Math 4220: Prelim 1
September 24, 2015
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Instructions: This exam is 75 minutes long. It has 8 pages including the
cover and 6 questions worth a total of 100 points. No written or electronic
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Please fully explain all your answers. If you need more space to answer a
question, use the back of the preceding sheet or the blank sheet at the end
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Academic integrity is expected of all Cornell University students at all times,
whether in the presence or absence of members of the faculty. Understand-
ing this, I declare I shall not give, use, or receive unauthorized aid in this
examination.

Please sign below to indicate that you have read and agree to these
instructions.
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1. (15 points) Find all solutions z = re? € C to the equation 22 = Z.



2. (15 points) (a) Draw the following region in the complex plane:

R:{ZEC:2§|Z|§3,K<Arg(z)§g}

(b) On another graph, draw the image of R under the map z — (1e™"/4) 22,
Label the four corners of the new region either in a-+bi or re? form, whichever
you prefer.



3. (20 points) Let f(z +iy) = (2* — y? — 3x) + i(x® — y* + 22y + y).

(a) Verify that both the real and imaginary parts of f are harmonic functions.

(b) Find all z € C at which f is differentiable (in the complex sense).



4. (20 points) The principal branch of the multiple-valued function (z2+1)%/3

is 6(1/3) Log(z2+1)_

(a) On a graph, draw the domain of analyticity for this branch.

(b) Suppose z € R. Prove that e(/3)Tos(>+1) — /2217 the usual real-
valued cube root of 22 + 1.



5. (15 points) Prove that sin(z) = cos (% — z) for all z € C.



6. (15 points) Let f be an analytic function. Suppose that f(z) = re®
and f’(z9) = se'®, with both 7,s > 0. Imagine that you are standing at zg
and start walking in the direction of angle 1, so that your position after a
short period of time is 2 = 2y + te’¥ where ¢ is a small positive number. As
you walk, you keep track of how the value f(z) is changing. Which angle v
should you choose in order for the magnitude |f(z)| to increase as quickly
as possible? Your answer should be a formula for v in terms of zy, 1, s, 8, ¢.
(Hint: Not all five of those variables will appear in the formula.)



(This page for scratch work.)



