
✶✻✳ ❘❛♥❞♦♠ ❲❛❧❦ )*❡❧✐♠✐♥❛*✐❡-

❚❤✉& ❢❛)✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ♣)✐♠❛)✐❧② ✐♥5❡)❡&5❡❞ ✐♥ 5❤❡ ❧❛)❣❡ n ❜❡❤❛✈✐♦) ♦❢ Sn =
∑n

i=1 Xi ✇❤❡)❡ X1, X2, ... ❛)❡

✐♥❞❡♣❡♥❞❡♥5 ❛♥❞ ✐❞❡♥5✐❝❛❧❧② ❞✐&5)✐❜✉5❡❞✳ ❲❡ ♥♦✇ 5✉)♥ ♦✉) ❛55❡♥5✐♦♥ 5♦ 5❤❡ &❡;✉❡♥❝❡ S1, S2, . . .✱ ✇❤✐❝❤ ✇❡

5❤✐♥❦ ♦❢ ❛& &✉❝❝❡&&✐✈❡ &5❛5❡& ♦❢ ❛  ❛♥❞♦♠ ✇❛❧❦✳

❘❡❝❛❧❧ 5❤❛5 5❤❡ ❡①✐&5❡♥❝❡ ♦❢ ❛♥ ✐♥✜♥✐5❡ &❡;✉❡♥❝❡ ♦❢ )❛♥❞♦♠ ✈❛)✐❛❜❧❡& ✇✐5❤ &♣❡❝✐✜❡❞ ✜♥✐5❡ ❞✐♠❡♥&✐♦♥❛❧ ❞✐&5)✐✲

❜✉5✐♦♥& ✐& ❡♥&✉)❡❞ ❜② ❑♦❧♠♦❣♦)♦✈✬& ❡①5❡♥&✐♦♥ 5❤❡♦)❡♠✳

❍❡)❡ 5❤❡ &❛♠♣❧❡ &♣❛❝❡ ✐& Ω = R
N = {(ω1, ω2, ...) : ωi ∈ R}✱ 5❤❡ σ✲❛❧❣❡❜)❛ ✐& BN

✭✇❤✐❝❤ ✐& ❣❡♥❡)❛5❡❞ ❜② ❝②❧✐♥❞❡)

&❡5&✮✱ ❛♥❞ ❛ ❝♦♥&✐&5❡♥5 &❡;✉❡♥❝❡ ♦❢ ❞✐&5)✐❜✉5✐♦♥& ❣✐✈❡& )✐&❡ 5♦ ❛ ✉♥✐;✉❡ ♣)♦❜❛❜✐❧✐5② ♠❡❛&✉)❡ ✇✐5❤ ❛♣♣)♦♣)✐❛5❡

♠❛)❣✐♥❛❧& ✈✐❛ 5❤❡ ❡①5❡♥&✐♦♥ 5❤❡♦)❡♠✳ ❚❤❡ )❛♥❞♦♠ ✈❛)✐❛❜❧❡& ❛)❡ 5❤❡ ❝♦♦)❞✐♥❛5❡ ♠❛♣& Xi((ω1, ω2, ...)) = ωi✳

■❢ S ✐& ❛ G♦❧✐&❤ &♣❛❝❡ ✭✐✳❡✳ ❛ &❡♣❛)❛❜❧❡ ❛♥❞ ❝♦♠♣❧❡5❡❧② ♠❡5)✐③❛❜❧❡ 5♦♣♦❧♦❣✐❝❛❧ &♣❛❝❡✮ ❛♥❞ S ✐& 5❤❡ ❇♦)❡❧

σ✲❛❧❣❡❜)❛ ❢♦) S✱ 5❤❡♥ 5❤✐& ❑♦❧♠♦❣♦)♦✈ ❝♦♥&5)✉❝5✐♦♥ ❝❛♥ ❜❡ ❝❛))✐❡❞ ♦✉5 ✇✐5❤ Ω = SN
❛♥❞ F = SN

✳ ❲❤❡♥ 5❤❡

X ′

i
s ❛)❡ ✐♥❞❡♣❡♥❞❡♥5 (S,S)✲✈❛❧✉❡❞ )❛♥❞♦♠ ✈❛)✐❛❜❧❡& ✇✐5❤ Xi ∼ µi✱ 5❤❡ ♠❡❛&✉)❡ P ❛)✐&❡& ❢)♦♠ 5❤❡ &❡;✉❡♥❝❡

♦❢ ♣)♦❞✉❝5 ♠❡❛&✉)❡& Pn = µ1 × · · · × µn✳

❲❡ ❛&&✉♠❡ ✐♥ ✇❤❛5 ❢♦❧❧♦✇& 5❤❛5 ✇❡ ❛)❡ ✇♦)❦✐♥❣ ✐♥ (SN,SN, P ) ❛♥❞ X1, X2, ... ❛)❡ ❣✐✈❡♥ ❜②

Xi ((ω1, ω2, ...)) = ωi✳

❘❡❝❛❧❧ 5❤❛5 ❑♦❧♠♦❣♦)♦✈✬& 0− 1 ❧❛✇ &❤♦✇❡❞ 5❤❛5 ✐❢ X1, X2, ... ❛)❡ ✐♥❞❡♣❡♥❞❡♥5✱ 5❤❡♥ 5❤❡ 5❛✐❧ ✜❡❧❞

T =
⋂

∞

n=1 σ(Xn, Xn+1, ...) ✐& 5)✐✈✐❛❧ ✐♥ 5❤❡ &❡♥&❡ 5❤❛5 ❡✈❡)② A ∈ T ❤❛& P (A) ∈ {0, 1}✳

❖✉) ✜)&5 ♠❛✐♥ )❡&✉❧5 ✐& ❛♥♦5❤❡) 0− 1 ❧❛✇✳ ❲❡ ❜❡❣✐♥ ✇✐5❤ &♦♠❡ 5❡)♠✐♥♦❧♦❣②✳

❉❡✜♥✐%✐♦♥✳ ❆ ✜♥✐+❡ ♣❡ ♠✉+❛+✐♦♥ ✐& ❛ ❜✐❥❡❝5✐♦♥ π : N → N &✉❝❤ 5❤❛5 |{m : π(m) 6= m}| < ∞✳

■❢ π ✐& ❛ ✜♥✐5❡ ♣❡)♠✉5❛5✐♦♥ ❛♥❞ ω ∈ SN
✱ 5❤❡♥ ✇❡ ❞❡✜♥❡ πω ❜② (πω)i = ωπ(i)✳

❉❡✜♥✐%✐♦♥✳ A ∈ SN
✐& ♣❡ ♠✉+❛❜❧❡ ✐❢ π−1A = {ω : πω ∈ A} ✐& ❡;✉❛❧ 5♦ A ❢♦) ❛♥② ✜♥✐5❡ ♣❡)♠✉5❛5✐♦♥ π✳

■♥ ♦5❤❡) ✇♦)❞&✱ ❢♦) ❡✈❡)② n ∈ N ❛♥❞ ❡✈❡)② π ∈ Sn✱ ✇❡ ❤❛✈❡

(X1, ..., Xn, Xn+1, ...) ∈ A ⇐⇒ (Xπ(1), ..., Xπ(n), Xn+1, ...) ∈ A.

()♦♣♦+✐%✐♦♥ ✶✻✳✶✳ ❚❤❡ ❝♦❧❧❡❝+✐♦♥ ♦❢ ♣❡ ♠✉+❛❜❧❡ ❡✈❡♥+5 ✐5 ❛ σ✲❛❧❣❡❜ ❛✳ ■+ ✐5 ❝❛❧❧❡❞ +❤❡ ❡①❝❤❛♥❣❡❛❜❧❡ σ✲❛❧❣❡❜)❛

❛♥❞ ✐5 ❞❡♥♦+❡❞ E✳

❚❛❦✐♥❣ S = R✱ Sn =
∑n

i=1 Xi✱ &♦♠❡ ❡①❛♠♣❧❡& ♦❢ ♣❡)♠✉5❛❜❧❡ ❡✈❡♥5& ❛)❡ E = {Sn ∈ Bn ✐✳♦✳} ❛♥❞

F = {lim supn→∞

Sn

cn
≥ 1} ❢♦) ❛♥② &❡;✉❡♥❝❡ ♦❢ ❇♦)❡❧ &❡5& {Bn}

∞

n=1 ❛♥❞ )❡❛❧ ♥✉♠❜❡)& {cn}
∞

n=1✳

❆❧&♦✱ ❡✈❡)② ❡✈❡♥5 ✐♥ 5❤❡ 5❛✐❧ σ✲❛❧❣❡❜)❛ ✐& ❛❧&♦ ✐♥ 5❤❡ ❡①❝❤❛♥❣❡❛❜❧❡ σ✲❛❧❣❡❜)❛✳

❲❡ ♦❜&❡)✈❡ 5❤❛5✱ ✐♥ ❣❡♥❡)❛❧✱ E,F /∈ T ✱ 5❤♦✉❣❤ F ✐& ✐♥ 5❤❡ 5❛✐❧ ✜❡❧❞ ✐❢ ✇❡ ❛&&✉♠❡ 5❤❛5 cn → ∞✳

❙✐♠✐❧❛)❧②✱ {limn→∞ Sn ❡①✐&5&}, {lim supn→∞
Sn = ∞} ∈ T ✇❤✐❧❡✱ ✐♥ ❣❡♥❡)❛❧✱ {lim supn→∞

Sn > 0} ∈ E \ T ✳
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❚❤❡ ♣$♦♦❢ ♦❢ '❤❡ ❍❡✇✐''✲❙❛✈❛❣❡ 0− 1 ❧❛✇ ✇✐❧❧ ♠❛❦❡ ✉4❡ ♦❢ '❤❡ ❢♦❧❧♦✇✐♥❣ $❡4✉❧'✳

▲❡♠♠❛ ✶✻✳✶✳ ❋♦" ❛♥② I ∈ SN
✱ '❤❡"❡ ✐+ ❛ +❡,✉❡♥❝❡ ♦❢ ❡✈❡♥'+ I1, I2, ... +✉❝❤ '❤❛' In ∈ σ(X1, ..., Xn) ❛♥❞

P (In△I) → 0 ✇❤❡"❡ A△B = (A \B) ∪ (B \A)✳

4"♦♦❢✳ σ(X1, ..., Xn) ✐4 ♣$❡❝✐4❡❧② '❤❡ 4✉❜✲σ✲❛❧❣❡❜$❛ ♦❢ S
N
❝♦♥4✐4'✐♥❣ ♦❢ '❤❡ ❝②❧✐♥❞❡$4 {ω : (ω1, ..., ωn) ∈ B} ❛4

B $❛♥❣❡4 ♦✈❡$ Sn
✳ ❆❝❝♦$❞✐♥❣❧②✱ P =

⋃

∞

n=1 σ(X1, ..., Xn) ✐4 ❛ π✲4②4'❡♠ ✇❤✐❝❤ ❣❡♥❡$❛'❡4 SN
✳ ❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇4

❢$♦♠ ❚❤❡♦$❡♠ ✷✳✷ ✉♣♦♥ ♥♦'✐♥❣ '❤❛' L = {J ∈ SN : '❤❡$❡ ❡①✐4' In ∈ σ(X1, ..., Xn) ✇✐'❤ P (In△J) → 0} ✐4 ❛

λ✲4②4'❡♠ ❝♦♥'❛✐♥✐♥❣ P✳ �

❚❤❡♦*❡♠ ✶✻✳✶ ✭❍❡✇✐''✲❙❛✈❛❣❡✮✳ ■❢ X1, X2, ... ❛"❡ ✐✳✐✳❞✳ ❛♥❞ A ∈ E✱ '❤❡♥ P (A) ∈ {0, 1}✳

4"♦♦❢✳ ❆4 ✇✐'❤ ❑♦❧♠♦❣♦$♦✈✬4 0− 1 ❧❛✇✱ ✇❡ ✇✐❧❧ 4❤♦✇ '❤❛' A ✐4 ✐♥❞❡♣❡♥❞❡♥' ♦❢ ✐'4❡❧❢✳

❲❡ ❜❡❣✐♥ ❜② '❛❦✐♥❣ ❛ 4❡D✉❡♥❝❡ ♦❢ ❡✈❡♥'4 An ∈ σ(X1, ..., Xn) 4✉❝❤ '❤❛' P (An△A) → 0✱ ✇❤✐❝❤ ✐4 ❥✉4'✐✜❡❞ ❜②

▲❡♠♠❛ ✶✻✳✶✳

◆♦✇ ❧❡' π ❜❡ '❤❡ ✜♥✐'❡ ♣❡$♠✉'❛'✐♦♥ π(j) =











j + n, j ≤ n

j − n, n < j ≤ 2n

j, j > 2n

✳

■♥ ✇♦$❞4✱ π '$❛♥4♣♦4❡4 j ❛♥❞ n+ j ❢♦$ j = 1, ..., n✳

❇❡❝❛✉4❡ '❤❡ ❝♦♦$❞✐♥❛'❡4 ❛$❡ ✐✳✐✳❞✳✱ P
(

π−1 (An△A)
)

= P (An△A)✱ 4♦✱ 4❡''✐♥❣ A′

n = π−1An ❛♥❞ ♥♦'✐♥❣ '❤❛'

A ∈ E ✐♠♣❧✐❡4 π−1A = A✱ ✇❡ 4❡❡ '❤❛'

P (An△A) = P
(

π−1(An△A)
)

= P
((

π−1An

)

△
(

π−1A
))

= P (A′

n△A).

❚❤✉4✱ 4✐♥❝❡

A△(An ∩A′

n) = (A \An) ∪ (A \A′

n) ∪ [(An ∩A′

n) \A] ⊆ (An△A) ∪ (A′

n△A),

✇❡ ❤❛✈❡

P (A△(An ∩A′

n)) ≤ P (An△A) + P (A′

n△A) = 2P (An△A) → 0,

❤❡♥❝❡ P (An ∩A′

n) → P (A)✳

❆4 An ❛♥❞ A′

n ❛$❡ ✐♥❞❡♣❡♥❞❡♥' ❜② ❝♦♥4'$✉❝'✐♦♥ ❛♥❞ P (An), P (A′

n) → P (A)✱ ✇❡ ❝♦♥❝❧✉❞❡ '❤❛'

P (A)2 = lim
n→∞

P (An)P (A′

n) = lim
n→∞

P (An ∩A′

n) = P (A). �

❇❡❝❛✉4❡ T ⊂ E ✱ ❍❡✇✐''✲❙❛✈❛❣❡ 4✉♣❡$4❡❞❡4 ❑♦❧♠♦❣♦$♦✈ ✐♥ '❤❡ ❝❛4❡ ♦❢ ✐✳✐✳❞✳ $❛♥❞♦♠ ✈❛$✐❛❜❧❡4✳ ❍♦✇❡✈❡$✱ '❤❡

❧❛''❡$ ♦♥❧② $❡D✉✐$❡4 ✐♥❞❡♣❡♥❞❡♥❝❡✱ 4♦ ✐' ❝❛♥ ❜❡ ✉4❡❞ ✐♥ 4✐'✉❛'✐♦♥4 ✇❤❡$❡ '❤❡ ❢♦$♠❡$ ❝❛♥♥♦'✳ ❆❧4♦✱ ♥♦'❡ '❤❛'

✐♥ '❤❡ ❡①❛♠♣❧❡4 ♣$❡❝❡❞✐♥❣ ❚❤❡♦$❡♠ ✶✻✳✶✱ '❤❡ 4❡D✉❡♥❝❡4 En = {Sn ∈ Bn} ❛♥❞ Fn =
{

Sn

cn
≥ 1

}

❛$❡ ❡❛❝❤

❞❡♣❡♥❞❡♥'✱ 4♦ '❤❡ ❇♦$❡❧✲❈❛♥'❡❧❧✐ ❧❡♠♠❛4 ❞♦ ♥♦' ✐♠♣❧② '❤❛' E ♦$ F ✐4 '$✐✈✐❛❧✳
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❆ ♥✐❝❡ ❛♣♣❧✐❝❛(✐♦♥ ♦❢ ❚❤❡♦-❡♠ ✶✻✳✶ ✐2

❚❤❡♦$❡♠ ✶✻✳✷✳ ❋♦" ❛ "❛♥❞♦♠ ✇❛❧❦ ♦♥ R✱ +❤❡"❡ ❛"❡ ♦♥❧② ❢♦✉" ♣♦22✐❜✐❧✐+✐❡2✱ ♦♥❡ ♦❢ ✇❤✐❝❤ ❤❛2 ♣"♦❜❛❜✐❧✐+② ♦♥❡✿

✭✶✮ Sn = 0 ❢♦" ❛❧❧ n

✭✷✮ Sn → ∞

✭✸✮ Sn → −∞

✭✹✮ −∞ = lim infn→∞ Sn < lim supn→∞
Sn = ∞

7"♦♦❢✳

❚❤❡♦-❡♠ ✶✻✳✶ ✐♠♣❧✐❡2 (❤❛( lim supn→∞
Sn ✐2 ❛ ❝♦♥2(❛♥( c ∈ [−∞,∞]✳ ▲❡( S′

n = Sn+1 −X1✳

❙✐♥❝❡ S′

n =d Sn✱ ✇❡ ♠✉2( ❤❛✈❡ (❤❛( c = c −X1✳ ■❢ c ∈ (−∞,∞)✱ (❤❡♥ ✐( ♠✉2( ❜❡ (❤❡ ❝❛2❡ (❤❛( X1 ≡ 0✱ 2♦

(❤❡ ✜-2( ❝❛2❡ ♦❝❝✉-2✳ ❈♦♥✈❡-2❡❧②✱ ✐❢ X1 ✐2 ♥♦( ✐❞❡♥(✐❝❛❧❧② ③❡-♦✱ (❤❡♥ c = ±∞✳

❖❢ ❝♦✉-2❡✱ (❤❡ ❡①❛❝( 2❛♠❡ ❛-❣✉♠❡♥( ❛♣♣❧✐❡2 (♦ (❤❡ ❧✐♠ ✐♥❢✱ 2♦ ❡✐(❤❡- 1 ❤♦❧❞2 ♦-

lim infn→∞ Sn, lim supn→∞
Sn ∈ {±∞}✳

❆2 lim supn→∞
Sn ≥ lim infn→∞ Sn✱ (❤✐2 ✐♠♣❧✐❡2 (❤❛( ✇❡ ❛-❡ ✐♥ ♦♥❡ ♦❢ ❝❛2❡2 2✱ 3✱ ♦- 4✳ �
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