly < €/3. Here uniformity with respect to n follows from uniformity in Claim 5.6
and the convergence of poles of (Sy,)«q to Z(¢q) U{0,00}. Since S,, — id uniformly
in C\ W as n — oo, we have [|(Sy,).q — qlle\w < /3 for sufficiently large n. Thus
we have

1(5n)«q = glic < [1(Sn)«q = dlleyw + [1(Sn)dlly + llally <<

This implies H(]\an)*(exp* an) — anc — 0 as claimed. O

Proposition 6.2 (Exp-efficient annular push-forwards). Let g, be a sequence of
measurable quadratic differentials on C. Suppose that the sequence q, has the limit
model dz% /2% on annuli A, = {z € C: r,, < |z — 2,| < Rp}.

If the sequence (qy) is exp-efficient, then there is a sequence R, € (ry, Ry,) with
Ry — 0 such that

—1

lgnllas / llnl

where AX :={z€ C:r, <|z—z,| < R:}.

Moreover, the quadratic differentials exp, g, also have the limit model dz*/z* on
annuli {z € C: rl, < |z — z],| < R}, where z], = exp(zy), 7, = |exp(zn)|rn and
Ry, = [exp(z,)| Ry,

An

Proof. The general idea of the proof is similar to Proposition 6.1; the main difference
lies in the fact that there is no integrable limit model for our quadratic differentials,
and this requires a preparatory argument. We will use the notation A(r, R) := {z €
C: r < |z| < R} for the centered annulus between radii r < R. Let ¢ := d2?/2% on

As a toy example, consider the annulus A := A(w,27) and the restricted dif-
ferential ¢|4. Then there is a constant o < 1 such that |lexp, (q|a)lc < allglallc,
simply because the contributions near the points 1 — iw and 1+ im are not aligned.
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Similarly as in Proposition 6.1, the functional equation exp(2z) = (exp(z))?
implies that for any r > 7 and any integer ¢ > 0, we have

Hexp* (Q|A(21r,21+1r)) HC < ||6Xp* (q|A(r,2r)) HC

14
4 ldaerznle ~  Tdacan]e

But this yields for any » > 7 and any integer k > 1

Hexp*(Q|A(r,2kr)>HC < HeXp*(q|A(r,2r)>HC
lalagaenlle = lldlaganlc

because on every subannulus A(2%r, 2:71r), the relative loss of mass is at least the
same as on A(r,2r), and the interference between these various subannuli can only
increase the amount of cancellation. This implies that there is a universal constant
o’ < 1 such that for every pair of radii R,r with 7 <r < R/2, we have

HeXP*(Q|A(r,R))HC

<a .
lalaemllc

Now suppose that ¢, is an exp-efficient sequence of measurable quadratic differ-
entials, and suppose there are annuli 4,, = {z € C: r,, < |z — 2z,| < R,} as in the
claim of the proposition such that g, has limit model dz? on A,. Since nothing
changes under translations, we may as well assume that all z,, = 0.

Write A, :={z € Ap: |z — 2z, <7} and A” :={z € A,: |z — z,| > 7}. Under
the push-forward, a definite fraction of the mass on A! cancels, so if the sequence
Gn on the annuli A,, is exp-efficient, then ||(Jn||A;; /lanll 4, — 0.

Now fix any small R* € (0,7) and restrict to n with r, < R*. Then the
annulus A(R*, 7) has modulus 5= log(m/R*). Since the mass of d2? /22 on concentric
subannuli of A,, is proportional to the moduli of these subannuli and mod(4,,) —
00, it follows that ||CInHA(R*,7r) — 0 as n — co. Combining this, it follows that

||Qn||A(r,,“R*)
”anAn

The rest of the argument is analogous to Proposition 6.1, using the scalings M,,(z) =
an? + by, with a, = R},. O

Lemma 6.3 (Sequence of exp-efficient push-forwards). Suppose that ¢, is a se-
quence of measurable quadratic differentials with 0 < ||qn||c < oo for all n such
that

(B © B2 © 0 Bxn) ool

||qn||C
where An; € C* are arbitrary. Let V,, C C be domains such that ||gully, / llgnllc >
a > 0 for some fired o > 0 and all n. Then for every s = 0,1,...,m — 1, the
sequence of quadratic differentials

(E)\n,s © EAn,s—l 0---0 E)\n,l)*(qnh/n)

— 1

)

is exp-efficient.
Proof. Set G, 1= gn|v,. We obviously have
0

IN

gnlle = [|(Bx, . © Bx oy © -0 Ex, )wlinl|
lanllc = |(Bx, e © Bxpey 020 Exy ) sl

IN
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because all the cancellation which occurs for ¢, also occurs for ¢,. But this implies

H‘jnHC - H(Ekn,m © E)\n,m,l ©---0 E)m,l)*‘jn C
anHC - ’|(E>‘n,nz © E>\n,nz—1 ©---0 EAn,l)*an(c
o ”(JnHC

<

—0;
hence
|(Ex, . 0 Bxy s 00 B,y )ulin

anH(C
Since all push-forwards are weakly contracting, we have

|(C_>1.

”(jn”(c Z H(E)\nl)*qAnH(C Z e Z H(E)\n,m o E)\n,mfl -0 EAnJ)*dYLH(C 5
and this implies for every s < m
H An,s+1 An,s o"'oEAn,l)*(jnHC
(E)\n,b\ "'OE)\HJ)*@LH(C
as claimed. O

Proof of Proposition 3.2. Suppose that the statement is false. Then there exist
N,m, M such that for all r < 1, there exists E™ =: E\ o-..-0 FE), and a
quadratic differential ¢ with at most IV poles such that H E(m) qHC > r|g|c and

for every nested pair of disks D C D such that D is an essential annulus in the
complement of the poles of ¢ and with mod(D \ D) > M, the map E(™) is not
injective on D.

Thus choose N, m, M, a sequence r,, tending to 1, a sequence

E(™ = E, 0B, ,
and a corresponding sequence of quadratic differentials ¢,, such that

H(Eﬁzm))*%

n,m

Lz lanllc

If we can show that there exists a subsequence for which there are disks Dn c D,
which are essential in the complement of the poles of ¢, with mod(D,, \ Dn) > M
and Eﬁm) injective on D,,, we will have derived the contradiction needed to prove
Proposition 3.2.

Extract a subsequence as in Theorem 5.2 (and omit double indices for simplicity
of notation). Pick an index j and a sequence of regions V,gj )
limit model gq.

such that ¢, has a

v

Define
¢ = q, and ¢ = (EAM)*(Q,(L’;U) fori=1,2,...,m
Similarly, set
GO = = ulyu) and W = (B, s (gG=1) fori=1,2,...,m
By Lemma 6.3, the sequences q( ). 7(17(:” U are also exp-efficient. We will discuss

the two cases of Theorem 5.2 Separately.
Case (b1l): The limit model ¢ of q,(P) is an integrable meromorphic quadratic
differential on C. In this case, there exist scalings My(LO)(z) = a2 + b with

a%o) — 0 as n — oco. We will determine the scalings M,(f) for (jr(f) inductively.
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0
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1
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q| Dr .E}"n,Z

(2)s,, On.
@, ")

€+5,g”l~1 )

FIGURE 7. The quadratic differentials (Ey(ls))*qn look more and
more like ¢ in M,@(DR(O)). Since A tends to 0, these regions
become smaller and smaller (much more drastically than suggested
by the picture) and correspondingly are surrounded by bigger and
bigger annuli containing no poles.

Suppose that, for ¢ € {0,1,...,m — 1}, the differentials (j,(f) have limit model
q with scalings Mff)(z) = ag)z + bgf).
thereafter, asf ) 0, and exp, qﬁf’ has limit model ¢ with scalings ]\;[,(LZ)

Let Mr(fﬂ)(z) = )\miHM,(Li)(z). Then cjgﬂ) has limit model ¢ with scalings
MY because (M,Siﬂ))*(j,(f“) = (Méi))*(exp* (j,(li)). We also have

S i (M) 0 By, M = (VL) o expo) — id
uniformly on compact sets in C. Hence for any R > 0, the composition Ey, . o
Anm_1 O -0 Ey, , is injective on D,, := ,(LO)(DR(O)).

Choose R so that Dy, (0) contains all poles of ¢ in C (there must be at least
three of them). Then D,, := M,(LO)(DR(O)) must contain at least two poles of ¢,
for large n; in fact, the poles of the limit model ¢ in C are the limits of poles of
(M,,)*qn by Theorem 5.2. Taking R := Re*M and large n, the conclusion follows.

Then by Proposition 6.1 and the remark

nyit1



Case (b2): The limit model is ¢ = dz?/2%. In this case, we can also intro-
duce the scaling M{” (z) = a2 + b so that we can compare (M.))*¢\” with
Cn(d22/22)|{7«n<\z\<1}~ It follows from Proposition 6.2 that, by successively cutting

EXPONENTIAL THURSTON MAPS

out the outer radii of the annuli, we can achieve the following for ¢ = 0,1,...,n:
' ' dz?
MOV O _ o 22 0
H( n ) qn Cn 2:2 {rn<‘zl<1} C -
with a) — 0 and 4 '
(Mo By, L, o MY —id

uniformly on compacts in C. The rest is similar to Case (b1).

e O

0

j Dg_1(0)
01

dn

In this appendix we review some important facts about Riemann surfaces and

(

FIGURE 8. The polygon labeled ¢, represents a quadratic differen-
tial on C. Note that the small rectangle at the lower left is most of
C, since it contains 0, 1 and oo, and it is separated from the remain-
der by an annulus with large modulus. But most of the mass of ¢,
is elsewhere; in particular, much of the mass is in the shaded thick
part Vn[J ], which, if we imagine squeezing the two necks as n — oo,
will tend to the copy of the Riemann sphere labeled g, with the
corresponding quadratic differential (with five poles and one zero).
Note that the position of co on that copy of C is imposed, but the
position of 0 is arbitrary; the plane carrying g is only defined up to
affine transformations. The shaded part of that plane is supposed
to represent a disk around the chosen 0 containing all the poles of
q except co. The affine map M,, pushes ¢ forward to a quadratic
differential which closely approximates ¢, in D! and has very little
mass elsewhere.

APPENDIX A. SOME GENERAL RESULTS ON RIEMANN SURFACES

quadratic differentials.
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—y <12

N Y
) I(y) Y

M

— ¢ <1/2
N—

FIGURE 9. Left: It is often convenient to use the band model of the
hyperbolic plane; this is the region |Im z| < 7/2, with the metric
|dz|/ cos y; on the real axis, the Euclidean metric coincides with the
hyperbolic metric. On the left we have drawn the configuration
defining n(¢). Right: If you divide out by translation by ¢ and
rescale the resulting Euclidean cylinder so that the circumference
is 1, then the (Euclidean) heights are as indicated. Note that when
¢ becomes small, so that i becomes large, the part of the cylinder
not in the standard collar becomes negligible.

A.1. Collars on hyperbolic Riemann surfaces. We will consider Riemann sur-
faces which have a hyperbolic metric of constant negative curvature. We will always
normalize the metric so that the curvature is —1 everywhere.

The Collaring Theorem A.1 says that every sufficiently short simply closed ge-
odesic is surrounded by an annulus of definite modulus. We make this precise as
follows.

Let n : RT™ — R be the collaring function which is defined as follows (compare
Figure 9): in a simply connected hyperbolic Riemann surface, let L be a hyperbolic
geodesic and let I C L be a segment of length £. Draw perpendiculars to L through
the endpoints of I, both on the same side of L, and extend them until they meet
the circle at infinity. Join these points at infinity by a line M. Then n(¢) is the
distance between L and M.

Theorem A.1 (The collaring theorem and standard collars). Let X be a hyperbolic
Riemann surface. For every simple closed geodesic v on X of length £(y) < £* :=
log(3 4 2v/2), the set of points at distance less than n(£(Y)) from =y is an embedded
annulus A, (called the standard collar around v) whose modulus M., satisfies

™ i
— 1< M, < —.
{(v) T ()
For the hyperbolic metric of the annulus A, the curve vy is the unique simple closed
geodesic (the core curve of A, ).
Moreover, if v1 and 2 are disjoint simple closed geodesics, then the standard
collars A, and A, are disjoint.
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It will be convenient to write M, = 2h., (h for “height”) so that A, is isomorphic
to the standard cylinder of circumference 1 and height h.:

A, ~{ze€C: |Imz| < hy}/Z .

Note that if £(7) is small (the only case of interest to us), the estimate of Theo-
rem A.1 on M, is extremely precise (it is also the best possible).

We also need the central collar B, around ~: this is the unique parallel suban-
nulus of A, of modulus M, — /2M,, with core curve .

Corollary A.2 (Short geodesics disjoint). (a) If two simple closed curves v, and
vo on X satisfy £(y2) < 2n(€(y1)), then they are disjoint or they coincide.

(b) If two simple closed geodesics v1 and v2 both have length less than log(3 +
2V/2), then they are disjoint or they coincide. In particular, on a Riemann surface
of genus g with N punctures, there are at most 3g — 3 + N such curves.

Proofs for these results can be found in [DH, Section 6]!.

The Collaring Theorem A.1 guarantees large annuli around short curves on hy-
perbolic Riemann surfaces X. When X is a subset of C, we can do better: a
short curve on such an X is surrounded by a large round annulus; this is an
annulus whose two boundaries are concentric Euclidean circles. We say that a
round annulus A C C is centered at a € C if there are radii R > r > 0 so that
A={z€eC:r<|z—a| < R}.

Lemma A.3 (Round annuli). There are universal constants p*, /** > 0 with the
following property: if A C C is an annulus with modulus p > p** and a is a point
in the bounded component of C\ A, then there is a round annulus B C A centered

*

around a and with modulus mod(B) > mod(A) — u*.

For a proof, see [M2, Theorem 2.1].

A.2. Mass per modulus is convex. If ¢ is a quadratic differential on an annulus
{z € C: a <Im(z) < b}/Z, we define mass per modulus as the function F': (a,b) —
Ry with F(y) := fR/Z | f(z + iy)| dz. We will need the following elementary result,
reminiscent of Jensen’s formula.

Proposition A.4 (Mass per modulus on annulus). (a) Let
f(Z) _ Z ane%rinz

and let the band {z € C: A < Imz < B} be the mazimal open set on which the

! Douady and Hubbard [DH] use the hyperbolic metric with constant curvature —4, so their
value £* is half as large.
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ap

-+ P A

FIGURE 10. Left: The graph of 7,. It is normalized to have in-
tegral 1, and as p — 0, it is a good approximation to the Dirac
d-measure. Right: A convex function with a limit at infinity is
decreasing.

series converges. Then the function
Fo) = [ 15+ i)l do
R/Z

is convex on (A, B).

(b) If a,, = 0 forn < 0, then B = o0, limy_.o F(y) = ag, and F(y) is decreasing
on (A, 00).

Similarly, if an, =0 for n > 0, we have A = —oo, limy,_,_ F(y) = ap and F is
increasing on (—oo, B).

Proof. We will require the following characterization of convexity. Define the func-

tion
o= { FHVFE <
o~

0 if || > p.

An easy computation (or an easier argument using symmetry) shows that if
h(xz) = axz + b is a linear function, then h(x) = (h*n,)(x). O

Lemma A.5 (Convexity on interval). Let I C R be an open interval and let f :
I — R be continuous. Then f is convex if and only if f(x) < (f *n,)(z) for all
sufficiently small p.

Proof. The direction = is clear. For the converse, note first that a function is
convex if for all a, b the function g(x) = f(z) + ax + b has no local strict maximum.
This is true in our case: at a strict local maximum = we would have

g(@) > (g n,)(x) = (f ¥ np)(2) + ax +b > f(z) + ax + b= g(x)

for sufficiently small p, a contradiction. (]

Proof of Proposition A.4. Choose y € (4, B) and p > 0 such that (y — p,y + p) C
(A, B). Let D, C C be the disk of radius p centered at z. Then by the mean-value
property of analytic functions we have

flz) = WLPQ/D flu+dv) dudv.
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Thus

F(y)=/R/Z|f(x+z'y)|dm=// L/D f(u+ iv) dudv| dz

2
R/Z | TP iy

Pl EVew?
S/ / —2/ |f(u+i(y +2"))|du | dv' dx
R/ZJ—p \TP" Ja—y/p2—y?

2 o ; / 2 — (v")2dx dv' = *
(15) =7T—p2/_p/R/Z|f(x+Z(y+v))lx/p (W dx dvf = (F*n,)(y).

This proves part (a). For part (b), in the case where a,, = 0 for n < 0, the
function x — f(z + iy) converges uniformly to the constant function ag as y — oo.
Figure 10, right, illustrates what a convex function on (A4, oo) with a finite limit at
oo must look like. The other case works the same way. O
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