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The Bott-Duffin

synthesis
J.Applied Physics,Vol. 210, No. 8, 1949

The Bott-Duffin synthesis answers a basic question

in electrical engineering:
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Bott on electrical
circuits and differential
geometry

Bott: No, because the actual work is just the
same. When I worked with Duffin, it was mathe-
matical thought; only the concepts were different.
But the actual finding of something new seems to
me the same. And you see, the algebraic aspects

of network theory were an ideal introduction to dif-
ferential geometry and the de Rham theory and to
what Hermann Weyl was studying at the time, that
is, harmonic theory. In effect, networks are a dis-
crete version of harmonic theory. So when I came




A passive |-port is a box containing

resistors, capacitors and inductors

(passive circuit elements),
with two wires sticking out (a port).

Such a circuit has an impedance Z(s),
defined as follows:
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Equivalently, if you impose the voltage
V(t) = e the resulting current is

I(t) =Y (s)e*.

The function Y (s) = ﬁ is called the

admittance of the 1-port.
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Equivalently, if you impose the voltage
V(t) = e* the resulting current is

I(t) =Y (s)e*.

The function Y (s) = ﬁ is called the

admittance of the 1-port.
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Ending the synthesis

Suppose that Z(jw) = Ljw for some L > 0.







One basic result of circuit theory is




One basic result of circuit theory is

The function Z(s) is a PRF

(positive real function), i.e.

1t 1s a rational function with real coeflicients
mapping the right half plane
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One basic result of circuit theory is

The function Z(s) is a PRF

(positive real function), i.e.

1t 1s a rational function with real coeflicients
mapping the right half plane
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One basic result of circuit theory is

The function Z(s) is a PRF

(positive real function), i.e.

1t 1s a rational function with real coeflicients
mapping the right half plane
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An electrical engineer




An electrical engineer

|) Figures out the function g(jw) that he wants
his circuit to have
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An electrical engineer

|) Figures out the function g(jw) that he wants
his circuit to have

2) Finds a PRF f(s) such that f(jw) approximates g(jw)

In this phase, the engineer is going to have to compromise.
He will only be able to approximate the real part (or the
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An electrical engineer

|) Figures out the function g(jw) that he wants
his circuit to have

2) Finds a PRF f(s) such that f(jw) approximates g(jw)
In this phase, the engineer is going to have to compromise.

He will only be able to approximate the real part (or the
imaginary part, or the modulus) of g _
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An electrical engineer

|) Figures out the function g(jw) that he wants
his circuit to have

2) Finds a PRF f(s) such that f(jw) approximates g(jw)
In this phase, the engineer is going to have to compromise.

He will only be able to approximate the real part (or the
|mag|nary part, or the modulus) of g
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| will assume my audience has forgotten
any circuit theory they ever knew




Some basics

An electrical circuit is a graph, with each edge oriented,
and each edge carrying a circuit element:

Symbol Equation Units

® A resistor m v = Ri Ohms
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To each edge e is associated a current 7. and
a voltage drop v, (the sign of both depends
on the orientation of e).

These are subject to Kirchhofl’s current
law:
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Let E be the set of edges, and let Z C R”
be the space of currents allowed by the
Kirchhoff current law, and ¥V C R* be the

space of voltage drops allowed by the
Kichhoftf voltage law.




Proof. They are respectively the kernel of
A and the image of A", where
incidence matrix:




Using Kirchhoff’s laws and Ohm’s law for each resistor,
we can eliminate many of the ve and e

Under quite general circumstances,

—no loops ot capacitors
—the inductors do not disconnect the circuit

the remaining variables from which all
y are the

. » <
L T At ey L. f R

A e g e A T SR Ll P R e e

'0 o ¥ J <\ "oy \ by .‘.\} Sy A g b 4 A s Salen s f“_‘

others can be deduced algebraicall

)
R e i e i a e b . Ty o L S N i, Ry b o L o y L Bu ol A 8 N R PP el ot ] AP
- S BT 1y e fow, 2 i ATTRT R s ot o NS, Sio e 2 - ie R L L = A . o e e e wiry
IR S e D " SR e T T NI S B R e e AP Ao 2 '\' L RS i -‘,' el LR St a"‘f S A AT DD 3 . o g & 2 RS Do
- At i 2 a3 i A e R . artadiid, e For TS vl ik B Sl S A S AR e AR A LR S ol T SRR i e o ST SR s ad PR AN AN e
> S R A A by pking B i SRR LR BB B M R B s e e A e e A e b S R S S A L S R R A ) N g AR 1 b PR £ 4_-'4.’.7"’ RN i LA R R T B L i A LS R R b el




Suppose that a |-port is normal, and

form a vector x(t) whose entries are these
variables.

The time evolution of the circuit is
described by an inhomogeneous linear
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The eigenvalues of the matrix A are nonnegative

Differentiate the positive definite Hermitian
form

inductors capautors

Z Lalil e Z Coluy|*.







This certainly proves that the eigenvalues of A are
nonpositive, and further that the purely imaginary
eigenvalues are simple.

it also implies that if a |-port is driven by a current
i(t) = e with Re s>0,

then the system of dlfferentlal equatlons

Pt gl uRe i T, Wi Lasl S B QR s L
B Ak AN B ‘c"“‘wu_h- At U TR IS YRS
£ TR & N et A0 e 'o J S i e e R o B RS Y AR ) D G
-' - :'.,v ‘.;\lk" < l“_.\l f-'f, l:"c 'i: -.\':-:," .-:f‘ ;"i":. n ﬁ‘ '-"-‘," - ".“ o A “A‘ \L"‘\'«‘.‘: S RS A s 2 Nt I




Proving the first half of the fundamental theorem
of circuit theory

Z(s) is a PRF




Using undetermined coetficients, we can find
the solution of the differential equation
describing the circuit with ig = e as

— —Z(s)e”
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Insert into

—1aVGq = AUy + E LUy + E 1,Up
A o p
)
to get

Cancel the common factor |e%




Proving the second half of the fundamental theorem
of circuit theory

Every PRF is the
impedance of some |-




Series and Parallel

If two |-ports are connected in series
their impedances add

Z(s) = Za(s) + Zp(s)

If two |-ports are connected in parallel
their admittances add

Y(s) = Ya(s) + Yg(s)
T RERIOE
Z(s)  Za(s) Zs(s)




Conditions on PRF’s

(1) a) iIlfReS>() RGZ(S) = R>0
b) iIlfReS>() RGY(S) — 1/R > ()

(2) a) The function Z(s) has a pole on
the imaginary axis or at oo

Ny

y e L B ‘u i . P . P A 4 % vRos A\ e % A ) LN ¢ e T p ~ A "2 . o . oy Ne
N AT Nep it RS e Lisli sl s m S w &' SV d Sr - e T S L A R o i 3 WA Vi e o A B PA S e R s e L YOG PR R T BRI T H4EA Ha VAL U~ PN -, ot 1ve) -
¥ oty 1R R AT S PR | & b e g % R 2 240 -l g AP 2 TN P AT - o P LN AT L J Lk P 4N A o P vr s A Pl
L A s - ! _.31J,.,> By ™ '{n \_%&.)‘-.31. b ey ‘\' W;", P T S "—‘,.‘ Ze el AP RRNH e ot e K ST £ ol & ' v ‘ i 1&,, I > iy % 1‘ .
el S o e Rl S b A v xS e i MR K N R TN e R R D e e R e PR SR S e

=2 B g, .}-‘JA, o L

1 2 R - o =
& ,i Lhe ?‘ Sy B
2 AT LD L e o)




Reduction in case |

If a PRF satisfies either of conditions |la or Ib

we can write Z(s) = R+ Zi(s) or
AR AR




Reduction in case 2

This case uses partial fractions:
Since Z and Y are PRF’s, any poles must be simple, with
positive residues.

If W is a PRF, we can write W (s) = Py (s) + Wi(s)
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Thus if we can find circuits that realize the
summands of Pw ,and if we can realize W, , we
can realize W (as an impedance or as an
admittance).

—The PRF %0 1s the impedance of a

1

capacitor of capacitance o




Case 3 This case requires Richard’s theorem

Richard’s theorem. Let W (s) be a PRF

with no zeros or poles on the imaginary axis
or at infinity.

a) There then exists a unique sy € R, with

W (sg) = so.
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Richard’s theorem follows from Schwarz’s lemma

a) The existence of sq follows from the
intermediate value theorem. The uniquenes:
follows from Schwarz’s lemma: a map from

the right haltplane to itself that has more

than one fixed point is the identity.
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S — 5p

b) The map ¢(s) =

S+ Sp
maps the right halt-plane to the unit disc,

and ¢(S()) = 0.

SO f Erars ¢ O W O ¢_1
maps the unit disk to itself with f(0) = 0.
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c) Clearly if W(jw) = jw, then

has a pole at jw.




Ending the synthesis

Suppose that Z(jw) = Ljw for some L > 0.




Suppose that the circuits Cy, Cy, Cs, C4 have
admittances

1 1 R(s) s
LBt Lo hac Les

Then the circuit below has impedance Z(s).




