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Abstract

This thesis proves upper bounds on the convergence time to stationarity for reversible discrete

time Markov chains on general state spaces. The method of proof is the well-established drift and

minorization approach, which imposes a regenerative structure on the Markov chain according to a

particular recipe. The resulting bounds are computable in terms of the ingredients of the recipe.

The convergence theorems in this thesis are developed using a new perspective on the interplay

between regeneration and reversibility. They are more widely applicable than previous results and

provide better numerical bounds on the time to stationarity in specific examples. Two Gibbs sam-

plers from Bayesian statistics are treated in detail. When applied to these chains, the new bounds

improve on earlier work but are still quite conservative compared with the true convergence rates.

For certain classes of finite chains, the drift and minorization method can give precise bounds on the

mixing time. A striking result of this type is a sharp upper bound on the cutoff window for birth

and death chains. In addition, an inductive argument shows that the spectral gap of the random

walk on the hypercube can be recovered using drift and minorization up to a constant factor of 2.

The thesis also contains:

• An exposition of the drift and minorization method, explaining both the renewal theory ap-

proach of Meyn and Tweedie [MT93] and the coupling approach of Rosenthal [Ros95a], and

showing how the bounds improve when the chain is reversible or stochastically monotone.

• A development of the properties of different types of regeneration times for general state space

Markov chains. Defining a randomized stopping time usually requires enlarging the sample

space to incorporate independent randomness. In full generality, this operation raises subtle

questions of measurability, which are resolved using a new “compatibility condition.”

• A brief consideration of quantile estimation in Markov chain Monte Carlo, focusing on concen-

tration inequalities that provide finite-sample guarantees at specified confidence levels. The

goal is to prove inequalities that rely as little as possible on theoretical convergence bounds

(of the sort proved elsewhere in this thesis) and as much as possible on the empirical sample.
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Chapter 1

Introduction

1.1 Regeneration, reversibility, and convergence

This thesis is about convergence of Markov chains to their stationary distributions. The main goal

is to find explicitly computable exponential convergence rates for discrete time chains on general

state spaces.

The principal motivation comes from Markov chain Monte Carlo algorithms. Often in statistics, one

would like to explore a probability distribution π on a subset of Rd (say, the posterior joint distri-

bution of the parameters in a Bayesian statistical model). Sampling directly from π is intractable,

but one can construct a discrete time Markov chain (Xt) whose stationary distribution is π. There

are two related questions:

1. How many steps t suffice for the chain to “forget” its starting state and give an approximate

sample from π?

2. Given a real-valued function f on the state space X , how many steps t suffice for the empirical

mean 1
t

∑t
s=1 f(Xs) to be near the average value π(f) =

∫
X f(x)π(dx) with high probability?

Most of the thesis will be devoted to finding upper bounds for the first question. Chapter 6 provides

upper bounds for the second question under certain conditions.

The most successful “off-the-shelf” technique to find an explicit convergence rate for a general

state space Markov chain is the method of drift and minorization. This method gives a recipe for

constructing a probability measure ν on X and a randomized stopping time T of the chain (Xt) such

that the distribution of XT is ν, and moreover, XT is independent of the value of T . The random

1



CHAPTER 1. INTRODUCTION 2

time T will be called a strong ν time, in analogy with strong stationary times, which satisfy the

same definition except with the stationary distribution π in place of ν.

As part of the construction, one obtains an exponential bound on the tail of T : there exist a constant

0 < λ∗ < 1 and a function F : X → R, both explicitly computable, such that

Px(T > t) ≤ F (x)λt∗ for all x ∈ X and t ≥ 0.

Here Px denotes the probability for the Markov chain started from X0 = x. In addition, there is a

constant B <∞ such that Pν(T > t) ≤ Bλt∗ also decays exponentially.

For intuition, consider the special case where X is countable, ν = δc is concentrated at a single

state c ∈ X , and T = τ+
c = min{t ≥ 1 : Xt = c}. (The notation τ+

c is to distinguish from

τc = min{t ≥ 0 : Xt = c}.) Given a sample path of the chain, let Tk be the time of the kth visit to

c. The interarrival times Tk+1 − Tk are iid, as are the segments (XTk , XTk+1, . . . , XTk+1−1) of the

sample path. The exponential bound on the tail of T controls the length of each segment, including

the initial segment (X0, . . . , XT1−1), whose distribution is different.

The general case is nearly equivalent. By resetting the timer every time the chain “reaches ν,” one

defines a sequence of strong ν times T1 < T2 < · · · such that the interarrival times Tk+1 − Tk are

iid with exponentially decaying tail. Interestingly, the segments (XTk , XTk+1, . . . , XTk+1−1) are not

necessarily iid, but they are 1-dependent; see Chapter 3.

The method of drift and minorization imposes a regenerative structure on the Markov chain. This

is not enough to prove convergence to stationarity in the sense of Question 1 above: a periodic chain

could regenerate frequently and never converge. Therefore some aperiodicity condition is needed. In

this thesis, the standing assumption will be that the chain is reversible with nonnegative eigenvalues.

Formally, the transition kernel P (x, dy) of the chain induces an operator f 7→ Pf on the space

L2(π) = {f : X → R : 〈f, f〉π <∞}, where 〈f, g〉π =

∫
X
f(x)g(x)π(dx),

given by (Pf)(x) =
∫
X f(y)P (x, dy). The chain is reversible with nonnegative eigenvalues if the op-

erator P is self-adjoint with nonnegative spectrum. This assumption leads to straightforward proofs

of convergence with explicit rates that substantially improve on the existing literature. As well,

many chains frequently used in MCMC, such as Gibbs samplers and Metropolis–Hastings chains,

are reversible with nonnegative eigenvalues or can be made that way with minor modifications.

It should be noted that periodicity does not present an obstacle when finding upper bounds for

differences of the form | 1t
∑t
s=1 f(Xs) − π(f)|. Accordingly, the results in Chapter 6 rely only on

regeneration and do not require reversibility or aperiodicity.
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1.2 A few results

This section presents three results that will be proved in later chapters. The first two are general

statements showing that if (Xt) is a reversible Markov chain with nonnegative eigenvalues and T is

a strong ν time, then the distance from stationarity after t steps is controlled directly by the tail of

T . The third result illustrates the strength of the general method by deriving a sharp mixing time

bound for birth and death chains.

Let µ1, µ2 be probability measures on the state space X . Their total variation distance is

‖µ1 − µ2‖TV = sup
A⊆X

|µ1(A)− µ2(A)| = 1

2

∫
X
|µ1 − µ2|(dx),

where the supremum is over all measurable subsets A ⊆ X . Their L2(π) distance is

‖µ1 − µ2‖2L2(π) =

∫
X

[
d(µ1 − µ2)

dπ
(x)

]2

π(dx)

if µ1 − µ2 is absolutely continuous with respect to π (so that the Radon-Nikodym derivative d(µ1 −
µ2)/dπ is defined) and ‖µ1 − µ2‖2L2(π) = ∞ otherwise. It is well-known that ‖µ1 − µ2‖TV ≤
1
2‖µ1 − µ2‖L2(π). Let P t(µ, ·) = Pµ(Xt ∈ ·) denote the law of Xt given that X0 ∼ µ.

Theorem 1.1. Let (Xt) be a Markov chain on a state space X , reversible with respect to a stationary

distribution π and having nonnegative eigenvalues. Suppose that ν is a probability measure on X
and T is a strong ν time for (Xt) such that Eν [T ] <∞ and Pµ(1 ≤ T <∞) = 1 for all probability

measures µ on X . Then for all t ≥ 0, P t(ν, ·) is absolutely continuous with respect to π and

‖P t(ν, ·)− π‖2L2(π) ≤
∞∑

n=2t+1

Pν(T > n).

Suppose the tail of T decays exponentially, Pν(T > t) ≤ Bλt∗ for some B < ∞ and λ∗ < 1, as

happens when T is constructed using drift and minorization. It follows that

‖P t(ν, ·)− π‖L2(π) ≤
√

Bλ∗
1− λ∗

· λt∗,

so the chain converges to π at the same exponential rate λ∗ governing the tail of T , or faster.

Theorem 1.1 immediately gives an upper bound on the total variation distance ‖P t(ν, ·) − π‖TV.

This bound, unlike the original L2(π) bound, easily extends to the case where the chain is started

from a fixed state X0 = x rather than X0 ∼ ν; see Theorem 4.4.

The second result concerns the special case where ν = δc is concentrated at a state c ∈ X . Its flavor
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is similar to Theorem 1.1, but the proof relies on a hidden stochastic monotonicity.

Theorem 1.2. Let (Xt) be a Markov chain on a state space X , reversible with respect to a stationary

distribution π and having nonnegative eigenvalues. For fixed c ∈ X , suppose that Ec[τ
+
c ] < ∞ and

Px(τc <∞) = 1 for all x ∈ X . Then for all t ≥ 0,

‖P t(c, ·)− π‖TV ≤ Pπ(τc > t).

As before, this bound extends easily to starting states x 6= c; see Theorem 4.5. The assumption that

Ec[τ
+
c ] <∞ implies that π({c}) > 0, so Theorem 1.2 requires a stationary distribution that assigns

positive mass to at least one singleton element of the state space. This condition is automatically

satisfied when X is countable and (Xt) is positive recurrent.

Finding a regenerative structure is one of the only ways to prove exponential convergence to sta-

tionarity for general state space Markov chains. By contrast, if the state space is finite, exponential

convergence is guaranteed as long as the chain is irreducible and aperiodic. The modern theory of

finite Markov chains considers quantities like the mixing time. For a chain with transition matrix P

and stationary distribution π, the total variation mixing time with parameter 0 < ε < 1 is

tmix(ε) = min{t ≥ 0 : ‖P t(x, ·)− π‖TV ≤ ε for all x ∈ X}.

Theorem 1.2 leads to an upper bound on mixing time in terms of the hitting time τc for any fixed

state c ∈ X . For many finite chains, the bound is far from sharp no matter which state c is chosen.

As an example, consider the lazy simple random walk on the hypercube {0, 1}n, which takes a step

from a state (x1, . . . , xn) ∈ {0, 1}n by choosing a coordinate 1 ≤ i ≤ n uniformly at random and

replacing xi with either 0 or 1, each with probability 1/2. For any 0 < ε < 1, the mixing time tmix(ε)

is asymptotic to 1
2n log n as n → ∞. Meanwhile, the expected hitting times min{Ex[τc] : x 6= c}

and max{Ex[τc] : x 6= c} are both asymptotic to 2n+1 ([LPW09], Theorem 18.3 and Exercise 10.5).

Birth and death chains are a family of examples where Theorem 1.2 gives sharp bounds. A birth and

death chain on {0, . . . , n} is a Markov chain whose transition matrix satisfies P (i, j) = 0 if |i−j| ≥ 2.

Every irreducible birth and death chain is reversible with respect to its stationary distribution π.

The state 0 ≤ m ≤ n is called a median state if π({0, . . . ,m}) ≥ 1/2 and π({m, . . . , n}) ≥ 1/2.

Usually there is only one median state, but if π({0, . . . , k}) = 1/2 for some k, then both m = k and

m = k + 1 are median states.

It was shown by [DLP10] that the mixing time of a lazy irreducible birth and death chain is approx-

imately equal to the time for the chain to reach the median when started from one of the endpoints.
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(“Lazy” means that P (i, i) ≥ 1/2 for all states i.) Specifically, let m be a median state and define

thit = max{E0[τm],En[τm]}.

Also define the relaxation time trel = 1/γ, where γ is the spectral gap of the transition matrix (that

is, the difference between 1 and the next-largest eigenvalue). One can show that trel ≤ thit. The

work of [DLP10] implies that there exist functions F (ε) and G(ε), with no dependence on n, such

that any lazy irreducible birth and death chain on {0, . . . , n} satisfies

thit + F (ε)
√
thit · trel ≤ tmix(ε) ≤ thit +G(ε)

√
thit · trel for all 0 < ε < 1. (1.1)

A version of the upper bound in (1.1) that is more precise than the corresponding result in [DLP10]

can be obtained as a consequence of Theorem 1.2.

Theorem 1.3. Let P be the transition matrix for a lazy irreducible birth and death chain on

{0, . . . , n} with stationary distribution π. For any δ > 0,

tmix(ε) ≤ (1 + δ)thit +

(
1 +

1

δ

)
2trel log(2/ε) for all 0 < ε < 1.

Optimizing in δ yields

tmix(ε) ≤ thit + 2
√

2thittrel log(2/ε) + 2trel log(2/ε), (1.2)

which has the form tmix(ε) ≤ thit + G(ε)
√
thit · trel since trel ≤

√
thit · trel. Unlike the analogous

bound in [DLP10], the inequality (1.2) has the correct dependence on ε in the sense that the right

side of (1.2) is bounded above by a fixed constant multiple of tmix(ε) as ε→ 0.

1.3 Chapter summaries

Following is a brief summary of each chapter in this thesis.

Chapter 1: Introduction. Section 1.4 provides the foundational definitions for Markov chains on

general state spaces. The theory is developed in the greatest possible generality; it is not assumed

that the σ-algebra of measurable subsets of the state space is countably generated. For this reason,

enlarging the sample space (say, to add an independent source of randomness for a randomized

stopping time) leads to subtle questions of measurability. A novel “compatibility condition” is

proposed to resolve these questions. Finally, Section 1.5 collects frequently used definitions and

notation.
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Chapter 2: Drift and minorization. This chapter describes the method of drift and minorization

in detail. It presents the historical development from the original proof of exponential convergence

due to Nummelin and Tuominen [NT82] through the first quantitative bounds proved by Meyn and

Tweedie [MT94] along with the bivariate drift approach of Rosenthal [Ros95a]. It is explained why

the extra assumptions of monotonicity and reversibility lead to faster convergence rates. The chapter

has few formal proofs; the focus is on building intuition while placing the new results in context.

Chapter 3: Regeneration times. Section 1.1 asserted that if one applies the method of drift and

minorization to a Markov chain, one obtains a strong ν time encoding a regenerative structure. This

chapter carefully develops the theory of strong ν times and other types of regeneration times in the

general setting defined in Section 1.4. Although the statements in this chapter are well motivated,

the proofs are technical and relegated to the Appendix.

Chapter 4: Convergence results. This chapter states and proves the main convergence theorems.

First, if a Markov chain satisfies a drift and minorization condition, it has a strong ν time whose

tail decays exponentially. This is already well-known, but the new bound in Theorem 4.9 improves

on the best previous result in [RT99]. Second and more crucially, if the chain is reversible with

nonnegative eigenvalues, the tail of the strong ν time directly controls the convergence rate. This

is the content of Theorems 1.1 and Theorem 1.2, which are proved as Theorems 4.16 and 4.19,

respectively. Putting together the two steps yields explicit convergence bounds in terms of the drift

and minorization data, which are given in Theorems 4.4 and 4.5. An interesting highlight is the

proof of Theorem 4.19, which relies on a stochastic monotonicity discovered initially by [LZK06].

Chapter 5: Examples. Two example chains are analyzed using the convergence theorems from

Chapter 4. Both chains are two-variable Gibbs samplers designed to converge to the joint posterior

distribution of the parameters in a Bayesian statistical model. The chapter proposes a way to

optimize many aspects of the drift and minorization computation. Carrying out the process yields

explicit convergence bounds that are quite conservative compared with the chains’ actual behavior

but still represent a significant improvement over the best bounds previously available.

Chapter 6: MCMC estimation of quantiles. This chapter considers Question 2 from Section

1.1, the estimation of π(f) =
∫
X f(x)π(dx) by 1

t

∑t
s=1 f(Xs) for some function f : X → R. Most

of the attention is given to the case where θ : X → R is a parameter of interest and f(x) = fc(x) =

1{θ(x) ≤ c} for some c ∈ R, since accurate estimates of π(fc) lead to bounds on the quantiles

θq = inf{r ∈ R : π(θ ≤ r) ≥ q} of θ. Suppose 0 < q < 1/2 and 0 < δ < 1. A procedure is set forth

to find an interval [c, d] that contains the “100(1 − 2q)% credible interval” for θ, namely [θq, θ1−q],

with confidence at least 1− δ. This procedure is carried out for one of the examples from Chapter

5. Although many steps of the Markov chain are needed to ensure the prescribed confidence level,

the method—based on so-called empirical Bernstein inequalities—is quite promising.
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Chapter 7: Finite chains. Section 7.1 defines the notion of cutoff for finite Markov chains and

discusses the proof by [DLP10] of (1.1), showing that a sequence of lazy irreducible birth and death

chains has cutoff if it satisfies the Peres condition [Per04] that trel = o(tmix). Theorem 1.3, which

gives a tighter version of the [DLP10] upper bound, is proved (as Theorem 7.3) using results from

Chapter 4. Section 7.2 considers the lazy simple random walk on the hypercube as a more difficult

test case. Although the bound from Theorem 1.2 is very bad, another approach based on Chapter

4 finds the spectral gap to within a factor of 2.

1.4 Foundations

This section defines the fundamental objects to be studied in this thesis: transition kernels, Markov

chains, and so forth. It is assumed that the reader is already familiar with the basic theory of Markov

chains on general state spaces; for a detailed exposition, see Chapter 3 of [MT93] or Chapter 1 of

[Rev84]. Since a Markov chain on a state space X is determined by its transition kernel and its

initial distribution, each fixed transition kernel P induces a family of Markov chains on X indexed

by the possible initial distributions µ. A Markov scheme simultaneously defines all these chains on a

single sample space Ω using a family of probability measures Pµ. This terminology is nonstandard.

The definition in this section imposes a compatibility condition on the measures Pµ that resolves

questions of measurability while providing freedom to enlarge the sample space to include new

sources of randomness.

A Markov chain with transition kernel P has a specified initial distribution and

is given by a single probability measure on the sample space.

A Markov scheme with transition kernel P is a family of probability measures on

the sample space, each one corresponding to the chain started from a different

initial distribution.

Let (X , E) be a measurable space, where E is the collection of measurable subsets of X . Denote the

space of probability measures on X by P(X ). Endow [0, 1] with the Borel σ-algebra. A transition

kernel P = P (x, dy) on X is a function P : X × E → [0, 1] such that for each x ∈ X , P (x, ·) is a

probability measure on X , and for each A ∈ E , the function x 7→ P (x,A) is measurable.

Let X∞ = {(x0, x1, . . .) : xj ∈ X} be the space of infinite sequences on X , equipped with the product

σ-algebra E∞. A Markov chain on X with transition kernel P consists of a measurable space (Ω,F),

a measurable function X : Ω→ X∞ taking each ω ∈ Ω to a sequence (X0(ω), X1(ω), . . .), a measure

µ ∈ P(X ), and a measure Pµ ∈ P(Ω) satisfying

Pµ(X0 ∈ A0, . . . , Xn ∈ An) =

∫
x0∈A0

· · ·
∫
xn∈An

µ(dx0)P (x0, dx1) · · ·P (xn−1, dxn) (1.3)
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for all n ≥ 0 and A0, . . . , An ∈ E . X is called the state space, Ω is called the sample space,

and µ is called the initial distribution. From (1.3) one can verify the Markov property : under Pµ,

(Xn+1, Xn+2, . . .) is conditionally independent of (X0, . . . , Xn−1) given Xn. If the initial distribution

is the delta measure

δx(A) =

1, x ∈ A,

0, x /∈ A,

one can write Px instead of Pδx .

Suppose P is a transition kernel on X . A standard construction (see [Rev84]) simultaneously de-

fines on the same sample space all the Markov chains with transition kernel P and different initial

distributions. The sample space is Ω = X∞, and the function X : Ω→ X∞ is the identity map. For

each µ ∈ P(X ) there is a measure Pµ ∈ P(X∞) satisfying (1.3). In addition, for each measurable

subset E ∈ E∞ (called an event), the function x 7→ Px(E) is measurable; and for every µ ∈ P(X ),

Pµ(E) =

∫
X

Px(E)µ(dx). (1.4)

These properties uniquely determine the family {Pµ}µ∈P(X ), making the construction canonical.

In this thesis, it will be necessary to incorporate sources of randomness beyond the sample path

(X0, X1, . . .) taken by the Markov chain. This will require the use of sample spaces larger than X∞.

Definition 1.4. Let P be a Markov transition kernel on the state space (X , E). A Markov scheme

on X with transition kernel P consists of a measurable space (Ω,F), a measurable function X : Ω→
X∞, and a family {Pµ}µ∈P(X ) of probability measures on Ω such that:

1. For each µ ∈ P(X ), the measure Pµ satisfies (1.3), so that it defines a Markov chain on X
with transition kernel P and initial distribution µ.

2. For any event E ∈ X−1(E∞), the function x 7→ Px(E) is measurable, and (1.4) holds for every

µ ∈ P(X ). (Here, X−1(E∞) is the collection of preimages of sets in E∞ under X, which is a

sub-σ-algebra of F .)

3. If µ, µ′ ∈ P(X ) and µ′ is absolutely continuous with respect to µ, so that the Radon-Nikodym

derivative dµ′

dµ exists, then for every bounded measurable function f : Ω→ R,

Eµ′ [f(ω)] = Eµ

[
dµ′

dµ
(X0)f(ω)

]
. (1.5)
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Condition 3 is called the compatibility condition. Note that if (1.5) holds for all functions

f(ω) = 1{ω ∈ E} =

1 if ω ∈ E,

0 otherwise,

for E ∈ F , then it holds for all bounded measurable functions f .

The compatibility condition is weaker than (1.4). If (1.4) holds, suppose that µ′ is absolutely

continuous with respect to µ and that f(ω) = 1{ω ∈ E} is given. Then

Eµ′ [f(ω)] = Pµ′(E) =

∫
Ω

Px(E)µ′(dx) =

∫
Ω

Px(E)
dµ′

dµ
(x)µ(dx)

=

∫
Ω

Ex

[
dµ′

dµ
(X0)1{ω ∈ E}

]
µ(dx) = Eµ

[
dµ′

dµ
(X0)f(ω)

]
.

An alternative definition of a Markov scheme would require each function x 7→ Px(E) to be mea-

surable and (1.4) to hold for all E ∈ F . This definition is fine when the σ-algebra E is countably

generated. Without that hypothesis, the constructions of regeneration times in Chapter 3 succeed

under Definition 1.4 but would fail under the alternative definition.

Definition 1.5. Consider a Markov scheme consisting of a sample space (Ω,F), a function X :

Ω → X∞, and a family {Pµ}µ∈P(X ) of probability measures on Ω. An extension of the Markov

scheme is a measurable space (Ω̄, F̄) along with a surjective measurable function p : Ω̄ → Ω and a

family {P̄µ}µ∈P(X ) of probability measures on Ω̄ such that Pµ(E) = P̄µ(p−1(E)) for all µ ∈ P(X )

and E ∈ F , and the space (Ω̄, F̄) together with the function X ◦ p and the family {P̄µ}µ∈P(X ) is

itself a Markov scheme. (Conditions 1 and 2 of Definition 1.4 are automatically satisfied, but the

compatibility condition must be checked.)

It will be convenient to describe both Markov chains and Markov schemes using the notation (Xt).

In both cases the sample space Ω is suppressed, and in the former case the initial distribution µ is

also suppressed. Whether (Xt) refers to a chain or scheme should be clear from context. Note also

that specifying an initial distribution for a scheme yields a Markov chain.

1.5 Notation and definitions

This section collects various notations and definitions.

A transition kernel from a measurable space (X , E) to a measurable space (Y,F) is a function

P : X × F → [0, 1] (with the Borel σ-algebra) such that for each x ∈ X , P (x, ·) is a probability

measure on (Y,F), and for each A ∈ F , the function x 7→ P (x,A) is (X , E)-measurable. When
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(X , E) = (Y,F), one says that P is a transition kernel on (X , E) or simply on X .

Suppose P (x, dy) is a transition kernel on (X , E). For any µ ∈ P(X ), define the measure P (µ, ·) by

P (µ,A) =

∫
X
µ(dx)P (x,A).

For integers t ≥ 0, define the t-step transition kernels P t(x, ·) inductively by P 0(x, ·) = δx(·) and

P t+1(x,A) =

∫
X
P (y,A)P t(x, dy),

so that in particular P 1(x, ·) = P (x, ·). Analogously define P t(µ, ·). The notation µP t(·) means the

same thing as P t(µ, ·).

A probability measure π ∈ P(X ) is a stationary distribution for P (or for any Markov chain having

transition kernel P ) if for all A ∈ E ,

π(A) =

∫
X
π(dx)P (x,A). (1.6)

A (possibly signed) measure µ, with µ(X ) not required to equal 1, is called an invariant measure

for P or for the Markov chain if it satisfies (1.6). The term “stationary distribution” is reserved for

probability measures.

Let (Ω,F ,P) be a probability space and X : Ω → R be a random variable. If E ∈ F is an event

with P(E) > 0, the conditional expectation of X given E is

E[X | E] =
E[X,E]

P(E)
,

where

E[X,E] = E[X1E ] =

∫
E

X(ω) P(dω).

Here 1E is the indicator function on Ω, 1E(ω) = 1 if ω ∈ E and 1E(ω) = 0 otherwise. It can be

shown that

E 7→

E[X | E] if P(E) > 0,

0 if P(E) = 0,

is a signed measure on (Ω,F), denoted E[X | · ], that is absolutely continuous with respect to P.

If F ′ ⊆ F is a sub-σ-algebra, the conditional expectation of X given F ′ is the Radon-Nikodym

derivative

E[X | F ′] =
dE[X | · ]|F ′

dP|F ′
,
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where the measures in the numerator and denominator are restricted to F ′. The conditional expec-

tation is defined up to P|F ′ -almost everywhere equivalence.

If (Ω1,F1) is another measurable space and Y : Ω → Ω1 is a random variable, then P induces a

probability measure P(Y ∈ · ) = P(Y −1(·)) on (Ω1,F1). The conditional expectation E[X | Y ] is

the same as E[X | σ(Y )], where σ(Y ) = Y −1(F1) is the sub-σ-algebra of F generated by Y . The

conditional expectation can also be written as a function of Y : if y ∈ Ω1, then

E[X | Y = y] =
dE[X | Y −1(·)]
dP(Y −1(·))

(y),

defined P(Y ∈ · )-almost everywhere.

Given an event E ∈ F , the conditional probability P(E | F ′) is defined to be E[1E | F ′], and likewise

for conditioning on events or random variables. For example, the statement “P(E | Y = y) = c”

means that the function y 7→ E[1E | Y = y] on Ω1 is P(Y ∈ · )-a.e. equal to the constant function c.

Two events E1, E2 ∈ F are conditionally independent given an event E ∈ F with P(E) > 0 if

P(E1, E2 | E) = P(E1 | E) P(E2 | E). E1 and E2 are conditionally independent given the σ-algebra

F ′ ⊆ F if

P(E1, E2 | F ′) = P(E1 | F ′) P(E2 | F ′),

where the equality is P|F ′ -a.e. equivalence. Two random variables X1, X2 on Ω are conditionally

independent given E or F ′ if the corresponding equation above holds for every E1 ∈ σ(X1) and

E2 ∈ σ(X2). Conditional independence given a random variable Y is the same as conditional

independence given σ(Y ). The definitions extend to more than two events or random variables in

the natural way.

Let (Xt) be a Markov chain or scheme with sample space Ω. A random time is a measurable function

T : Ω→ N̄ = {0, 1, 2, . . .} ∪ {∞}. The random time T is a stopping time for (Xt) if for each n ≥ 0,

the event {T = n} depends only on the values of X0, . . . , Xn. That is, for every (x0, . . . , xn) ∈ Xn+1,

the set {ω ∈ Ω : X0(ω) = x0, . . . , Xn(ω) = xn} is either contained in the event {T = n} or disjoint

from it.

An example of a stopping time is the hitting time for a subset C ∈ E . Define

τC = min{t ≥ 0 : Xt ∈ C},

τ+
C = min{t ≥ 1 : Xt ∈ C}.

If C = {c} is a single element, one can write τc, τ
+
c instead of τ{c}, τ

+
{c}.

A randomized stopping time for (Xt) is a slight generalization of the notion of a stopping time. The

event {T = n} is allowed to depend not just deterministically on the sequence (X0, . . . , Xn) but
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also on a source of randomness independent of the future path (Xn+1, Xn+2, . . .). Formally, the

random time T is a randomized stopping time for the Markov chain (Xt) with initial distribution

µ if for every n ≥ 0, the event {T = n} is conditionally independent of (Xn+1, Xn+2, . . .) under Pµ

given (X0, . . . , Xn). T is a randomized stopping time for the Markov scheme (Xt) if the conditional

independence holds under Pµ for every µ ∈ P(X ).

Let f : X → R be a measurable function, and let µ ∈ P(X ). Define

µ(f) =

∫
X
f(x)µ(dx).

This definition makes sense whenever f ≥ 0, and also for general f with µ(|f |) < ∞. If P is a

transition kernel on X and t ≥ 0, then

P t(µ, f) =

∫
X
f(x)P t(µ, dx).

It is said that f ∈ Lp(µ), for 1 ≤ p <∞, if∫
X
|f(x)|pµ(dx) <∞.

If π is a stationary distribution for the transition kernel P , then one can define an operator on Lp(π)

for each p by f 7→ Pf , where

(Pf)(x) =

∫
X
f(y)P (x, dy).

The formula for (Pf)(x) also makes sense if f ≥ 0 even if it is not in any Lp(π).

When p = 2, L2(π) is a Hilbert space with the inner product

〈f, g〉π =

∫
X
f(x)g(x)π(dx).

P is reversible with respect to π if the operator f 7→ Pf on L2(π) is self-adjoint; this is equivalent

to the condition that

π(dx)P (x, dy) = π(dy)P (y, dx)

as measures on (X ×X , E⊗E). If P is reversible, its L2(π) spectrum σ(P ) is contained in the interval

[−1, 1]. It will be said that P has nonnegative eigenvalues if σ(P ) ⊆ [0, 1]. The L2(π) spectral gap of

P is 1− sup{r < 1 : r ∈ σ(P )}. When P is a finite-dimensional matrix this is simply the difference

between 1 and the second-highest eigenvalue.

If P is reversible, an equivalent condition to σ(P ) ⊆ [0, 1] is that 〈Pf, f〉π ≥ 0 for all f ∈ L2(π).

In fact, if P is reversible with σ(P ) ⊆ [0, 1], then for every f ∈ L2(π) the sequence 〈Pnf, f〉π is
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nonnegative and nonincreasing.

The norm of a function f ∈ L2(π) is

‖f‖2L2(π) =

∫
X
|f(x)|2π(dx) = 〈f, f〉π.

The L2(π) norm of a signed measure µ ∈ P(X ) that is absolutely continuous with respect to π is

defined using the Radon-Nikodym derivative,

‖µ‖L2(π) =

∥∥∥∥dµdπ
∥∥∥∥
L2(π)

.

If µ is not absolutely continuous with respect to π, one says that ‖µ‖L2(π) =∞. For µ1, µ2 ∈ P(X ),

their L2(π) distance is ‖µ1 − µ2‖L2(π), interpreted as above.

Other distances between measures include the total variation distance, the L1 distance, and the

separation distance. The L1 norm of a signed measure is

‖µ‖1 =

∫
X
|µ|(dx),

and the L1 distance between measures µ1, µ2 ∈ P(X ) is given by ‖µ1 − µ2‖1. The total variation

distance is

‖µ1 − µ2‖TV =
1

2
‖µ1 − µ2‖1 = sup

A∈E
|µ1(A)− µ2(A)|.

The separation distance, which is not symmetric, is given by

dsep(µ1, µ2) = inf{0 ≤ β ≤ 1 : µ1(A) ≥ (1− β)µ2(A) for all A ∈ E}.

It is well-known that ‖µ1 − µ2‖TV ≤ dsep(µ1, µ2).

For a Markov chain with transition matrix P and stationary distribution π on a finite state space

X , the total variation mixing time with parameter 0 < ε < 1 is

tmix(ε) = min{t ≥ 0 : ‖P t(x, ·)− π‖TV ≤ ε for all x ∈ X}.

By convention, the expression tmix without any specified ε refers to tmix(1/4).

Given vectors v, w ∈ Rd, denote their standard inner product by (v, w) and their Euclidean norms

by ‖v‖2, ‖w‖2.

Several well-known distributions of random variables will be considered, most frequently the multi-

variate normal distribution and the gamma distribution. A multivariate normal random variable in

k dimensions with mean m ∈ Rk and k × k covariance matrix Σ will be denoted by X ∼ Nk(m,Σ).
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A gamma random variable with shape parameter α and rate parameter β, whose density function is

Gα,β(x) =
βα

Γ(α)
xα−1e−βx,

will be denoted by X ∼ G(α, β).



Chapter 2

Drift and minorization

The main object of study in this thesis will be a Markov transition kernel satisfying a drift and

minorization condition. Any aperiodic chain whose transition kernel satisfies such a condition must

converge to its stationary distribution at an exponential rate. This chapter is devoted to exploring

this fundamental convergence result. The goal is to build intuition while presenting the historical

development of the subject and placing the new results of this thesis in context.

Section 2.1 gives precise definitions and explains the original proof of exponential convergence, due

to Nummelin and Tuominen [NT82]. Section 2.2 discusses quantitative convergence bounds and

introduces a second method of proof developed by Rosenthal [Ros95a; Ros02]. Section 2.3 explains

how the quantitative bounds improve when the Markov chain is reversible. Here there are two

approaches, one taken by Baxendale [Bax05] and the other to be developed in Chapters 3 and 4 of

this work. Section 2.4 talks about the various norms under which one can demonstrate exponential

convergence and the relationships between them.

2.1 Exponential convergence

A drift and minorization condition consists of two pieces: a drift function with respect to a subset

C of the state space X , and a minorization property that holds for the same subset C.

Definition 2.1. Let P be a transition kernel on the state space (X , E), and let C ∈ E . A drift

function for P with respect to C is a measurable function V : X → [1,∞) along with constants

15



CHAPTER 2. DRIFT AND MINORIZATION 16

λ < 1 and K <∞ such that for all x ∈ X ,

PV (x) ≤

λV (x) if x /∈ C,

K if x ∈ C.

Drift functions are also frequently called Lyapunov functions.

Definition 2.2. Let P be a transition kernel on (X , E), and let C ∈ E . A minorization property for

C is a probability measure ν ∈ P(X ), called the minorization measure, along with an integer m ≥ 1

and a constant ε > 0, such that

Pm(x, ·) ≥ εν(·) for all x ∈ C.

A set C that has a minorization property is called a small set for P . If the value of m is important,

one can speak of a small set with m-step minorization.

Definition 2.3. A transition kernel P on X is said to satisfy a drift and minorization condition if

P has a drift function with respect to a small set.

There are a few variants of these definitions in the literature, but they are all essentially equivalent.

It is well-known, though certainly not immediate, that any transition kernel satisfying a drift and

minorization condition has a unique stationary distribution π. The next definition formalizes the

idea of exponential convergence to stationarity.

Definition 2.4. A transition kernel P on X having stationary distribution π is geometrically ergodic

if there are a constant γ < 1 and a measurable function B : X → R such that for all x ∈ X ,

‖P t(x, ·)− π‖TV ≤ B(x)γt for all t ≥ 0. (2.1)

If (Xt) is a Markov chain or scheme with transition kernel P , one says that (Xt) satisfies a drift and

minorization condition or is geometrically ergodic if the appropriate properties hold for P .

One key point of geometric ergodicity is that the exponential rate γ is independent of the starting

location x. It turns out that if the transition kernel exhibits exponential convergence, in the sense

that there are functions B : X → R and γ : X → [0, 1) such that

‖P t(x, ·)− π‖TV ≤ B(x)γ(x)t for π-almost every x ∈ X and all t ≥ 0, (2.2)

then there is a fixed constant γ < 1 such that (2.1) holds for π-almost every x ∈ X . This result is

due to Vere-Jones [VJ62] in the case where X is countable, and Nummelin and Tweedie [NT78] for

general X (subject only to the requirement that E is countably generated).
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If (2.2) holds for every x ∈ X rather than just π-almost every x, it is still possible for (2.1) to fail

on a set of π-measure zero. Consider the following transition kernel on the nonnegative integers:

P (0, 0) = 1, and for j > 0, P (j, 0) = 1/j while P (j, j) = 1 − 1/j. The stationary distribution π is

concentrated at zero, which is an absorbing state, and for j > 0,

‖P t(j, ·)− π‖TV =

(
1− 1

j

)t
.

Sometimes in the literature (e.g. [NT82; RR04]), geometric ergodicity is defined so that (2.1) is only

required to be true for π-almost every x ∈ X . This definition has the advantage of working well with

the theorem of Vere-Jones and Nummelin–Tweedie, and the disadvantage that the Markov chain is

allowed to behave badly when started from a set of π-measure zero, as in the example given above.

Definition 2.4, which requires (2.1) for every x ∈ X , is also standard (e.g. [MT93; Bax05]), and will

be used henceforth.

The idea of drift and minorization was devised, by Popov [Pop77] in the case of countable state space

and by Nummelin and Tuominen [NT82] in the general case, as a sufficient condition for geometric

ergodicity. Nummelin and Tuominen essentially proved the following:

Theorem 2.5. Suppose the transition kernel P is aperiodic and satisfies a drift and minorization

condition. Then P is geometrically ergodic.

A full proof of Theorem 2.5 will not be given here, but two strategies will be outlined.

Roughly speaking, a transition kernel is aperiodic if there is not a partition of the state space

X = D1 ∪ D2 ∪ · · · ∪ Dk such that for all x ∈ Di, P (x,Di+1) = 1 (taking the indices mod k).

This definition elides subtleties having to do with sets of measure zero; for a rigorous development,

see Chapter 5 of [MT93]. If P satisfies a drift and minorization condition with small set C, then

aperiodicity is equivalent to the statement that gcd{t ≥ 0 : P t(x,C) > 0} = 1 for all x ∈ C.

The assumption of aperiodicity in Theorem 2.5 is very important. Considering what goes wrong

when the Markov chain is periodic or almost periodic will provide motivation for the main results in

this thesis. Here is an instructive example: the state space is the discrete circle X = Z/NZ, and the

transition kernel is given by P (k, k−1) = 1 for all k ∈ X . A chain with transition kernel P will keep

going around the circle forever and never converge to stationarity. However, it is straightforward to

define a drift and minorization condition for P . For minorization, set m = 1, ε = 1, and ν = δN−1

to be the appropriate delta measure. (In general, no minorization is needed when C = {c} is a single

element, but one can always let ν(·) = P (c, ·), m = 1, and ε = 1 if Definition 2.2 must be satisfied.)

For drift, fix any 0 < λ < 1 and set V (k) = λ−k for 0 ≤ k ≤ N−1. Then for k 6= 0, PV (k) = λV (k),

and PV (0) = λ−(N−1).

A slightly modified version of this example will be discussed in Section 2.2 where the Markov chain
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is not periodic and has a well-behaved drift and minorization condition, but nevertheless converges

quite slowly. At that point it will be useful to make N large while keeping the upper bound

K ≥ PV (0) constant. This can be accomplished by choosing λ = 1− 1/N , so that

PV (0) =

(
1 +

1

N − 1

)N−1

≤ e.

Here is the first strategy for proving Theorem 2.5. This is roughly the original method of Nummelin

and Tuominen, as well as the approach taken later in the book of Meyn and Tweedie [MT93].

The drift property says that if x /∈ C, then PV (x) ≤ λV (x). Suppose the Markov chain (Xt) with

transition kernel P is started from X0 = x. With each time step, if the chain has not yet reached

C, one expects the value of V (Xt) to drop by a factor of λ. This cannot keep going forever because

of the requirement that V ≥ 1 at all points in X . Therefore, the value of V (x) controls the law of

the hitting time τC for the Markov chain started from x. This control is captured in the following

well-known lemma, which will be proved in Chapter 4 as Lemma 4.7.

Lemma 2.6. Let (Xt) be a Markov scheme with transition kernel P on (X , E), and let C ∈ E be a

subset of X . Suppose the measurable function V : X → [1,∞) satisfies PV (x) ≤ λV (x) for x /∈ C,

where λ < 1 is fixed. Then for all x ∈ X ,

Ex[λ−τC ] ≤ V (x).

Note that the function V0(x) = Ex[λ−τC ] itself satisfies PV0(x) = λV0(x) for x /∈ C, and V0 ≥ 1 on

all of X . Thus V0(x) is the minimal drift function for P given the subset C and the constant λ.

By convexity, Lemma 2.6 implies that

Ex[τC ] ≤ log V (x)

log λ−1
. (2.3)

If the value of V (Xt) dropped by exactly a factor of λ at each time step, log V (x)/ log λ−1 is the

number of steps it would take to reach 1 from a starting point of V (x). So, (2.3) should not be too

surprising. The statement of Lemma 2.6 is much more powerful, because it controls an exponential

moment of the hitting time τC rather than just the expected value.

The next ingredient in the proof of Theorem 2.5 has to do with the minorization. Assume for the

moment that the small set C has 1-step minorization, that is, m = 1 in Definition 2.2. If Xt ∈ C,

the next step of the Markov chain can be described by the following algorithm: first, flip a coin

with probabilities ε, 1 − ε. If the coin shows ε, choose Xt+1 ∼ ν. If the coin shows 1 − ε, choose

Xt+1 ∼ 1
1−ε [P (Xt, ·) − εν(·)]. In both cases, continue running the chain afterwards, flipping an

independent ε, 1− ε coin every time t that Xt ∈ C.
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Denote the random times that the coin-flip shows ε by T1 − 1, T2 − 1, . . ., so that at each time Tj ,

XTj ∼ ν. The Tj are called regeneration times for the chain (Xt): XTj is still distributed according

to ν even if the value of Tj and the entire sample path (X0, . . . , XTj−1) are known. Therefore, the

behavior of (Xt) after time Tj is completely independent of what came before.

The observation that such a sequence of regeneration times can be defined for any Markov chain

having a small set with 1-step minorization is due independently to Athreya and Ney [AN78] and

to Nummelin [Num78]. To describe how [AN78] and [Num78] used this construction to analyze

the convergence properties of the Markov chain requires a short detour into the subject of discrete

renewal theory. (For a textbook treatment, see Chapter 2 of [BL08] and the references therein.)

Suppose that Q is the transition kernel for a Markov chain (Yt) on a countable state spaceW starting

from a distinguished state c ∈ W. Let un = Qn(c, c). Then u0 = 1, and for n ≥ 1, un satisfies the

recurrence

un =

n∑
k=1

un−k Pc(τ
+
c = k).

A sequence (un) with u0 = 1 and

un =

n∑
k=1

un−kbk for n ≥ 1, (2.4)

where each bk ≥ 0 and
∑∞
k=1 bk = 1, is called a renewal sequence. The sequence (bn) is called the

increment sequence associated with (un).

The sample path (Y0, Y1, . . .) can be partitioned into independent tours between consecutive visits

to c. Assume that the expected tour length Ec[τ
+
c ] is finite. The distribution of Yt is given by the

formula

Pc(Yt ∈ A) =

∞∑
k=0

ut−k Pc(Yk ∈ A, τ+
c > k), (2.5)

where un is taken to be zero when n < 0. Since un is the probability that a tour begins at time n,

if limn→∞ un exists, it must equal 1/Ec[τ
+
c ]. Then, dominated convergence shows that

lim
t→∞

Pc(Yt ∈ A) =

∞∑
k=0

1

Ec[τ
+
c ]

Pc(Yk ∈ A, τ+
c > k). (2.6)

The right side is necessarily a stationary distribution for (Yt); this can also be checked directly with-

out much trouble (see e.g. Theorem 6.5.2 of [Dur10]). Denote this distribution by π(A). Subtracting

(2.6) from (2.5),

|Qt(c, A)− π(A)| ≤
∞∑
k=0

∣∣∣∣ut−k − 1

Ec[τ
+
c ]

∣∣∣∣Pc(τ
+
c > k).
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Therefore, control over the rate of convergence of un to its limit, along with control over the tail of

the increment sequence bn, leads to a bound on ‖Qt(c, ·) − π‖TV. For a starting point x 6= c, one

obtains a similar result as long as one can control Px(τc > k).

The regeneration time construction of [AN78] and [Num78] allowed them to apply this same analysis

to the general state space transition kernel P . The role of the distinguished state c is played by the

minorization measure ν. Suppose that the Markov chain (Xt) with transition kernel P starts from

X0 ∼ ν, and let T = {0, T1, T2, . . .} be the set of regeneration times, with T = T1. Then one can

define un = Pν(n ∈ T) and bn = Pν(T = n). By the regeneration property, the recurrence (2.4)

holds. The same logic as before leads to the conclusion

|P t(ν,A)− π(A)| ≤
∞∑
k=0

∣∣∣∣ut−k − 1

Eν [T ]

∣∣∣∣Pν(T > k). (2.7)

With all this preparation, it is now possible to summarize the proof of Theorem 2.5. Suppose P is

an aperiodic transition kernel on X satisfying a drift and minorization condition with respect to a

small set C. Fix x ∈ X and let (Xt) be a Markov chain started from x with transition kernel P .

First, assume that C has 1-step minorization.

1. Lemma 2.6 bounds Ex[λ−τC ], so the law of τC decays exponentially. Every time t that the

Markov chain enters C, there is a probability ε that the first regeneration time T equals t+ 1

(assuming that T > t). Therefore, the law of T also decays exponentially.

2. A lemma of Kendall [Ken59] says the following. Let (un) be a renewal sequence, and (bn) be

the associated increment sequence. If bn → 0 at an exponential rate, then un converges to its

limit at an exponential rate, provided that the aperiodicity condition gcd{n : bn > 0} = 1 is

satisfied.

3. Let un = Pν(n ∈ T) and bn = Pν(T = n). By step 1, bn → 0 at an exponential rate. The gcd

condition follows from aperiodicity of the transition kernel P . Thus Kendall’s Lemma applies,

and both pieces of the right side of (2.7) decay exponentially.

4. For any x ∈ X , an exponential bound on Px(T > t) combined with the exponential bound on

‖P t(ν, ·)− π‖TV leads to an exponential bound on ‖P t(x, ·)− π‖TV.

If the small set has m-step minorization for m > 1, apply the previous argument to the Markov

chain (Xmt) = (X0, Xm, X2m, . . .). The only issue is the exponential bound on the law of τC . Set

τ
(m)
C = min{t ≥ 0 : Xmt ∈ C}. An argument is given based on aperiodicity of P that if the

law of τC decays exponentially, so does the law of τ
(m)
C . The rest of the argument goes through,

giving a bound on ‖Pmt(x, ·)− π‖TV. Because ‖P s(x, ·)− π‖TV is nonincreasing in s, the bound on
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‖Pmt(x, ·)− π‖TV also gives a bound on ‖P s(x, ·)− π‖TV for general s (i.e. not just the multiples

of m). This finishes the proof.

The converse of Theorem 2.5 is also true. The following result was first stated explicitly by Roberts

and Rosenthal [RR97], though it is implicit in earlier works such as [MT93].

Theorem 2.7. Suppose P is a geometrically ergodic transition kernel on a state space (X , E) where

E is countably generated. Then P is aperiodic and satisfies a drift and minorization condition.

It should be noted that [RR97] proved Theorem 2.7 using the “almost everywhere” definition of geo-

metric ergodicity, with the drift function in the conclusion allowed to be infinite on a set of measure

zero. If one strengthens the assumption to the “everywhere” definition of geometric ergodicity, one

obtains a drift function which is everywhere finite.

The proof of Theorem 2.7 is nonconstructive. Its interest is that it confirms the power of the drift

and minorization technique: if a Markov chain is in fact geometrically ergodic, it can be proved by

drift and minorization.

2.2 Quantitative bounds and bivariate drift

With the advent of Markov chain Monte Carlo, researchers started giving more attention to quan-

titative convergence bounds for general state space Markov chains. Theorem 2.5 is “soft” in that

it provides no such quantitative bounds. The reason is that aperiodicity is a soft assumption. The

periodic example in the previous section, with state space X = Z/NZ, can be perturbed so that it

is aperiodic but converges arbitrarily slowly.

Meyn and Tweedie [MT94] obtained the first quantitative version of Theorem 2.5 under the following

aperiodicity assumption: in the minorization Pm(x, ·) ≥ εν(·) for all x ∈ C, one has m = 1 and

ν(C) ≥ δ/ε for some constant δ > 0. This assumption is called “strong aperiodicity” in the literature.

Baxendale [Bax05] and Bednorz [Bed13] get better quantitative bounds starting from the same

assumption. (Their formulas are quite involved but fully explicit.) When applied to toy examples

from MCMC, all of these results are several orders of magnitude too conservative. A modification

of the periodic example gives one reason why.

With X = Z/NZ, define the transition kernel by P (k, k − 1) = 1 when k 6= 0. When k = 0,

let P (0, 0) = 1/2 and P (0, N − 1) = 1/2. As before, let C = {0}, and keep the drift function

V (k) = λ−k where λ = 1− 1/N . One can take K = (1 + e)/2. For minorization, let ε = 1, m = 1,

and ν(0) = ν(N − 1) = 1/2.

Imagine a random walker moving around the circle Z/NZ according to P . Every time it reaches

zero, it pauses for a random number of time steps before continuing around. The amount of time
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that the walker pauses at zero is a geometric random variable with parameter 1/2. In order for

‖P t(x, ·)−π‖TV to be small, the total amount of time paused at zero, essentially a sum of independent

Geometric(1/2) random variables, must have standard deviation of at least order N . This will not

happen until the random walker has taken order N2 trips around the circle, so t must be at least

order N3. Baxendale [Bax05] considers exactly this example at the end of Section 3.1 (though in

different language). He confirms that the best possible γ in ‖P t(x, ·) − π‖TV ≤ B(x)γt satisfies

1− γ = O(1/N3).

To summarize, the minorization data are m = 1, ε = 1, and δ = 1/2; and the drift data are

λ = 1 − 1/N and K = (1 + e)/2. The Markov chain regenerates roughly every N steps, but it

needs order N3 = 1/(1 − λ)3 steps to mix. Any quantitative convergence bound starting from the

same assumptions as [MT94; Bax05; Bed13] is stuck with this problem: the mixing time may be as

large as the cube of the number of steps needed to regenerate. The unavoidable factor of 1/(1− λ)3

appears in the formulas of [Bax05] and [Bed13]. (The bound in [MT94] had a factor of 1/(1− λ)4.)

A different approach that usually gives better bounds for chains used in MCMC is the bivariate drift

method of Rosenthal [Ros95a; Ros02], which uses the technique of coupling.

Definition 2.8. Let (Xt) and (X ′t) be two Markov chains with the same transition kernel on the

same state space (X , E), having starting distributions µ and µ′ respectively. A coupling of (Xt) and

(X ′t) is a single probability measure Pµ,µ′ on a sample space Ω, together with maps X,X ′ : Ω→ X∞,

such that the law of X(ω) under Pµ,µ′ is the same as the law of (Xt), and the law of X ′(ω) under

Pµ,µ′ is the same as the law of (X ′t). Define the coupling time

Tcouple = min{t ≥ 0 : Xt = X ′t}.

The coupling is faithful if

Pµ,µ′(Xt = X ′t for all t ≥ Tcouple) = 1.

The well-known Coupling Inequality ([LPW09], Theorem 5.2) relates faithful couplings to total

variation convergence.

Proposition 2.9. Let Pµ,µ′ be a faithful coupling of the Markov chains (Xt) and (X ′t), both with

transition kernel P , as in Definition 2.8. Then

‖P t(µ, ·)− P t(µ′, ·)‖TV ≤ Pµ,µ′(Tcouple > t).

Usually one sets µ′ = π to get a bound on ‖P t(µ, ·)− π‖TV.

Definition 2.10. Let (Xt) and (X ′t) be Markov chains on (X , E) with transition kernel P and initial

distributions µ, µ′. Suppose P̄ is a transition kernel on X × X (with the product σ-algebra E ⊗ E)
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such that for all x, x′ ∈ X and A,A′ ∈ E ,

P̄ ((x, x′), A×X ) = P (x,A),

P̄ ((x, x′),X ×A′) = P (x′, A′).
(2.8)

Also suppose that µ̄ is a probability measure on X ×X such that µ̄(A×X ) = µ(A) and µ̄(X ×A′) =

µ′(A′) for all A,A′ ∈ E . A Markov chain on (X × X , E ⊗ E) with transition kernel P̄ and initial

distribution µ̄ is called a Markovian coupling of (Xt) and (X ′t). Any Markovian coupling satisfies

Definition 2.8.

Let ∆ = {(x, x′) ∈ X × X : x = x′}. If P̄ ((x, x),∆) = 1 for all x ∈ X , the Markovian coupling is

faithful. In order for this to be true, P̄ ((x, x), ·) must be given by

P̄ ((x, x), A×A′) = P (x,A ∩A′) (2.9)

for all x ∈ X and A,A′ ∈ E .

Most couplings used in practice are Markovian. The construction below will use a coupling that is

non-Markovian, but only slightly.

Definition 2.11. Let P be a transition kernel on (X , E). A bivariate drift and minorization condi-

tion for P consists of:

• A small set C ∈ E , with Pm(x, ·) ≥ εν(·) for all x ∈ C;

• A transition kernel P̄ on (X × X , E ⊗ E) that satisfies (2.8) and (2.9);

• A measurable function V̄ : X × X → [1,∞), called the bivariate drift function, together with

a constant λ̄ < 1, such that P̄ V̄ (x, x′) ≤ λ̄V̄ (x, x′) for all (x, x′) /∈ C × C;

• A finite constant K̄ such that P̄ V̄ (x, x) ≤ K̄ for all x ∈ C;

• If ε < 1, a remainder kernel R̄ assigning to each (x, x′) ∈ C × C a probability measure on

X × X such that for all A,A′ ∈ E ,

εν(A) + (1− ε)R̄((x, x′), A×X ) = Pm(x,A),

εν(A′) + (1− ε)R̄((x, x′),X ×A′) = Pm(x′, A′),

and a finite constant L̄ for which

sup
(x,x′)∈C×C

R̄V̄ (x, x′) ≤ L̄.
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Note that the function V (x) = V̄ (x, x) is automatically a (univariate) drift function for P with

respect to C, because PV (x) = P̄ V̄ (x, x).

Here is Rosenthal’s construction (from [RR04]; see also [Ros02]) for a faithful coupling of two chains

(Xt) and (X ′t) whose transition kernel P satisfies a bivariate drift and minorization condition. Start

with X0 ∼ µ and X ′0 ∼ µ′; the joint distribution of (X0, X
′
0) is allowed to be anything as long as

the marginal distributions of X0 and X ′0 are µ and µ′, respectively. Choose (X1, X
′
1), (X2, X

′
2), . . .

according to P̄ until the first time S1 ≥ 0 that (XS1
, X ′S1

) ∈ C × C. Now, flip an ε, 1− ε coin.

If the coin shows ε, set XS1+m = X ′S1+m, both distributed according to ν. For t > S1+m, keep Xt =

X ′t, distributed according to P (Xt−1, ·). Finally, fill in the missing values (XS1+1, . . . , XS1+m−1) ac-

cording to their conditional distribution under Pµ given XS1 and XS1+m, conditionally independent

of everything else; and fill in the values (X ′S1+1, . . . , X
′
S1+m−1) according to their conditional distri-

bution under Pµ′ given X ′S1
and X ′S1+m, conditionally independent of everything else.

If the coin shows 1− ε, choose (XS1+m, X
′
S1+m) according to R̄((XS1 , X

′
S1

), ·). From there, choose

(XS1+m+1, X
′
S1+m+1), (XS1+m+2, X

′
S1+m+2), . . . according to P̄ until the first time S2 ≥ S1 + m

that (XS2
, X ′S2

) ∈ C × C. Then flip another independent ε, 1 − ε coin. If the coin shows ε, set

XS2+m = X ′S2+m, both distributed according to ν, and proceed as in the previous paragraph. If

the coin shows 1 − ε, choose (XS2+m, X
′
S2+m) according to R̄((XS2 , X

′
S2

), ·) and continue to S3.

Keep going until the first time the coin shows ε. At that point, there will be a number of missing

sequences. Fill in each sequence (XSj+1, . . . , XSj+m−1) according to its conditional distribution

under Pµ given XSj and XSj+m, conditionally independent of everything else, and likewise with the

sequences (X ′Sj+1, . . . , X
′
Sj+m−1).

When m = 1, there are no missing sequences, and the coupling is Markovian. When m > 1, the

missing sequence construction means that the coupling may not be Markovian.

The advantage of the bivariate drift approach is that it is relatively straightforward to obtain a

bound on Tcouple given the data in Definition 2.11. The computation is exactly the same as the one

that bounds the law of the regeneration time (or strong ν time) T in the case of univariate drift

and minorization. By the Coupling Inequality, taking µ′ = π, one immediately has an exponential

bound on the total variation distance ‖P t(µ, ·)− π‖TV.

Theorem 2.12. Suppose the transition kernel P satisfies a bivariate drift and minorization con-

dition. Let µ̄ be a measure on X × X with µ̄(V̄ ) < ∞, and define the marginal measures µ, µ′ by

µ(A) = µ̄(A×X ) and µ′(A′) = µ̄(X ×A′). Then there are explicit constants B and γ < 1 such that

‖P t(µ, ·)− P t(µ′, ·)‖TV ≤ Bγt.

The value of γ depends only on the bivariate drift and minorization data and not on µ̄.
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Let π be the stationary distribution for P . For x ∈ X , the measure δx ⊗ π on X × X is given by

(δx ⊗ π)(A×A′) =

π(A′) if x ∈ A,

0 if x /∈ A.

If (δx ⊗ π)(V̄ ) < ∞ for every x ∈ X , then P is geometrically ergodic, with an explicit upper bound

on the rate of convergence.

Theorem 2.12 is first stated in [Ros95a]. A simple proof along the lines described above is given in

[Ros02], at least for the case m = 1; the extension to m > 1 is routine. Improved formulas for B

and γ will be given in Theorem 4.13.

The disadvantage of the bivariate drift approach is that one needs to find a bivariate drift function

V̄ along with the kernels P̄ and R̄. There are two situations where this is no more difficult than

finding a univariate drift function. The first is when the transition kernel P satisfies a monotonicity

property, and the second is when the small set C covers a large fraction of the state space. In both

cases the finiteness condition (δx ⊗ π)(V̄ ) <∞ is automatically satisfied, so Theorem 2.12 gives an

explicit form of geometric ergodicity.

Here is a discussion of the monotonicity situation. The theory was developed by Lund and Tweedie

[LT96] and Roberts and Tweedie [RT00]. Suppose the transition kernel P has a drift function V

with respect to a small set of the form C = {x ∈ X : V (x) ≤ d}. Imagine that (Xt) and (X ′t)

are two random walkers on X , starting from distributions µ and µ′ respectively and each moving

according to P . Now, suppose there is a coupling of (Xt) with (X ′t) so that if V (X0) ≤ V (X ′0), then

V (Xt) ≤ V (X ′t) for all t; and if V (X0) ≥ V (X ′0), then V (Xt) ≥ V (X ′t) for all t. This is called a

monotone coupling. Assume without loss of generality that V (X0) ≤ V (X ′0). Whenever X ′t ∈ C,

Xt ∈ C also, because V (Xt) ≤ V (X ′t). Therefore one can proceed as follows. Run the coupled chain

until X ′t ∈ C, and flip the ε, 1− ε coin. If the coin shows ε, make Xt+m = X ′t+m. If the coin shows

1− ε, it can still be arranged that V (Xt+m) ≤ V (X ′t+m), so the coupling can proceed from there.

Effectively, if V (X0) ≤ V (X ′0), the coupling time is determined only by the path (X ′0, X
′
1, . . .) and

the coin flips, because V (Xt) is “trapped” below V (X ′t). This fits into the framework of bivariate

drift and minorization if one chooses V̄ (x, x′) = max{V (x), V (x′)}.

Definition 2.13. Let P be a transition kernel on X , and let f : X → R be a measurable function.

P is stochastically monotone with respect to f if whenever f(x) ≤ f(x′), then for every r ∈ R,

Px(f(X1) > r) ≤ Px′(f(X1) > r).

If X ⊆ R and f is the identity function, P is simply stochastically monotone.

Proposition 2.14. Let the transition kernel P have a drift function V with respect to a small set



CHAPTER 2. DRIFT AND MINORIZATION 26

C = {x ∈ X : V (x) ≤ d}. If P is stochastically monotone with respect to V , then P satisfies a

bivariate drift and minorization condition with V̄ (x, x′) = max{V (x), V (x′)} and λ̄ = λ.

In [LT96] it is shown that the quantitative convergence bounds arising from Proposition 2.14 are

sharp for a certain family of chains on the state space X = [0,∞). Note that if the transition kernel

P of a chain (Xt) is stochastically monotone with respect to V and V (x) = V (x′), then the law of

V (X1) given that X0 = x must be equal to the law of V (X1) given that X0 = x′. Thus, the projection

(V (Xt)) is itself a Markov chain on [1,∞). In this sense, (Xt) is essentially one-dimensional.

Monotonicity enabled the bivariate drift function V̄ to be constructed directly from the univariate

drift function V . This is possible in the general (non-monotone) case if the small set C is large

enough. The following proposition is a slightly modified version of Theorem 12 in [Ros95a].

Proposition 2.15. Let the transition kernel P have a drift function V with respect to a small set

C = {x ∈ X : V (x) ≤ d}. If d > (K−1)/(1−λ), then P satisfies a bivariate drift and minorization

condition with V̄ (x, x′) = [V (x) + V (x′)]/2 and λ̄ = λ+ (K − λ)/(d+ 1).

Proof. Let P̄ ((x, x′), A × A′) = P (x,A)P (x′, A′) when x 6= x′, the so-called independent coupling,

and P̄ ((x, x), A×A′) = P (x,A ∩A′). Let

R̄((x, x′), A×A′) =

(
1

1− ε
[P (x,A)− εν(A)]

)(
1

1− ε
[P (x′, A′)− εν(A′)]

)
.

If x /∈ C and x′ /∈ C, then P̄ V̄ (x, x′) ≤ λV̄ (x, x′). The key computation is that if x /∈ C but x′ ∈ C,

P̄ V̄ (x, x′) ≤ 1

2
λV (x) +

1

2
K = λV̄ (x, x′) +

1

2
[K − λV (x′)].

Since V (x) ≥ d and V (x′) ≥ 1,
K − λV (x′)

V (x) + V (x′)
≤ K − λ

d+ 1
.

It follows that

P̄ V̄ (x, x′) ≤
(
λ+

K − λ
d+ 1

)
V̄ (x, x′).

The last step is to check that sup(x,x′)∈C×C R̄V̄ (x, x′) <∞. From the definitions of R̄ and V̄ ,

sup
(x,x′)∈C×C

R̄V̄ (x, x′) = sup
x∈C

1

1− ε
[Pm(x, V )− εν(V )] .

An upper bound for this last quantity will be given in Corollary 4.11.

In order for Propositions 2.14 and 2.15 to give a quantitative form of geometric ergodicity via

Theorem 2.12, the bivariate drift functions must satisfy the finiteness condition (δx ⊗ π)(V̄ ) < ∞
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for all x ∈ X . This follows from the general fact that if V is a (univariate) drift function for P with

respect to C, and π is a stationary distribution for P ,

π(V ) ≤ K − λ
1− λ

π(C). (2.10)

If V̄ (x, x′) = max{V (x), V (x′)}, then (δx⊗π)(V̄ ) ≤ V (x)+π(V ), while if V̄ (x, x′) = [V (x)+V (x′)]/2,

then (δx ⊗ π)(V̄ ) = [V (x) + π(V )]/2. The inequality (2.10) will be proved in Lemma 4.8.

Proposition 2.15 provides another route to proving Theorem 2.5. Suppose P has a drift function V

with respect to a small set C. If C contains {x ∈ X : V (x) ≤ d} for some d > (K − 1)/(1 − λ),

then P satisfies a bivariate drift and minorization condition, leading immediately to geometric

ergodicity via Theorem 2.12. If C is too small, it is argued in [RR04] that for any finite d, the set

Cd = C ∪ {x ∈ X : V (x) ≤ d} is also a small set for P , as long as P is aperiodic. In the expansion

from C to Cd, one loses quantitative control over the constants εd and md in the statement

Pmd(x, ·) ≥ εdνd(·) for all x ∈ Cd.

This is inevitable since aperiodicity is a soft condition; but even under the quantitative “strong

aperiodicity” assumption of [MT94], it seems difficult to get good bounds on εd and md. In any

case, the almost periodic example on X = Z/NZ precludes any drastic improvement over the results

of [Bax05] and [Bed13].

Here is the overall situation. Suppose P has a drift function V with respect to a small set C,

and P satisfies a quantitative aperiodicity condition along the lines of the strong aperiodicity of

[MT94]. If C does not contain {x ∈ X : V (x) ≤ d} for some d > (K − 1)/(1 − λ), then the

renewal theory approach of [MT94; Bax05; Bed13] yields explicit formulas for B(x) and γ such that

‖P t(x, ·)− π‖TV ≤ B(x)γt. However, the numerical bounds are often too conservative for practical

use, partly because of the almost periodic examples. The bivariate drift approach of [Ros95a; Ros02;

RR04] yields no explicit formulas. If P is stochastically monotone with respect to V , the bivariate

drift approach as applied by [LT96; RT00] gives very good numerical bounds.

If the small set C does contain {x ∈ X : V (x) ≤ d} for some d > (K − 1)/(1 − λ), both the

renewal theory approach and the bivariate drift approach give explicit formulas for B(x) and γ. In

this situation, the bounds from the bivariate drift approach tend to be orders of magnitude better.

Indeed, the bivariate drift approach has been successfully applied to some toy examples from MCMC,

with encouraging results: see e.g. [Ros95a; JH01; JH04]. Unlike in the stochastically monotone case,

the estimates of convergence rate are not sharp, but they are good enough to be useful.

Given that the numerical bounds are much better when C contains {x ∈ X : V (x) ≤ d} for some

d > (K−1)/(1−λ), an important question is how restrictive this condition really is. The next result,
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originally due to Partha Dey (unpublished personal communication) in a slightly weaker form, shows

that the condition is quite restrictive: the “small set” must encompass at least half the state space!

Proposition 2.16. Suppose P has a drift function V with respect to a small set C that contains

{x ∈ X : V (x) ≤ d} for some d > (K − 1)/(1 − λ). If π is a stationary distribution for P , then

π(C) > 1/2.

Proof. By (2.10), π(V ) <∞. Therefore,

0 = (πP )(V )− π(V ) =

∫
X

[PV (x)− V (x)]π(dx)

=

∫
C

[PV (x)− V (x)]π(dx)−
∫
X\C

[V (x)− PV (x)]π(dx).

Let a = supx∈C [PV (x) − V (x)] and b = infx/∈C [V (x) − PV (x)]; note that a ≥ 0 and b > 0. Then

0 ≤ aπ(C)− b[1− π(C)], which implies that

1− π(C)

π(C)
≤ a

b
. (2.11)

The key step in the proof of Proposition 2.15 was the construction of a constant λ̄ < 1 such that

PV (x) + PV (x′) ≤ λ̄[V (x) + V (x′)] for all x ∈ C, x′ /∈ C. (2.12)

This allowed the independent coupling to give rise to a bivariate drift and minorization condition.

Note that if (2.12) is satisfied, then for all x ∈ C and x′ /∈ C,

PV (x) + PV (x′) + 2(1− λ̄) ≤ PV (x) + PV (x′) + (1− λ̄)[V (x) + V (x′)] ≤ V (x) + V (x′),

which implies that a+ 2(1− λ̄) ≤ b. Therefore, if the independent coupling gives rise to a bivariate

drift and minorization condition, then a < b. It follows from (2.11) that π(C) > 1/2.

The requirement that C ⊇ {x : V (x) ≤ d} for some d > (K − 1)/(1− λ) was engineered so that the

argument in Proposition 2.15 would work. Indeed, if the requirement is satisfied then

b = inf
x/∈C

[V (x)− PV (x)] ≥ inf
x/∈C

(1− λ)V (x) ≥ (1− λ)d > K − 1,

and it is always true that a = supx∈C [PV (x)− V (x)] ≤ K − 1. Thus the requirement implies that

a < b, which immediately gives π(C) > 1/2.

There are various alternative forms of the drift function criterion in the literature. For each one

there is a corresponding version of Proposition 2.15. In all cases the bivariate drift construction



CHAPTER 2. DRIFT AND MINORIZATION 29

relies on (2.12), so the argument above leads to the same conclusion that π(C) > 1/2.

Suppose (Xt) is a random walk on a graph, or more generally that (Xt) makes only local moves on

the state space X . In order to obtain an explicit convergence bound using Proposition 2.15, π(C)

must be greater than 1/2. This in turn requires the number of minorization steps m to be relatively

large, so that Pm(x, ·) and Pm(x′, ·) can overlap even if x, x′ are at “opposite ends” of C.

2.3 Reversibility

This section returns to the renewal theory approach of [MT93; Bax05; Bed13]. As discussed in

Section 2.1, this approach converts drift and minorization data for a Markov chain (Xt) into explicit

bounds on the chain’s convergence to stationarity, assuming an aperiodicity condition is met. In

practice, the bounds are usually orders of magnitude too conservative. This is partly because the

aperiodicity condition still allows almost periodic chains that regenerate frequently but converge

slowly.

The main idea in this section is that if (Xt) is reversible with nonnegative eigenvalues, it cannot

exhibit almost periodic behavior. This is good because a very large number of Markov chains are

reversible. (In MCMC, the Metropolis–Hastings algorithm and the random scan Gibbs sampler

are reversible. For the sequential scan Gibbs sampler in two variables, each variable considered

alone is a reversible chain [Bax05]. For finite chains, any simple random walk on an undirected

and possibly weighted graph is reversible; a special case is the random walk on a group driven by

a symmetric increment distribution. There are many more examples. Some of these automatically

have nonnegative eigenvalues. If not, one can replace the transition kernel P by the lazy version

PL(x, ·) = 1
2 [P (x, ·)+δx(·)], which necessarily has nonnegative eigenvalues.) Since there is no almost

periodic behavior, it is no longer possible for (Xt) to regenerate frequently but converge slowly.

Let P be a transition kernel on X satisfying a drift and minorization condition. Assume for the

moment that the number of minorization steps is m = 1, that is, P (x, ·) ≥ εν(·) for all x ∈ C. In

this situation, if (Xt) is a Markov scheme with transition kernel P , Section 2.1 described (following

[AN78; Num78]) how a regeneration time T can be defined for (Xt). Let

λ∗ = inf{γ ≥ 0 : for some finite function F (x), Px(T > t) ≤ F (x)γt for all t ≥ 0}, (2.13)

ρTV = inf{γ ≥ 0 : for some finite function B(x), ‖P t(x, ·)− π‖TV ≤ B(x)γt for all t ≥ 0}. (2.14)

With no further assumptions, P may be periodic, in which case there is no convergence to stationarity

and ρTV = 1. With a standard aperiodicity assumption, ρTV < 1 but may be much larger than λ∗.

If P is stochastically monotone with respect to the drift function V , the regeneration time T can

serve as a coupling time between the chain started from x and the chain started from π. Therefore,
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ρTV ≤ λ∗. (For a proof of this statement along the lines of the discussion in Section 2.2, see [RT00]).

The first main result in this section is due to Baxendale [Bax05].

Theorem 2.17. Let P be a transition kernel satisfying a drift and minorization condition, and

assume the number of minorization steps is m = 1. Suppose P is reversible with nonnegative

eigenvalues. If λ∗, ρTV are defined as in (2.13) and (2.14), then ρTV ≤ λ∗.

In other words, the assumption that P is reversible with nonnegative eigenvalues gives nearly the

same speed-up in convergence rate as the assumption that P is stochastically monotone with respect

to V . In both cases, the time to stationarity is comparable to the time until the first regeneration.

Probably the most important theoretical result in this thesis is a generalization of Theorem 2.17 to

the case of m ≥ 1. When m > 1, the regeneration time construction of [AN78] and [Num78] yields

instead a strong ν time T (as discussed in Section 1.1). The new result is this:

Theorem 2.18. Theorem 2.17 holds in the general case m ≥ 1.

There are three ways in which Theorem 2.18 differs from Theorem 2.17. First, the method of proof

for Theorem 2.18 is different and more probabilistic. In [Bax05], Theorem 2.17 is proved by looking

at the generating functions

u(z) =

∞∑
n=0

unz
n, b(z) =

∞∑
n=1

bnz
n,

where un = Pν(n ∈ T) and bn = Pν(T = n) as in Section 2.1. These functions are related by the

renewal equation

u(z) =
1

1− b(z)
.

Let u∞ = limn→∞ un and

ρu = inf{γ ≥ 0 : there exists D such that |un − u∞| ≤ Dγn for all n ≥ 0}.

It is not hard to show that ρTV ≤ ρu, so it suffices to prove ρu ≤ λ∗.

The assumption that P is reversible with nonnegative eigenvalues is shown to imply that all the poles

of u(z) lie on the positive real axis. The definition of λ∗ means that b(z) has radius of convergence

at least λ−1
∗ . Since b(1) = 1 and b(z) is increasing when 0 ≤ z < λ−1

∗ , b(z) cannot equal 1 anywhere

else in that interval, so u(z) has no poles inside the circle of radius λ−1
∗ besides one at z = 1. This

in turn means that ρu ≤ λ∗, completing the proof.

The proof of Theorem 2.18 uses no generating functions. It starts with a version of the recurrence
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associated with the regeneration: if f is a measurable function on the state space X ,

Eν [f(Xn), T ≤ n] =

n∑
j=0

Pν(T = n− j) Eν [f(Xj)], (2.15)

assuming that all the expectations are finite or that f ≥ 0. A function f is chosen so that the sequence

Eν [f(Xn)] controls the convergence of Pn(ν, ·) to π in the L2(π) distance; the exact equation is

‖Pn(ν, ·)− π‖2L2(π) = Eν [f(X2n)]− 1.

Using that P is reversible with nonnegative eigenvalues, the sequence Eν [f(Xn)] is shown to be

decreasing in n. Theorem 2.18 follows from doing summation by parts on (2.15). The details are

given in Section 4.4.

The second way that Theorems 2.17 and 2.18 differ is in the generalization to the case m > 1.

The generating function approach described above for Theorem 2.17 does not work when m > 1

because it is possible to have ρu > λ∗. (Roughly speaking, this is because the definition of T may

add artificial periodicity.) Therefore it is impossible to prove that ρTV ≤ λ∗ using ρTV ≤ ρu as an

intermediate step.

For chains used in MCMC, the case m = 1 has historically been the most important, due to the

difficulty of getting quantitative m-step minorization conditions when m > 1. But higher values of

m are essential for the analysis in Section 7.2 of a random walk on a high-dimensional finite graph.

If m = 1 was required, the small set C would need to have diameter at most 2. Typically in high

dimensions, the hitting time for such a set C is very large compared to the mixing time of the

random walk. Since the Markov chain cannot regenerate until it reaches C for the first time, any

drift-and-minorization bound for the mixing time of the chain will be far from sharp.

The analysis in Section 7.2 is of the lazy random walk on the hypercube, and uses a small set C

which is half the state space. By sending m→∞, the drift-and-minorization bound gets the spectral

gap to within a factor of 2.

The third difference between Theorems 2.17 and 2.18 has to do with the explicit bounds

‖P t(x, ·)− π‖TV ≤ B(x)γt.

There are quantitative versions of both theorems that provide explicit formulas for B(x) and γ.

When m = 1, the bounds can be compared. A standard operational definition of the time to

stationarity for the Markov chain started from x is the least integer t such that B(x)γt < 0.01. For

the MCMC examples treated in Chapter 5, the value of t given by Theorem 2.17 is 2 to 5 times the

value of t given by Theorem 2.18.
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The last topic in this section is a special result when the transition kernel P has a drift function

with respect to a single-element small set C = {c}. Note that in this case the regeneration time T

is simply the hitting time τ+
c . If λ is the drift parameter, then λ∗ ≤ λ by Lemma 2.6. Assume P is

reversible with nonnegative eigenvalues. Let (Xt) be a Markov chain with transition kernel P started

from c, and let (X ′t) be a chain with transition kernel P started from π. An argument to be given

in Section 4.6 implies that there is a faithful coupling of (Xt) with (X ′t) such that whenever X ′t = c,

also Xt = c. Therefore, the first time that X ′t = c is a coupling time for the two chains, giving

a bound on total variation distance. The key ingredient is a theorem of Lund, Zhao, and Kiessler

[LZK06] about the hazard rates of the renewal sequence un = Pn(c, c). Let bn = Pc(τ
+
c = n) be the

increment sequence associated with un, and let Bn =
∑∞
k=n+1 bk. The hazard rate hn is defined by

hn =
bn

Bn−1
= Pc(τ

+
c = n | τ+

c ≥ n).

It is proved in [LZK06] that if P is reversible with nonnegative eigenvalues, the sequence (hn) is

decreasing. In other words, the more recently the Markov chain left state c, the more likely it is to

jump back at a given time. This is why the coupling described above is possible. The result is a

clean bound on the convergence of (Xt) to stationarity.

Theorem 2.19. Suppose the transition kernel P has a drift function with respect to a single-element

set C = {c}. Let λ be the drift parameter. If P is reversible with nonnegative eigenvalues, then:

‖P t(c, ·)− π‖TV ≤ λt+1,

‖P t(x, ·)− π‖TV ≤ 2V (x)λt+1 for all x ∈ X .

This theorem will be used in Chapter 7 to provide a sharp upper bound on the cutoff window for

lazy irreducible birth and death chains.

2.4 Norms of convergence

Convergence results based on drift and minorization are often stated with respect to a stronger norm

than total variation, the so-called V -norm.

Definition 2.20. Let (X , E) be a measurable space. Fix a measurable function F : X → (0,∞).

The F -norm for measurable functions f : X → R is given by

‖f‖F = sup
x∈X

|f(x)|
F (x)

.

Define the space L∞F = {f : X → R : ‖f‖F <∞}.
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The F -norm for signed measures η on X is

‖η‖F = sup
f :X→R
‖f‖F≤1

η(f).

If µ, µ′ are probability measures on X , the F -distance between µ and µ′ is ‖µ− µ′‖F .

If F ≡ 1, the F -norm for functions is the L∞ norm (setting aside issues of almost-everywhere

equivalence). The F -distance between measures is the same as the L1 distance, which is double the

total variation distance.

Suppose the transition kernel P satisfies a drift and minorization condition with drift function V and

associated constant λ. Whenever this is used to obtain an explicit bound ‖P t(x, ·)−π‖TV ≤ B(x)γt,

one has γ ≥ λ, and B(x) can always be chosen so that B(x) ≤ AV (x) for some constant A not

depending on x. This last observation is due to Chan [Cha89].

Lemma 4.18, to be proved in Section 4.5, strengthens bounds of the form

‖P t(x, ·)− π‖TV ≤ AV (x)γt,

where γ > λ, into bounds of the form

‖P t(x, ·)− π‖V ≤ A′V (x)γt. (2.16)

Here the drift function V plays the role of F in Definition 2.20. (If γ = λ the right side of (2.16)

has an extra factor of t, but this is irrelevant to the present discussion.)

The bound (2.16) can be rewritten in terms of the L∞V operator norm (or V -operator norm), defined

for linear operators Q : L∞V → L∞V by

|||Q|||V = sup
f :X→R
‖f‖V =1

‖Qf‖V .

Define the operator Π on L1(π) by (Πf)(x) = π(f), so that every function f is mapped by Π to a

constant function. Since π(V ) < ∞ by (2.10), one has L∞V ⊆ L1(π). With these definitions, (2.16)

is equivalent to |||P t −Π|||V ≤ A′γt. If this is true, noting that P t −Π = (P −Π)t, the L∞V -spectral

radius ρV of P −Π is at most γ. Indeed,

ρV = inf{γ ≥ 0 : there exists A′ such that (2.16) holds}.

Theorem 2.21. Suppose P is a Markov transition kernel on (X , E), where E is countably generated.

Then P is geometrically ergodic with stationary distribution π if and only if there is a measurable
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function V ≥ 1 with π(V ) <∞ such that the operator P −Π has L∞V -spectral radius ρV < 1. If ρTV

is defined as in (2.14), then ρTV ≤ ρV .

The “only if” direction follows from Theorem 2.7 combined with the discussion in the previous

paragraphs. The “if” direction is easier: for any γ > ρV there is A such that |||P t −Π|||V ≤ Aγt.

Since V ≥ 1,

‖P t(x, ·)− π‖TV ≤
1

2
‖P t(x, ·)− π‖V ≤

1

2
AV (x)γt.

This also proves that ρTV ≤ ρV .

The interpretation of drift and minorization bounds for general state space Markov chains in terms

of the V -operator norm is due to Meyn and Tweedie [MT92; MT93]. (Related results for countable

state space chains were proved in [Spi90; HS92].) Theorem 2.21, or at least an “almost everywhere”

version, is proved in [RR97]. In [KM12] (see also [KM03]) it is shown further that ρV < 1 if and

only if P is aperiodic and has an L∞V -spectral gap.

The drift condition PV (x) ≤ λV (x) for x /∈ C can also be written in terms of the V -operator norm

as
∣∣∣∣∣∣P1X\C

∣∣∣∣∣∣
V
≤ λ, where (1X\Cf)(x) = 1{x ∈ X \C}f(x). This indicates that it may be possible

to give operator-theoretic proofs of convergence results such as Theorem 2.5; but see the remark at

the end of this section.

If P is reversible with respect to π, one can also consider the L2(π) spectrum of P , which is a

subset of the interval [−1, 1]. Let ρ2 be the L2(π)-spectral radius of P −Π. For any µ ∈ P(X ) with

‖µ‖L2(π) <∞,

‖P t(µ, ·)− π‖L2(π) ≤ ‖µ− π‖L2(π)ρ
t
2.

Theorem 2.22. Suppose P is a Markov transition kernel on (X , E), where E is countably generated.

If P is reversible with respect to the stationary distribution π, then P −Π has L2(π)-spectral radius

ρ2 < 1 if and only if P is π-almost everywhere geometrically ergodic, that is, if

ρ̃TV = inf{γ ≥ 0 : for some π-a.e. finite B(x), ‖P t(x, ·)− π‖TV ≤ B(x)γt for all t ≥ 0} < 1.

In addition, ρ2 ≤ ρ̃TV.

The “if” direction, along with the inequality ρ2 ≤ ρ̃TV, is due to [RR97]. The “only if” direction is

due to [RT01b].

Combining Theorem 2.22 with the “almost everywhere” version of Theorem 2.21 gives the following

result. If P is reversible with respect to π and E is countably generated, then ρ2 < 1 if and only

if there is a measurable function V ≥ 1, finite π-almost everywhere and with π(V ) < ∞, such that

ρV < 1. In that case, ρ2 ≤ ρV .

If P is not reversible, one can still consider the L2(π) spectrum and the radius ρ2, but it is not
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necessarily true that ρ2 ≤ ρV . In fact, [KM12] provides an example where ρ2 = 1 but ρV < 1.

A curious feature of these operator-norm results is that for the most part, they are not proved using

operator theory. Rather, the statements about spectra are translated into statements about Markov

chains with drift and minorization. The main arguments are made at the level of the Markov chains.

At the end, the results are translated back into the language of operators. It seems in principle that

one should be able to work directly with the operator P on the spaces Lp(π) and L∞V , but so far

this approach has not been successful.



Chapter 3

Regeneration times

3.1 Introduction and history

Let (Xt) be a Markov chain. Loosely, a regeneration time for (Xt) is a randomized stopping time T

such that XT is distributed according to a particular measure ν, called the regeneration measure.

The traditional definition of a regeneration time (as in [Num84; MTY95]) has an extra requirement:

given that T = k, the value Xk (and therefore also the future sample path (Xk+1, Xk+2, . . .)) must

be independent of the history (X0, . . . , Xk−1). If this condition is met, the Markov chain at and

after time T has absolutely no dependence on what came before, which is why the chain is said to

regenerate.

The full force of this extra requirement is not necessary for the main convergence results in this

thesis. Here are two alternative notions, called strong and weak ν times.

Definition 3.1. Let (Xt) be a Markov chain on the state space (X , E) with initial distribution µ,

and let T be a randomized stopping time for (Xt). Fix a probability measure ν on X . T is called a

weak ν time for (Xt) if for all A ∈ E ,

Pµ(XT ∈ A) = ν(A). (3.1)

T is called a strong ν time for (Xt) if for all A ∈ E and all k ≥ 0,

Pµ(Xk ∈ A | T = k) = ν(A). (3.2)

36
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T is called a ν-regeneration time for (Xt) if for all A ∈ E and all k ≥ 0,

Pµ(Xk ∈ A | T = k,X0, . . . , Xk−1) = ν(A). (3.3)

If (Xt) is a Markov scheme, a weak ν time for (Xt) (respectively, strong ν time, ν-regeneration

time) is a randomized stopping time for (Xt) that satisfies (3.1) (respectively, (3.2), (3.3)) for all

µ ∈ P(X ).

Any regeneration time is a strong ν time, and any strong ν time is a weak ν time. The name

“strong ν time” was chosen to follow the very similar notion of a strong stationary time, which is a

randomized stopping time T satisfying (3.2) for a measure ν = π that is a stationary distribution

for the Markov chain. Likewise, a stationary time is a randomized stopping time T satisfying (3.1)

for ν = π.

To illustrate the differences between these definitions, consider the simple random walk (Xt) on the

directed graph in Figure 3.1. Define stopping times and probability measures:

T (1) = min{t ≥ τa : Xt ∈ {b, e}} ν1(b) = ν1(e) =
1

2
, ν1({a, c, d}) = 0

T (2) = min{t ≥ τa : Xt ∈ {d, e}} ν2(d) = ν2(e) =
1

2
, ν2({a, b, c}) = 0

T (3) = min{t ≥ τa : Xt ∈ {b, c}} ν3(b) = ν3(c) =
1

2
, ν3({a, d, e}) = 0

With these definitions, T (1) is a weak ν1 time but not a strong ν1 time; T (2) is a strong ν2 time but

not a ν2-regeneration time; and T (3) is a ν3-regeneration time.

Figure 3.1: The simple random walk on this directed graph is used as an example for constructing
different types of regeneration times.

There is some literature on strong stationary times, beginning with papers of Aldous and Diaconis

[AD86; AD87] and Diaconis and Fill [DF90]. The connection with the regeneration theory of general

state space Markov chains was noted in [AD87]. Aldous, Lovasz, and Winkler [ALW97; LW98]

defined many types of randomized stopping times for Markov chains, some of which are classified
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as weak ν times using this chapter’s terminology. The precise notion of strong ν time given above

appears very rarely in the literature. The Ph.D. thesis of Pak [Pak97] calls it a time-invariant

stopping time and uses it as a tool to construct strong stationary times for random walks on groups.

See Section 3.5 of [Pak97] for details. Miclo [Mic10] calls it a strong random time; he constructs a

particular sequence of such times in order to give a stochastic interpretation of the eigenvalues for

reversible chains with an absorbing state.

Athreya and Ney [AN78] and Nummelin [Num78] used regeneration times to prove convergence

results about so-called Harris recurrent Markov chains.

Definition 3.2. Let (Xt) be a Markov scheme on (X , E). (Xt) is called Harris recurrent if there is

a σ-finite positive measure ϕ on X , called the irreducibility measure, such that for any x ∈ X and

any A ∈ E with ϕ(A) > 0, Px(τA <∞) = 1.

The Harris condition is a natural extension of the usual definition of recurrence for countable state

space Markov chains to the context of general state space. One of the earliest structural results

about Harris recurrent chains, due to Jain and Jamison [JJ67], is the existence of small sets.

Theorem 3.3. Let (Xt) be a Markov scheme with transition kernel P on (X , E), where E is countably

generated. If (Xt) is Harris recurrent, then there exists a subset C ∈ E that is a small set for P .

A proof of Theorem 3.3 is given in Chapter 5 of [MT93]. Note that the number of minorization

steps, that is, the value of m in the minorization Pm(x, ·) ≥ εν(·) for all x ∈ C, may be arbitrarily

large.

The contribution of [AN78] and [Num78] was a construction of a regeneration time for any Markov

chain having a small set with 1-step minorization. The version presented here is from [Num78] (see

also [Num84]). It is often called the “split chain” or “Nummelin splitting.”

Let (Xt) be a Markov chain on (X , E) with transition kernel P , and suppose C ∈ E is a small set

for P with 1-step minorization. The Nummelin splitting defines random variables Yt ∈ {0, 1} such

that if Xt ∈ C, then with probability ε, Xt+1 ∼ ν and Yt+1 = 1, while with probability 1 − ε,

Xt+1 ∼ 1
1−ε [P (Xt, ·)− εν(·)] and Yt+1 = 0. If Xt /∈ C, then Yt+1 = 0 with probability 1. Thus, the

chain (Xt) regenerates whenever Yt = 1.

In fact, (Xt, Yt) can be defined as a Markov chain on the state space X×{0, 1}. Its transition kernel P̃

is given as follows. If x ∈ X \C and A ∈ E , let P̃ ((x, y), A×{0}) = P (x,A) and P̃ ((x, y), A×{1}) = 0.

If x ∈ C, let P̃ ((x, y), A× {0}) = P (x,A)− εν(A) and P̃ ((x, y), A× {1}) = εν(A).

Let T = {t ≥ 0 : Yt = 1}, and label its elements in increasing order as T = T1 < T2 < T3 < · · · .
Each Tj is a ν-regeneration time for (Xt), and the tours Wj = (XTj , XTj+1, . . . , XTj+1−1) are

independent and identically distributed.
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One of the principal aims of this chapter is to extend the Nummelin splitting construction to the

case m > 1. The goal is to construct random variables Yt ∈ {0, 1} such that if Xt ∈ C and t is a

“valid arrival time” (to be defined in the next paragraph), then with probability ε, Xt+m ∼ ν and

Yt+m = 1, while with probability 1− ε, Xt+m ∼ 1
1−ε [Pm(Xt, ·)− εν(·)] and Yt+m = 0. If Xt /∈ C, or

Xt ∈ C but t is not a valid arrival time, then Yt+m = 0 with probability 1. This construction will

be performed in Section 3.3.

For fixed m ≥ 1 and C ∈ E , the set S = {S1, S2, . . .} of valid arrival times to C is defined inductively

as follows. The first one is S1 = τC , and for k ≥ 1, Sk+1 = min{t ≥ Sk +m : Xt ∈ C}. The idea is

that at each time Sk, an ε, 1− ε coin is flipped that determines the value of YSk+m and affects the

trajectory (XSk+1, . . . , XSk+m). Any time Sk < t < Sk +m for which Xt ∈ C is ignored.

When m > 1, (Xt, Yt) may no longer be a Markov chain. The times Tj are not necessarily ν-

regeneration times, and the tours Wj are not necessarily independent. The issue is this. Suppose

Yt = 1, so that Xt−m ∈ C and Xt ∼ ν. Conditioned on Yt = 1, Xt is independent of Xt−m and of

Xs for all s < t −m, but Xt may still depend on (Xt−m+1, . . . , Xt−1). What can be said is that

the Tj are strong ν times, and the tours Wj are 1-dependent: (W1, . . . ,Wj−1) is independent of

(Wj+1,Wj+2, . . .). For more information on 1-dependent processes and pointers to the literature,

see [BDF10] and [Val94].

For a concrete example, let (Xt) be the simple random walk on the directed graph in Figure 3.1. Let

C = {a} be the small set, m = 2 be the number of minorization steps, ν = ν2 be the minorization

measure, and ε = 1/2 be the minorization mass. The strong ν times T1, T2, . . . are defined as follows:

Tj = min{t ≥ 0 : t− 2 ≥ Tj−1, Xt−2 = a,Xt ∈ {d, e}},

where T0 is taken to be 0. The Tj are strong ν times but not ν-regeneration times, and the tours

Wj are 1-dependent but not independent. For instance, if the tour Wj−1 ends with XTj−1 = b,

then the tour Wj begins with XTj = d. This example is very similar to one given in [B LL08].

The rest of this chapter is organized as follows. Section 3.2 begins with the construction of the

sequence T = {T1, T2, . . .} in the general setting of a Markov chain with a weak ν time (or strong

ν time, or ν-regeneration time) T . This is followed by a discussion of the differences between the

variants of regeneration times, as reflected in the level of independence of the tours Wj between

consecutive regenerations. Finally, it is proved that a Markov chain having a weak ν time with finite

expectation has unique stationary distribution given by the normalized occupation measure

π(A) =
1

Eν [T ]

∞∑
n=0

Pν(Xn ∈ A, T > n).

Section 3.3 generalizes the Nummelin splitting construction to the case m > 1.
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The proofs of the results in this chapter are quite technical, so they are given in the Appendix.

3.2 Properties of chains with regeneration

Suppose (Xt) is a Markov scheme, and T is a weak ν time for (Xt) (which may also be a strong ν

time or ν-regeneration time). Assume that the following condition is satisfied.

Condition 3.4. The weak ν time (or strong ν time, or ν-regeneration time) T satisfies Pµ(T <

∞) = 1 for all µ ∈ P(X ), and Pν(T > 0) = 1.

Here is the intuitive idea of the construction of the set T = {T1, T2, . . .}. Start with T1 = T .

Inductively, suppose that Tj has been defined, and view the sample path (XTj , XTj+1, . . .) as an

instance of the Markov chain started from initial measure ν. Tj+1 will be defined so that the law of

Tj+1 − Tj is the same as the law of T given the sample path (XTj , XTj+1, . . .).

To make the construction rigorous, for each ` ≥ 0, define functions f` and r` on X `+1 to satisfy

Pν(T = ` | X0, . . . , X`) = f`(X0, . . . , X`),

Pν(T = ` | T ≥ `,X0, . . . , X`) = r`(X0, . . . , X`).

(The notation is taken from Section 3.3 of [Num84].) One has

f`(x0, . . . , x`) =

(
`−1∏
i=0

[
1− ri(x0, . . . , xi)

])
r`(x0, . . . , x`). (3.4)

It will be possible to construct a sequence (Tj) that meets the following requirements.

Requirements 3.5. Each Tj is a randomized stopping time for (Xt), and T1 = T . For any

µ ∈ P(X ) and any k such that Pµ(Tj = k) > 0, the value of Tj+1 − Tj is conditionally independent

of (X0, . . . , Xk−1) under Pµ given that Tj = k and given the future path (Xk, Xk+1, . . .). Its law is

Pµ(Tj+1 − Tj = ` | Tj = k,Xk, Xk+1, . . .) = f`(Xk, Xk+1, . . . , Xk+`).

Recall from Definition 1.5 that an extension of a Markov scheme is an enlargement of the sample

space to encompass extra randomness.

Proposition 3.6. Suppose the Markov scheme (Xt) has a weak ν time T satisfying Condition 3.4.

Then there is an extension of (Xt) with a sequence of times (Tj) satisfying Requirements 3.5.

The next proposition is the main result in this section. If the sequence (Tj) is constructed from T ,
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the extent to which the tours are independent of each other depends on whether T is a weak ν time,

strong ν time, or ν-regeneration time.

Proposition 3.7. Suppose the Markov scheme (Xt) on (X , E) has a weak ν time T satisfying

Condition 3.4, and a sequence of randomized stopping times (Tj) satisfying Requirements 3.5. Define

the tours W1,W2, . . . by Wj = (XTj , . . . , XTj+1−1). For each initial distribution µ:

(i) Each Tj is a weak ν time for the chain (Xt) started from µ. The sequence (Wj) is stationary

and 1-dependent: each (Wj ,Wj+1, . . .) has the same distribution as (W1,W2, . . .), and for

all j, (W1, . . . ,Wj−1) is independent of (Wj+1,Wj+2, . . .). In addition, the law of (Wj) has

no dependence on µ.

(ii) If T is a strong ν time, then each Tj is a strong ν time for the chain (Xt) started from µ, and

the sequence of tour lengths (Tj+1 − Tj) is independent.

(iii) If T is a ν-regeneration time, then each Tj is a ν-regeneration time for the chain (Xt) started

from µ, and the sequence (Wj) is independent.

To understand Proposition 3.7, suppose T is a weak ν time and Tj = k. By the construction, XTj+1

is conditionally distributed as ν. If the value of Xk is revealed, XTj+1
is still conditionally distributed

as ν. Therefore, the conditional distribution of (XTj+1
, XTj+1+1, . . .) given the value of Tj and the

sequence (X0, . . . , XTj ) is the same as the unconditional distribution of (XTj+1 , XTj+1+1, . . .). This

implies that the sequence (Wj) is 1-dependent.

Now, suppose the tour length Tj+1−Tj is revealed. In general, XTj+1 may no longer be conditionally

distributed as ν. But if T is a strong ν time, XTj+1 ∼ ν still. Therefore, the behavior of the chain

from time Tj+1 onward is independent of Tj+1 − Tj , meaning that the sequence (Tj+1 − Tj) is

independent.

Finally, suppose the sample path (XTj+1, . . . , XTj+1−1) is revealed. Again, the conditional distri-

bution of XTj+1
may not be ν in general, but it is ν if T is a ν-regeneration time. In that case,

the conditional distribution of (XTj+1
, XTj+1+1, . . .) given the values of Tj , Tj+1 and the sequence

(X0, . . . , XTj+1−1) is the same as the unconditional distribution of (XTj+1 , XTj+1+1, . . .). Hence the

sequence (Wj) is independent.

Even when T is a ν-regeneration time, the independence of the Wj is still somewhat delicate.

It holds when Wj is defined to be (XTj , . . . , XTj+1−1). Under the alternative definition W̃j =

(XTj+1, . . . , XTj+1
), the W̃j would not necessarily be independent.

As an example, consider the simple random walk (Xt) on the directed graph in Figure 3.1. Use the

weak ν1 time T (1) to generate the sequence T
(1)
j defined by T

(1)
1 = T (1) and

T
(1)
j+1 = min{t ≥ τa(j) : Xt ∈ {b, e}} for all j ≥ 1,
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where τa(j) = min{t ≥ T
(1)
j : Xt = a}. This is the sequence of weak ν1 times given by Proposition

3.6. It can be observed directly that the sequence of tours (W
(1)
j ) as in Proposition 3.7 is stationary

and 1-dependent, but neither (W
(1)
j ) nor (T

(1)
j+1 − T

(1)
j ) is an independent sequence.

If instead the strong ν2 time T (2) is used to generate the times T
(2)
j and tours W

(2)
j , then the sequence

(T
(2)
j+1 − T

(2)
j ) is iid while the sequence (W

(2)
j ) is stationary and 1-dependent but not independent.

If the ν3-regeneration time T (3) is used to generate the times T
(3)
j and tours W

(3)
j , then both

sequences (T
(3)
j+1 − T

(3)
j ) and (W

(3)
j ) are iid. Note that the tours W̃

(3)
j = (X

T
(3)
j +1

, . . . , X
T

(3)
j+1

) are

not independent.

The last topic in this section is the existence and uniqueness of the stationary distribution, which

holds whenever there is an almost surely finite weak ν time T such that Eν [T ] <∞.

Condition 3.8. The weak ν time (or strong ν time, or ν-regeneration time) T satisfies Pµ(T <

∞) = 1 for all µ ∈ P(X ), Pν(T > 0) = 1, and Eν [T ] <∞.

Proposition 3.9. Let (Xt) be a Markov scheme on (X , E) with transition kernel P . Suppose (Xt)

has a weak ν time T satisfying Condition 3.8. Then (Xt) has a unique stationary distribution π

given by

π(A) =
1

Eν [T ]

∞∑
n=0

Pν(Xn ∈ A, T > n). (3.5)

In the special case where ν = δc is concentrated at a single state and T = τ+
c , Proposition 3.9

reduces to the well-known formula

π(A) =
1

Ec[τ
+
c ]

∞∑
n=0

Pc(Xn ∈ A, τ+
c > n) (3.6)

previously mentioned in equation (2.6). Plugging in A = {c} yields the celebrated identity of Kac

[Kac47] that π(c) = 1/Ec[τ
+
c ]. Sometimes (3.6) is also attributed to Kac as a natural consequence

of his original result. Proposition 3.9 extends (3.6) to the more general setting of weak ν times.

3.3 Strong ν times from small sets

This section extends the Nummelin splitting construction to the setting where (Xt) is a Markov

scheme whose transition kernel P has a small set with m-step minorization. It will follow that a

randomized stopping time T , which is a strong ν time when m > 1 and a ν-regeneration time when

m = 1, can be defined on an extension of (Xt). By Propositions 3.6 and 3.7, one obtains a full

sequence of strong ν times T = T1 < T2 < T3 < · · · . As seen in Section 3.1, when m > 1 the strong

ν time may not be a ν-regeneration time, and the tours Wj between successive strong ν times may

not be independent.
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The strong ν time construction involves a sequence of ε, 1−ε coins being flipped at specific times Sk,

where S1 = τC and Sk+1 = min{t ≥ Sk+m : Xt ∈ C}. For a given sample path (X0, X1, . . .), define

the sequence (Sk) by this rule, and let S = {S1, S2, . . .}. By construction, consecutive elements of S

differ by at least m.

The goal is to introduce a sequence (Yt) of {0, 1}-valued random variables so that Yt = 1 if and only

if both t −m ∈ S and the coin that was flipped at time t −m showed ε. That way, the strong ν

time T can be defined as the first time t that Yt = 1, and the sequence T = {T = T1, T2, . . .} of

successive regenerations can be defined as T = {t ≥ 0 : Yt = 1}.

Proposition 3.10. Let (Xt) be a Markov scheme on (X , E) with transition kernel P . Suppose C

is a small set for P . That is, there are a probability measure ν, an integer m ≥ 1, and a constant

ε > 0 such that

Pm(x, ·) ≥ εν(·) for all x ∈ C.

Also assume that for all x ∈ X , Px(τC < ∞) = 1. Then a sequence (Y0, Y1, . . .) of {0, 1}-valued

random variables can be defined on an extension of (Xt), such that if the elements of the set T =

{t ≥ 0 : Yt = 1} are listed in increasing order as T = T1 < T2 < T3 < · · · , the following properties

are satisfied:

1. T is a strong ν time for (Xt) satisfying Condition 3.4. If m = 1, T is a ν-regeneration time

for (Xt).

2. The sequence (Tj) satisfies Requirements 3.5, meaning that Proposition 3.7 applies. In par-

ticular, each Tj is a strong ν time for (Xt). Under every Pµ, the tour lengths Tj+1 − Tj are

independent and the tours Wj = (XTj , . . . , XTj+1−1) are 1-dependent. If m = 1, each Tj is a

ν-regeneration time for (Xt), and the tours Wj are independent under every Pµ.

3. If ε = 1 then T = τC +m. If ε < 1, suppose µ ∈ P(X ) is fixed and Pµ(τC = s) > 0. Then

Pµ(T < s+m | τC = s) = 0,

and for all t ≥ s+m,

Pµ(T > t | τC = s) = (1− ε) Pµs(T > t− s−m),

where µs is the remainder measure

µs(A) =
1

1− ε
[Pµ(Xs+m ∈ A | τC = s)− εν(A)] .

Properties 1 and 3 encode all the desired behavior of T . If τC = s, then T ≥ s+m with probability

1, and T = s + m with probability ε. In case T = s + m, then Xs+m ∼ ν. In case T > s + m,
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then Xs+m ∼ µs, and the law of T − (s + m) in this situation is the same as the law of T for the

chain started from µs. This is a recursive way to write the rule “keep returning to C and flipping

independent ε, 1− ε coins until one of them shows ε.”



Chapter 4

Convergence results

4.1 Summary

This chapter states and proves convergence results of the following form: if a reversible Markov

chain with nonnegative eigenvalues satisfies a drift and minorization condition, its distance from

stationarity after t steps is bounded above by an explicit function that decays exponentially in t.

These are the main new theoretical results in this thesis.

Here are three versions of the drift and minorization condition. The first is a repeat of Definition

2.3.

Definition 4.1. The transition kernel P on the state space (X , E) satisfies a general drift and

minorization condition if there are a subset C ∈ E , a measurable function V : X → [1,∞), and

constants λ < 1 and K such that for all x ∈ X ,

PV (x) ≤

λV (x) if x /∈ C,

K if x ∈ C,

and if there are a positive integer m, a constant ε > 0, and a probability measure ν on X such that

Pm(x, ·) ≥ εν(·) for all x ∈ C.

Definition 4.2. The transition kernel P on (X , E) satisfies a uniform drift and minorization con-

dition if there are a subset C ∈ E , a measurable function V : X → [1,∞), and constants λ < 1 and

M such that V (x) ≤M for all x ∈ X and PV (x) ≤ λV (x) for all x /∈ C, and if there are a positive

45
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integer m, a constant ε > 0, and a probability measure ν on X such that

Pm(x, ·) ≥ εν(·) for all x ∈ C.

Definition 4.3. The transition kernel P on (X , E) satisfies a single element drift condition if there

are an element c ∈ X , a measurable function V : X → [1,∞), and constants λ < 1 and K such that

PV (x) ≤ λV (x) for all x ∈ X \ {c} and PV (c) ≤ K.

Clearly Definitions 4.2 and 4.3 are stronger than Definition 4.1.

The next two theorems collect the various bounds that will be proved in this chapter. As discussed

in Section 2.3, they improve upon the similar results of Baxendale [Bax05] in two ways. First, the

bounds below hold for all values of m, while the statements in [Bax05] are proved only for m = 1.

Second, when m = 1 the new bounds are numerically smaller than those of [Bax05] in examples. The

present results are proved using probabilistic arguments, while the proofs of [Bax05] are analytic.

Theorem 4.4. Let P be a Markov transition kernel on the state space (X , E). Assume that P is

reversible with respect to a stationary measure π and that P has nonnegative eigenvalues. Suppose

P satisfies a general or uniform drift and minorization condition. Then π is the unique stationary

distribution for P , and:

‖P t(ν, ·)− π‖L2(π) ≤ B1λ
t
∗ for all t ≥ 0

‖P t(x, ·)− π‖TV ≤ B2(x, t)λt∗ for all t ≥ 0, x ∈ X

‖P t(ν, ·)− π‖V ≤ B3λ
t
∗ +B4(t)λt for all t ≥ 0

‖P t(x, ·)− π‖V ≤ B5(x, t)λt∗ +B6(x, t)λt for all t ≥ 0, x ∈ X

where the formulas for λ∗ and the Bi are given at the end of this section. The dependence on t

of B2, B4, B5, B6 is either linear or quadratic. For example, B6(x, t) = � + �t + �t2, where the

� terms depend only on x and the drift-minorization data. The dependence on x of B2, B5, B6 is

through the value of V (x) and at most linear in that value. For example, B6(x, t) ≤ �V (x), where

the � depends only on the drift-minorization data and quadratically on t.

Theorem 4.4 will be used to find upper bounds for the time to stationarity of two Gibbs samplers

in Chapter 5. A direct comparison with the results of [Ros95a] and [Bax05] shows that the bounds

from Theorem 4.4 are significantly better but still far from optimal.

Recall that the value of V (x) controls how long it will take for the Markov chain started at x to

reach C, by the inequality Ex[λ−τC ] ≤ V (x). (This was stated as Lemma 2.6 and will be proved in

Section 4.2 as Lemma 4.7.) Therefore, it is no surprise that B2, B5, B6 depend on x through V (x).

A consequence is that if P satisfies a uniform drift and minorization condition, then B2, B5, B6 are
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uniformly bounded in x, which is a property called uniform ergodicity.

If P satisfies a single element drift condition, the following bound holds.

Theorem 4.5. Let P be a Markov transition kernel on the state space (X , E). Assume that P is

reversible with respect to a stationary measure π and that P has nonnegative eigenvalues. Suppose

P satisfies a single element drift condition with respect to an element c ∈ X . Then π is the unique

stationary distribution for P , and:

‖P t(c, ·)− π‖TV ≤ λt+1 for all t ≥ 0

‖P t(x, ·)− π‖TV ≤ 2V (x)λt+1 for all t ≥ 0, x ∈ X

‖P t(x, ·)− π‖V ≤
[
4KV (x)t+ V (x) +

K − λ
1− λ

]
λt for all t ≥ 0, x ∈ X .

Theorem 4.5 will be used to find a sharp upper bound on the cutoff window for birth and death

chains in Section 7.1.

The proofs of Theorem 4.4 and Theorem 4.5 are quite different. Theorem 4.4 will be proved using

the strong ν time construction from Chapter 3. Suppose that T is a strong ν time for a Markov

chain (Xt) with transition kernel P started from X0 ∼ ν. If f ≥ 0 is a measurable function on X ,

one has the recurrence

Eν [f(Xn), T ≤ n] =

n∑
j=0

Pν(T = n− j) Eν [f(Xj)],

which was stated as (2.15). Once the appropriate function f is chosen, Theorem 4.4 will follow from

a summation by parts.

Theorem 4.5 will be proved by coupling. Let (Xt) be a Markov chain with transition kernel P started

from X0 = c. Under the hypotheses, Lund, Zhao, and Kiessler [LZK06] showed that the sequence

of hazard rates

hn = Pc(τ
+
c = n | τ+

c ≥ n)

is decreasing. Define the age process (At) by

At = t−max{s ≥ 0 : Xs = c}.

In other words, At is the amount of time since the last visit to c. The property of decreasing hazard

rates means that the age process is stochastically monotone. The monotone coupling provides a

bound on the convergence of the age process, which translates into a bound on the convergence of

(Xt).
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Perhaps the most interesting aspect of the proof is the link between reversibility (with nonnegative

eigenvalues) and monotonicity. It was discussed in Section 2.3 that the assumptions of reversibility

and monotonicity are somewhat interchangeable in the context of drift-minorization theorems. When

(Xt) satisfies a single element drift condition, the age process provides a concrete connection.

Returning to the context of Theorem 4.4, suppose that for large m one has the inequality Pm(x, ·) ≥
εmνm(·) for all x ∈ C, and the minorization masses εm approach 1 at an exponential rate: εm ≥
1−Aβm for some β < 1. Then one can send m→∞ in Theorem 4.4 to get a bound on the spectral

gap of the chain.

Theorem 4.6. Under the hypotheses of Theorem 4.4, suppose that for sufficiently large m,

Pm(x, ·) ≥ (1−Aβm)νm(·) for all x ∈ C, (4.1)

where A and β < 1 are fixed constants and the νm are probability measures. In the case of general

drift and minorization, define

ρ = exp

(
log β log λ

log β + log λ

)
.

In the case of uniform drift and minorization, define ρ = max{β, λ}. Then the L2(π) spectral gap

of P is at least 1− ρ.

Theorem 4.6 will be used to find the spectral gap of the lazy simple random walk on the hypercube

to within a factor of 2 in Section 7.2. Outside the context of drift and minorization, results that use

coupling to get lower bounds on the spectral gap are discussed in [BK00]; an early argument of this

kind is in [Hol85]. To prove Theorem 4.6, the heavy lifting is done by the “if” direction of Theorem

2.22, which was shown by [RR97].

A special case of (4.1) is when there is a uniform bound on separation distance

dsep(P t(x, ·), π) ≤ Aβt for all x ∈ C. (4.2)

Then one may choose εm = 1− Aβm and νm = π. In that case the strong νm time T is actually a

strong stationary time, so Theorem 4.9 (to be proved in Section 4.3) leads directly to an exponential

bound on dsep(P t(x, ·), π) for x /∈ C. The exponential rate is the same as in Theorem 4.6.

The rest of this chapter is devoted to the proof of these theorems. Section 4.2 proves some prelim-

inary lemmas. Sections 4.3–4.5 are devoted to the proof of Theorem 4.4. If P satisfies a drift and

minorization condition, the construction in Chapter 3 produces a strong ν time T . Section 4.3 shows

how the drift function gives an exponential bound on the law of T . As a consequence, explicit con-

vergence bounds are given for chains satisfying a bivariate drift and minorization condition. Section

4.4 contains the main step to prove Theorem 4.4: if P is reversible with nonnegative eigenvalues,
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a strong ν time controls its rate of convergence to stationarity. Section 4.5 finishes the proof of

Theorem 4.4. Section 4.6 proves Theorem 4.5 using monotonicity of the age process, and Section

4.7 proves Theorem 4.6.

Formulas for Theorem 4.4

In the case of general drift and minorization, define

B =
1− λm

1− λ
(K − λ) + λm

and J = [B − (1− ε)]/ε. If ε = 1, let λ∗ = λ. If ε < 1, let L = (B − ε)/(1− ε) and

λ∗ = max

{
λ, exp

(
− log(1− ε) log λ

−m log λ+ logL

)}
< 1. (4.3)

In the case of uniform drift and minorization, let J = L = M . If ε = 1, let λ∗ = λ, and if ε < 1,

define λ∗ using (4.3).

In all cases, let r = log λ∗/ log λ, so that 0 ≤ r ≤ 1. Next, define

D =

√
Jrλ2−m

∗

1− λ∗
.

The formulas for B1 and B2 are B1 = D and

B2(x, t) = max

{
D

2
, 1

}
λ−m∗ [1 + (1− λ∗)V (x)rt].

The formulas for B3 through B6 look different depending on whether λ = λ∗ or λ < λ∗. They

are given below for the case of general drift and minorization. In the case of uniform drift and

minorization, the exact same formulas can be used, but with M in place of K.

First, formulas for B3 and B4. When λ = λ∗,

B3 = 0, B4(t) = KDλ−1t+ J +
K − λ
1− λ

.

When λ < λ∗,

B3 =
KD

λ∗ − λ
, B4(t) = − KD

λ∗ − λ
+ J +

K − λ
1− λ

.
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Last, formulas for B5 and B6. When λ = λ∗,

B5(x, t) = 0,

B6(x, t) = 2K max

{
D

2
, 1

}
λ−m

[
λ−1t+

1− λ
λ

V (x)r
t2 − t

2

]
+ V (x) +

K − λ
1− λ

.

When λ < λ∗,

B5(x, t) = 2K max

{
D

2
, 1

}
λ−m∗

(
1

λ∗ − λ
+ (1− λ∗)V (x)r

[
t

λ∗ − λ
− λ∗

(λ∗ − λ)2

])
,

B6(x, t) = 2K max

{
D

2
, 1

}
λ−m∗

[
− 1

λ∗ − λ
+ (1− λ∗)V (x)r

λ∗
(λ∗ − λ)2

]
+ V (x) +

K − λ
1− λ

.

4.2 Preliminary lemmas

This section proves two well-known results that follow immediately from the drift condition. The

first was already stated as Lemma 2.6.

Lemma 4.7. Let (Xt) be a Markov scheme on (X , E) with transition kernel P , and let C ∈ E be a

subset. Suppose the measurable function V : X → [1,∞) satisfies PV (x) ≤ λV (x) for x /∈ C, where

λ < 1 is fixed. Then for all x ∈ X ,

Ex[λ−τC ] ≤ V (x).

It follows immediately by integration that for any probability measure µ on X , Eµ[λ−τC ] ≤ µ(V ).

The second lemma was previously stated as the inequality (2.10).

Lemma 4.8. Let P be a transition kernel on (X , E), and suppose the measurable function V : X →
[1,∞) satisfies

PV (x) ≤

λV (x) if x /∈ C,

K if x ∈ C,

for a particular subset C ∈ E and constants λ < 1 and K. If π is a stationary distribution for P ,

π(V ) ≤ K − λ
1− λ

π(C).

Proof of Lemma 4.7. The first step is to show by induction on t that for every t ≥ 0 and x /∈ C,

V (x) ≥ λ−t Ex[V (Xt), τC > t] +

t∑
s=1

λ−s Px(τC = s). (4.4)
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The base case t = 0 is trivial. For the inductive step, assume (4.4) holds for t. When x /∈ C,

Ex[V (Xt), τC > t]

≥ λ−1 Ex[PV (Xt), τC > t]

= λ−1 Ex[V (Xt+1), τC > t]

= λ−1
(

Ex[V (Xt+1), τC > t+ 1] + Ex[V (Xt+1), τC = t+ 1]
)

≥ λ−1 Ex[V (Xt+1), τC > t+ 1] + λ−1 Px(τC = t+ 1).

Substituting this inequality into (4.4) for t yields (4.4) for t+ 1. This completes the induction.

It follows that for every x /∈ C and t ≥ 0,

V (x) ≥ λ−t Px(τC > t) +

t∑
s=1

λ−s Px(τC = s), (4.5)

so sending t→∞,

V (x) ≥
∞∑
s=1

λ−s Px(τC = s).

The right side is equal to Ex[λ−τC ] as long as Px(τC = ∞) = 0. This is true because (4.5) implies

that

V (x) ≥ λ−t Px(τC =∞).

Since V (x) is finite and 0 < λ < 1, necessarily Px(τC =∞) = 0, finishing the proof.

Proof of Lemma 4.8. Under the assumption that π(V ) is finite, Lemma 4.8 can be proved simply

by integrating the drift condition over X . This proof, which is new, uses a truncation argument to

avoid having to make that assumption.

Fix a positive integer N . Let SN = {x ∈ X : V (x) ≤ N}, and let UN = X \ SN . Then∫
SN

V (y)π(dy) =

∫
SN

V (y)(πP )(dy) =

∫
SN

∫
SN

V (y)P (x, dy)π(dx) +

∫
UN

∫
SN

V (y)P (x, dy)π(dx).
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The second term satisfies∫
UN

∫
SN

V (y)P (x, dy)π(dx) ≤ N
∫
UN

P (x, SN )π(dx)

= N

[
π(SN )−

∫
SN

P (x, SN )π(dx)

]
= N

∫
SN

P (x, UN )π(dx)

≤
∫
SN

∫
UN

V (y)P (x, dy)π(dx).

Therefore, ∫
SN

V (y)π(dy) ≤
∫
SN

∫
SN

V (y)P (x, dy)π(dx) +

∫
SN

∫
UN

V (y)P (x, dy)π(dx)

=

∫
SN

∫
X
V (y)P (x, dy)π(dx)

=

∫
SN

PV (x)π(dx)

≤
∫
SN\C

λV (x)π(dx) +

∫
SN∩C

Kπ(dx)

=

∫
SN

λV (x)π(dx) +

∫
SN∩C

(K − λV (x))π(dx)

≤ λ
∫
SN

V (x)π(dx) + (K − λ)π(C).

Since

λ

∫
SN

V (x)π(dx) ≤ λNπ(SN ) <∞,

that quantity can be subtracted from both sides, getting∫
SN

V (x)π(dx) ≤ K − λ
1− λ

π(C).

It follows by monotone convergence that

π(V ) =

∫
X
V (x)π(dx) = lim

N→∞

∫
SN

V (x)π(dx) ≤ K − λ
1− λ

π(C).

4.3 Tail bound

Suppose that (Xt) is a Markov scheme whose transition kernel P satisfies a general or uniform drift

and minorization condition. Lemma 4.7 says that for all x ∈ X , Ex[λ−τC ] ≤ V (x) <∞. This means
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in particular that Px(τC < ∞) = 1, so by Proposition 3.10, the small set leads to the construction

of a strong ν time T . The main result of this section is that the law of T decays exponentially.

Theorem 4.9. Let (Xt) be a Markov scheme on (X , E) with transition kernel P . Assume P satisfies

a drift and minorization condition, and let T be a strong ν time for (Xt) satisfying the conclusions

of Proposition 3.10. Then there are explicit constants λ∗ < 1 and r ≤ 1 such that for any initial

distribution µ with µ(V ) <∞,

Pµ(T > t) ≤ µ(V )rλt+1−m
∗ for all t ≥ 0. (4.6)

Here are the formulas for λ∗ and r. If ε = 1, let λ∗ = λ and r = 1. If ε < 1, in the case of general

drift and minorization, define

B =
1− λm

1− λ
(K − λ) + λm

and L = (B − ε)/(1− ε). Note that when m = 1, B = K; in general, 1 ≤ B ≤ mK and also

B ≤ max{1,K − λ}
1− λ

.

In the case of uniform drift and minorization, define L = M . Then set

λ∗ = max

{
λ, exp

(
− log(1− ε) log λ

−m log λ+ logL

)}
< 1

and r = log λ∗/ log λ.

In the casem = 1, the constant λ∗ appears for the first time in [RT99], under the notation βRT = λ−1
∗ .

(See also the corrigendum [RT01a].) Theorem 5.1 in [RT99] is very similar to (4.6), but the result

is not quite as tight: while (4.6) takes the form Pµ(T > t) ≤ (const)λt∗, Theorem 5.1 takes the form

Pµ(T > t) ≤ (const)tλt∗. The generalization to the case m > 1 is new (but relatively routine).

The significance of B and L in the statement of Theorem 4.9 is the following.

Lemma 4.10. Suppose P satisfies a general drift and minorization condition with respect to a small

set C. Define B as in the statement of Theorem 4.9, and let µ be a probability measure supported

on C. If η(·) = Pm(µ, ·), then η(V ) ≤ B. In addition, one has the upper bounds B ≤ mK and

B ≤ max{1,K − λ}
1− λ

.

Corollary 4.11. Under the conditions of Lemma 4.10, suppose that ε < 1. Define the remainder

measure µ̄ to satisfy

Pm(µ, ·) = εν(·) + (1− ε)µ̄(·).
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Then

ν(V ) ≤ B − (1− ε)
ε

, µ̄(V ) ≤ B − ε
1− ε

= L.

If instead P satisfies a uniform drift and minorization condition with ε < 1, and µ̄ is defined in the

same way, both ν(V ) and µ̄(V ) are bounded above by M = L.

A consequence of Lemma 4.10 and Corollary 4.11 is that ν(V ) <∞ always. (If ε = 1 then ν is the

same as η in Lemma 4.10, and if ε < 1 then Corollary 4.11 applies.) Therefore, Theorem 4.9 with

initial distribution µ = ν implies that Eν [T ] <∞, and Condition 3.8 is satisfied.

Proposition 4.12. Under the conditions of Theorem 4.9, the strong ν time T satisfies Condi-

tion 3.8. Thus, Proposition 3.9 ensures that (Xt) has unique stationary distribution given by the

normalized occupation measure (3.5).

Theorem 4.9 can also be used to bound the coupling time for a Markov chain satisfying a bivariate

drift and minorization condition.

Theorem 4.13. In the setting of Theorem 2.12, set

λ̄∗ = max

{
λ̄, exp

(
− log(1− ε) log λ̄

−m log λ̄+ log L̄

)}
and r̄ = log λ̄∗/ log λ̄, assuming ε < 1. (If ε = 1 then set λ̄∗ = λ̄ and r̄ = 1.) Let P̄µ̄ be the

probability for the coupling described in Section 2.2, and let T̄ be the coupling time. Then

P̄µ̄(T̄ > t) ≤ µ̄(V̄ )r̄λ̄t+1−m
∗ for all t ≥ 0.

In Theorem 2.12, one can take γ = λ̄∗ and B = µ̄(V̄ )r̄λ̄1−m
∗ .

Suppose P satisfies a (univariate) drift and minorization condition. Section 2.2 discussed two situ-

ations in which a bivariate drift function can be generated automatically: when P is stochastically

monotone with respect to the univariate drift function V , and when the small set is of the form

C = {x ∈ X : V (x) ≤ d} for large enough d. Theorem 4.13 combined with Propositions 2.14 and

2.15, along with the bounds on (δx ⊗ π)(V̄ ) given in Section 2.2, leads to the following results.

Corollary 4.14. Let the transition kernel P have a drift function V with respect to a small set

C = {x ∈ X : V (x) ≤ d}. If P is stochastically monotone with respect to V , then

‖P t(x, ·)− π‖TV ≤
[
V (x) +

K − λ
1− λ

]r
λt+1−m
∗ for all t ≥ 0, x ∈ X ,

where λ∗ and r are defined as in Theorem 4.9.
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Corollary 4.15. Let the transition kernel P have a drift function V with respect to a small set

C = {x ∈ X : V (x) ≤ d}. If d > (K − 1)/(1− λ), then

‖P t(x, ·)− π‖TV ≤
(

1

2

[
V (x) +

K − λ
1− λ

])r̄
λ̄t+1−m
∗ for all t ≥ 0, x ∈ X ,

where λ̄∗ and r̄ are defined as in Theorem 4.13 using λ̄ = λ + (K − λ)/(d + 1) and L̄ = L from

Theorem 4.9.

Proofs

No proof for Proposition 4.12 is required, since as discussed above, it follows immediately from

Lemma 4.10, Corollary 4.11, and Theorem 4.9. Theorem 4.13 is proved in exactly the same way as

the main Theorem 4.9, so its proof is also omitted. Corollaries 4.14 and 4.15 are a direct consequence

of Theorem 4.13 combined with the discussion in Section 2.2.

Proof of Lemma 4.10. Because

η(V ) = Eη[V (X0)] = Eµ[V (Xm)],

the desired statement is

Eµ[V (Xm)] ≤ 1− λm

1− λ
(K − λ) + λm.

This is proved by induction on m. For m = 1, the right side is exactly K, and certainly Eµ[V (X1)] ≤
K. For the inductive step,

Eµ[V (Xm+1)] = Eµ[V (Xm+1), Xm ∈ C] + Eµ[V (Xm+1), Xm /∈ C]

≤ K Pµ(Xm ∈ C) + Eµ[λV (Xm), Xm /∈ C]

= K Pµ(Xm ∈ C) + λEµ[V (Xm)]− λEµ[V (Xm), Xm ∈ C]

≤ λEµ[V (Xm)] + (K − λ) Pµ(Xm ∈ C)

≤ λEµ[V (Xm)] + (K − λ).

If

Eµ[V (Xm)] ≤ 1− λm

1− λ
(K − λ) + λm,

then

Eµ[V (Xm+1)] ≤
(
λ · 1− λm

1− λ
+ 1

)
(K − λ) + λm+1

=
1− λm+1

1− λ
(K − λ) + λm+1.
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This completes the induction. To show that B ≤ mK, since λ < 1,

1− λm

1− λ
(K − λ) + λm = (1 + λ+ · · ·+ λm−1)(K − λ) + λm ≤ mK −mλ+ λm.

For all m ≥ 1, mλ ≥ λm. It follows that B ≤ mK. One also has

B = (1 + λ+ · · ·+ λm−1)(K − λ) + λm ≤ (1 + λ+ · · ·+ λm) max{1,K − λ} ≤ max{1,K − λ}
1− λ

.

Proof of Corollary 4.11. The statement for uniform drift and minorization is clear. In the case of

general drift and minorization, setting η(·) = Pm(µ, ·),

η(V ) = εν(V ) + (1− ε)µ̄(V ). (4.7)

By Lemma 4.10, η(V ) ≤ B. Using that µ̄(V ) ≥ 1, it follows that

ν(V ) ≤ B − (1− ε)
ε

.

Using instead that ν(V ) ≥ 1, it follows from (4.7) that

µ̄(V ) ≤ B − ε
1− ε

.

Proof of Theorem 4.9. First suppose ε = 1, so that T = τC +m. By Lemma 4.7, Eµ[λ−τC ] ≤ µ(V ).

Using Markov’s inequality,

Pµ(T > t) ≤ λt+1 Eµ[λ−T ] = λt+1−m Eµ[λ−τC ] ≤ µ(V )λt+1−m.

For the rest of the proof, assume ε < 1. Let

D =

{
1

1− ε
[Pm(µ, ·)− εν(·)] : µ is a probability measure supported on C

}
.

By the minorization property, all the elements of D are probability measures. If µ̄ ∈ D, then by

Corollary 4.11, µ̄(V ) ≤ L.

The only relevant properties of λ∗ are that it is less than 1 and that for all µ̄ ∈ D,

Eµ̄[λ−τC−m∗ ] ≤ 1

1− ε
. (4.8)
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To prove (4.8), using that the function f(x) = xr is concave and Lemma 4.7,

Eµ̄[λ−τC−m∗ ] = λ−m∗ Eµ̄[(λ−τC )r] ≤ λ−m∗ Eµ̄[λ−τC ]r ≤ λ−m∗ µ̄(V )r

≤ λ−m∗ Lr = exp

(
−m log λ∗ +

log λ∗
log λ

· logL

)
.

This quantity is less than or equal to 1
1−ε exactly when

λ∗ ≥ exp

(
− log(1− ε) log λ

−m log λ+ logL

)
.

This proves (4.8).

The next step is to prove by induction on t that for all µ̄ ∈ D,

Pµ̄(T > t) ≤ 1

1− ε
λt+1
∗ .

Fix t ≥ 0. Suppose 0 ≤ s ≤ t−m. Then define the remainder measure µ̄s ∈ D to satisfy

Pµ̄(Xs+m ∈ · | τC = s) = εν(·) + (1− ε)µ̄s(·).

To bound Pµ̄(T > t), first write

Pµ̄(T > t) =

t−m∑
s=0

Pµ̄(T > t | τC = s) Pµ̄(τC = s) + Pµ̄(τC > t−m).

Using property 3 of Proposition 3.10 and the inductive hypothesis,

Pµ̄(T > t | τC = s) = (1− ε) Pµ̄s(T > t−m− s) ≤ λt−m−s+1
∗ .

Hence

Pµ̄(T > t) ≤ λt+1
∗

t−m∑
s=0

λ−s−m∗ Pµ̄(τC = s) + Pµ̄(τC > t−m)

= λt+1
∗

[
Eµ̄[λ−τC−m∗ ]−

∞∑
s=t−m+1

λ−s−m∗ Pµ̄(τC = s)

]
+

∞∑
s=t−m+1

Pµ̄(τC = s)

≤ 1

1− ε
λt+1
∗ −

∞∑
s=t−m+1

(λt−m+1−s
∗ − 1) Pµ̄(τC = s)

≤ 1

1− ε
λt+1
∗ .

Note that when 0 ≤ t ≤ m− 1, the sum from s = 0 to t−m is empty, so the inductive hypothesis is
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never invoked. Thus the preceding computation proves the base case as well as the inductive step.

Suppose now that µ is any probability measure on X with µ(V ) < ∞. As before, for s ≥ 0, define

the remainder measure µs ∈ D to satisfy

Pµ(Xs+m ∈ · | τC = s) = εν(·) + (1− ε)µs(·).

Then if s ≤ t−m, again using property 3 from Proposition 3.10,

Pµ(T > t | τC = s) = (1− ε) Pµs(T > t−m− s) ≤ λt−m−s+1
∗ .

To bound Pµ(T > t), run the same computation that bounded Pµ̄(T > t). At the point in the

argument that used

Eµ̄[λ−τC−m∗ ] ≤ 1

1− ε
,

use instead

Eµ[λ−τC−m∗ ] = λ−m∗ Eµ[(λ−τC )r] ≤ λ−m∗ Eµ[λ−τC ]r ≤ λ−m∗ µ(V )r.

The result is

Pµ(T > t) ≤ µ(V )rλt+1−m
∗ .

4.4 L2 convergence from strong ν times

If P is reversible with nonnegative eigenvalues, a strong ν time provides direct control over the rate

of convergence to stationarity in L2 distance.

Theorem 4.16. Let (Xt) be a Markov scheme on (X , E) with transition kernel P . Assume that P

is reversible with respect to a stationary measure π and that P has nonnegative eigenvalues. Let ν

be any probability measure on X , and let T be a strong ν time for (Xt) satisfying Condition 3.8.

Then for all t ≥ 0, P t(ν, ·) is absolutely continuous with respect to π and

‖P t(ν, ·)− π‖2L2(π) ≤
∞∑

n=2t+1

Pν(T > n).

The core of the proof of Theorem 4.16 is in the following lemma.

Lemma 4.17. Let ν be a probability measure on X and T be a strong ν time for the Markov chain

(Xt) started from X0 ∼ ν. Suppose Pν(T > 0) = 1 and Eν [T ] < ∞. Let f ≥ 0 be a measurable

function on X such that Eν [f(X0)] is finite and the sequence Eν [f(Xt)] is nonincreasing in t. Denote
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the limit of the sequence by Eν [f(X∞)]. Then for all t ≥ 0,

Eν [f(Xt)]−Eν [f(X∞)] ≤ Eν [f(X∞)]

∞∑
n=t+1

Pν(T > n).

Proof. Fix a positive integer n. Since T is a strong ν time,

Eν [f(Xn), T ≤ n] =

n−1∑
j=0

Eν [f(Xj)] Pν(T = n− j).

Using that Pν(T = n− j) = Pν(T > n− j − 1)−Pν(T > n− j), apply summation by parts. The

result is

n∑
j=1

(
Eν [f(Xj−1)]−Eν [f(Xj)]

)
Pν(T > n− j) = Eν [f(X0)] Pν(T > n)−Eν [f(Xn), T > n]

≤ Eν [f(X0)] Pν(T > n).

(4.9)

Each term Eν [f(Xj−1)]−Eν [f(Xj)] is nonnegative. Summing (4.9) from n = 1 to ∞ gives(
Eν [f(X0)]−Eν [f(X∞)]

)
Eν [T ] ≤ Eν [f(X0)](Eν [T ]− 1),

which means that Eν [f(X0)] ≤ Eν [f(X∞)] Eν [T ].

Fix t ≥ 0. Summing (4.9) from n = t+ 1 to ∞, the left side is

∞∑
j=1

(
Eν [f(Xj−1)]−Eν [f(Xj)]

) ∞∑
n=max{j,t+1}

Pν(T > n− j),

which is greater than or equal to

∞∑
j=t+1

(
Eν [f(Xj−1)]−Eν [f(Xj)]

) ∞∑
n=j

Pν(T > n− j) =
(

Eν [f(Xt)]−Eν [f(X∞)]
)

Eν [T ].

The right side of the sum of (4.9) from n = t+ 1 to ∞ is

Eν [f(X0)]

∞∑
n=t+1

Pν(T > n) ≤ Eν [f(X∞)] Eν [T ]

∞∑
n=t+1

Pν(T > n).

Hence,

Eν [f(Xt)]−Eν [f(X∞)] ≤ Eν [f(X∞)]

∞∑
n=t+1

Pν(T > n).
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Proof of Theorem 4.16. By Proposition 3.9, for A ∈ E ,

π(A) =
1

Eν [T ]

∞∑
n=0

Pν(Xn ∈ A, T > n) ≥ 1

Eν [T ]
Pν(X0 ∈ A, T > 0) =

ν(A)

Eν [T ]
.

Thus one can take the Radon-Nikodym derivative dν
dπ (x) to be less than or equal to Eν [T ] for all

x ∈ X . In particular, dν
dπ ∈ L

2(π).

Fix t ≥ 0. For any f ∈ L2(π),∫
X
f(x)P t(ν, dx) =

∫
X

(P tf)(x)
dν

dπ
(x)π(dx) =

∫
X
f(x)

(
P t
dν

dπ

)
(x)π(dx),

where the second equality used reversibility of P . This means precisely that P t(ν, ·) is absolutely

continuous with respect to π and

dP t(ν, ·)
dπ

(x) =

(
P t
dν

dπ

)
(x).

(If P were not reversible, the absolute continuity would still be true, but the formula for the Radon-

Nikodym derivative would not hold.) Now,

‖P t(ν, ·)− π‖2L2(π) =

〈
P t
dν

dπ
− 1, P t

dν

dπ
− 1

〉
π

=

〈
P t
dν

dπ
, P t

dν

dπ

〉
π

− 1

=

〈
P 2t dν

dπ
,
dν

dπ

〉
π

− 1,

using reversibility of P in the last equality.

Consider the sequence〈
P t
dν

dπ
,
dν

dπ

〉
π

=

∫
X

(
P t
dν

dπ

)
(x)ν(dx) = Eν

[
dν

dπ
(Xt)

]
.

Since P is reversible with nonnegative eigenvalues, this sequence is nonincreasing. Let

a = lim
t→∞

Eν

[
dν

dπ
(Xt)

]
.

The following argument shows that a = 1. For any t ≥ 0,

Eπ

[
dν

dπ
(Xt)

]
= Eπ

[
dν

dπ
(X0)

]
=

∫
X

dν

dπ
(x)π(dx) =

∫
X
ν(dx) = 1.
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As well,

Eπ

[
dν

dπ
(Xt)

]
= Eπ

[
dν

dπ
(Xt), T > t

]
+

∞∑
s=0

Pπ(T = s) Eν

[
dν

dπ
(Xt−s)

]
(4.10)

where Eν

[
dν
dπ (Xt−s)

]
is taken to be zero when t − s < 0. Take the limit as t → ∞ of (4.10). The

left side is 1. For the first part of the right side,

lim
t→∞

Eπ

[
dν

dπ
(Xt), T > t

]
≤ lim
t→∞

Eν [T ] Pπ(T > t) = 0.

For the second part of the right side, use dominated convergence to interchange the sum and the

limit. This is legal because for all t,

Pπ(T = s) Eν

[
dν

dπ
(Xt−s)

]
≤ Eν [T ] Pπ(T = s),

and
∞∑
s=0

Eν [T ] Pπ(T = s) = Eν [T ] <∞.

Hence

lim
t→∞

∞∑
s=0

Pπ(T = s) Eν

[
dν

dπ
(Xt−s)

]
=

∞∑
s=0

lim
t→∞

Pπ(T = s) Eν

[
dν

dπ
(Xt−s)

]

=

∞∑
s=0

Pπ(T = s) · a = a.

So taking the limit as t→∞ of (4.10) yields 1 = 0 + a.

Lemma 4.17 with f = dν
dπ gives

〈
P t
dν

dπ
,
dν

dπ

〉
π

− 1 ≤
∞∑

n=t+1

Pν(T > n).

It follows that

‖P t(ν, ·)− π‖2L2(π) =

〈
P 2t dν

dπ
,
dν

dπ

〉
π

− 1 ≤
∞∑

n=2t+1

Pν(T > n).

4.5 Proof of Theorem 4.4

The L2 bound in Theorem 4.4 is a combination of Theorem 4.16 with Theorem 4.9. The total

variation and V -norm bounds will follow from the L2 bound.
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Let (Xt) be a Markov scheme on (X , E) with transition kernel P . Since P satisfies a general or

uniform drift and minorization condition, an extension of (Xt) has a strong ν time T satisfying

Condition 3.8 and the tail bound of Theorem 4.9. Define

J =
B − (1− ε)

ε

in the case of general drift and minorization, and J = M in the case of uniform drift and minorization,

so that ν(V ) ≤ J by Corollary 4.11. Using Theorem 4.16 followed by Theorem 4.9,

‖P t(ν, ·)− π‖2L2(π) ≤
∞∑

n=2t+1

Pν(T > n)

≤
∞∑

n=2t+1

Jrλn+1−m
∗

= Jrλ2t+2−m
∗

1

1− λ∗
= D2λ2t

∗ .

This proves the L2 bound.

For the total variation bound, first note that for any x ∈ X ,

‖P t(x, ·)− π‖TV ≤
t∑

n=0

Px(T = n)‖P t−n(ν, ·)− π‖TV + Px(T > t). (4.11)

The proof of (4.11) begins with the definition

‖P t(x, ·)− π(·)‖TV = sup
A∈E

[
P t(x,A)− π(A)

]
.

Because T is a strong ν time,

P t(x,A) =

t∑
n=0

Px(T = n)P t−n(ν,A) + Px(T > t) Px(Xt ∈ A | T > t),

π(A) =

t∑
n=0

Px(T = n)π(A) + Px(T > t)π(A).

Hence,

P t(x,A)− π(A) ≤
t∑

n=0

Px(T = n) sup
A′⊆X

[
P t−n(ν,A′)− π(A′)

]
+ Px(T > t).

Taking the supremum over all A ∈ E gives (4.11).
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The L2 bound combined with (4.11) yields

‖P t(x, ·)− π‖TV ≤
t∑

n=0

Px(T = n)‖P t−n(ν, ·)− π‖TV + Px(T > t)

≤ D

2
λt∗

t∑
n=0

λ−n∗ Px(T = n) + Px(T > t).

Using summation by parts,

t∑
n=0

λ−n∗ Px(T = n) = 1 + (λ−1
∗ − 1)

t−1∑
n=0

λ−n∗ Px(T > n)− λ−t∗ Px(T > t).

Then,

‖P t(x, ·)− π‖TV

≤ max

{
D

2
, 1

}
λt∗

t∑
n=0

λ−n∗ Px(T = n) + Px(T > t)

= max

{
D

2
, 1

}
λt∗

[
1 + (λ−1

∗ − 1)

t−1∑
n=0

λ−n∗ Px(T > n)− λ−t∗ Px(T > t)

]
+ Px(T > t)

≤ max

{
D

2
, 1

}
λt∗

[
1 + (λ−1

∗ − 1)

t−1∑
n=0

λ−n∗ Px(T > n)

]

≤ max

{
D

2
, 1

}
λt∗

[
1 + (λ−1

∗ − 1)

t−1∑
n=0

λ−n∗ V (x)rλn+1−m
∗

]

= max

{
D

2
, 1

}
[1 + (1− λ∗)V (x)rt]λ−m∗ · λt∗.

This proves the total variation bound.

For the V -norm bounds, the following lemma will be useful.

Lemma 4.18. Suppose the transition kernel P on (X , E) has a drift function V with respect to a

subset C ∈ E. That is, PV (x) ≤ λV (x) if x /∈ C and PV (x) ≤ K if x ∈ C. For any measures

µ, µ′ ∈ P(X ) and any t ≥ 0,

‖P t(µ, ·)− P t(µ′, ·)‖V ≤ 2K

t∑
n=1

λn−1‖P t−n(µ, ·)− P t−n(µ′, ·)‖TV + [µ(V ) + µ′(V )]λt.

Proof. Let (Xt) be a Markov scheme with transition kernel P . First note that for any µ ∈ P(X )

and any t ≥ 0,

Eµ[V (Xt), τC ≥ t] ≤ µ(V )λt.
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This is very similar to (4.4), and the proof is essentially the same. When t = 0 it is true. For t ≥ 1,

Eµ[V (Xt), τC ≥ t] = Eµ[PV (Xt−1), τC ≥ t] ≤ λEµ[V (Xt−1), τC ≥ t] ≤ λEµ[V (Xt−1), τC ≥ t− 1],

which finishes the inductive proof. Similarly, if x ∈ C and t ≥ 1,

Ex[V (Xt), τ
+
C ≥ t] ≤ Kλ

t−1.

Now,

‖P t(µ, ·)− P t(µ′, ·)‖V = sup
|f |≤V

|P t(µ, f)− P t(µ′, f)|,

where

P t(µ, f) = Eµ[f(Xt)] =

t∑
n=1

∫
C

P t−n(µ, dx) Ex[f(Xn), τ+
C ≥ n] + Eµ[f(Xt), τC ≥ t].

If |f | ≤ V , then

|P t(µ, f)− P t(µ′, f)| ≤
t∑

n=1

∫
C

|P t−n(µ, ·)− P t−n(µ′, ·)|(dx) Ex[V (Xn), τ+
C ≥ n]

+ Eµ[V (Xt), τC ≥ t] + Eµ′ [V (Xt), τC ≥ t]

≤
t∑

n=1

Kλn−1

∫
X
|P t−n(µ, ·)− P t−n(µ′, ·)|(dx) + [µ(V ) + µ′(V )]λt

= 2K

t∑
n=1

λn−1‖P t−n(µ, ·)− P t−n(µ′, ·)‖TV + [µ(V ) + µ′(V )]λt.

The V -norm bounds in Theorem 4.4 come from Lemma 4.18 (using µ′ = π) and the previously

proved total variation bounds. First, using that

‖P t(ν, ·)− π‖TV ≤
D

2
λt∗,

one has

‖P t(ν, ·)− π‖V ≤ KD
t∑

n=1

λn−1λt−n∗ + [ν(V ) + π(V )]λt

≤ KD
t∑

n=1

λn−1λt−n∗ +

[
J +

K − λ
1− λ

]
λt.
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The formula for the sum looks different in the two cases λ = λ∗ and λ < λ∗. If λ = λ∗,

t∑
n=1

λn−1λt−n∗ = tλt−1.

If λ < λ∗,
t∑

n=1

λn−1λt−n∗ =
λt∗ − λt

λ∗ − λ
.

This proves the bound on ‖P t(ν, ·)− π‖V .

For the chain started from x ∈ X , the total variation bound is

‖P t(x, ·)− π‖TV ≤ max

{
D

2
, 1

}
λ−m∗ [1 + (1− λ∗)V (x)rt]λt∗.

Therefore,

‖P t(x, ·)− π‖V ≤ 2K max

{
D

2
, 1

}
λ−m∗

[
t∑

n=1

λn−1λt−n∗ + (1− λ∗)V (x)r
t∑

n=1

λn−1(t− n)λt−n∗

]

+

[
V (x) +

K − λ
1− λ

]
λt.

The closed form of the first sum has already been given. For the second sum, when λ = λ∗,

t∑
n=1

λn−1(t− n)λt−n∗ =
t2 − t

2
λt−1,

and when λ < λ∗,
t∑

n=1

λn−1(t− n)λt−n∗ =
tλt∗

λ∗ − λ
− λ∗(λ

t
∗ − λt)

(λ∗ − λ)2
.

This proves the bound on ‖P t(x, ·)− π‖V , finishing the proof of Theorem 4.4.

4.6 Decreasing hazard rates

The object of this section is to prove Theorem 4.5. The main step is showing the following result,

which may be of independent interest.

Theorem 4.19. Let (Xt) be a Markov scheme on (X , E) with transition kernel P . Assume that P

is reversible with respect to a stationary distribution π and has nonnegative eigenvalues. For fixed
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c ∈ X , suppose that Ec[τ
+
c ] <∞ and Px(τc <∞) = 1 for all x ∈ X . Then for all t ≥ 0,

‖P t(c, ·)− π‖TV ≤ Pπ(τc > t).

Proof. First observe that the stationary distribution π is necessarily unique by Proposition 3.9

applied to the stopping time τ+
c . Suppose now that the chain (Xt) is started from X0 = c. Let

bn = Pc(τ
+
c = n) for n ≥ 1, and let Bn =

∑∞
k=n+1 bk = Pc(τ

+
c > n) for n ≥ 0. The sequence of

hazard rates associated with (bn) is defined by

hn =
bn

Bn−1
= Pc(τ

+
c = n | τ+

c ≥ n) (4.12)

for n ≥ 1. If Bn−1 = 0, one can take hn = 1.

The following result is due to Lund, Zhao, and Kiessler [LZK06], who proved it under the assumption

that the state space is finite or countable. For completeness, a proof of the general case will be given

at the end of this section.

Theorem 4.20. Let P be a Markov transition kernel on (X , E), reversible with respect to its unique

stationary distribution π and having nonnegative eigenvalues. Fix c ∈ X and let (Xt) be a Markov

chain with transition kernel P started at X0 = c. Suppose Ec[τ
+
c ] < ∞. Then the sequence (hn)

defined by (4.12) is nonincreasing.

Theorem 4.20 can be interpreted in terms of the age process (At) associated with (Xt):

At = t−max{s ≥ 0 : Xs = c}.

The value of At is always an element of the set A = {n ≥ 0 : hk 6= 1 for all 1 ≤ k ≤ n}. In general

one could have A = {0, 1, . . . , a}. In the present situation, when (hn) is a decreasing sequence, either

A = {0} or A is the set of all nonnegative integers. If A = {0} then P (c, c) = 1; by uniqueness of

π, it follows that π(c) = 1, so the desired statement is trivial. In all nontrivial cases, A is the set of

nonnegative integers.

It is easily seen that (At) is itself a Markov chain on A, with A0 = 0 and transition matrix Q given

by Q(i, 0) = hi+1, Q(i, i+ 1) = 1− hi+1, and Q(i, j) = 0 for all other values of j.

Saying that (hn) is nonincreasing is equivalent to saying that the transition matrix Q is stochastically

monotone. That is, if i ≤ j then for all r ≥ 0,

∑
k≥r, k∈A

Q(i, k) ≤
∑

k≥r, k∈A

Q(j, k).

Since Q is stochastically monotone, there is an associated monotone (Markovian) coupling. In this
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case the transition matrix Q̄ for the coupled chain, on the state space A ×A, is given as follows.

For i ≤ j,

Q̄((i, j), (0, 0)) = hj+1, Q̄((i, j), (0, j + 1)) = hi+1 − hj+1, Q̄((i, j), (i+ 1, j + 1)) = 1− hi+1.

The monotone coupling can be used to determine how fast the age process converges to its stationary

distribution. This will lead to a bound on the convergence of (Xt) to π.

The connection between (Xt) and (At) is an intertwining relation. For each i ∈ A, define the

probability measure Λ(i, ·) on X by

Λ(i, ·) = Pc(Xi ∈ · | τ+
c > i). (4.13)

(Note that Pc(τ
+
c > i) > 0 automatically.) Λ is a transition kernel from A to X , also called a link.

For any measure µ on A, define the measure µΛ on X by

(µΛ)(·) =
∑
i∈A

µ(i)Λ(i, ·).

Similarly, for any transition kernels K on X and L on A, define the transition kernels ΛK and LΛ

from A to X by

(ΛK)(i, ·) =

∫
X
K(x, ·)Λ(i, dx), (LΛ)(i, ·) =

∑
j∈A

L(i, j)Λ(j, ·).

The intertwining between P and Q is expressed by the equation

ΛP = QΛ, (4.14)

which follows from the definitions of Q and Λ. This immediately implies that ΛP t = QtΛ for all

t ≥ 0. In addition, the starting distributions A0 ∼ δ0 and X0 ∼ δc are related by δ0Λ = δc. Hence,

if Q0 is the probability for the chain (At), the laws of At and Xt are related by

Pc(Xt ∈ ·) =
∑
i∈A

Q0(At = i)Λ(i, ·) for all t ≥ 0.

For more information on intertwining relations, see [DF90].

The next step is to characterize the stationary distribution π̃ of Q. Suppose π̃ is a measure on A

(not necessarily a probability measure) for which π̃Q = π̃. Using the definition of Q, for each i ≥ 1,
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π̃(i) = (1− hi)π̃(i− 1). Therefore,

π̃(i) =

(
i∏

k=1

(1− hk)

)
π̃(0),

meaning that

π̃(A) =

(∑
i∈A

i∏
k=1

(1− hk)

)
π̃(0).

Set

Z =
∑
i∈A

i∏
k=1

(1− hk).

If Z = ∞, then Q has no stationary distribution. If Z < ∞, then Q has a unique stationary

distribution given by

π̃(i) =
1

Z

i∏
k=1

(1− hk). (4.15)

The quantity
∏i
k=1(1− hk) has a natural interpretation in terms of the chain (Xt):

Pc(τ
+
c > i) =

i∏
k=1

(1− hk).

Hence

Z =
∑
i∈A

Pc(τ
+
c > i) = Ec[τ

+
c ] <∞.

It follows that π̃ defined as in (4.15) is the unique stationary distribution for Q.

Due to the intertwining (4.14), π̃Λ is a stationary distribution for P . By uniqueness, π̃Λ = π. It

is also straightforward to check that π̃Λ is precisely the normalized occupation measure (3.5) with

ν = δc and T = τ+
c .

Another consequence of the intertwining is that

‖P t(c, ·)− π‖TV ≤ ‖Qt(0, ·)− π̃‖TV (4.16)

for all t ≥ 0. This is proved as follows. Let ‖µ‖1 denote the total mass of a signed measure µ. If µ̃ is

a signed measure on A, with positive and negative parts µ̃+ and µ̃−, then ‖µ̃‖1 = µ̃+(A) + µ̃−(A).

The signed measure µ = µ̃Λ on X satisfies µ = µ̃+Λ − µ̃−Λ, so ‖µ‖1 ≤ (µ̃+Λ)(X ) + (µ̃−Λ)(X ) =

µ̃+(A) + µ̃−(A) = ‖µ̃‖1. By the intertwining, if µ̃(·) = Qt(0, ·)− π̃, then µ(·) = P t(c, ·)− π. Hence

‖P t(c, ·)− π‖1 ≤ ‖Qt(0, ·)− π̃‖1,
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and the total variation norm is exactly one-half the total mass norm.

Let (At) and (A′t) be two copies of the age process, one started from A0 = 0 and the other from

A′0 ∼ π̃. The proof will use the monotone coupling for (At) and (A′t) to bound ‖Qt(0, ·) − π̃‖TV,

followed by (4.16). It would also be possible to convert the coupling of (At) and (A′t) into a coupling

of two copies of the original Markov chain, (Xt) started from c and (X ′t) started from π, using the

link Λ. This method would circumvent (4.16). It is carried out in [DF90] in the context of finite

state space; but due to the technicalities associated with general state spaces, the argument below

will proceed using (4.16).

The monotone coupling of (At) and (A′t) is a Markov chain (At, A
′
t) on A × A with transition

matrix Q̄ and initial distribution δ0 ⊗ π̃. Let P̄ denote the probability associated with this chain.

The coupling time is

T = τ ′0 = min{t ≥ 0 : A′t = 0},

since by monotonicity, A′t = 0 implies that At = 0; and it is impossible for At and A′t to be equal

before A′t has reached 0. By the Coupling Inequality (Proposition 2.9),

‖Qt(0, ·)− π̃‖TV ≤ P̄(T > t) = Qπ̃(τ ′0 > t), (4.17)

where Qπ̃ is the probability for the chain (A′t). Actually, equality holds in (4.17) since the monotone

coupling is optimal, but that will not be necessary for the rest of the proof.

Let (X ′t) be a Markov chain with transition kernel P started from π, and let τ ′c = min{t ≥ 0 : X ′t = c}.
It will be shown that

Qπ̃(τ ′0 > t) = Pπ(τ ′c > t). (4.18)

The combination of (4.16), (4.17), and (4.18) gives the statement of the theorem. Therefore it

suffices to prove (4.18).

Define A1 = A \ {0} and X1 = X \ {c}. Let P1 be the restriction of P to X1 and let Q1 be the

restriction of Q to A1. That is, P1(x,B) = P (x,B) for x ∈ X1 and B ⊆ X1, while Q1(i, j) = Q(i, j)

for i, j ∈ A1. Both P1 and Q1 are sub-stochastic transition kernels. Let π̃1 and π1 be the restrictions

of π̃ and π to A1 and X1, so that in particular π̃1(A1) = 1− π̃(0) and π1(X1) = 1− π({c}). Then

Qπ̃(τ ′0 > t) =
∑

i0,...,it∈A1

π̃(i0)Q(i0, i1) · · ·Q(it−1, it) = (π̃1Q
t
1)(A1),

and similarly Pπ(τ ′c > t) = (π1P
t
1)(X1).

It follows from the definition (4.13) that Λ(0, {c}) = 1 and Λ(i, {c}) = 0 for all i ≥ 1. Therefore

one can define a link Λ1 from A1 to X1 by Λ1(i, B) = Λ(i, B) for i ∈ A1 and B ⊆ X1. Each row

of Λ1 has total mass 1, that is, Λ1(i,X1) = 1 for all i ∈ A1. As before, one has the intertwining
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Λ1P1 = Q1Λ1, which immediately implies that Λ1P
t
1 = Qt1Λ1 for all t ≥ 0. Since also π̃1Λ1 = π1,

(π1P
t
1)(X1) = (π̃1Λ1P

t
1)(X1) = (π̃1Q

t
1Λ1)(X1)

=
∑
i∈A1

(π̃1Q
t
1)(i)Λ1(i,X1) =

∑
i∈A1

(π̃1Q
t
1)(i) = (π̃1Q

t
1)(A1).

Thus (4.18) holds, and the proof is complete.

Proof of Theorem 4.5. Let (Xt) be a Markov scheme with transition kernel P . By Lemma 4.7,

Px(τc < ∞) = 1 for all x ∈ X , and Ec[λ
−τ+

c ] ≤ λ−1K < ∞. Therefore the conditions of Theorem

4.19 are met. Using notation from the proof of that theorem,

‖P t(c, ·)− π‖TV ≤ Pπ(τc > t) = Qπ̃(τ ′0 > t),

where Qπ̃ is the probability for the age process (A′t) started from A′0 ∼ π̃. In terms of the hazard

rates hn,

Qπ̃(τ ′0 > t) =

∞∑
i=1

π̃(i)

t∏
k=1

(1− hi+k), (4.19)

where the empty product is taken to be 1 when t = 0.

Because (hn) is nonincreasing, it has a limit h∞ = limn→∞ hn. The drift function provides a lower

bound on h∞. Specifically, since Ec[λ
−τ+

c ] ≤ λ−1K, it follows by Markov’s inequality that

t∏
n=1

(1− hn) = Pc(τ
+
c > t) ≤ Kλt,

which yields

1

t

t∑
n=1

log(1− hn) ≤ logK

t
+ log λ.

Taking the limit as t→∞ gives log(1− h∞) ≤ log λ, meaning that 1− h∞ ≤ λ. Therefore,

‖P t(c, ·)− π‖TV ≤ Qπ̃(τ ′0 > t) ≤
∞∑
i=1

π̃(i)

t∏
k=1

(1− h∞) ≤ [1− π̃(0)]λt.

For every i ≥ 0, Q(i, 0) = hi+1 ≥ h∞ ≥ 1 − λ. Thus π̃(0) ≥ 1 − λ, and 1 − π̃(0) ≤ λ. This proves

the first inequality in Theorem 4.5.

At this point a comparison can be drawn with a similar result in [LZK06]. Using that π̃(0) = π(c),

the previous argument showed that

‖P t(c, ·)− π‖TV ≤ [1− π(c)](1− h∞)t. (4.20)
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Theorem 4.3 of [LZK06] is proved using the decreasing hazard rate property but without the inter-

pretation in terms of the age process. It says that

‖P t(c, ·)− π‖TV ≤

(√
1− h∞
4π(c)

)
(1− h∞)t.

Since π(c) ≥ h∞,
1− h∞
1− π(c)

≥ 1 ≥ 4π(c)[1− π(c)],

which implies that √
1− h∞
4π(c)

≥ 1− π(c).

Hence the bound (4.20) is always better than Theorem 4.3 of [LZK06]. In the setting of a drift

function with λ close to 1, Theorem 4.3 of [LZK06] is worse by about a factor of (1− λ)−1/2. This

might correspond to a log factor in a typical finite Markov chain mixing time problem.

Returning to the proof of Theorem 4.5, the analogous version of (4.11) is

‖P t(x, ·)− π‖TV ≤
t∑

n=0

Px(τc = n)‖P t−n(c, ·)− π‖TV + Px(τc > t).

By Markov’s inequality applied to Lemma 4.7, Px(τc > t) ≤ V (x)λt+1. As well,

t∑
n=0

Px(τc = n)‖P t−n(c, ·)− π‖TV ≤
t∑

n=0

Px(τc = n)λt−n+1

≤ λt+1
∞∑
n=0

Px(τc = n)λ−n

= λt+1 Ex[λ−τc ] ≤ V (x)λt+1.

This proves the second inequality in Theorem 4.5.

The third inequality in Theorem 4.5 follows from the second inequality and Lemma 4.18. Indeed,

‖P t(x, ·)− π‖V ≤ 2K

t∑
n=1

λn−1‖P t−n(x, ·)− π‖TV + [V (x) + π(V )]λt

≤ 2K

t∑
n=1

λn−12V (x)λt−n+1 +

[
V (x) +

K − λ
1− λ

]
λt

= 4KV (x)tλt +

[
V (x) +

K − λ
1− λ

]
λt.

This completes the proof.
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Proof of Theorem 4.20. First, note that

π(A) =
1

Ec[τ
+
c ]

∞∑
n=0

Pc(Xn ∈ A, τ+
c > n). (4.21)

This is because the right side of (4.21) is a stationary distribution for P (by the computation in the

proof of Proposition 3.9), and π is assumed to be unique. It follows that π(c) = 1/Ec[τ
+
c ] > 0.

Define

bn = Pc(τ
+
c = n), Bn = Pc(τ

+
c > n) =

∞∑
k=n+1

bk, hn = Pc(τ
+
c = n | τ+

c ≥ n) =
bn

Bn−1
.

Also define un = Pn(Xn = c) to be the renewal sequence associated with the increment sequence

(bn). Thus u0 = 1 and for n ≥ 1,

un =

n∑
k=1

un−kbk. (4.22)

Using summation by parts on (4.22) leads to the alternate form

Bn =

n∑
k=1

(uk−1 − uk)Bn−k

for n ≥ 1.

The goal is to show that the sequence (hn) is nonincreasing. Since

hn =
Bn−1 −Bn
Bn−1

= 1− Bn
Bn−1

,

it will suffice to show that

B2
n ≤ Bn−1Bn+1

for all n ≥ 1. This property of the sequence (Bn) is called log-convexity.

A classical result of de Bruijn and Erdős [BE53] says the following. Let (ck : k ≥ 1) be a sequence

of nonnegative real numbers, and define (an : n ≥ 0) by a0 = 1 and

an =

n∑
k=1

ckan−k

for n ≥ 1. If (ck) is log-convex, so is (an).

Using ck = uk−1 − uk and an = Bn, it will suffice to show that (ck) is nonnegative and log-convex.



CHAPTER 4. CONVERGENCE RESULTS 73

Consider the function 1c on X given by

1c(x) =

1 if x = c,

0 if x 6= c.

One has 〈P k1c,1c〉π = π(c)P k(c, c) = π(c)uk. Let µ be the spectral measure associated with P and

the function 1c. This means that µ is a (positive) measure on [0, 1], with total mass π(c), and

〈P k1c,1c〉π =

∫
[0,1]

xkµ(dx).

It follows that

ck =
1

π(c)

∫
[0,1]

(1− x)xk−1µ(dx) ≥ 0.

For log-convexity, the goal is to show that c2k ≤ ck−1ck+1 for k ≥ 2. The left side is

c2k =
1

π(c)2

∫
[0,1]

∫
[0,1]

(1− x)(1− y)xk−1yk−1µ(dx)µ(dy).

The right side is

ck−1ck+1 =
1

π(c)2

∫
[0,1]

∫
[0,1]

(1− x)(1− y)xk−2ykµ(dx)µ(dy)

=
1

π(c)2

∫
[0,1]

∫
[0,1]

(1− x)(1− y)xkyk−2µ(dx)µ(dy).

Therefore,

ck−1ck+1 − c2k =
1

π(c)2

∫
[0,1]

∫
[0,1]

(1− x)(1− y)

(
1

2
xk−2yk +

1

2
xkyk−2 − xk−1yk−1

)
µ(dx)µ(dy)

=
1

π(c)2

∫
[0,1]

∫
[0,1]

(1− x)(1− y)
1

2
xk−2yk−2(x− y)2µ(dx)µ(dy)

≥ 0.

This proves that (ck) is nonnegative and log-convex, so (Bn) is log-convex, and (hn) is decreasing.
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4.7 Proof of Theorem 4.6

Let ρ2 be the L2(π) spectral radius of P , and define

ρ̃TV = inf{γ ≥ 0 : for some π-a.e. finite B(x), ‖P t(x, ·)− π‖TV ≤ B(x)γt for all t ≥ 0},

ρTV = inf{γ ≥ 0 : for some everywhere finite B(x), ‖P t(x, ·)− π‖TV ≤ B(x)γt for all t ≥ 0}.

Theorem 2.22 states that ρ2 ≤ ρ̃TV. (The theorem assumes that the σ-algebra E is countably

generated; but that hypothesis is not necessary to show that ρ2 ≤ ρ̃TV. There is a proof in [RR97].)

Also, ρ̃TV ≤ ρTV directly from the definitions. The proof below will bound ρTV using Theorem 4.4.

First consider the case of general drift and minorization. The exponential rate of convergence in

Theorem 4.4 is

λ∗ = max

{
λ, exp

(
− log(1− ε) log λ

−m log λ+ logL

)}
, (4.23)

where L = (B − ε)/(1− ε) and B ≤ K/(1− λ) (as stated in Theorem 4.9). Therefore,

λ∗ ≤ max

{
λ, exp

(
− log(1− ε) log λ

−m log λ+ log K
1−λ − log(1− ε)

)}
.

Using ε = 1−Aβm, a straightforward computation gives

lim
m→∞

exp

(
− log(1− ε) log λ

−m log λ+ log K
1−λ − log(1− ε)

)
= exp

(
log β log λ

log β + log λ

)
.

Because

exp

(
log β log λ

log β + log λ

)
= λlog β/(log β+log λ) > λ,

the exponential rate of convergence gets arbitrarily close to

ρ = exp

(
log β log λ

log β + log λ

)
as m→∞. This gives the desired bound on ρ2.

Next, consider the case of uniform drift and minorization. The exponential rate of convergence is

again given by (4.23), but this time L = M has no dependence on ε. Using ε = 1−Aβm,

lim
m→∞

exp

(
− log(1− ε) log λ

−m log λ+ logM

)
= β.

Hence the exponential rate of convergence gets arbitrarily close to ρ = max{λ, β} as m→∞. This

completes the proof.
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Examples

This chapter considers two examples from Bayesian statistics. Both are two-variable Gibbs samplers.

The results of Chapter 4 provide theoretical upper bounds on the time to convergence. It will be

seen that these bounds are quite conservative compared with the actual behavior of the Markov

chains, but still reasonable enough to be used in practice.

The Gibbs sampler was named by Geman and Geman [GG84], though the idea is implicit in earlier

works such as [Met+53]. See [CG92] for an introduction and [DKSC08] for a brief history along with

many references. It is used in the following very common situation. One would like to sample from

a probability measure π on a multidimensional space X = X1×· · ·×Xd. Sampling directly from π is

intractable; but if 1 ≤ j ≤ d and a1 ∈ X1, . . . , aj−1 ∈ Xj−1, aj+1 ∈ Xj+1, . . . , ad ∈ Xd are given, one

can sample from the one-variable conditional distribution πj(dxj | x1 = a1, . . . , xj−1 = aj−1, xj+1 =

aj+1, . . . , xd = ad). The Gibbs sampler is a Markov chain (Xt) on X with the following transition

rule. Given that Xt = (a1, . . . , ad), sample b1 from π1(dx1 | x2 = a2, . . . , xd = ad). This is referred

to as “updating the first coordinate.” Now sample b2 from π2(dx2 | x1 = b1, x3 = a3, . . . , xd = ad).

Continue in this fashion until bd has been chosen from πd(dxd | x1 = b1, . . . , xd−1 = bd−1). Then set

Xt+1 = (b1, . . . , bd). The chain (Xt) is called the Gibbs sampler. It has π as a stationary distribution,

and is ergodic under conditions that are easily verified in practical examples.

Variations of the method above are possible. For example, rather than iterating through the dimen-

sions in order, at each step one may update a coordinate 1 ≤ j ≤ d chosen uniformly at random.

This is called the random scan Gibbs sampler, in contrast to the deterministic scan Gibbs sampler

described in the previous paragraph. Another variation, called Metropolis-within-Gibbs, is useful

when it is impractical to sample directly even from the one-variable conditional distributions. In

that case one replaces each step “choose bj from the distribution πj(dxj | x1 = b1, . . . , xj−1 =

bj−1, xj+1 = aj+1, . . . , xd = ad)” with an instance of the Metropolis–Hastings algorithm [Met+53].

75
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This is actually the way that Metropolis et al introduced their algorithm in the aforementioned

paper.

For the examples in this chapter, it is possible to sample directly from the one-variable conditional

distributions, so Metropolis-within-Gibbs is unnecessary. In addition, the number of variables can

be chosen to be d = 2. For instance, Section 5.1 considers a measure π on R11 where the last

10 coordinates x2, . . . , x11 are conditionally independent given x1. Therefore, if y1 = x1 and y2 =

(x2, . . . , x11), sequentially updating the coordinates x2, . . . , x11 is the same as updating y2 according

to its conditional density on R10 given y1. It follows that the 11-variable deterministic scan Gibbs

sampler (Xt) on R11 is identical to the 2-variable deterministic scan Gibbs sampler (Yt) on R×R10.

As discussed below, reducing the number of variables to two greatly simplifies the analysis.

In order for Gibbs sampling to be useful, the convergence to the stationary distribution π must

be reasonably quick. In many papers it is proved that particular Gibbs samplers are geometrically

ergodic, from which it follows that the convergence happens at an exponential rate with non-explicit

constants. The Ph.D. thesis of Johnson [Joh09] covers the topic in depth, and the survey [JJN13] has

many references. Since the publication of [JJN13], papers that prove geometric ergodicity for Gibbs

samplers include [KH13; PK14; Fit14; LDM15; RH15; ALV15; JJ15; JB15]. A smaller number of

papers have found explicit convergence rates: see [Ros95a; Ros95b; JH01; JH04; DKSC08].

The papers cited above deal mostly with two-variable Gibbs samplers, which are easier to analyze

than the general case of three or more variables. This is mainly due to the following observation.

If (Xt) = (At, Bt) is a two-variable (deterministic scan) Gibbs sampler, the updating proceeds as

follows:

· · · → (At, Bt)→ (At+1, Bt)→ (At+1, Bt+1)→ (At+2, Bt+1)→ · · ·

By construction, At+1 depends on Xt = (At, Bt) only through Bt, and then Bt+1 depends on

(At+1, Bt) only through At+1. Therefore, the projections (At) and (Bt) are themselves Markov

chains. If X = X1 × X2 is the state space, define transition kernels Q1(b, dx1) = π1(dx1 | x2 = b)

and Q2(a, dx2) = π2(dx2 | x1 = a). Then Q2Q1 is the transition kernel for (At), and Q1Q2 is the

transition kernel for (Bt).

The convergence rate of (Xt) to stationarity is essentially the same as the convergence rates of (At)

and (Bt). Specifically, suppose µ is the initial distribution for (Xt), with projections µ1, µ2 onto the

two coordinates. It can be checked by coupling that for each t ≥ 1,

‖P t(µ, ·)− π‖TV = ‖(Q2Q1)t−1(µ2Q1, ·)− π1‖TV,

‖(Q1Q2)t−1(µ2, ·)− π2‖TV ≥ ‖P t(µ, ·)− π‖TV ≥ ‖(Q1Q2)t(µ2, ·)− π2‖TV.

Another feature of deterministic scan two-variable Gibbs samplers is that the projection chains in the
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first and second variable ((At) and (Bt) above) are reversible with nonnegative eigenvalues [Bax05].

That means Theorem 4.4 can find explicit convergence rates for deterministic scan two-variable

Gibbs samplers. In three or more variables, all that can be said is that the random scan Gibbs

sampler is reversible with nonnegative eigenvalues [LWK95].

5.1 Nuclear pump example

This is a well-studied toy example dating to the 1980s. Table 5.1 shows pump failures at the Farley

1 nuclear plant in Columbia, AL. Each pump failed a certain number of times over a certain number

of hours of operation.

Pump # Failures # Hours
1 5 94,320
2 1 15,720
3 5 62,880
4 14 125,760
5 3 5,240
6 19 31,440
7 1 1,048
8 1 1,048
9 4 2,096
10 22 10,480

Table 5.1: Failure data for pumps at the Farley 1 nuclear plant.

These data were first analyzed by [GO87]. The specific model used here was first suggested by

[GS90] and later used by [Tie94; MTY95; Ros95a]. It is a Bayesian hierarchical model with three

stages. At the first stage, each pump’s failures are taken to be independent Poisson processes, with

rate θ(j) for pump j. (The units for θ(j) are failures per thousand hours.) At the second stage, the

rates θ(j) are drawn independently from a Gamma distribution G(α, β). (The density function is

Gα,β(x) = βα

Γ(α)x
α−1e−βx.) At the third stage, α = 1.802 is fixed while β is drawn from a G(0.01, 1)

distribution. Let sj be the number of failures of pump j, and let tj be its length of operation in

thousands of hours, as given in the table. Also define θ = (θ(1), . . . , θ(10)). The model is:

sj | θ, β ∼ Poisson(tjθ
(j)), independently for each j

θ(j) | β ∼ G(1.802, β), independently for each j

β ∼ G(0.01, 1)

The choice α = 1.802 comes from the method of moments estimator.

There are eleven unknown parameters: β and the θ(j). Let S =
∑10
j=1 θ

(j). For convenience, let
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d = (s1, . . . , s10; t1, . . . , t10) denote the pump failure data. The one-variable conditional densities

(see e.g. [Tie94; Ros95a]) are:

β | θ, d ∼ G(0.01 + 10α, 1 + S)

θ(j) | β, d ∼ G(α+ sj , β + tj), independently for each j

Define a Gibbs sampler based on these conditional densities, with the updating rule

· · · → (βt, θt)→ (βt+1, θt)→ (βt+1, θt+1)→ (βt+2, θt+1)→ · · ·

Since the coordinates of θ are conditionally independent given β, it makes no difference whether

they are updated sequentially or all at once. Let (Xt) = (βt, θt), with stationary distribution π and

transition kernel P . The goal is to find upper bounds for ‖P t(µ, ·)− π‖TV.

The choice to fix α = 1.802 while drawing β from the “hyperprior” distribution G(0.01, 1) may seem

arbitrary. Why not also draw α from a hyperprior distribution? In that case one would be faced

with a three-variable Gibbs sampler, complicating the analysis. On the other hand, if both α and

β were fixed, no Gibbs sampling would be necessary. The model described above was deliberately

chosen to be as simple as possible while remaining nontrivial.

As discussed earlier, both (βt) and (θt) are Markov chains. In this example, a further simplification

is possible. Since βt+1 depends on θt only through the value of St =
∑10
j=1 θ

(j)
t , it follows that (St) is

a Markov chain (reversible, with nonnegative eigenvalues). Let (St) have transition kernel QS and

stationary distribution πS . If µS is the projection onto the S variable of the initial distribution µ,

for all t ≥ 1,

‖Qt−1
S (µS , ·)− πS‖TV ≥ ‖P t(µ, ·)− π‖TV ≥ ‖QtS(µS , ·)− πS‖TV.

Rosenthal [Ros95a] obtains numerical bounds on the convergence of (Xt) by showing that (St) sat-

isfies a drift and minorization condition. (Specifically, he uses the bivariate drift approach described

in Chapter 2.) He proves the following:

Theorem 5.1 (Theorem 11 of [Ros95a]). Let P be the transition kernel for the nuclear pump Gibbs

sampler, and let π be its stationary distribution. For any initial distribution µ on R11,

‖P t(µ, ·)− π‖TV ≤ (0.976)t + (0.951)t(6.2 + Eµ[(S0 − 6.5)2]).

In particular, if the initial distribution µ is set so that S0 = 6.5,

‖P t(µ, ·)− π‖TV ≤ (0.976)t + 6.2 · (0.951)t.

The time until the total variation distance drops below 0.01 is t0.01 ≤ 192.
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Theorem 4.4 in this thesis gives the following improved bound.

Theorem 5.2. Let P be the transition kernel for the nuclear pump Gibbs sampler, and let π be its

stationary distribution. For any initial distribution µ on R11,

‖P t+1(µ, ·)− π‖TV ≤ [2.16 + 0.19t(1 + Eµ[(S0 − 6.5)2])0.19] · (0.914)t.

In particular, if the initial distribution µ is set so that S0 = 6.5,

‖P t+1(µ, ·)− π‖TV ≤ (2.16 + 0.19t) · (0.914)t.

The time until the total variation distance drops below 0.01 is t0.01 ≤ 85.

Although Theorem 5.2 improves on Theorem 5.1 by more than a factor of two, it does not come

close to the actual convergence rate of the Markov chain. A non-rigorous approach described below

indicates that if the (St) chain is started from S0 = 6.5, the number of steps until the total variation

distance from stationarity drops below 0.01 is likely t0.01 = 2. Thus the corresponding number of

steps for the Gibbs sampler is either t0.01 = 2 or t0.01 = 3. Possible reasons for this disparity will

be discussed at the end of this section.

Proof of Theorem 5.2. The argument is very similar to the proof of Theorem 5.1 in [Ros95a]. This

is by design, so that the difference in final estimates (t0.01 ≤ 192 versus t0.01 ≤ 85) is due to

improvements in the theoretical machinery rather than better estimates for this specific example.

The main idea is to show that the chain (St) satisfies a drift and minorization condition with explicit

constants. In [Ros95a] it is observed that the stationary distribution for (St) is concentrated near 6.5.

For this reason, Rosenthal chooses the bivariate drift function W (x, y) = 1 + (x− 6.5)2 + (y− 6.5)2.

The corresponding univariate drift function V (x) = 1 + (x− 6.5)2 will be used in this proof.

Let Q = QS be the transition kernel for (St). Once V (x) has been chosen, the function QV (x) can

be computed numerically. (See [Ros95a] for details.) Figure 5.1 shows the curves y = QV (x) along

with y = λV (x) for values λ = 0.8, 0.6, 0.4. It should be noted that the behavior of QV (x) as x→∞
is also known: limx→∞QV (x) ≈ 43.2.

For each value of λ, the optimal small set C is the region of x-values for which QV (x) > λV (x).

When λ = 0.8 this is roughly the interval [5, 8], and when λ = 0.6 it is a slightly wider interval.

When λ = 0.4 the optimal set C is the union of two intervals: one centered at x = 6.5 (roughly

[4, 9]) and another very small one near x = 0 (roughly [0, 0.1]).

Once the set C has been identified, the minorization mass can be computed according to the method
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Figure 5.1: Graphs of y = QV (x) and y = λV (x) where λ = 0.8, 0.6, 0.4 for the nuclear pump chain.
Here Q is the transition kernel for the chain (St) and V (x) = 1 + (x− 6.5)2.

used by [Ros95a]. Since the Gibbs sampler updates in the following order:

· · · → St → βt+1 → St+1 → βt+2 → St+2 → · · ·

one can find a lower bound for the minorization mass using only the transition St → βt+1. Specifi-

cally, for c ∈ R let fc(x) be the probability density function for βt+1 given that St = c, and let gc(x)

be the probability density function for St+1 given that St = c. The optimal minorization mass for

the small set C is

εopt =

∫ ∞
0

(
inf
c∈C

gc(x)

)
dx.

Unfortunately, εopt is somewhat difficult to compute. For this reason, [Ros95a] uses instead the

minorization mass for βt+1, namely

ε =

∫ ∞
0

(
inf
c∈C

fc(x)

)
dx. (5.1)

It is immediate from a coupling argument that ε ≤ εopt. As well, ε can be computed quickly with
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the help of the following observation. One has

fc(x) = G18.03,1+c(x) =
(1 + c)18.03

Γ(18.03)
x17.03e−(1+c)x. (5.2)

Holding x constant, this is log-concave as a function of c. Thus if cmin = inf(C) and cmax = sup(C),

for all x,

inf
c∈C

fc(x) = min{fcmin
(x), fcmax

(x)}.

This equality is illustrated by Figure 5.2, which shows fc(x) for different values of c. The lowest curve

at each x-value is either the curve corresponding to the smallest value of c or the curve corresponding

to the largest value of c.
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Figure 5.2: Graphs of y = fc(x) as defined in (5.2) for values of c between 4 and 9.

Having made one arbitrary choice, namely the drift function V (x) = 1+(x−6.5)2, and one simplifying

bound, namely the use of ε instead of εopt, the rest of the computation can be optimized. For each

choice of the drift constant λ one can find the ideal small set C. Then, one computes the constant

K = supc∈C QV (c) and the minorization mass ε. Since the transition kernel Q satisfies a drift and

minorization condition, and Q is reversible with nonnegative eigenvalues, Theorem 4.4 gives explicit

convergence bounds. The exponential convergence rate λ∗ will vary depending on the choice of λ,

as shown in Figure 5.3. The horizontal axis is λ, and the vertical axis is the values of ε and λ∗
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determined by λ. Note the steep drop in the value of ε as λ decreases past 0.4, reading from right

to left. This is because the small set C starts to include values of x near zero, as shown in Figure

5.1. (Though Figure 5.3 seems to show a sharp linear drop, it is actually a discontinuity.)
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Figure 5.3: Graphs of the minorization mass ε and convergence rate λ∗ as functions of the drift
parameter λ for the nuclear pump chain. For each λ, the optimal small set C associated with λ and
the drift function V (x) = 1 + (x − 6.5)2 is computed as in Figure 5.1. Then ε is computed using
(5.1) and λ∗ is computed using Theorem 4.4.

Choosing λ = 0.61 minimizes λ∗, which gives the best convergence bounds. The method described

above yields the following drift and minorization data:

C = [4.74, 8.50], K = 3.05, m = 1, ε = 0.287, λ∗ = 0.914. (5.3)

Then Theorem 4.4 gives the bound

‖Qt(µS , ·)− πS‖TV ≤ [2.16 + 0.19t(1 + Eµ[(S0 − 6.5)2])0.19] · (0.914)t.
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Since it was already seen that ‖P t+1(µ, ·)−π‖TV ≤ ‖Qt(µS , ·)−πS‖TV, this completes the proof.

When started at S0 = 6.5, the chain (St) satisfies t0.01 ≤ 84. For comparison, plugging the drift and

minorization data (5.3) into Theorem 1.3 of [Bax05] yields

‖Qt(6.5, ·)− πS‖TV ≤ 102651 · (0.927)t,

which gives t0.01 ≤ 211. Therefore Theorem 4.4 outperforms the analogous results of both [Ros95a]

and [Bax05].

While the bound of 84 steps is a significant improvement, it is still an overestimate compared with

the true behavior of the Markov chain. The following non-rigorous argument indicates that actually,

t0.01 = 2.

Let Ft(x) be the cumulative distribution function for the law of St given that S0 = 6.5. Also, let

F (x) be the cumulative distribution function for the stationary distribution πS of (St). The total

variation distance ‖Qt(6.5, ·)−πS‖TV equals one-half the total variation of the function Ft(x)−F (x).

To estimate Ft(x), N = 108 independent instances of the Markov chain (St) started at S0 = 6.5 were

simulated. Let F̂t(x) be the empirical cumulative distribution function determined by the simulation.

The DKW inequality (originally proved in [DKW56], and with optimal constant in [Mas90]) says

that for each t,

P

(
sup
x∈R
|F̂t(x)− Ft(x)| > 2 · 10−4

)
≤ 2e−8. (5.4)

Therefore the functions Ft(x) can be well-estimated pointwise. The function F (x) will be estimated

using FT (x) for T = 140, since it has been proved that

‖Q140(6.5, ·)− πS‖TV ≤ 10−4.

(It would also be possible to estimate F (x) using perfect sampling techniques. Example 6.2.1 in the

recent book of Huber [Hub16] describes how to implement the “multigamma coupler” of Murdoch

and Green [MG98] in this exact example.)

The reason this approach is non-rigorous is that pointwise control over the functions Ft(x) says

nothing in principle about their total variation. In theory they could have tiny sharp oscillations.

In practice this does not seem to be the case. Figure 5.4 shows the curves y = F̂t(x) − F̂140(x) for

t = 1, 2, 3.

Each curve appears smooth, with clearly defined minima and maxima. For instance, the curve

y = F̂1(x) − F̂140(x) seems to decrease from 0 to a minimum of about −0.024. It then rises to

a maximum of about 0.006 before decreasing back to 0. The total variation is estimated to be
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Figure 5.4: Graphs of y = F̂t(x)− F̂140(x) for t = 1, 2, 3. If (S
(j)
t ) for 1 ≤ j ≤ 108 are independent

instances of the chain (St) started at S0 = 6.5, then F̂t0(x) = 10−8 ×#{1 ≤ j ≤ 108 : S
(j)
t0 ≤ x}.

(0 − −0.024) + (0.006 − −0.024) + (0.006 − 0) = 0.060. Assume that the actual difference of CDF

curves y = F1(x)−F140(x) follows the same pattern: decrease to a minimum, increase to a maximum,

decrease back to zero. The DKW inequality (5.4) says that with probability at least 1 − 4e−8, the

minimum value is in the range−0.024±4·10−4, and the maximum value is in the range 0.006±4·10−4.

Therefore the total variation is 0.060± 16 · 10−4, which means that

‖Q1(6.5, ·)−Q140(6.5, ·)‖TV = 0.030± 8 · 10−4

with probability at least 1− 4e−8. Since ‖Q140(6.5, ·)− πS‖TV ≤ 1 · 10−4,

‖Q1(6.5, ·)− πS‖TV = 0.030± 9 · 10−4.

The error 9 · 10−4 is slightly less than 0.001. This is the reasoning behind the first estimate below;

the other estimates are made by the same method, and also hold with probability at least 1− 4e−8
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(under the same smoothness assumptions).

‖Q1(6.5, ·)− πS‖TV = 0.030± 0.001,

‖Q2(6.5, ·)− πS‖TV = 0.005± 0.001,

‖Q3(6.5, ·)− πS‖TV = 0.002± 0.001.

This strongly indicates that the minimum number of steps t for which ‖Qt(6.5, ·)− πS‖TV ≤ 0.01 is

t0.01 = 2.

It is worth considering why the method of drift and minorization produces such conservative esti-

mates. There are three potential reasons:

1. Poor choice of the drift function V (x). This was carried over from the analysis of [Ros95a]

but is certainly not optimal. A different approach would be to fix the small set C and try

to find a good drift function V (x). Lemma 4.7 shows that the best possible drift function is

V (x) = Ex[λ−τC ], where λ is chosen as small as possible so that the expectation is finite. (It

is known that for fixed λ, the quantity Ex[λ−τC ] is either finite for all x /∈ C or infinite for all

such x.) This leaves open the questions of how to choose C and how to determine rigorously

whether Ex[λ−τC ] is finite for particular choices of C and λ.

2. Underestimation of the minorization mass ε. As discussed in the proof of the convergence

bound, the true minorization mass εopt may be much larger than the computed minoriza-

tion mass. Better computation of this quantity would probably improve the overall bound

significantly.

3. Weakness in the general drift-minorization paradigm. The overall idea is to find a strong ν time

T and then observe that the Markov chain converges to stationarity on the same time scale

as it reaches T . There is no guarantee that this approach will come near the true convergence

rate for any given Markov chain, especially since the form of the strong ν time is constrained.

5.2 HMO premium example

This is a data set of the premiums charged by 341 American health plans in the early 1990s. Each

plan was located in a particular US state. In [Hod98], Hodges proposed a hierarchical model to

predict the premium for each plan based on two variables: the average cost of a hospital admission

in its state, and an indicator for whether the plan was in New England. (These variables were chosen

from a slightly longer list; see [Hod98] for details.) The convergence of the resulting Gibbs sampler

has been studied by Johnson and Jones [JJ10], whose notation is followed here.
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Figure 5.5 shows the data along with two best fit lines, produced by least squares using the following

model:

(premium) = c0 + c1(hospital cost in state) + c2(New England indicator variable) + (error)

Thus the lines are constrained to be parallel.
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Figure 5.5: HMO premium data. Each circle represents a health plan. Its location on the horizontal
axis is the average cost per hospital admission in the plan’s state, and its location on the vertical
axis is the plan’s individual monthly premium. Hollow blue circles represent plans outside of New
England, and solid green circles represent plans in New England.

Set N = 341. Let y be an N × 1 vector whose jth entry is the individual monthly premium

of health plan number j. Let X be an N × 3 matrix with columns numbered 0, 1, 2, defined as

follows: X(j, 0) = 1; X(j, 1) is a normalized version of the average cost per hospital admission
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in the state where health plan j is located; X(j, 2) = 1 if health plan j is in New England and

X(j, 2) = 0 otherwise. The exact formula for X(j, 1) is this: if x̄1 is the national average cost per

hospital admission, and x̃j1 is the average cost per hospital admission in the state of plan j, then

X(j, 1) = (x̃j1 − x̄1)/1000. This is all consistent with [JJ10]. A model for these data is:

yj = β0 + β1X(j, 1) + β2X(j, 2) + εj , (5.5)

where the εj are independent mean-zero normal variables with variance λ−1
R . Let β =


β0

β1

β2

 be the

3× 1 vector of parameters. A least-squares regression would minimize the L2 distance ‖y −Xβ‖2.

Following [Hod98], Johnson and Jones [JJ10] propose a Bayesian hierarchical version of the model:

y | β, λR ∼ NN (Xβ, λ−1
R IN )

β | λR ∼ N3(b, B−1)

λR ∼ G(r1, r2)

where Nk represents the multivariable Gaussian distribution in k dimensions, Ik is the k×k identity

matrix, and b, B−1, r1, r2 are hyperparameters taking the values

b =


0

0

0

 , B−1 =


100 0 0

0 100 0

0 0 100

 , r1 = 3.122× 10−6, r2 = 0.00177.

The values of r1 and r2 are chosen using the method of moments; see [JJ10].

There are four unknown parameters: λR and the three coordinates of β. As computed by [JJ10],

here are the conditional laws given the data:

λR | β, y ∼ G
(
r1 +

1

2
N, r2 +

1

2
‖y −Xβ‖22

)
β | λR, y ∼ N3(m,Σ−1)

where

Σ−1 = (λRX
TX +B)−1, m = Σ−1(λRX

T y +Bb).

The Gibbs sampler proposed by [JJ10] updates first λR and then β according to the laws above. As

in the nuclear pump example, λR depends on β only through the value E = ‖y −Xβ‖22. Therefore

the Markov chain (Et) controls the convergence of the full Gibbs sampler (Xt) = ((λR)t, βt). As
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well, (Et) is reversible with nonnegative eigenvalues. Let (Xt) have transition kernel P and station-

ary distribution π; let (Et) have transition kernel Q and stationary distribution πE . If µE is the

projection onto the E variable of the initial distribution µ of (Xt), then for all t ≥ 1,

‖Qt−1(µE , ·)− πE‖TV ≥ ‖P t(µ, ·)− π‖TV ≥ ‖Qt(µE , ·)− πE‖TV.

The smallest possible value of E is reached when β = β̂, the least-squares estimate in (5.5). This

gives a value of Emin ≈ 191240. The state space of the chain (Et) can be taken as [Emin,∞).

It is proved in [JJ10] that the Gibbs sampler (Xt) is geometrically ergodic, but without rigorous

quantitative control on its convergence rate. This section applies Theorem 4.4 to the (Et) chain in

order to prove the following bound.

Theorem 5.3. Let P be the transition kernel for the HMO data Gibbs sampler, and let π be its

stationary distribution. For any initial distribution µ on R4,

‖P t+1(µ, ·)− π‖TV ≤ [2.65 + 0.25t(1 + Eµ[E0 − Emin])0.10] · (0.909)t.

In particular, if the initial distribution µ is set so that E0 = Emin,

‖P t+1(µ, ·)− π‖TV ≤ (2.65 + 0.25t) · (0.909)t.

The time until the total variation distance drops below 0.01 is t0.01 ≤ 83.

As in the nuclear pump example, this bound may be very conservative. A non-rigorous analysis of

the actual convergence rate, like for the nuclear pump chain, suggests that the actual mixing time

for the (Et) chain started at E0 = Emin is likely t0.01 = 1 or 2.

Along with the reasons discussed in the previous section for this disparity, another one comes into

play here. The main convergence bound, Theorem 4.4, is proved using Lemma 4.7, which states

that Ex[λ−τC ] ≤ V (x). In other words, the value of the drift function at x controls the tail of the

hitting time τC for the Markov chain started at x. The proof relies on the fact that V (Xt) tends to

decrease as long as Xt /∈ C, and it cannot drop below 1. In this example, the optimal small set C

is roughly the set {x : V (x) ≤ 14600}. Therefore if V (Xt) drops below 14600, it is guaranteed that

Xt ∈ C and so τC ≤ t. A tightened version of Lemma 4.7 taking this extra information into account

would probably lead to an overall improvement in the convergence bound produced by Theorem 4.4.

Proof of Theorem 5.3. To prove a drift and minorization condition for the chain (Et), the drift

function V (x) = 1 + x− Emin will be used. Although it may seem that this drift function is linear,

as compared to the quadratic drift function in the nuclear pump example, keep in mind that the

quantity Et = ‖y −Xβt‖22 is itself quadratic.
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The value QV (x) can be computed numerically. As a first step, the conditional distribution of

y−Xβ given λR and y is multivariate normal with mean y−Xm and covariance matrix XΣ−1XT .

Therefore,

E
[
‖y −Xβ‖22

∣∣∣λR, y] = ‖y −Xm‖22 + tr(XΣ−1XT ).

Note that both m and Σ−1 depend on λR. Since b =


0

0

0

, one has

y −Xm = (IN − λRXΣ−1XT )y.

Thus both terms ‖y−Xm‖22 and tr(XΣ−1XT ) can be computed by diagonalizing XΣ−1XT , which

is an N × N positive semidefinite symmetric matrix of rank 3. To do this, recall that B = 1
100I3

is a scalar multiple of the identity matrix and that Σ−1 = (λRX
TX + B)−1. Let XTX have

orthonormal eigenvectors v1, v2, v3 with eigenvalues ρ1, ρ2, ρ3. Then Σ−1 has eigenvectors {vi} with

eigenvalues {(λRρi + 1
100 )−1}. It follows that XΣ−1XT has eigenvectors {Xvi} with eigenvalues

{ρi(λRρi + 1
100 )−1}, and an (N − 3)-dimensional nullspace which is the orthogonal complement of

the linear span of the vectors Xvi. Hence

tr(XΣ−1XT ) =

3∑
i=1

ρi

λRρi + 1
100

.

To compute ‖y−Xm‖22, let ci = 1
ρi

(y,Xvi) for i = 1, 2, 3. The factor of 1/ρi is because ‖Xvi‖22 = ρi,

so one has the orthogonal decomposition

y = ỹ +

3∑
i=1

ciXvi,

where (XΣ−1XT )ỹ = 0. The least-squares estimate β̂ =
∑3
i=1 civi, and the remainder ỹ satisfies

‖ỹ‖22 = Emin. Now,

y −Xm = (IN − λRXΣ−1XT )

(
ỹ +

3∑
i=1

ciXvi

)

= ỹ +

3∑
i=1

(
1− λRρi

λRρi + 1
100

)
ciXvi,

which yields

‖y −Xm‖22 = ‖ỹ‖22 +

3∑
i=1

(
1− λRρi

λRρi + 1
100

)2

c2i ρi = Emin +

3∑
i=1

( 1
100

λRρi + 1
100

)2

c2i ρi.
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This completes the computation of the conditional expectation of ‖y−Xβ‖22 given λR and y. Now,

QV (x) = E[V (Et+1) | Et = x]

= 1− Emin +

∫ ∞
0

E[Et+1 | (λR)t+1 = s] P((λR)t+1 ∈ ds | Et = x)

= 1− Emin +

∫ ∞
0

[
Emin +

3∑
i=1

( 1
100

sρi + 1
100

)2

c2i ρi +

3∑
i=1

ρi

sρi + 1
100

]
Gr1+N/2,r2+x/2(s)ds

= 1 +

∫ ∞
0

3∑
i=1

[( 1
100

sρi + 1
100

)2

c2i ρi +
ρi

sρi + 1
100

]
Gr1+N/2,r2+x/2(s)ds.

This integral can be computed numerically. Figure 5.6 shows the curve y = QV (x) along with the

lines y = λV (x) for λ = 0.6, 0.4, 0.2. The first graph has x-values from x = Emin ≈ 191240 up to

x = 250000. The second graph has x-values from x = Emin up to x = 6 · 107. In the first graph it

appears that the curve y = QV (x) is nearly flat. In the second graph, the curve y = QV (x) grows

close to linearly before flattening out. It can be computed that limx→∞QV (x) ≈ 9.74 · 106, so the

“flattening out” continues for larger x-values. (Already QV (6 · 107) is between 6 · 106 and 7 · 106.)

For λ = 0.6 and λ = 0.4, the optimal small set C is a relatively short interval close to x = Emin.

For λ = 0.2, the optimal C is larger by about three orders of magnitude. There is a discontinuity

at the value of λ just above 0.2 for which the line y = λV (x) is tangent to the curve y = QV (x).

To compute the minorization based on the optimal set C, the same method used in the nuclear

pump example can be used. The conditional law of λR given that E = x has probability density

function fx(s) = Gr1+N/2,r2+x/2(s), which is log-concave as a function of x when s is held constant.

If cmin = inf(C) and cmax = sup(C), the quantity

ε =

∫ ∞
0

min {fcmin
(s), fcmax

(s)} ds (5.6)

is a lower bound for the minorization mass associated with C.

For each value of λ, the preceding discussion shows how to compute all the constants associated

with the drift and minorization condition: the small set C, the value K = supc∈C QV (c), and the

minorization mass ε. As in the nuclear pump example, C and K are optimal given the choice of

drift function V (x) and the value of λ, while ε is not optimal. Next, Theorem 4.4 gives convergence

bounds for the Markov chain (Et), including the exponential rate λ∗. Figure 5.7 shows the computed

values of ε and λ∗ for each chosen λ. The discontinuity just above λ = 0.2 is at the value of λ where

the line y = λV (x) is tangent to the curve y = QV (x), as shown in Figure 5.6.
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Figure 5.6: Graphs of y = QV (x) and y = λV (x) where λ = 0.6, 0.4, 0.2 for the HMO premium
chain. Here Q is the transition kernel for the chain (Et) and V (x) = 1 +x−Emin. The upper graph
shows values x ∈ [Emin, 250000]. The lower graph shows values x ∈ [Emin, 6 · 107].
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Figure 5.7: Graphs of the minorization mass ε and convergence rate λ∗ as functions of the drift
parameter λ for the HMO premium chain. For each λ, the optimal small set C associated with λ
and the drift function V (x) = 1 + x−Emin is computed as in Figure 5.6. Then ε is computed using
(5.6) and λ∗ is computed using Theorem 4.4.

The smallest value of λ∗ occurs at λ = 0.36. The drift and minorization data are

C = [191240, 205840], K = 5250, m = 1, ε = 0.631, λ∗ = 0.909. (5.7)

Theorem 4.4 yields

‖Qt(µE , ·)− πE‖TV ≤ [2.65 + 0.25t(1 + Eµ[E0 − Emin])0.10] · (0.909)t,

which combined with the bound ‖P t+1(µ, ·)− π‖TV ≤ ‖Qt(µE , ·)− πE‖TV completes the proof.

If the (Et) chain is started from E0 = Emin, the argument above gives t0.01 ≤ 82. This result can

be compared with Theorem 1.3 of [Bax05], which when applied to the drift and minorization data

(5.7) yields

‖Qt(Emin, ·)− πE‖TV ≤ (6.44 · 1011) · (0.916)t

and t0.01 ≤ 362. Again, Theorem 4.4 gives tighter bounds. The high value 6.44 · 1011 is partly due

to a suboptimal dependence on K in the formulas of [Bax05].



Chapter 6

MCMC estimation of quantiles

6.1 Discussion of the problem

The main purpose of this thesis is to bound Markov chain convergence rates. This chapter discusses

a closely related problem. Let (Xt) be a Markov chain on X with stationary distribution π, and let

θ : X → R be a (measurable) function. The problem is to explore the law of θ under π, that is,

the probability measure π(θ ∈ ·) = π({x : θ(x) ∈ ·}) on R. For instance, what is the expectation

π(θ) =
∫
X θ(x)π(dx)? What are the quantiles θq = inf{r ∈ R : π(θ ≤ r) ≥ q}?

The Markov chain provides estimates for these quantities. Given a positive integer n, define

π̂n(θ) =
1

n

n−1∑
t=0

θ(Xt).

If (Xt) satisfies appropriate irreducibility assumptions and π(|θ|) <∞, it follows that π̂n(θ)→ π(θ)

with probability 1 as n→∞ ([RR04], Section 3.2; [MT93], Chapter 17). That is, π̂n(θ) is a strongly

consistent estimator for π(θ).

To estimate the quantile θq for 0 < q < 1, fix n > 0 and let Y1 ≤ · · · ≤ Yn be the order statistics of

θ(X0), θ(X1), . . . , θ(Xn−1). Then

θ̂n,q = Ydnqe (6.1)

is a strongly consistent estimator for θq.

Under conditions that are often easy to verify, the errors π̂n(θ)− π(θ) and θ̂n,q − θq satisfy central

limit theorems; see [RR04; Jon04; Dos+14]. Nonasymptotic bounds of the form Pµ(|π̂n(θ)−π(θ)| ≥
α) ≤ δ have been proved under various assumptions; see [Lez98; JO10; LMN13; AB15] and the

93
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detailed literature summary in [LMN13]. All these results could be adapted to provide nonasymptotic

bounds for quantile estimates. In addition, the paper [Dos+14] provides a direct result of the form

Pµ(|θ̂n,q − θq| ≥ α) ≤ δ (but in terms of quantities that may be difficult to compute).

Applying these nonasymptotic bounds in concrete examples such as the nuclear pump and HMO

chains from Chapter 5 is challenging. Consider for example the following theorem.

Theorem 6.1 (Theorem 28 of [RR04]; Theorems 3.1 and 4.2 of [LMN13]). Suppose the transition

kernel P of the Markov chain (Xt) on X with initial distribution µ and stationary distribution π

satisfies a one-step general drift and minorization condition (that is, m = 1 in Definition 4.1). Let

θ : X → R be a function such that

M = sup
x∈X

|θ(x)|2

V (x)
<∞,

where V is the drift function. There exists σ2 such that the following central limit theorem holds:

√
n [π̂n(θ)− π(θ)]→ N(0, σ2) in distribution,

which implies immediately that

lim
n→∞

nEµ[(π̂n(θ)− π(θ))2] = σ2.

In addition, there exists a constant B with an explicit formula in terms of M and the drift and

minorization data such that for all n ≥ 1,√
Eµ[(π̂n(θ)− π(θ))2] ≤ σ√

n
+
B

n
. (6.2)

This result is satisfying in that the leading term on the right side of (6.2) is asymptotically correct.

Even if the drift and minorization condition does not capture the true convergence rate of the Markov

chain, so that B is larger than it potentially could be, the effect is limited to a lower-order term.

The challenge in applying (6.2) is that the asymptotic variance σ2 is usually unknown. In [LMN13]

there is an upper bound on σ2 in terms of M and the drift and minorization data; but in examples

this bound can be conservative to the point where the numerical results are not practically useful.

This chapter aims to show that results like the above can potentially be improved by replacing the

unknown value σ2 with an empirical estimate σ̂2
n calculated from the sample path of the Markov

chain. One cannot simply replace σ with σ̂n in (6.2), since σ̂n is a random quantity. However,
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applying Chebyshev’s inequality to (6.2) gives that for all α > 0,

Pµ(|π̂n(θ)− π(θ)| ≥ α) ≤ 1

α2

(
σ√
n

+
B

n

)2

.

Equivalently, for any 0 < δ < 1, with probability at least 1− δ,

|π̂n(θ)− π(θ)| < 1√
δ

(
σ√
n

+
B

n

)
, (6.3)

and one could replace σ with σ̂n in (6.3). This chapter’s main theorem has the same flavor but

applies to quantile estimation in a somewhat different setting.

Suppose as above that the transition kernel P satisfies a one-step general drift and minorization

condition with small set C, minorization mass ε, and minorization measure ν. By Proposition 3.10,

the Markov chain (Xt) has a sequence of regeneration times. Formally, one can define a sequence

(Y0, Y1, . . .) of {0, 1}-valued random variables such that the chain regenerates precisely at the times

t for which Yt = 1.

It was first observed by [MTY95] that the following procedure gives a random sample from the joint

distribution of (X0, X1, . . . ;Y0, Y1, . . .).

1. Draw X0 according to µ and let Y0 = 0.

2. Given Xn, draw Xn+1 according to P (Xn, ·).

3. If Xn /∈ C, let Yn+1 = 0. If Xn ∈ C, set

p = ε · dν

dP (Xn, ·)
(Xn+1). (6.4)

(Since P (Xn, ·) ≥ εν(·), p can be interpreted as a probability.) Then let Yn+1 = 1 with

probability p and Yn+1 = 0 with probability 1− p.

In the general setting of Chapter 2, there is no guarantee that the Radon-Nikodym derivative in

(6.4) is measurable as a function of Xn and Xn+1; but for real-world examples where the one-step

minorization condition can be verified at all, this is not an issue. Thus one can usually implement this

procedure to get a sample path of the Markov chain together with the regeneration times T1, T2, . . ..

Suppose now that one wants to estimate π(f) for some function f : X → R. The method of

regenerative simulation says to run the chain for some fixed number N + 1 of regenerations and use

the estimator

π̂reg
N (f) =

1

TN+1 − T1

TN+1−1∑
t=T1

f(Xt) =

∑N
j=1 Ξj∑N
j=1 τj

,
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where

Ξj =

Tj+1−1∑
t=Tj

f(Xt), τj = Tj+1 − Tj (6.5)

are the contribution of f over each tour and the length of each tour, respectively. By the regener-

ative property, the Ξj are independent and identically distributed (say, as Ξ), and the τj are also

independent and identically distributed (say, as τ). The drift condition implies that E[τ ] < ∞; if

also E[|Ξ|] <∞, then with probability 1 as N →∞,

π̂reg
N (f) =

1
N

∑N
j=1 Ξj

1
N

∑N
j=1 τj

→ E[Ξ]

E[τ ]
= π(f).

Therefore the estimator is strongly consistent. The errors

1

N

N∑
j=1

Ξj −E[Ξ],
1

N

N∑
j=1

τj −E[τ ] (6.6)

can be bounded using standard techniques for iid random variables, giving control over the error

π̂reg
N (f)− π(f).

In order to use this technique to estimate quantiles of some θ : X → R, consider the family of

functions {fc : c ∈ R} where fc(x) = 1{θ(x) ≤ c}. If f = fc, then 0 ≤ Ξj ≤ τj for each j. The drift

function implies that the law of τ decays exponentially; see Theorem 4.9. The same bound applies

to Ξ. Therefore a classical concentration inequality for sums of independent subexponential random

variables, such as Bernstein’s inequality (Theorem 6.3 below), will control both the errors (6.6).

Unfortunately, this approach has the same problem as Theorem 6.1. The bounds on the quantities

(6.6) are given in terms of the variances Var(Ξ) and Var(τ), which are themselves unknown. Both

Var(Ξ) and Var(τ) are at most E[τ2], which can be controlled using the tail bound from Theorem

4.9. But in examples, this bound is far too conservative, to the point where the numerical results

are not useful in practice.

This chapter proposes instead to use a so-called empirical Bernstein inequality : a version of Bern-

stein’s inequality that uses the sample variances of (Ξ1, . . . ,ΞN ) and (τ1, . . . , τN ) in place of Var(Ξ)

and Var(τ). This controls the errors (6.6) using quantities that are computable from the sample

path of the Markov chain.

The remaining sections are organized as follows. Section 6.2 discusses empirical Bernstein inequalities

and states the main theorem of the chapter, which is an inequality of this type for subexponential

random variables. Section 6.3 applies the main theorem to get nonasymptotic quantile estimates in

the HMO chain example from Chapter 5. These results are compared against asymptotic estimates

computed using a method proposed by [Dos+14]. Finally, Section 6.4 provides some ways this
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chapter’s results could be improved with further research.

6.2 Empirical Bernstein inequalities

The idea of an empirical Bernstein inequality comes from the machine learning community. The

first such inequality was proved by Audibert, Munos, and Szepesvári ([AMS09]; see also [MSA08]).

This chapter will use a slightly improved version due to Maurer and Pontil [MP09]. A subsequent

generalization to U-statistics has been made by [PAR10].

The starting point is the classical Bernstein inequality. The following version is usually called

Bennett’s inequality [Ben62]. The particular form of the statement is taken from [MP09].

Theorem 6.2. Let Z1, . . . , ZN be iid random variables distributed as Z, taking values in the interval

[0, 1] with probability 1. For any 0 < δ < 1, with probability at least 1− δ,

1

N

N∑
i=1

Zi −E[Z] ≤
√

2 Var(Z) log(1/δ)

N
+

log(1/δ)

3N
. (6.7)

The same upper bound applies to the other tail E[Z]− 1
N

∑N
i=1 Zi, as can be seen by replacing each

Zi with 1− Zi.

Another variant of the classical Bernstein inequality applies to subexponential random variables.

Theorem 6.3 (Proposition 2.9 of [Mas07]). Let Z1, . . . , ZN be iid random variables distributed as

Z. Assume that there exist constants V and c such that E[Z2] ≤ V and

E[(Z+)k] ≤ k!

2
V ck−2 for all k ≥ 3,

where Z+ = max{Z, 0}. For any 0 < δ < 1, with probability at least 1− δ,

1

N

N∑
i=1

Zi −E[Z] ≤
√

2V log(1/δ)

N
+
c log(1/δ)

N
.

Note that Theorem 6.3 implies Theorem 6.2. Suppose Z ∈ [0, 1] with probability 1 and Z1, . . . , ZN

are iid random variables distributed as Z. The variables Z̄i = Zi − E[Z] are distributed as Z̄ =

Z −E[Z], and Z̄+ ∈ [0, 1] with probability 1. Therefore, for k ≥ 3,

E[(Z̄+)k] ≤ E[(Z̄+)2] ≤ E[Z̄2] · k!

2

(
1

3

)k−2

.

Applying Theorem 6.3 to Z̄1, . . . , Z̄N with V = E[Z̄2] = Var(Z) and c = 1/3 proves Theorem 6.2.
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The empirical Bernstein inequality of Maurer and Pontil [MP09] replaces the unknown quantity

Var(Z) with the sample variance

VN =
1

N(N − 1)

∑
1≤i<j≤N

(Zi − Zj)2 =
1

N − 1

N∑
i=1

Zi − 1

N

N∑
j=1

Zj

2

. (6.8)

They prove an empirical version of Theorem 6.2:

Theorem 6.4. Let Z1, . . . , ZN be iid random variables distributed as Z, taking values in the interval

[0, 1] with probability 1. For any 0 < δ < 1, with probability at least 1− δ,

1

N

N∑
i=1

Zi −E[Z] ≤
√

2VN log(2/δ)

N
+

7 log(2/δ)

3(N − 1)
.

As before, one can replace Zi with 1 − Zi to get the same bound on the other tail. In addition, if

Z is almost surely contained in an interval of length L (rather than [0, 1]), scaling by a factor of L

and translating leads to the bound

1

N

N∑
i=1

Zi −E[Z] ≤
√

2VN log(2/δ)

N
+

7L log(2/δ)

3(N − 1)
(6.9)

with probability at least 1− δ. Note that the first term on the right side is unchanged, because the

left side scales by L and VN scales by L2, but the second term on the right side gains a factor of L.

It seems plausible that there should also be an empirical version of Theorem 6.3. This is exactly

what is needed to provide tighter bounds on quantile estimation, since both random variables Ξ, τ

in (6.6) are subexponential. The following theorem, which is the main result in this chapter, is a

bound of this type.

Theorem 6.5. Let Z1, . . . , ZN be iid random variables distributed as Z, where P(|Z| ≥ z) ≤ Ae−az

for fixed constants A, a and all z ≥ 0. For any 0 < δ < 1, with probability at least 1− δ,

1

N

N∑
i=1

Zi −E[Z] ≤
√

2VN log(4/δ)

N
+

(14/a) log(2AN/δ) log(4/δ)

3(N − 1)
+

δ

2aN
[1 + log(2AN/δ)] .

Replacing each Zi with −Zi gives the same bound on the other tail.

This result is probably not optimal. The second and third terms on the right side could likely be

improved, especially in the dependence on δ. The classical Bernstein inequality interpolates between

two regimes: the one where δ is fixed as N →∞, and the one where the right side of (6.7) is fixed

and δ decays as ce−dN for some constants c, d. In the regime where δ is fixed, the dominant term in
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the right side of Theorem 6.5 is the first one, which differs from the first term in Theorem 6.4 only

by a factor of 2 in the coefficient of 1/δ. In the other regime, the right side of Theorem 6.5 is fixed

when δ decays as ce−d
√
N . This is the part that could be improved.

Proof of Theorem 6.5. The proof is by a truncation argument. Fix

b =
1

a
log

(
2AN

δ

)
.

Then

P(|Z| ≥ b) ≤ Ae−ab =
δ

2N
,

which implies that P(max{|Z1|, . . . , |ZN |} ≥ b) ≤ δ/2. Let Z = Z ′ + Z ′′, where Z ′ = Z1{|Z| ≤ b}
and Z ′′ = Z1{|Z| > b}; likewise decompose each Zi = Z ′i + Z ′′i . The Z ′i are iid and distributed as

Z ′, which is contained in [−b, b] almost surely. By (6.9), with probability at least 1− δ/2,

1

N

N∑
i=1

Z ′i −E[Z ′] ≤
√

2V′N log(4/δ)

N
+

14b log(4/δ)

3(N − 1)
, (6.10)

where V′N is the sample variance of (Z ′1, . . . , Z
′
N ) as in (6.8). Also,

E[|Z ′′|] =

∫ ∞
0

P(|Z ′′| > z) dz ≤ bP(|Z ′′| > b) +

∫ ∞
b

Ae−az dz ≤ b · δ

2N
+
Ae−ab

a

=
δ

2aN

[
1 + log

(
2AN

δ

)]
.

With probability at least 1− δ/2, each Zi = Z ′i, meaning that VN = V′N and

1

N

N∑
i=1

Z ′′i −E[Z ′′] = −E[Z ′′] ≤ δ

2aN
[1 + log(2AN/δ)] . (6.11)

Adding (6.10) to (6.11) (and using a union bound on probabilities) gives the desired result.

6.3 Worked example

This section shows how to use Theorem 6.5 to get nonasymptotic bounds on quantile estimates.

The running example is the HMO premium Markov chain from Section 5.2. For comparison, an

“asymptotically valid” analysis as proposed in [Dos+14] will also be performed.

Johnson and Jones [JJ10] provide a model that describes the influence of hospital admission costs
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on HMO premiums. They get a joint posterior distribution for three parameters:

β0 : baseline value for an individual monthly premium

β1 : effect on premium of a $1000 increase in statewide average hospital admission costs

β2 : additional cost for HMOs in New England

For an HMO plan in a state where the average hospital admission costs $M more than the national

average, the predicted individual monthly premium is β0 + β1(M/1000) if the state is not in New

England and β0 + β1(M/1000) + β2 if the state is in New England.

Consider the Markov chain Xt =


(β0)t

(β1)t

(β2)t

 on X = R3 started from X0 =


β̂0

β̂1

β̂2

, the least-squares

estimate from Section 5.2. (In that section it was convenient to work with a slightly different

chain (Et), which was a projection of (Xt) onto R.) Let π be the stationary distribution of (Xt),

which by construction is the joint posterior distribution for the βj . In [JJ10] the authors estimate

π(β0) ≈ 162.6, π(β1) ≈ 4.0, and π(β2) ≈ 26.3. A long-run average of the Markov chain over 107

steps gives similar estimates: π(β0) ≈ 162.3, π(β1) ≈ 4.3, and π(β2) ≈ 26.2.

In addition to precise estimates for the means π(βj), it is also desirable to understand more about

how the βj are distributed. For example, how tightly concentrated is the law of β1 around its mean

4.3? If 0 < α < 1/2, the 100(1− 2α)% credible interval for β1 is the closed interval [(β1)α, (β1)1−α],

where (β1)α, (β1)1−α are quantiles as defined in Section 6.1. In turn, these quantiles (β1)q can be

estimated by (β̂1)n,q (see (6.1)) using the Markov chain (Xt). Carrying out this procedure with

α = .025 and n = 107 gives an estimate for the 95% credible interval for β1:

[(β1).025, (β1).975] ≈ [(β̂1)107,.025, (β̂1)107,.975] = [1.3, 7.2].

Using Theorem 6.5, one can find an interval [c, d] that contains [(β1).025, (β1).975] with high confidence

(in the frequentist sense). The first step is to find an explicit one-step drift and minorization

condition satisfied by the (Xt) chain. This was carried out in Section 5.2 for the (Et) chain; the same

computation works for the (Xt) chain. Let ν be the regeneration measure and T the ν-regeneration

time. When the data from Section 5.2 are fed into Theorem 4.9, one obtains

Pν(T ≥ t) ≤ Ae−at, where A = 2.5771, a = 0.0963. (6.12)

The successive times between regenerations τ1, τ2, . . . as in (6.5) are iid as τ , where Pν(τ ≥ t)

satisfies the bound (6.12). For purposes of illustration, fix δ = 1/300. For any f : X → [0, 1], define

Ξ1,Ξ2, . . . as in (6.5), so that the Ξi are iid as Ξ. Since the range of f is [0, 1], Pν(Ξ ≥ t) also
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satisfies the bound (6.12). Theorem 6.5 says that for any N ≥ 2, with probability at least 1−1/300,

1

N

N∑
i=1

Ξi −E[Ξ] ≤ 3.77

√
VN

N
+

2525

N − 1
+

344 logN

N − 1
, (6.13)

and also with probability at least 1− 1/300,

E[Ξ]− 1

N

N∑
i=1

Ξi ≤ 3.77

√
VN

N
+

2525

N − 1
+

344 logN

N − 1
, (6.14)

where

VN =
1

N(N − 1)

∑
1≤i<j≤N

(Ξi − Ξj)
2.

Suppose c, d ∈ R are fixed. (They will eventually be chosen so that c ≤ (β1).025 and (β1).975 ≤ d

with high confidence.) Define functions

f (c)(β0, β1, β2) = 1{β1 ≤ c}, f (d)(β0, β1, β2) = 1{β1 ≥ d}, f (1)(β0, β1, β2) = 1.

Likewise define Ξ
(c)
i , Ξ

(d)
i , and Ξ

(1)
i = τi. The idea is to apply (6.13) to the variables Ξ

(1)
i and (6.14)

to the variables Ξ
(c)
i and Ξ

(d)
i . Since

π(β1 ≤ c) = π(f (c)) =
E[Ξ(c)]

E[Ξ(1)]
, π(β1 ≥ d) = π(f (d)) =

E[Ξ(d)]

E[Ξ(1)]
,

it follows that with probability at least 1− 1/100, both

π(β1 ≤ c) ≤
1
N

∑N
i=1 Ξ

(c)
i + 3.77

√
V

(c)
N

N + 2525
N−1 + 344 logN

N−1

1
N

∑N
i=1 Ξ

(1)
i − 3.77

√
V

(1)
N

N − 2525
N−1 −

344 logN
N−1

(6.15)

and

π(β1 ≥ d) ≤
1
N

∑N
i=1 Ξ

(d)
i + 3.77

√
V

(d)
N

N + 2525
N−1 + 344 logN

N−1

1
N

∑N
i=1 Ξ

(1)
i − 3.77

√
V

(1)
N

N − 2525
N−1 −

344 logN
N−1

, (6.16)

assuming N is large enough that the denominator in (6.15) and (6.16) is positive. Let q(c,N) be

the right side of (6.15) and r(d,N) be the right side of (6.16). Then q(c,N) and r(d,N) are explicit

functions of the sample path of the Markov chain over the first N + 1 regenerations, and with

probability 1 as N →∞, q(c,N)→ π(β1 ≤ c) and r(d,N)→ π(β1 ≥ d).

If indeed π(β1 ≤ c) ≤ q(c,N) and π(β1 ≥ d) ≤ r(d,N), it follows that the quantiles (β1)q(c,N) ≥ c

and (β1)1−r(d,N) ≤ d. Therefore, with probability at least 1−1/100, [(β1)q(c,N), (β1)1−r(d,N)] ⊆ [c, d].
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The question now is how to choose c, d,N so that q(c,N) ≤ .025 and r(d,N) ≤ .025. This can

never be guaranteed in advance, but if it happens to be true, one concludes that [c, d] contains

[(β1).025, (β1).975] with confidence at least 0.99. (It cannot be said that [c, d] ⊇ [(β1).025, (β1).975]

with probability at least 0.99, since c, d are not random quantities, so the probability is either 0 or 1.

The word “confidence” is used in the frequentist sense. For comparison, suppose a different theorem

did provide a random interval [C,D] that contained [(β1).025, (β1).975] with probability at least 0.99.

If one were to draw values c = C(ω) and d = D(ω) using a sample path ω = (X0, X1, . . .) of the

Markov chain, it would also be true that [c, d] ⊇ [(β1).025, (β1).975] with confidence at least 0.99.)

Here is one way of choosing c, d,N so that q(c,N) and r(d,N) are likely to be at most .025. The

key insight is that in practice, the Markov chain probably converges much faster than can be proved

rigorously. Run the chain for a relatively small number of regenerations N0 + 1; say this takes n0

steps. Pick values 0 < q0, r0 < .025, for example q0 = r0 = .01, and set

c = (β̂1)n0,q0 , d = (β̂1)n0,1−r0

to be the estimators for the quantiles (β1)q0 and (β1)1−r0 as in (6.1). Using that same sample

path, compute the random variables Ξ
(c)
i ,Ξ

(d)
i ,Ξ

(1)
i for 1 ≤ i ≤ N0. Next, find the sample means

E
(c)
N0

= 1
N0

∑N0

i=1 Ξ
(c)
i (likewise E

(d)
N0
,E

(1)
N0

) and the sample variances V
(c)
N0
,V

(d)
N0
,V

(1)
N0

. Consider now

the quantities

qN0
(c,N) =

E
(c)
N0

+3.77

√
V

(c)
N0

N + 2525
N−1 + 344 logN

N−1

E
(1)
N0
−3.77

√
V

(1)
N0

N − 2525
N−1 −

344 logN
N−1

, rN0(d,N) =
E

(d)
N0

+3.77

√
V

(d)
N0

N + 2525
N−1 + 344 logN

N−1

E
(1)
N0
−3.77

√
V

(1)
N0

N − 2525
N−1 −

344 logN
N−1

(compare with (6.15), (6.16)), which are relatively simple functions of N . If N0 +1 regenerations are

enough for the sample means and variances EN0
,VN0

to be near their limiting values E[Ξ],Var(Ξ),

then in an independent run of the chain for N + 1 regenerations, q(c,N) ≈ qN0
(c,N) and r(d,N) ≈

rN0(d,N). Therefore if N is chosen large enough that qN0(c,N), rN0(d,N) ≤ α < .025 for some

α < .025, say α = .02, it is likely that q(c,N) and r(d,N) will be at most .025.

This procedure was carried out withN0 = 2000; it took n0 = 3190 steps until the 2001st regeneration.

With q0 = r0 = .01, the estimates for (β1).01 and (β1).99 were c = (β̂1)n0,.01 = 0.87 and d =

(β̂1)n0,.99 = 7.70. The least value of N such that qN0
(c,N), rN0

(d,N) ≤ .02 was found to be

N = 458153. An independent run of the chain for 458154 regenerations (which took 732435 steps)

found values q(c,N) = .023, r(d,N) = .022. Since both these values are less than .025, the conclusion

holds that [(β1).025, (β1).975] ⊆ [0.87, 7.70] with confidence at least 0.99. This interval is only slightly

wider than the best estimate of [1.3, 7.2] for [(β1).025, (β1).975].

An immediate goal is to improve the method so that fewer steps of the Markov chain are needed to
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get a result of the same strength. Section 6.4 describes a few ideas in this direction. The remainder of

this section considers an alternative procedure proposed by Doss, Flegal, Jones, and Neath [Dos+14].

Their setting is general: given a function θ : X → R and a value 0 < q < 1, one wants to estimate

the quantile θq using the Markov chain estimator θ̂n,q as in (6.1). They provide a central limit

theorem,
√
n(θ̂n,q − θq)→ N(0, σ2

q ) in distribution,

and two different estimators for σ2
q , one using batch means and the other using subsampling. This

analysis considers only the subsampling estimator, denoted here by σ̂2
n,q (but referred to as γ̂2

S in

Section 3.2.2 of [Dos+14]). For any 0 < r < 1, let zr be the standard normal quantile: P(Y ≤ zr) = r

for Y ∼ N(0, 1). The central limit theorem implies that

lim
n→∞

Pµ

(
θq ≤ θ̂n,q + zr

σ̂n,q√
n

)
= r.

This is an asymptotic result; there are no guarantees for fixed n.

In the HMO chain, the true value of the quantile (β1).025 is estimated to be 1.3275 (using a long-run

average over 107 steps). The following procedure was performed:

1. Let θ = β1 and q = .025. Fix n = 3000 and R = {.005, .01, .05, .1, .9, .95, .99, .995}.

2. Run the Markov chain (Xt) for n steps started at β̂, the least-squares estimator for β.

3. For each r ∈ R, determine whether 1.3275 ≤ θ̂n,q + zr
σ̂n,q√
n

.

4. Repeat steps 2–3 10000 times. For each r ∈ R, find the fraction of the time that the inequality

in step 3 is true. Denote the fraction by p(r).

The results are given in Table 6.1. This table can be interpreted as follows. Fix the quantile

θq = (β1).025 and suppose 0 < r < 1 is given. The method of [Dos+14] produces for each finite sample

path (X0, . . . , Xn) a quantity θ̂n,q + zr
σ̂n,q√
n

whose probability of being at least θq is approximately

equal to r. Fix n = 3000 and denote the actual probability of this event by

φ(r) = Pβ̂

(
θq ≤ θ̂n,q + zr

σ̂n,q√
n

)
.

Given 10000 independent trials, each with success probability φ(r), the fraction of successes has

distribution

p(r) ∼ 1

10000
Binomial(10000, φ(r)).

If the approximation of [Dos+14] were perfectly accurate, then φ(r) would equal r and the dis-

played values of p(r) in Table 6.1 would be very close to the r values (with standard deviation
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r p(r)
0.005 0.012
0.01 0.021
0.05 0.070
0.1 0.121
0.9 0.881
0.95 0.934
0.99 0.985
0.995 0.991

Table 6.1: Comparison of nominal versus empirical coverage rates for the subsampling estimator of
quantiles applied to the HMO chain. The first column is the predicted fraction of the time that the
true value of (β1).025 should fall below the value given by the estimator. The second column is the
actual fraction of the time this occurred for 10000 independent sample paths of length 3000 each.

√
r(1− r)/10000). Instead, observe that p(r) is systematically greater than r when r is near 0 and

systematically less than r when r is near 1. This means that the true value of θq is less likely to lie

within an interval [θ̂n,q + zr
σ̂n,q√
n
, θ̂n,q + z1−r

σ̂n,q√
n

] than the “nominal coverage rate” 1 − 2r would

predict. For r = .01 the nominal coverage rate is 0.98, but the observed frequency (or “empirical

coverage rate”) is 0.985 − 0.021 = 0.964. Still, the empirical coverage rates are reasonably close to

the nominal values.

It should be noted that Flegal [Fle12] uses the subsampling method described above to estimate

quantiles for a Markov chain nearly identical to the one considered in this section. (The only change

is that different values are chosen for the hyperparameters b and B in Section 5.2.) He provides

quantile estimates with Monte Carlo standard errors but does not compute empirical coverage rates.

Such rates are computed for other Markov chains in [Fle12] and [Dos+14].

To conclude, suppose one wants to use a finite sample of the Markov chain to find an interval

[c, d] that contains the 100(1 − 2α)% credible interval [θα, θ1−α] with confidence at least 1 − δ.

The nonasymptotic estimates developed in this chapter accomplish this goal, though it takes many

steps of the Markov chain to compute them when δ is small. The asymptotic estimates of [Dos+14]

require much less computational power. They provide an interval [c′, d′] that contains [θα, θ1−α] with

approximate confidence 1 − δ, but the true confidence level is unknown and likely to be somewhat

less than 1− δ if the behavior displayed in Table 6.1 is typical.

6.4 Further directions

Here are some ideas on how to improve this chapter’s results.
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1. The truncation argument used to prove the main Theorem 6.5 is rather crude. With modifi-

cations, it is likely that the dependence on δ in the error terms could be improved. Possibly

one could also remove the factor of logN . Any improvement of this type would reduce the

number of steps needed in the Markov chain to prove statements like “[θq, θ1−q] ⊆ [c, d] with

confidence at least 0.99.”

2. The ratio estimator coming from the regeneration times of the Markov chain is attractive

because both the numerator and denominator are sums of iid random variables. However,

estimating the error of the numerator and denominator separately may be inefficient compared

with results like Theorem 6.1. An empirical version of Theorem 6.1 (say, with the subsampling

estimator σ̂n from [Dos+14] replacing σ in (6.3)) might perform better than Theorem 6.5 even

with the square-root dependence on δ. In addition, the hypothesis of Theorem 6.1 is that the

function θ : X → R has finite second moment. A version of Theorem 6.1 for bounded functions

would likely have improved δ dependence, making it better suited for quantile estimation.

3. The procedure outlined in Section 6.3, where one uses a short run of the Markov chain to

identify the interval endpoints c, d and the required length N of an independent long run, is

cumbersome. It would be cleaner to prove a direct result of the form

Pµ(θq ∈ [cn,q,δ, dn,q,δ]) ≥ 1− δ

for a random interval [cn,q,δ, dn,q,δ] that is an explicit function of the sample path (X0, . . . , Xn).

One way to obtain this type of statement might be to use concentration inequalities for em-

pirical processes, discussed immediately below.

4. The results in this chapter are concentration inequalities for single functions of the form fc(x) =

1{θ(x) ≤ c}. Empirical process theory might provide inequalities that hold uniformly over the

family {fc(x) : c ∈ R}. This would lead to uniform bounds on |θ̂n,q − θq| for all 0 < q < 1.

The use of the word “empirical” in “empirical process” is of course different from the use

in “empirical Bernstein inequality.” The desired result would be an “empirical concentration

inequality for empirical processes.” One such theorem was proved by Koltchinskii ([Kol06], see

also [BN09]) using Rademacher processes. Extending these inequalities to apply to Markov

chains is a promising direction of future research.



Chapter 7

Finite chains

This chapter discusses two applications of the method of drift and minorization to finite Markov

chains. The first application is to birth and death chains, and the second is to the simple random

walk on the hypercube.

7.1 Birth and death chains

A finite birth and death chain is a Markov chain on the state space {0, 1, . . . , n} whose transition

matrix P has the property that P (i, j) = 0 if |i − j| ≥ 2. Throughout this section, the transition

probabilities will be denoted by

pi = P (i, i+ 1), qi = P (i, i− 1), ri = 1− pi − qi = P (i, i),

where pn = q0 = 0. All birth and death chains are reversible. A birth and death chain is irreducible

if and only if pi > 0 for all 0 ≤ i ≤ n− 1 and qi > 0 for all 1 ≤ i ≤ n. In that case, it has a unique

stationary distribution given by

π(i) = π(0)
p0p1 · · · pi−1

q1q2 · · · qi
,

where π(0) is chosen so that
∑n
i=0 π(i) = 1. This section will consider only irreducible birth and

death chains that are lazy, meaning that ri ≥ 1/2 for all i.

A median state for a birth and death chain with stationary distribution π is a state 0 ≤ m ≤ n for

which π({0, . . . ,m}) ≥ 1/2 and π({m, . . . , n}) ≥ 1/2. A generic birth and death chain will have a

unique median state, but it is also possible for there to be two consecutive median states.

Let (Xt) be a lazy irreducible birth and death chain on {0, . . . , n} with transition matrix P and

106
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stationary distribution π, and let m be a median state for (Xt). Define

thit = max{E0[τm],En[τm]} (7.1)

to be the maximum expected hitting time for m. (Because of the laziness, a monotonicity argument

shows that Ej [τm] ≤ thit for all 0 ≤ j ≤ n.) It turns out, as first seen by [DLP10], that the total

variation mixing time tmix = tmix(1/4) is a constant multiple of thit.

Theorem 7.1. Let (Xt) be a lazy irreducible birth and death chain on {0, . . . , n}, and define thit by

(7.1). Then
thit

25
≤ tmix ≤ 288thit.

The constants 1/25 and 288 could certainly be improved. The upper bound is from Theorem 3.1 in

[CSC13b], and the lower bound is a slight extension of Theorem 3.9 in [CSC13b]. For completeness,

the proof of the lower bound is given at the end of this section.

For tmix(ε) when ε < 1/4, one has the following standard result (see e.g. equation (2.3) in [DLP10]):

tmix(ε) ≤
⌈

1

2
log2(1/ε)

⌉
tmix(1/4), 0 < ε < 1/4. (7.2)

In practice, the difference tmix(ε)− tmix(1/4) is frequently very small compared with tmix(1/4). One

says that a family of Markov chains indexed by n exhibits cutoff if for every 0 < ε, ε′ < 1,

t
(n)
mix(ε) ∼ t(n)

mix(ε′),

where t
(n)
mix is the mixing time for the nth chain, and the notation an ∼ bn means limn→∞ an/bn = 1.

Suppose sequences (cn) and (wn) are given. The cutoff is said to occur “at cn” if t
(n)
mix ∼ cn, and it

has a window of size wn if wn = o(cn) and for every 0 < ε < 1,

|t(n)
mix(ε)− cn| ≤ F (ε)wn

for some function F (ε) not depending on n.

For families of Markov chains with cutoff, the multiplication in (7.2) does not reflect the actual

behavior of tmix(ε) as ε decreases. Rather, one has

t
(n)
mix(ε) ≤ t(n)

mix(1/4) + (1 + o(1))F (ε)wn. (7.3)

Cutoff was first shown to exist by Diaconis and Shahshahani [DS81] for the random transposition

walk on the symmetric group. Aldous and Diaconis [AD86] recognized the general phenomenon and

coined the term “cutoff.” Since that time there has been a large amount of research in the area.
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Good introductory references are Chapter 18 of [LPW09], the survey article [Dia96], and Section

3.3 of [SC04].

A conjecture of Peres [Per04] led to the consideration of cutoff for birth and death chains. The

conjecture was that a certain condition, which will be described below, is necessary and sufficient for

a family of chains to exhibit cutoff. Though counterexamples were immediately found, the conjecture

was (and is) still thought to hold for many natural families. The class of birth and death chains

served as a test case. Diaconis and Saloff-Coste [DSC06] proved a separation-distance variant of

the conjecture for birth and death chains. The original conjecture, expressed using total variation

distance, was proved for birth and death chains by Ding, Lubetzky, and Peres [DLP10].

In order to motivate the conjecture of Peres, consider the question of replacing the bound (7.2) with

something of the form (7.3). A well-known alternative to (7.2) is written in terms of the relaxation

time trel = 1/γ, where γ is the spectral gap of the transition matrix P , that is, the difference between

1 and the next-largest eigenvalue.

Proposition 7.2. Let P be the transition matrix for a reversible Markov chain on a finite state

space X with unique stationary distribution π. Assume all the eigenvalues of P are nonnegative,

and assume that πmin = min{π(x) : x ∈ X} is strictly positive. Then for every 0 < ε < 1,

log

(
1

2ε

)
(trel − 1) ≤ tmix(ε) ≤

⌈
1

2
log

(
1

πmin

)
trel + log

(
1

2ε

)
trel

⌉
.

Proposition 7.2 was first proved in continuous time by Aldous [Ald82]. The lower bound given here

is Theorem 12.4 in [LPW09], and the upper bound follows from Proposition 3 in [DS91].

The form of the upper bound in Proposition 7.2 is closer to (7.3): one has

tmix(ε) ≤ (term not depending on ε) + log

(
1

2ε

)
trel.

Suppose a family of chains indexed by n satisfies t
(n)
mix →∞. If t

(n)
rel and t

(n)
mix have the same order, the

lower bound in Proposition 7.2 means that cutoff cannot occur. On the other hand, if t
(n)
rel = o(t

(n)
mix),

the upper bound in Proposition 7.2 suggests that the differences t
(n)
mix(ε)− t(n)

mix(ε′) might have order

t
(n)
rel , which is small compared with t

(n)
mix. In that case, the family would exhibit cutoff with a window

of t
(n)
rel .

Peres [Per04] conjectured that a family of chains with t
(n)
mix → ∞ has cutoff if and only if t

(n)
rel =

o(t
(n)
mix). The Lp version of this conjecture, for p > 1, was proved by Chen and Saloff-Coste [CSC08].

They also showed that the cutoff window is necessarily at most t
(n)
rel . When total variation distance

is used, as in the original conjecture, the situation is more complicated. To begin with, there are

counterexamples: see Example 18.7 in [LPW09] and Section 6 of [CSC08]. Even when the conjecture
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holds, as is thought to happen “most of the time,” the cutoff window may be larger than t
(n)
rel .

A well-known example of the latter phenomenon is the lazy biased reflecting random walk on a line

segment. This is a birth and death chain on {0, . . . , n} defined as follows. Fix 1/2 < p < 1. Let

the birth probabilities be pi = p/2 for 0 ≤ i ≤ n − 1 and the death probabilities be qi = (1 − p)/2
for 1 ≤ i ≤ n. The holding probabilities are therefore ri = 1/2 for 1 ≤ i ≤ n− 1 and r0 = 1− p/2,

rn = 1− (1−p)/2. If Xt = i for 1 ≤ i ≤ n−1, the expectation of Xt+1 is 1−p
2 (i−1)+ 1

2 i+
p
2 (i+1) =

i+(p−1/2). For this reason, the chain is said to have a bias of β = p−1/2. This family of chains has

a cutoff at cn = n/β with a window of size
√
n (see e.g. section 18.2 of [LPW09]), but the relaxation

time is constant (as follows from the explicit computation of the eigenvalues of P in Chapter XVI

of [Fel68]).

This example does not contradict the upper bound in Proposition 7.2 because the term 1
2 log( 1

πmin
)trel

is larger than n/β. Indeed, one can compute that

1

2
log

(
1

πmin

)
trel ∼

1

4β2

(
1 +

√
1− 4β2

)
log

(
1 + 2β

1− 2β

)
n ≥ 2n

β
.

Therefore, Proposition 7.2 alone does not imply the existence of cutoff for this example, nor does it

provide any information on the size of the cutoff window.

In [DLP10] it was shown that the conjecture of Peres holds for any family of lazy irreducible birth and

death chains. The authors prove that if t
(n)
rel = o(t

(n)
mix), the family has cutoff at t

(n)
hit with a window of

size at most

√
t
(n)
rel t

(n)
mix. This is exactly the size of the window for the lazy biased reflecting random

walk on {0, . . . , n}, and the authors provide a rich family of other examples for which the window

size is sharp.

The confirmation of the Peres conjecture for birth and death chains in separation distance by [DSC06]

and in total variation by [DLP10] complemented earlier results that found relationships between mix-

ing parameters such as trel, tmix and the birth, death, and holding probabilities pi, qi, ri. Zeifman’s

method, developed in [Zĕı91; Zĕı95a; Zĕı95b] and clearly explained in the survey [DZP10], uses

Kolmogorov’s forward equation to provide an exact variational formula for the spectral gap of a

continuous time birth and death chain in terms of the transition rates. (Results for continuous time

chains translate easily to results for lazy discrete time chains; see Chapter 20 of [LPW09] for an

overview and [CSC13a] for a detailed treatment.) Zeifman’s method also provides upper and lower

bounds on mixing time (see e.g. Theorem 9 of [DZP10]) but these are often not precise enough to

determine whether or not cutoff occurs.

As an example, consider the continuous time version of the lazy biased reflecting random walk on

{0, . . . , n}, which jumps to the right with Poisson rate p/2 and to the left with Poisson rate (1−p)/2.

As in discrete time, this family of chains has a bias of β = p − 1/2, and if 1/2 < p < 1 the family
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exhibits cutoff at n/β with a window of size
√
n. Based on computations in [DZP10], Zeifman’s

method gives the upper bound

tmix ≤
log(p/(1− p))

1− 2
√
p(1− p)

· n

for sufficiently large n. Numerical evaluation suggests that

log(p/(1− p))
1− 2

√
p(1− p)

>
1

p− 1/2

when p > 1/2 is fixed, meaning that this bound is not sharp enough to show cutoff.

Miclo [Mic99], also working in continuous time, used discrete Hardy’s inequalities to derive another

formula for the spectral gap in terms of the birth and death rates. Miclo’s formula, which incor-

porates the median state m, is explicit and non-variational but is correct only up to a universal

constant factor of 8. He likewise obtained a non-variational formula for the log-Sobolev constant of

the chain that is accurate to a universal constant factor. A version of Miclo’s spectral gap result for

discrete time birth and death chains is presented by Chen and Saloff-Coste [CSC13b].

The proof by [DLP10] that a sequence of lazy irreducible birth and death chains exhibits cutoff

if and only if t
(n)
rel = o(t

(n)
mix) (or equivalently, t

(n)
rel = o(t

(n)
hit )) left open the question of devising a

criterion for cutoff in terms of the transition probabilities pi, qi, ri. Such a criterion was developed

by [CSC13b], using a formula for thit in terms of pi, qi, ri due to [BBF09] and using Miclo’s result

to characterize trel up to a constant factor. In follow-up work [CSC14; CSC15], the authors provide

methods for computing the spectral gap, cutoff time, and cutoff window size.

The proofs by Peres and Sousi [PS15] and independently Oliveira [Oli12; Gri+14] that “mixing times

are hitting times of large sets” provide another perspective on the result of [DLP10]. A recent paper

of Basu, Hermon, and Peres [BHP15] develops this point of view and extends the work of [DLP10]

by showing that the Peres condition t
(n)
rel = o(t

(n)
mix) is equivalent to cutoff for lazy irreducible random

walks on trees. When applied to birth and death chains, the results of [BHP15] are slightly more

precise than those of [DLP10]: both papers prove that

|tmix(ε)− thit| ≤ F (ε)
√
thittrel, (7.4)

but the dependence on ε of F (ε) is suboptimal in [DLP10] and nearly optimal (up to constants) in

[BHP15].

The purpose of this section is to use the methods of Chapter 4 to get sharp upper bounds for the

mixing time of lazy birth and death chains. Corollary 7.4 below recovers a one-sided version of (7.4),

namely

tmix(ε)− thit ≤ F (ε)
√
thittrel, (7.5)
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where F (ε) has the same optimal dependence on ε as in [BHP15] (and with slightly better constants).

The main result is the following.

Theorem 7.3. Let P be the transition matrix for a lazy irreducible birth and death chain on X =

{0, . . . , n} with stationary distribution π. Let m be a median element for the chain. Fix δ > 0. Then

there are a function V : X → [1,∞) and a constant λ < 1, depending on δ, such that PV (x) ≤ λV (x)

for x 6= m, and the resulting bound

‖P t(x, ·)− π‖TV ≤ 2V (x)λt+1

from Theorem 4.5 implies directly that

tmix(ε) ≤ (1 + δ)thit +

(
1 +

1

δ

)
2trel log(2/ε) (7.6)

for all 0 < ε < 1.

The proof of Theorem 7.3 will be given at the end of the section. For now, consider its consequences.

One can view (7.6) as a tightening of the upper bound in Proposition 7.2. It has the same form

tmix(ε) ≤ (term not depending on ε) + (constant)trel log(1/ε).

By sending δ → 0, the term not depending on ε can be brought arbitrarily close to thit, at the cost

of increasing the coefficient on trel log(1/ε).

For fixed ε, choosing δ to minimize the right side of (7.6) results in the following inequality.

Corollary 7.4. For any lazy irreducible birth and death chain, and any 0 < ε < 1,

tmix(ε) ≤ thit + 2
√

2thittrel log(2/ε) + 2trel log(2/ε). (7.7)

Since thit and tmix have the same order, while trel = O(tmix), this recovers the upper bound (7.5).

The proof shows how the
√
thittrel term in (7.7) is a direct consequence of (7.6).

Proof of Corollary 7.4. The right side of (7.6) is

thit + 2trel log(2/ε) + δthit +
1

δ
2trel log(2/ε).

The product of the last two terms is 2thittrel log(2/ε). By the arithmetic mean–geometric mean

inequality, their sum is minimized by choosing δ so that both terms equal
√

2thittrel log(2/ε). This

choice of δ yields (7.7).
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Overall, the drift function approach does not yield a completely independent proof of the Peres

conjecture for birth and death chains. First, it provides only the upper bound and not the lower

bound of the cutoff window. Second, certain elements of the proof of Theorem 7.3 are shared with

the argument in [DLP10].

On the other hand, the derivation of the
√
thittrel term appears to be different than in [DLP10] and

[BHP15]. The inequality (7.7) can be compared with the corresponding statements in those two

papers. Equation (2.31) of [DLP10] reads: if 0 < ε < 1/16 and trel ≤ ε5tmix, then

tmix(4ε) ≤ thit +
3

ε

√
thittrel.

This has worse dependence on ε than (7.7). In [BHP15], the combination of Lemma 5.1 with equation

(1.4) implies: if 0 < ε ≤ 1/4 and
16

5
trel log(2/ε) ≤ thit, (7.8)

then

tmix(ε) ≤ thit +
√

20thittrel log(2/ε) + dtrel log(4/ε)e.

This has the same dependence on ε as (7.7), but it has slightly worse constants and is only proved

in the regime where trel is small compared to thit (as quantified by (7.8)).

For questions related to cutoff, one fixes ε and analyzes t
(n)
mix(ε) as a function of n. In this situation,

(7.7) gives sharp control on the mixing time. One could also fix n and analyze tmix(ε) as ε→ 0 for

that particular chain. In that case, as long as trel is bounded away from 1, the upper bound in (7.6)

is guaranteed to be within a universal constant factor of the actual value of tmix(ε). For instance,

one has the following result.

Proposition 7.5. For any lazy irreducible birth and death chain with trel ≥ 2, and any 0 < ε ≤ 1/4,

tmix(ε) ≤ 3

2
thit + 6trel log(2/ε) ≤ 74tmix(ε).

The first inequality is (7.6) with δ = 1/2, so the new statement is the second inequality.

Proof. Since trel ≥ 2 and ε ≤ 1/4, trel ≤ 2(trel − 1) and log(2/ε) ≤ 3 log(1/2ε). Thus,

3

2
thit + 6trel log(2/ε) ≤ 3

2
thit + 36(trel − 1) log(1/2ε).

By Theorem 7.1, thit ≤ 25tmix(1/4) ≤ 25tmix(ε). By Proposition 7.2, (trel − 1) log(1/2ε) ≤ tmix(ε).

Hence
3

2
thit + 36(trel − 1) log(1/2ε) ≤

(
3

2
× 25 + 36

)
tmix(ε) ≤ 74tmix(ε).
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The constant 74 could definitely be improved. Proposition 7.5 can be interpreted as a reaffirmation

that the bounds (7.6) and (7.7) have the right dependence on ε.

Proof of Theorem 7.3. The drift function will be V (x) = Ex[λ−τm ], where λ < 1 is to be chosen

later. As discussed in Chapter 2, PV (x) = λV (x) for x 6= m, so the drift condition is satisfied.

Note that for 0 ≤ x ≤ m, V (x) ≤ V (0). This is proved by a monotone coupling argument. Let (Xt)

and (X ′t) be two copies of the chain started at states 0 and x, respectively. Because the chain is

lazy, there is a monotone coupling under which Xt ≤ X ′t for all t. If τm and τ ′m are the hitting times

to state m for (Xt) and (X ′t), then τ ′m ≤ τm. It follows that V (x) ≤ V (0). Similarly, if m ≤ x ≤ n,

V (x) ≤ V (n).

The next ingredient is the key to this proof as well as to the arguments in [DSC06] and [DLP10].

It is an exact characterization of τm when the chain is started at 0. Define a transition matrix Q

on {0, . . . ,m} as follows: for 0 ≤ i ≤ m − 1, Q(i, j) = P (i, j). Let Q(m,m) = 1 and Q(m, j) = 0

for j ≤ m − 1. So, Q is the transition matrix for the modification of P in which m is turned into

an absorbing state, and the state space is restricted to {0, . . . ,m}. Denote the eigenvalues of Q by

1 = θ0 ≥ θ1 ≥ . . . ≥ θm ≥ 0.

The following result is due to Karlin and McGregor [KM59] and sometimes attributed to Keilson

[Kei79]. When the chain (Xt) with transition matrix P is started at 0, the hitting time τm has the

same distribution as the sum of m independent geometric random variables T1, . . . , Tm, where each

Tj has mean 1/(1− θj). That is,

P(Tj = k) = θk−1
j (1− θj), k ≥ 1.

This means in particular that θ1 < 1.

The proofs of [KM59] and [Kei79] were analytic. More recently, Fill [Fil09b] has given a probabilistic

proof; see also the independent work of Diaconis and Miclo [DM09] and the subsequent papers

[Fil09a; Mic10]. An equivalent formulation of the result is that τm has moment generating function

E0[ατm ] =

m∏
j=1

α(1− θj)
1− αθj

,

which is finite for α < 1/θ1. This is an exact formula for V (0). When αθ < 1, one has

α(1− θ)
1− αθ

= 1 +
α− 1

1− αθ
≤ [1 + (α− 1)]1/(1−αθ) = α1/(1−αθ),

where the inequality is 1 + cx ≤ (1 + x)c for c ≥ 1 and x ≥ −1. (The function x 7→ (1 + x)c is
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convex, and y = 1 + cx is the tangent line at (0, 1).) Therefore, if α < 1/θ1, E0[ατm ] ≤ αM(α) where

M(α) =

m∑
j=1

1

1− αθj
.

If α = 1, then

M(1) =

m∑
j=1

1

1− θj
= E0[τm].

Therefore, it is possible to choose α slightly greater than 1 for which M(α) ≤ (1+δ) E0[τm]. (Recall

that δ > 0 is fixed.) It turns out that

α ≤ 1 + δ/θ1

1 + δ
=

1

θ1

[
1− 1− θ1

1 + δ

]
(7.9)

is a sufficient condition. To see why, note first that 1 + δ/θ1 > 1 + δ, so the right side of (7.9)

is greater than 1. Also, because (1 − θ1)/(1 + δ) > 0, the right side of (7.9) is less than 1/θ1. In

addition, if (7.9) is satisfied, then

α ≤ 1 + δ/θj
1 + δ

for all j ≥ 1. Finally,

α ≤ 1

θ

[
1− 1− θ

1 + δ

]
⇐⇒ 1

1− αθ
≤ 1 + δ

1− θ
.

Thus, if (7.9) holds, it follows that
1

1− αθj
≤ 1 + δ

1− θj

for all j, and therefore M(α) ≤ (1 + δ) E0[τm].

The end goal of Theorem 7.3 is an inequality involving the relaxation time of the chain (Xt), which

is determined by the spectral gap γ of P . So far all the bounds have been given in terms of the

eigenvalues θj of Q. The condition (7.9) depends only on the spectral gap γ′ = 1−θ1 of Q. Relating

the spectral gaps of P and Q was also an important step in the argument of [DLP10]. Their Lemma

2.7 says that γ′ ≥ γ/2, meaning that θ1 ≤ 1− γ/2.

Define

λ =
1 + δ

1 + δ/(1− γ/2)
< 1.

By the lemma, α = λ−1 satisfies (7.9), so M(α) ≤ (1 + δ) E0[τm], and

2V (0)λt+1 = 2 E0[ατm ]α−(t+1) ≤ 2αM(α)−t−1 ≤ 2α(1+δ)E0[τm]−t−1.

The same argument can be applied to the restriction of the chain (Xt) to the subset {m, . . . , n},
where m is made an absorbing state. (In particular, the spectral gap of that chain is also at least
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γ/2.) One obtains

2V (n)λt+1 ≤ 2α(1+δ)En[τm]−t−1.

Since V (x) ≤ max{V (0), V (n)} for all 0 ≤ x ≤ n, the total variation bound from Theorem 4.5 yields

‖P t(x, ·)− π‖TV ≤ 2V (x)λt+1 ≤ 2α(1+δ)thit−t−1. (7.10)

The right side of (7.10) is less than ε exactly when

t > (1 + δ)thit +
1

logα
log(2/ε)− 1. (7.11)

Using that log λ ≤ λ− 1, it follows that 1/ logα ≤ 1/(1− λ). Therefore,

t0 =

⌈
(1 + δ)thit +

1

1− λ
log(2/ε)− 1

⌉
satisfies (7.11), and

tmix(ε) ≤ t0 ≤ (1 + δ)thit +
1

1− λ
log(2/ε).

By the definition of λ,

1

1− λ
=

2 + 2δ − γ
δγ

≤ 2 + 2δ

δγ
= 2

(
1 +

1

δ

)
trel.

Hence

tmix(ε) ≤ (1 + δ)thit + 2

(
1 +

1

δ

)
trel log(2/ε),

finishing the proof.

Proof of lower bound in Theorem 7.1. This is a minor variation of the proof of Theorem 3.9 in

[CSC13b]. Let m be the median state used to define thit, and set µ = E0[τm]. It will be shown that

tmix(1/4) ≥ µ/25. By symmetry, one also has tmix(1/4) ≥ En[τm]/25, which finishes the proof.

To show that tmix(1/4) ≥ µ/25, first note that when m = 0 the right side is zero, so the inequality

is trivially true. When m ≥ 1, it will be shown that

P0(τm > µ/25) > 3/4. (7.12)

Given (7.12), for all t ≤ µ/25, P t(0, {m, . . . , n}) ≤ P0(τm ≤ t) < 1/4, while π({m, . . . , n}) ≥ 1/2.

It follows that ‖P t(0, ·)− π‖TV > 1/4, so tmix(1/4) ≥ µ/25. Hence it will suffice to prove (7.12).
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If m = 1, τm = τ1 is a geometric random variable when the chain is started at 0. Its distribution is

P0(τ1 = k) =

(
1− 1

µ

)k−1
1

µ
, k ≥ 1.

For any real t ≥ 0,

P0(τ1 > t) ≥
(

1− 1

µ

)t
,

with equality when t is an integer. Note that µ ≥ 2 because of the laziness. It follows that

P0(τ1 > µ/25) ≥
(

1− 1

µ

)µ/25

≥
(

1− 1

2

)2/25

> 0.94,

where the second inequality used that the function x 7→ (1− 1/x)x is increasing for x > 0.

If m ≥ 2, then µ ≥ 4. (See Lemma 3.3 in [CSC13b].) It is shown as part of the proof of Theorem

3.9 in [CSC13b] that if 1/µ < a < 1 and t < µ,

P0(τm > t) ≥ min

{(
1− 1

aµ

)t
,

(µ− t)2

aµ2 + (µ− t)2

}
.

Set a = 0.3 and t = µ/25. Then

(
1− 1

0.3µ

)µ/25

≥
(

1− 1

0.3× 4

)4/25

> 0.75,

again using that x 7→ (1− 1/x)x is increasing. As well,

(µ− µ/25)2

0.3µ2 + (µ− µ/25)2
=

(24/25)2

0.3 + (24/25)2
> 0.75.

This proves (7.12), and the lower bound of Theorem 7.1 follows.

7.2 Random walk on the hypercube

Let X = (Z/2Z)n = {(x1, . . . , xn) : each xi is 0 or 1} be the n-dimensional hypercube. The Ham-

ming weight ‖x‖ of an element x = (x1, . . . , xn) ∈ X is the number of entries xi that equal 1. The
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lazy simple random walk on X is the Markov chain whose transition matrix P is given by

P (x, y) =


1
2 if x = y,

1
2n if ‖x− y‖ = 1,

0 if ‖x− y‖ ≥ 2.

This section uses the method of drift and minorization to find a lower bound on the spectral gap of

P , which gives an upper bound on mixing time.

Since the hypercube walk is already well understood using other methods, some explanation is in

order. The philosophy of drift and minorization is that one bounds the convergence to stationarity

of a Markov chain using the hitting time of a small set C. The application to birth and death

chains in the previous section is a good example: the chain converges roughly when it reaches the

median element. For the hypercube, the hitting time of any particular state is exponential in n,

while the mixing time has order n log n. It might seem that the method of drift and minorization

is not well-suited to this type of example: if the set C is very small, the hitting time is far greater

than the mixing time of the chain; but if the set C is too large, the minorization is problematic.

This situation is likely to occur for any Markov chain that makes local moves on a high-dimensional

space. Can the drift-minorization approach yield useful bounds in such cases? This section demon-

strates that the answer is yes for the toy example of the hypercube. One caveat: the argument

strongly relies on special properties of the hypercube, so it may not generalize well.

See [LPW09] for standard analyses of the hypercube walk using strong stationary times and eigen-

function decomposition. In Example 12.15 of that book it is shown that the spectral gap of the

transition matrix P is 1/n. The following theorem is the main result of this section.

Theorem 7.6. Let P be the transition matrix for the lazy simple random walk on the n-dimensional

hypercube. The spectral gap of P is at least 1/2n.

This theorem differs from the correct answer by a factor of 2. It is useful not for the result itself but

as a demonstration of how far one can get using drift and minorization.

Note that Theorem 7.6 only provides a bound on the spectral gap, while the results of Chapter 4

also give bounds on total variation convergence. It turns out that the total variation bound from

Theorem 4.4 is not nearly as sharp as the combination of Theorem 7.6 with the standard bound

‖P t(x, ·)− π‖TV ≤
1

2
√
π(x)

(1− γ)t, (7.13)

where γ is the spectral gap of P ([DS91], Proposition 3). Combining Theorem 7.6 with (7.13) shows

that the lazy hypercube walk has mixing time of order at most n2. In fact, the walk exhibits cutoff
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at time 1
2n log n; see Theorem 18.3 of [LPW09].

The rest of this section is devoted to the proof of Theorem 7.6. Here is an outline. The small set

C = {(x1, . . . , xn) ∈ X : xn = 0} (7.14)

is defined to be half the space. For any x ∈ X \ C, one has P (x,C) = 1/2n. Therefore the hitting

time of C is a geometric random variable with parameter 1/2n.

Since C is so large, the difficulty lies in the minorization. Certainly there is no 1-step minorization. It

turns out that the m-step minorization as m→∞ is related to the mixing of the (n−1)-dimensional

hypercube walk. This suggests a proof by induction. Theorem 7.6 in n − 1 dimensions provides a

lower bound on the minorization constant

ε(m) =
∑
x∈X

min
c∈C

Pm(c, x).

Indeed, it will be proved that

ε(m) ≥ 1− 2n−1

(
1− 1

2n

)m
.

This sets up the use of Theorem 4.6, which finishes the induction. As an aside, the general strategy of

inducting on the dimension is reminiscent of a method of H.-T. Yau [Yau96] for proving log-Sobolev

inequalities via multiscale analysis.

Proof of Theorem 7.6. The proof is by induction on n. The base case n = 1 is trivial. Suppose the

theorem is true in dimension n−1. Define C as in (7.14). Since P (x,C) = 1/2n for every x ∈ X \C,

if one fixes λ in the range 1− 1
2n < λ < 1, the function

V (x) =

1 if x ∈ C,
1/2n

λ−(1−1/2n) if x /∈ C,

satisfies PV (x) = λV (x) for x /∈ C. In addition, V (x) ≤M = 1/2n
λ−(1−1/2n) for all x ∈ X .

The projection onto the first n − 1 dimensions of the lazy hypercube walk is itself a Markov chain

on the state space Y = (Z/2Z)n−1. Its transition matrix Q is defined by

Q(x, y) =


1
2 + 1

2n if x = y,

1
2n if ‖x− y‖ = 1,

0 if ‖x− y‖ ≥ 2.

If P ′ is the transition matrix for the 1/2-lazy hypercube walk in n − 1 dimensions, then Q =
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(1− 1
n )P ′+ 1

nI. By the inductive hypothesis, the spectral gap of P ′ is at least 1/2(n− 1). It follows

that the spectral gap of Q is at least 1/2n.

For m ≥ 1, the largest possible m-step minorization constant associated with the small set C is

ε(m) =
∑
x∈X

min
c∈C

Pm(c, x).

The next goal is to prove that

∑
x∈X

min
c∈C

Pm(c, x) =
∑
y∈Y

min
d∈Y

Qm(d, y). (7.15)

Fix y = (y1, . . . , yn−1) ∈ Y. Let x0 = (y1, . . . , yn−1, 0) and x1 = (y1, . . . , yn−1, 1). If

min
c∈C

Pm(c, x0) + min
c∈C

Pm(c, x1) = min
d∈Y

Qm(d, y), (7.16)

then summing over all choices of (y1, . . . , yn−1) will yield (7.15). Therefore it suffices to show (7.16).

For each 1 ≤ j ≤ n−1, define y′j = 1−yj . By the monotonicity of the hypercube walk, Pm(c, x0) and

Pm(c, x1) are minimized at c0 = (y′1, . . . , y
′
n−1, 0), and Qm(d, y) is minimized at d0 = (y′1, . . . , y

′
n−1).

So it suffices to show that Pm(c0, x0) + Pm(c0, x1) = Qm(d0, y). This is true from the definition of

Q as a projection of P . If (Xt) has transition matrix P and (Yt) has transition matrix Q,

Qm(d0, y) = Pd0(Ym = y) = Pc0(Xm ∈ {x0, x1}) = Pm(c0, x0) + Pm(c0, x1).

This proves (7.16), and (7.15) follows.

The lower bound on the spectral gap of Q gives a lower bound on the right side of (7.15). Equation

(12.11) of [LPW09] implies that if R is the transition matrix for a lazy reversible Markov chain with

spectral gap γ and uniform stationary distribution on a state space of size N , then∣∣∣∣Rt(x, y)− 1

N

∣∣∣∣ ≤ (1− γ)t

for any two states x, y. Applying this result to Q yields

ε(m) =
∑
y∈Y

min
d∈Y

Qm(d, y) ≥
∑
y∈Y

[
2−(n−1) −

(
1− 1

2n

)m]
= 1− 2n−1

(
1− 1

2n

)m
.

This lower bound on the minorization constant sets up the use of Theorem 4.6. For each m ≥ 1,

P satisfies a uniform drift and m-step minorization condition with constants λ and ε(m). Theorem

4.6 implies that the spectral gap of P is at least 1−max{1− 1
2n , λ} = 1− λ. Since this result holds

for any λ > 1− 1
2n , the spectral gap of P must be at least 1

2n . This completes the proof.



Appendix A

Proofs from Chapter 3

Proof of Proposition 3.6. First, introduce an auxiliary sequence Y0, Y1, . . . of Uniform[0, 1] random

variables, independent of each other and of (Xt). Technically this is done by extending the sample

space (Ω,F) to (Ω̄, F̄) = (Ω × [0, 1]∞,F ⊗ B), where B is the Borel σ-algebra on [0, 1]∞ with

the product topology. Denote an element of [0, 1]∞ by Y = (Y0, Y1, . . .), and an element of Ω̄ by

ω̄ = (ω, Y ). Extend each measure Pµ ∈ P(Ω) to Ω̄ by letting Pµ(E × E′) = Pµ(E)λ∞(E′) for all

events E ∈ F and E′ ∈ B, where λ∞ is the usual product measure on ([0, 1]∞,B). It is easily seen

that the Yt are Uniform[0, 1] random variables and that the sequence (ω, Y0, Y1, . . .) is independent.

To prove that the compatibility condition (1.5) holds for the measures Pµ on Ω̄, suppose µ, µ′ ∈ P(X )

are given with µ′ absolutely continuous with respect to µ. It will suffice to show for all events E ∈ F
and E′ ∈ B that

Pµ′(E × E′) = Eµ

[
dµ′

dµ
(X0)1{ω̄ ∈ E × E′}

]
. (A.1)

The left side of (A.1) is

Pµ′(E)λ∞(E′) = Eµ

[
dµ′

dµ
(X0)1{ω ∈ E}

]
λ∞(E′).

The right side of (A.1) is

Eµ

[
Eµ

[
dµ′

dµ
(X0)1{ω ∈ E}1{Y ∈ E′}

∣∣∣∣∣ω
]]

= Eµ

[
dµ′

dµ
(X0)1{ω ∈ E}Pµ(Y ∈ E′ | ω)

]
= Eµ

[
dµ′

dµ
(X0)1{ω ∈ E}

]
λ∞(E′).

Thus the compatibility condition is satisfied.

120
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The sequence (Tj) can now be defined on Ω̄. Let T1 = T ; technically this means T1(ω, Y ) = T (ω).

For j ≥ 1, let

Tj+1 − Tj = min{` ≥ 0 : YTj+` < r`(XTj , XTj+1, . . . , XTj+`)}. (A.2)

To show that each Tj is a randomized stopping time for (Xt), fix the initial distribution µ. The proof

is by induction on j. The base case is true because T1 = T . For the inductive step, suppose that

k < n. Because Tj is a randomized stopping time, the event {Tj = k} is conditionally independent

of (Xn+1, Xn+2, . . .) under Pµ given X0, . . . , Xn. By (A.2), the event {Tj+1 = n} is conditionally

independent of (Xn+1, Xn+2, . . .) given that Tj = k and given X0, . . . , Xn. Hence the event {Tj+1 =

n, Tj = k} is conditionally independent of (Xn+1, Xn+2, . . .) given X0, . . . , Xn. Summing over k

yields that Tj+1 is a randomized stopping time.

The next requirement is that Tj+1−Tj should be conditionally independent of (X0, . . . , Xk−1) under

Pµ given that Tj = k and given Xk, Xk+1, . . .. This is clear from the definition (A.2).

Finally, it must be checked that

Pµ(Tj+1 − Tj = ` | Tj = k,Xk, Xk+1, . . .) = f`(Xk, Xk+1, . . . , Xk+`).

The left side equals

Pµ (Yk+i ≥ ri(Xk, . . . , Xk+i) for all 0 ≤ i ≤ `− 1, and Yk+` < r`(Xk, . . . , Xk+`))

=

(
`−1∏
i=0

[
1− ri(Xk, . . . , Xk+i)

])
r`(Xk, . . . , Xk+`) = f`(Xk, . . . , Xk+`),

where the first equality comes from the conditional independence of the Yt given (X0, X1, . . .), and

the second equality is (3.4). This completes the proof.

Proof of Proposition 3.7. Fix an initial distribution µ. The following statements will be proved for

all j ≥ 1.

(1) If T and Tj are weak ν times, then for all k with Pµ(Tj = k) > 0,

Pµ(XTj+1 ∈ A | Tj = k,X0, . . . , Xk) = ν(A) for all A ∈ E .

(2) If T and Tj are strong ν times, then for all k, ` with Pµ(Tj = k, Tj+1 − Tj = `) > 0,

Pµ(XTj+1
∈ A | Tj = k, Tj+1 − Tj = `,X0, . . . , Xk) = ν(A) for all A ∈ E .
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(3) If T and Tj are ν-regeneration times, then for all k, ` with Pµ(Tj = k, Tj+1 − Tj = `) > 0,

Pµ(XTj+1
∈ A | Tj = k, Tj+1 − Tj = `,X0, . . . , Xk+`−1) = ν(A) for all A ∈ E .

Statement (1) implies that Tj+1 is a weak ν time for (Xt); statement (2) implies that Tj+1 is a strong

ν time; and statement (3) implies that Tj+1 is a ν-regeneration time. This sets up an induction on

j. Since T1 = T , the base case for (1) (respectively (2), (3)) holds if T is a weak ν time (respectively

strong ν time, ν-regeneration time). Using the Markov property, (1) proves (i); (2) proves (ii); and

(3) proves (iii). Therefore it will suffice to show (1), (2), and (3).

Suppose Pµ(Tj = k) > 0. Define the measure η(·) = Pµ(Xk ∈ · | Tj = k). For (2) and (3), η = ν.

For (1), η is absolutely continuous with respect to ν, since

η(A) =
Pµ(XTj ∈ A, Tj = k)

Pµ(Tj = k)
≤

Pµ(XTj ∈ A)

Pµ(Tj = k)
=

ν(A)

Pµ(Tj = k)
for all A ∈ E .

For any event E ∈ E∞, it will now be shown that

Pµ((Xk, Xk+1, . . .) ∈ E | Tj = k,X0 = x0, . . . , Xk = xk) = Pxk((X0, X1, . . .) ∈ E). (A.3)

(Note that the right side is indeed a measurable function of xk, because E ∈ E∞.) Since Tj is a

randomized stopping time, the dependence on {Tj = k} can be removed from the left side. Then,

by the Markov property, the dependence on X0, . . . , Xk−1 can also be removed from the left side.

To see that

Pµ((Xk, Xk+1, . . .) ∈ E | Xk = xk) = Pxk((X0, X1, . . .) ∈ E),

it suffices to check the integrated form, namely that for all A ∈ E ,

Pµ((Xk, Xk+1, . . .) ∈ E,Xk ∈ A) =

∫
A

Pxk((X0, X1, . . .) ∈ E) Pµ(Xk ∈ dxk).

Both the left and right side are equal to the integral of 1{(xk, xk+1, . . .) ∈ E, xk ∈ A} with respect

to the measure P k(µ, dxk)P (xk, dxk+1)P (xk+1, dxk+2) · · · . This proves (A.3). As a consequence,

for any bounded measurable function g : X∞ → R,

Eµ[g(Xk, Xk+1, . . .) | Tj = k,X0 = x0, . . . , Xk = xk] = Exk [g(X0, X1, . . .)]. (A.4)

The next step is to show that

Pµ((Xk, Xk+1, . . .) ∈ E, Tj+1 − Tj = ` | Tj = k,X0 = x0, . . . , Xk = xk)

= Pη((X0, X1, . . .) ∈ E, T = ` | X0 = xk). (A.5)
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Let X = (X0, X1, . . .). The left side of (A.5) equals

Eµ[Pµ((Xk, Xk+1, . . .) ∈ E, Tj+1 − Tj = ` | Tj = k,X) | Tj = k,X0 = x0, . . . , Xk = xk]

= Eµ[1{(Xk, Xk+1, . . .) ∈ E}Pµ(Tj+1 − Tj = ` | Tj = k,X) | Tj = k,X0 = x0, . . . , Xk = xk]

= Eµ[1{(Xk, Xk+1, . . .) ∈ E}f`(Xk, . . . , Xk+`) | Tj = k,X0 = x0, . . . , Xk = xk]

= Exk [1{(X0, X1, . . .) ∈ E}f`(X0, . . . , X`)],

using (A.4) in the last equality. The right side of (A.5) equals

Eη[Pη((X0, X1, . . .) ∈ E, T = ` | X) | X0 = xk]

= Eη[1{(X0, X1, . . .) ∈ E}Pη(T = ` | X) | X0 = xk].

Since η is absolutely continuous with respect to ν, using (1.5),

Pη(T = ` | X) = Eν

[
dη

dν
(X0)1{T = `}

∣∣∣∣∣X
]

=
dη

dν
(X0) Pν(T = ` | X) =

dη

dν
(X0)f`(X0, . . . , X`).

Therefore, the right side of (A.5) equals

Eη

[
1{(X0, X1, . . .) ∈ E}

dη

dν
(X0)f`(X0, . . . , X`)

∣∣∣∣∣X0 = xk

]
= Eν [1{(X0, X1, . . .) ∈ E}f`(X0, . . . , X`) | X0 = xk]

= Exk [1{(X0, X1, . . .) ∈ E}f`(X0, . . . , X`)].

(Note that the last equality holds ν-almost everywhere and hence also η-almost everywhere.) This

proves (A.5).

With this preparation, it is now possible to prove (1)-(3). For (1),

Pµ(XTj+1
∈ A | Tj = k,X0 = x0, . . . , Xk = xk)

=

∞∑
`=0

Pµ(Xk+` ∈ A, Tj+1 − Tj = ` | Tj = k,X0 = x0, . . . , Xk = xk)

=

∞∑
`=0

Pη(X` ∈ A, T = ` | X0 = xk) = Pη(XT ∈ A | X0 = xk).

The final step for (1) is to show that

Pη(XT ∈ A | X0 = xk) = ν(A). (A.6)
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It may not work to say that

Pη(XT ∈ A | X0 = xk) = Pxk(XT ∈ A) = ν(A),

because the function x 7→ Px(XT ∈ A) may not be measurable, so (1.4) may not hold. Fortunately,

(A.6) can be proved using the weaker compatibility condition (1.5). It is enough to check the

integrated form of (A.6): for all B ∈ E ,

Pη(XT ∈ A,X0 ∈ B) = ν(A)η(B). (A.7)

If η(B) = 0, both sides of (A.7) are zero. If η(B) > 0, define the probability measure ηB by

ηB(U) = η(U ∩B)/η(B). Since ηB(U) ≤ η(U)/η(B), the measure ηB is absolutely continuous with

respect to η. In fact,
dηB
dη

(x) =
1{x ∈ B}
η(B)

.

Therefore,

Pη(XT ∈ A,X0 ∈ B) = Eη

[
1{XT ∈ A}η(B)

dηB
dη

(X0)

]
= EηB [1{XT ∈ A}]η(B) = ν(A)η(B),

using that T is a weak ν time in the last equality. This proves (A.6), so the proof of (1) is finished.

For (2), recall that η = ν. Using a conditioned form of (A.5),

Pµ(Xk+` ∈ A | Tj = k, Tj+1 − Tj = `,X0 = x0, . . . , Xk = xk) = Pν(X` ∈ A | T = `,X0 = xk).

To prove that

Pν(X` ∈ A | T = `,X0 = xk) = ν(A),

it is enough to check the integrated form: for all B ∈ E ,

Pν(X` ∈ A,X0 ∈ B | T = `) = ν(A) Pν(X0 ∈ B | T = `). (A.8)

When proving (A.8) it is legal to assume that Pν(T = `) > 0. If Pν(X0 ∈ B | T = `) = 0, both

sides of (A.8) are zero. If Pν(X0 ∈ B | T = `) > 0,

Pν(X` ∈ A,X0 ∈ B | T = `) =
Pν(X` ∈ A,X0 ∈ B, T = `)

Pν(X0 ∈ B, T = `)
Pν(X0 ∈ B | T = `),

so it will suffice to show that

Pν(X` ∈ A,X0 ∈ B, T = `)

Pν(X0 ∈ B, T = `)
= ν(A). (A.9)
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As in the proof of (1), define the probability measure νB by νB(U) = ν(U ∩B)/ν(B), so that

dνB
dν

(x) =
1{x ∈ B}
ν(B)

.

Then

Pν(X` ∈ A,X0 ∈ B, T = `) = Eν

[
1{X` ∈ A, T = `}ν(B)

dνB
dν

(X0)

]
= ν(B) PνB (X` ∈ A, T = `).

This can be plugged directly into the numerator of (A.9). For the denominator of (A.9), use the

same computation but with A replaced by X . The result is

Pν(X` ∈ A,X0 ∈ B, T = `)

Pν(X0 ∈ B, T = `)
=
ν(B) PνB (X` ∈ A, T = `)

ν(B) PνB (T = `)
= PνB (X` ∈ A | T = `) = ν(A),

using at the end that T is a strong ν time. This proves (2).

For (3), a conditioned form of (A.5) gives the result immediately:

Pµ(Xk+` ∈ A | Tj = k, Tj+1 − Tj = `,X0 = x0, . . . , Xk+`−1 = xk+`−1)

= Pν(X` ∈ A | T = `,X0 = xk, X1 = xk+1, . . . , X`−1 = xk+`−1) = ν(A),

since T is a ν-regeneration time.

Proof of Proposition 3.9. To prove that π given by (3.5) is stationary, for any A ∈ E ,

P (π,A) =
1

Eν [T ]

∞∑
n=0

Pν(Xn+1 ∈ A, T > n)

=
1

Eν [T ]

∞∑
n=0

[
Pν(Xn+1 ∈ A, T = n+ 1) + Pν(Xn+1 ∈ A, T > n+ 1)

]
=

1

Eν [T ]
Pν(XT ∈ A) +

1

Eν [T ]

∞∑
n=1

Pν(Xn ∈ A, T > n)

=
1

Eν [T ]

∞∑
n=0

Pν(Xn ∈ A, T > n) = π(A).

In addition,

π(X ) =
1

Eν [T ]

∞∑
n=0

Pν(T > n) = 1.

To prove uniqueness, suppose for contradiction that π1 and π2 are two different stationary distri-

butions for (Xt). Then, using the Hahn decomposition for the signed measure π1 − π2, X can be

decomposed into disjoint subsets X = X+ ∪ X− such that π1 − π2 is a positive measure on X+ and
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a negative measure on X−. (This strategy is due to Nummelin and Arjas [NA76].) Since π1 and π2

are different, (π1−π2)(X+) = (π2−π1)(X−) > 0. Define the probability measures µ1, µ2 on X+ and

X− respectively by

µ1(A) =
(π1 − π2)(A)

(π1 − π2)(X+)
, A ∈ E , A ⊆ X+,

µ2(B) =
(π2 − π1)(B)

(π2 − π1)(X−)
, B ∈ E , B ⊆ X−.

Then µ1 and µ2 are also stationary distributions for (Xt), by the following argument. Since π1− π2

is an invariant measure for (Xt),

(π1 − π2)(X+) =

∫
X+

P (x,X+)(π1 − π2)(dx)−
∫
X−

P (x,X+)(π2 − π1)(dx)

≤
∫
X+

(π1 − π2)(dx)− 0 = (π1 − π2)(X+).

Hence the inequality in the middle is actually equality, and in particular,∫
X−

P (x,X+)(π2 − π1)(dx) = 0.

Suppose A ⊆ X+. Then also ∫
X−

P (x,A)(π2 − π1)(dx) = 0.

Therefore,

P (µ1, A) =
1

(π1 − π2)(X+)

∫
X+

P (x,A)(π1 − π2)(dx)

=
1

(π1 − π2)(X+)

∫
X
P (x,A)(π1 − π2)(dx)

=
1

(π1 − π2)(X+)
(π1 − π2)(A) = µ1(A).

This proves that µ1 is stationary, and the argument for µ2 is the same.

Since T is almost surely finite started from any x ∈ X ,

∞∑
n=1

Pµ1(Xn ∈ X−, T = n) = Pµ1(XT ∈ X−) = ν(X−).

However,
∞∑
n=1

Pµ1
(Xn ∈ X−, T = n) ≤

∞∑
n=1

Pµ1
(Xn ∈ X−) =

∞∑
n=1

µ1(X−) = 0.
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Thus ν(X−) = 0, and by parallel reasoning ν(X+) = 0 as well. This is impossible since ν(X ) = 1.

Therefore, the stationary distribution π given by (3.5) is unique.

Proof of Proposition 3.10. The proof is broken into several sections. The main step comes at the

very beginning, with a definition of the sequence (Yt) that will satisfy all the necessary properties.

The bulk of the proof is devoted to checking each property.

Other treatments of this subject (e.g. [Num84; MT93]) include the standing assumption that the

σ-algebra E of measurable subsets of X is countably generated. This assumption is necessary for

results like Theorem 3.3 (existence of a small set) and Theorem 2.7 (existence of a drift-minorization

condition for any geometrically ergodic chain). The main results in this work say that any chain

equipped with a drift-minorization condition must have certain convergence properties. These results

do not require the assumption of countable generation.

The only real difficulty in removing that assumption comes in the proof of this proposition. One

natural definition of the sequence (Yt) uses a Radon-Nikodym derivative which may fail to be mea-

surable when E is not countably generated. The definition used in the proof below avoids this pitfall

at the cost of extra complication.

This is also the point where the compatibility condition (1.5) is crucial. If Definition 1.4 required

the map x 7→ Px(E) to be measurable, Proposition 3.10 might not be true in full generality. The

construction below does satisfy condition (1.5), which is enough for the subsequent results to work.

Definitions

Extend the sample space (Ω,F) of (Xt) to (Ω̄, F̄ ) = (Ω× {0, 1}∞,F ⊗A), where A is the product

σ-algebra on {0, 1}∞. Represent elements of Ω̄ by ω̄ = (ω, Y0, Y1, . . .). The measures Pµ will be

extended to Ω̄ according to the following recipe. For each µ ∈ P(X ), ω ∈ Ω, and n ≥ 0, there will

be a function f
(n)
µ (ω) such that Pµ(Yn = 1 | ω) = f

(n)
µ (ω). The sequence (Yn) will be conditionally

independent under Pµ given ω, so that for example

Pµ(Yn1
= 0, Yn2

= 1, Yn3
= 0 | ω) = [1− f (n1)

µ (ω)]f (n2)
µ (ω)[1− f (n3)

µ (ω)].

Then for E ∈ F and E′ ∈ A, one can define

Pµ(E × E′) =

∫
E

Pµ(E′ | ω) Pµ(dω).

In order for this to be valid, the functions f
(n)
µ (ω) must be measurable, and they must be between

0 and 1. The definition of f
(n)
µ (ω) will involve a Radon-Nikodym derivative of two measures defined
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on (X × X , E ⊗ E). Let

η(n)
µ (dx⊗ dx′) = Pµ(Xn−m ∈ dx,Xn ∈ dx′) = Pn−m(µ, dx)Pm(x, dx′),

ψ(n)
µ (dx⊗ dx′) = Pn−m(µ, dx)εν(dx′).

Since Pm(x, ·) ≥ εν(·) for all x ∈ C, when the measures η
(n)
µ and ψ

(n)
µ are restricted to C × X one

has ψ
(n)
µ ≤ η

(n)
µ . Therefore, on C × X , the Radon-Nikodym derivative dψ

(n)
µ /dη

(n)
µ exists, and one

can take a version satisfying dψ
(n)
µ /dη

(n)
µ ≤ 1.

Recall that for each ω ∈ Ω one has a set S of coin-flip times. If s ∈ S, then Xs ∈ C. The definition

of f
(n)
µ (ω) is

f (n)
µ (ω) =

0 if n−m /∈ S,

dψ(n)
µ

dη
(n)
µ

(Xn−m, Xn) if n−m ∈ S.

It is clear that f
(n)
µ (ω) is measurable and that 0 ≤ f

(n)
µ (ω) ≤ 1. Thus the extension of Pµ to Ω̄ is

defined.

Compatibility

At this stage it is necessary to check the compatibility condition. Let µ, µ′ ∈ P(X ), with µ′ absolutely

continuous with respect to µ. It will suffice to prove for events E ∈ F and E′ ∈ A that

Pµ′(E × E′) = Eµ

[
dµ′

dµ
(X0)1{ω̄ ∈ E × E′}

]
. (A.10)

Fix an integer n ≥ m. Since µ′ is absolutely continuous with respect to µ, Pn−m(µ′, ·) is absolutely

continuous with respect to Pn−m(µ, ·). Let g(x) be the Radon-Nikodym derivative of Pn−m(µ′, ·)
with respect to Pn−m(µ, ·). Then g(x) is also a Radon-Nikodym derivative of η

(n)
µ′ (dx ⊗ dx′) =

Pn−m(µ′, dx)Pm(x, dx′) with respect to η
(n)
µ (dx⊗dx′) = Pn−m(µ, dx)Pm(x, dx′). As well, g(x) is a

Radon-Nikodym derivative of ψ
(n)
µ′ (dx⊗dx′) = Pn−m(µ′, dx)εν(dx′) with respect to ψ

(n)
µ (dx⊗dx′) =

Pn−m(µ, dx)εν(dx′).

With this information, it can be shown that

dψ
(n)
µ

dη
(n)
µ

(x, x′) =
dψ

(n)
µ′

dη
(n)
µ′

(x, x′) on C ×X , (A.11)

almost everywhere with respect to

Pµ′(Xn−m ∈ dx,Xn ∈ dx′) = η
(n)
µ′ (dx⊗ dx′).
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To prove (A.11), it is enough to check the integrated form: for any bounded measurable function f

on C ×X ,

∫
C×X

f(x, x′)
dψ

(n)
µ

dη
(n)
µ

(x, x′)η
(n)
µ′ (dx⊗ dx′) =

∫
C×X

f(x, x′)ψ
(n)
µ′ (dx⊗ dx′).

This is true because∫
C×X

f(x, x′)
dψ

(n)
µ

dη
(n)
µ

(x, x′)η
(n)
µ′ (dx⊗ dx′) =

∫
C×X

f(x, x′)
dψ

(n)
µ

dη
(n)
µ

(x, x′)g(x)η(n)
µ (dx⊗ dx′)

=

∫
C×X

f(x, x′)g(x)ψ(n)
µ (dx⊗ dx′)

=

∫
C×X

f(x, x′)ψ
(n)
µ′ (dx⊗ dx′).

Therefore, (A.11) holds. As a consequence,

Pµ(Yn = 1 | ω) = Pµ′(Yn = 1 | ω) (A.12)

almost everywhere with respect to Pµ′ . To see why, suppose ω is given. If n−m /∈ S, both sides of

(A.12) are zero. If n−m ∈ S, so that in particular Xn−m ∈ C, (A.12) reduces to (A.11).

Because the Yn are conditionally independent given ω, it follows from (A.12) that for any event

E′ ∈ A,

Pµ(E′ | ω) = Pµ′(E
′ | ω) (A.13)

almost everywhere with respect to Pµ′ .

Now (A.10) can be proved. For any events E ∈ F and E′ ∈ A,

Pµ′(E × E′) = Eµ′ [Pµ′(E × E′ | ω)] = Eµ′ [1{ω ∈ E}Pµ′(E
′ | ω)] = Eµ′ [1{ω ∈ E}Pµ(E′ | ω)],

using (A.13) in the last equality. Since (1.5) holds for Ω,

Eµ′ [1{ω ∈ E}Pµ(E′ | ω)] = Eµ

[
dµ′

dµ
(X0)1{ω ∈ E}Pµ(E′ | ω)

]
= Eµ

[
Eµ

[
dµ′

dµ
(X0)1{ω̄ ∈ E × E′}

∣∣∣∣∣ω
]]

= Eµ

[
dµ′

dµ
(X0)1{ω̄ ∈ E × E′}

]
.

This proves (A.10), so the compatibility condition is verified.
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Conditional independence

To begin the rest of the proof, a few things follow directly from the definition of f
(n)
µ (ω). If n < m

then certainly n − m /∈ S, so Pµ(T ≥ m) = 1. Since the functions f
(n)
µ (ω) depend only on

X = (X0, X1, . . .), the sequence (Yn) is conditionally independent under Pµ given X. A finer

statement is that for every n ≥ 0, the random variables Y0, . . . , Yn and the tail (Xn+1, Xn+2, . . .)

are mutually conditionally independent under Pµ given (X0, . . . , Xn). Here is the proof. Suppose

0 ≤ k0 < k1 < · · · < k` ≤ n. Then

Pµ(each Yki = 1, (Xn+1, Xn+2, . . .) ∈ E | X0, . . . , Xn)

= Eµ[Pµ(each Yki = 1, (Xn+1, Xn+2, . . .) ∈ E | ω) | X0, . . . , Xn]

= Eµ[1{(Xn+1, Xn+2, . . .) ∈ E}Pµ(each Yki = 1 | ω) | X0, . . . , Xn]

= Eµ

[
1{(Xn+1, Xn+2, . . .) ∈ E}

∏̀
i=1

f (ki)
µ (ω)

∣∣∣∣∣X0, . . . , Xn

]

=

(∏̀
i=1

1{ki −m ∈ S}dψ
(ki)
µ

dη
(ki)
µ

(Xki−m, Xki)

)
Pµ((Xn+1, Xn+2, . . .) ∈ E | X0, . . . , Xn)

=

(∏̀
i=1

Pµ(Yki = 1 | X0, . . . , Xn)

)
Pµ((Xn+1, Xn+2, . . .) ∈ E | X0, . . . , Xn).

This proves the mutual conditional independence. For every j ≥ 1 and n ≥ 0, the event {Tj = n}
depends only on the values of Y0, . . . , Yn, so it is conditionally independent of (Xn+1, Xn+2, . . .)

under Pµ given (X0, . . . , Xn). Hence each Tj is a randomized stopping time for (Xt).

Property 1

To prove property 1, the main step is to prove the following formula for all A ∈ E :

Pµ(Xn ∈ A, Yn = 1 | X0, . . . , Xn−m) = εν(A)1{n−m ∈ S}. (A.14)

Since Yn = 0 if n−m /∈ S, the left side of (A.14) equals

Pµ(Xn ∈ A, Yn = 1 | n−m ∈ S, X0, . . . , Xn−m) Pµ(n−m ∈ S | X0, . . . , Xn−m),

and because Pµ(n−m ∈ S | X0, . . . , Xn−m) = 1{n−m ∈ S}, it will suffice to show that

Pµ(Xn ∈ A, Yn = 1 | n−m ∈ S, X0, . . . , Xn−m) = εν(A). (A.15)
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The left side of (A.15) equals

Eµ[Pµ(Xn ∈ A, Yn = 1 | n−m ∈ S, X0, . . . , Xn−m, Xn) | n−m ∈ S, X0, . . . , Xn−m]

= Eµ

[
1{Xn ∈ A}

dψ
(n)
µ

dη
(n)
µ

(Xn−m, Xn)

∣∣∣∣∣n−m ∈ S, X0, . . . , Xn−m

]
.

To see that this conditional expectation equals εν(A), it suffices to show that it integrates properly.

Since the event {n−m ∈ S} depends only on the values ofX0, . . . , Xn−m, one can view {n−m ∈ S} as

a subset of Xn−m+1. It will be enough to check that for all measurable E ⊆ {n−m ∈ S} ⊆ Xn−m+1,

∫
Ω

1{(X0, . . . , Xn−m) ∈ E}1{Xn ∈ A}
dψ

(n)
µ

dη
(n)
µ

(Xn−m, Xn) Pµ(dω)

= εν(A) Pµ((X0, . . . , Xn−m) ∈ E). (A.16)

Using that η
(n)
µ (dx⊗ dx′) = Pµ(Xn−m ∈ dx,Xn ∈ dx′), the left side of (A.16) equals

∫
(x,x′)∈X×X

Pµ((X0, . . . , Xn−m) ∈ E | Xn−m = x,Xn = x′)1{x′ ∈ A}dψ
(n)
µ

dη
(n)
µ

(x, x′)η(n)
µ (dx⊗ dx′)

=

∫
x∈X

∫
x′∈X

Pµ((X0, . . . , Xn−m) ∈ E | Xn−m = x,Xn = x′)1{x′ ∈ A}Pn−m(µ, dx)εν(dx′).

By the Markov property,

Pµ((X0, . . . , Xn−m) ∈ E | Xn−m = x,Xn = x′) = Pµ((X0, . . . , Xn−m) ∈ E | Xn−m = x).

Therefore, the double integral can be written as∫
x′∈X

1{x′ ∈ A}εν(dx′)

∫
x∈X

Pµ((X0, . . . , Xn−m) ∈ E | Xn−m = x)Pn−m(µ, dx)

= εν(A) Pµ((X0, . . . , Xn−m) ∈ E),

which is the right side of (A.16). This proves (A.15) and thereby (A.14).

The next result directly implies that T is a ν-regeneration time when m = 1 and a strong ν time

when m > 1:

Pµ(Xn ∈ A | T = n,X0, . . . , Xn−m) = ν(A) for all A ∈ E . (A.17)
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The proof of (A.17) will actually use (A.15) (rather than (A.14)) at the right moment. To begin,

Pµ(Xn ∈ A | T = n,X0, . . . , Xn−m) = Pµ(Xn ∈ A | T = n, T > n−m,n−m ∈ S, X0, . . . , Xn−m)

=
Pµ(Xn ∈ A, T = n | T > n−m,n−m ∈ S, X0, . . . , Xn−m)

Pµ(T = n | T > n−m,n−m ∈ S, X0, . . . , Xn−m)
.

The event {T > n−m} is the same as {Y0 = · · · = Yn−m = 0}. Given that T > n−m and n−m ∈ S,

there are no elements of S strictly between n− 2m and n−m, so Yn−m+1 = · · · = Yn−1 = 0. Hence

T = n if and only if Yn = 1.

Suppose it can be shown that (Xn, Yn) is conditionally independent of (Y0, . . . , Yn−m) under Pµ

given (X0, . . . , Xn−m). Then the conditioning on T > n−m can be removed in both the numerator

and the denominator:

Pµ(Xn ∈ A | T = n,X0, . . . , Xn−m)

=
Pµ(Xn ∈ A, Yn = 1 | Y0 = · · · = Yn=m = 0, n−m ∈ S, X0, . . . , Xn−m)

Pµ(Yn = 1 | Y0 = · · · = Yn−m = 0, n−m ∈ S, X0, . . . , Xn−m)

=
Pµ(Xn ∈ A, Yn = 1 | n−m ∈ S, X0, . . . , Xn−m)

Pµ(Yn = 1 | n−m ∈ S, X0, . . . , Xn−m)

=
εν(A)

εν(X )
= ν(A),

where the next-to-last equality used (A.15) in both the numerator and the denominator. Therefore,

if it can be shown that (Xn, Yn) is conditionally independent of (Y0, . . . , Yn−m) under Pµ given

(X0, . . . , Xn−m), (A.17) will follow.

Here is the proof of the conditional independence. To start, (Y0, . . . , Yn−m) is conditionally indepen-

dent of (Xn−m+1, . . . , Xn) given (X0, . . . , Xn−m), which implies that (Y0, . . . , Yn−m) is conditionally

independent of (Xn−m+1, . . . , Xn−1) given (X0, . . . , Xn−m) and Xn. In addition, (Y0, . . . , Yn−m)

is conditionally independent of Yn given (X0, . . . , Xn). It follows that (Y0, . . . , Yn−m) is condi-

tionally independent of ((Xn−m+1, . . . , Xn−1), Yn) given (X0, . . . , Xn−m) and Xn, so in particular,

(Y0, . . . , Yn−m) is conditionally independent of Yn given (X0, . . . , Xn−m) and Xn. One also has that

(Y0, . . . , Yn−m) is conditionally independent of Xn given (X0, . . . , Xn−m). Therefore, (Y0, . . . , Yn−m)

is conditionally independent of (Xn, Yn) given (X0, . . . , Xn−m). This finishes the proof of (A.17).

To finish proving property 1, it must be shown that Pµ(T < ∞) = 1 for all µ ∈ P(X ). This will

follow from the arguments used to prove property 3, so it is set aside for the moment.
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Property 2

For property 2, one must check Requirements 3.5. It has already been shown that each Tj is

a randomized stopping time for (Xt), and certainly T1 = T . The next requirement is that if

Pµ(Tj = k) > 0, Tj+1 − Tj is conditionally independent of (X0, . . . , Xk−1) under Pµ given that

Tj = k and given (Xk, Xk+1, . . .). It will suffice to show that the random variables Yk+1, Yk+2, . . .

and the path (X0, . . . , Xk−1) are mutually conditionally independent given that Tj = k and given

(Xk, Xk+1, . . .). Since Tj = k, it must be true that k −m ∈ S, so no integer strictly between k −m
and k is in S. Hence Yk+1 = · · · = Yk+m−1 = 0, and it is enough to check the mutual conditional

independence of Yk+m, Yk+m+1, . . . and (X0, . . . , Xk−1).

The strategy is the same as for the earlier mutual conditional independence statement (under the

heading “Conditional independence”), but with a slight wrinkle. Suppose k +m ≤ k1 < k2 < · · · <
k`. One has

Pµ(each Yki = 1, (X0, . . . , Xk−1) ∈ E | Tj = k,Xk, Xk+1, . . .)

= Eµ[Pµ(each Yki = 1, (X0, . . . , Xk−1) ∈ E | Y0, . . . , Yk, ω) | Tj = k,Xk, Xk+1, . . .]

= Eµ[1{(X0, . . . , Xk−1) ∈ E}Pµ(each Yki = 1 | Y0, . . . , Yk, ω) | Tj = k,Xk, Xk+1, . . .].

Since the sequence (Yt) is conditionally independent given ω, the dependence on Y0, . . . , Yk in the

inner probability can be removed. Then, as in the previous argument,

Pµ(each Yki = 1 | ω) =
∏̀
i=1

1{ki −m ∈ S}dψ
(ki)
µ

dη
(ki)
µ

(Xki−m, Xki).

Given that Tj = k, so that k −m ∈ S, the event {ki −m ∈ S} depends only on (Xk, Xk+1, . . .).

Indeed,

1{ki −m ∈ S}dψ
(ki)
µ

dη
(ki)
µ

(Xki−m, Xki) = Pµ(Yki = 1 | Tj = k,Xk, Xk+1, . . .).

These terms can be taken out of the conditional expectation, yielding

Pµ(each Yki = 1, (X0, . . . , Xk−1) ∈ E | Tj = k,Xk, Xk+1, . . .)

=

(∏̀
i=1

Pµ(Yki = 1 | Tj = k,Xk, Xk+1, . . .)

)
Pµ((X0, . . . , Xk−1) ∈ E | Tj = k,Xk, Xk+1, . . .),

which is the desired mutual conditional independence.

The final requirement for property 2 is that if Pµ(Tj = k) > 0,

Pµ(Tj+1 − Tj = ` | Tj = k,Xk, Xk+1, . . .) = f`(Xk, Xk+1, . . . , Xk+`), (A.18)
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where f` is defined by

Pν(T = ` | X0, . . . , X`) = f`(X0, . . . , X`).

To prove this, consider Pµ and Pν as measures on (X∞ × {0, 1}∞, E∞ ⊗ A). (The sample space

Ω × {0, 1}∞ projects to X∞ × {0, 1}∞ using the map X : Ω → X∞.) For k ≥ 0, define the shift

operator θk on X∞ × {0, 1}∞ by

θk((X0, X1, . . .), (Y0, Y1, . . .)) = ((Xk, Xk+1, . . .), (Yk, Yk+1, . . .)).

It will be proved that the push-forward of the measure Pµ( · | Tj = k) by θk is almost equal to Pν .

One has Pµ(Yk = 1 | Tj = k) = 1 and Pν(Y0 = 1) = 0, but aside from that, the following equation

will hold for all E ∈ E∞ and E′ ∈ A:

Pµ((Xk, Xk+1, . . .) ∈ E, (Yk+1, Yk+2, . . .) ∈ E′ | Tj = k) = Pν((X0, X1, . . .) ∈ E, (Y1, Y2, . . .) ∈ E′).
(A.19)

This directly implies (A.18). The proof of (A.19) is by induction on j. Specifically, it will be shown

that if Tj is a strong ν time for the chain (Xt) started from µ (the “inductive hypothesis”), then

(A.19) holds for j and Tj+1 is a strong ν time for (Xt) started from µ. Since T1 = T , the inductive

hypothesis is satisfied for j = 1. Assuming that Tj is a strong ν time, for any event E ∈ E∞,

Pµ((Xk, Xk+1, . . .) ∈ E | Tj = k)

=

∫
X

Pµ((Xk, Xk+1, . . .) ∈ E | Tj = k,Xk = xk) Pµ(Xk ∈ dxk | Tj = k).

The dependence on Tj = k in the first term on the right side can be removed, by the following

reasoning. First write

Pµ((Xk, Xk+1, . . .) ∈ E | Tj = k,Xk = xk)

= Eµ[Pµ((Xk, Xk+1, . . .) ∈ E | Tj = k, Y0, . . . , Yk, X0, . . . , Xk) | Tj = k,Xk = xk].

Since the event {Tj = k} depends only on Y0, . . . , Yk, and (Y0, . . . , Yk) is conditionally independent

of (Xk, Xk+1, . . .) given (X0, . . . , Xk), one has

Pµ((Xk, Xk+1, . . .) ∈ E | Tj = k, Y0, . . . , Yk, X0, . . . , Xk) = Pµ((Xk, Xk+1, . . .) ∈ E | X0, . . . , Xk)

= Pµ((Xk, Xk+1, . . .) ∈ E | Xk)

which can be taken out from the outer expectation, so that

Pµ((Xk, Xk+1, . . .) ∈ E | Tj = k,Xk = xk) = Pµ((Xk, Xk+1, . . .) ∈ E | Xk = xk).
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Meanwhile, the inductive hypothesis implies that Pµ(Xk ∈ dxk | Tj = k) = ν(dxk). Therefore,

Pµ((Xk, Xk+1, . . .) ∈ E | Tj = k) =

∫
X

Pµ((Xk, Xk+1, . . .) ∈ E | Xk = xk)ν(dxk)

=

∫
X

Pxk((X0, X1, . . .) ∈ E)ν(dxk)

= Pν((X0, X1, . . .) ∈ E).

The last equalities rely on (1.4), but this is not a problem since the event E is a subset of X∞.

Next, note that the subset S behaves appropriately under θk, assuming that Tj = k. That is, suppose

(X0, X1, . . .) is a given sample path, and S is the associated set of indices. Since Tj = k, one has

k −m ∈ S. Let S′ be the set of indices associated with the sample path (Xk, Xk+1, . . .). Then the

claim is that

{s ∈ S : s ≥ k} − k = S′. (A.20)

The first element of S′ is min{` ≥ k : X` ∈ C} − k. Because k − m ∈ S, the first element of

{s ∈ S : s ≥ k} is min{` ≥ k : X` ∈ C}. Therefore the first elements on the left and right side of

(A.20) are equal. From there, the set equality in (A.20) follows from the inductive definition of S.

To finish proving (A.19), it is enough to show that

Pµ((Yk+1, Yk+2, . . .) ∈ E′ | Tj = k,X0 = x0, X1 = x1, . . .)

= Pµ((Yk+1, Yk+2, . . .) ∈ E′ | Tj = k,Xk = xk, Xk+1 = xk+1, . . .)

= Pν((Y1, Y2, . . .) ∈ E′ | X0 = xk, X1 = xk+1, . . .),

(A.21)

where the last equality holds almost everywhere with respect to the measure

Pµ((Xk, Xk+1, . . .) ∈ · | Tj = k) = Pν((X0, X1, . . .) ∈ ·).

If (A.21) holds, then the left side of (A.19) can be written as∫
X∞

Pµ(X0 ∈ dx0, X1 ∈ dx1, . . . | Tj = k)
[
1{(xk, xk+1, . . .) ∈ E}(left side of (A.21))

]
=

∫
X∞

Pµ(Xk ∈ dxk, Xk+1 ∈ dxk+1, . . . | Tj = k)
[
1{(xk, xk+1, . . .) ∈ E}(middle term of (A.21))

]
=

∫
X∞

Pν(X0 ∈ dxk, X1 ∈ dxk+1, . . .)
[
1{(xk, xk+1, . . .) ∈ E}(right side of (A.21))

]
which equals the right side of (A.19). Finally, the induction hypothesis for j + 1 must be checked.

This follows from (A.19):

Pµ(X` ∈ A | Tj = k, Tj+1 = `) = Pν(X`−k ∈ A | T = `− k) = ν(A).
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It remains to prove (A.21). Because of the conditional independence of (Yt) given X, one need only

check that

Pµ(Y` = 1 | Tj = k,X0 = x0, X1 = x1, . . .)

= Pµ(Y` = 1 | Tj = k,Xk = xk, Xk+1 = xk+1, . . .)

= Pν(Y`−k = 1 | X0 = xk, X1 = xk+1, . . .)

(A.22)

for all ` ≥ k + 1. If k + 1 ≤ ` ≤ k +m− 1, all three terms are zero. For the left and middle terms,

this is because Tj = k, so k −m ∈ S and S contains no indices strictly between k −m and k. For

the right term, it is because Yi = 0 with probability 1 for i < m.

For ` ≥ k +m, the left term depends only on xk, xk+1, . . ., so the first equality is proved. To check

the second equality, note that both sides are zero unless the condition involving S is met. As was

shown earlier, the set S built out of the sequence (xk, xk+1, . . .) works for both the right term (by

definition) and the middle term (by the argument above). Hence it can be assumed that `−m ∈ S

for the middle term and `− k−m ∈ S for the right term. Equation (A.22) reduces to the statement

dψ
(`)
µ

dη
(`)
µ

(x`−m, x`) =
dψ

(`−k)
ν

dη
(`−k)
ν

(x`−m, x`) on C ×X ,

almost everywhere with respect to

Pµ(X`−m ∈ dx`−m, X` ∈ dx` | Tj = k) = Pν(X`−k−m ∈ dx`−m, X`−k ∈ dx`) = η(`−k)
ν (dx`−m⊗dx`).

This is the same kind of statement that was needed to obtain the compatibility condition, and the

strategy of proof is the same. It will suffice to show for bounded measurable functions f on C × X
that ∫

C×X
f(x, x′)

dψ
(`)
µ

dη
(`)
µ

(x, x′)η(`−k)
ν (dx⊗ dx′) =

∫
C×X

f(x, x′)ψ(`−k)
ν (dx⊗ dx′). (A.23)

To prove (A.23), note first that

Pµ(X`−m ∈ A) ≥ Pµ(X`−m ∈ A, Tj = k)

= Pµ(Tj = k) Pµ(X`−m ∈ A | Tj = k)

= Pµ(Tj = k) Pν(X`−k−m ∈ A).

Since Pµ(Tj = k) > 0, the measure P `−k−m(ν, ·) is absolutely continuous with respect to P `−m(µ, ·).
Let g(x) be the Radon-Nikodym derivative of P `−k−m(ν, ·) with respect to P `−m(µ, ·). Then g(x)

is also a Radon-Nikodym derivative of η
(`−k)
ν (dx⊗ dx′) = P `−k−m(ν, dx)Pm(x, dx′) with respect to
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η
(`)
µ (dx⊗dx′) = P `−m(µ, dx)Pm(x, dx′). As well, g(x) is a Radon-Nikodym derivative of ψ

(`−k)
ν (dx⊗

dx′) = P `−k−m(ν, dx)εν(dx′) with respect to ψ
(`)
µ (dx⊗ dx′) = P `−m(µ, dx)εν(dx′). The left side of

(A.23) can be written as

∫
C×X

f(x, x′)
dψ

(`)
µ

dη
(`)
µ

(x, x′)g(x)η(`)
µ (dx⊗ dx′) =

∫
C×X

f(x, x′)g(x)ψ(`)
µ (dx⊗ dx′)

=

∫
C×X

f(x, x′)ψ(`−k)
ν (dx⊗ dx′),

which is the right side of (A.23). Since (A.23) is true, so are (A.22) and (A.21), finishing the proof

of (A.19) and property 2.

Property 3

For property 3, suppose the initial distribution µ is fixed and Pµ(τC = s) > 0. Equation (A.14)

immediately shows that Pµ(T < s +m | τC = s) = 0 and Pµ(T = s+m | τC = s) = ε. It remains

to show that when ε < 1,

Pµ(T > t | τC = s) = (1− ε) Pµs(T > t− s−m)

for all t ≥ s+m. Since

Pµ(T > t | τC = s) = Pµ(Ys+m = 0 | τC = s) Pµ(T > t | τC = s, Ys+m = 0)

and Pµ(Ys+m = 0 | τC = s) = 1− ε, it is enough to show that

Pµ(T > t | τC = s, Ys+m = 0) = Pµs(T > t− s−m). (A.24)

As in the proof of property 2, consider Pµ and Pµs as measures on (X∞×{0, 1}∞, E∞⊗A). Equation

(A.24) will be proved by showing that the push-forward of Pµ( · | τC = s, Ys+m = 0) under the shift

operator θs+m is equal to Pµs . In other words, for all E ∈ E∞ and E′ ∈ A,

Pµ((Xs+m, Xs+m+1, . . .) ∈ E, (Ys+m, Ys+m+1, . . .) ∈ E′ | τC = s, Ys+m = 0)

= Pµs((X0, X1, . . .) ∈ E, (Y0, Y1, . . .) ∈ E′). (A.25)

The argument is essentially the same as the proof of (A.19). Note first that by (A.14),

Pµ(Xs+m ∈ A, Ys+m = 1 | τC = s) = εν(A).
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Therefore,

Pµ(Xs+m ∈ A | τC = s, Ys+m = 0)

=
1

1− ε
[Pµ(Xs+m ∈ A | τC = s)−Pµ(Xs+m ∈ A, Ys+m = 1 | τC = s)]

= µs(A).

It can now be shown that

Pµ((Xs+m, Xs+m+1, . . .) ∈ E | τC = s, Ys+m = 0) = Pµs((X0, X1, . . .) ∈ E),

by the following argument. The left side equals∫
X

Pµ((Xs+m, Xs+m+1, . . .) ∈ E | τC = s, Ys+m = 0, Xs+m = x)µs(dx).

The event {τC = s} depends only on X0, . . . , Xs. Since Ys+m is conditionally independent of

(Xs+m, Xs+m+1, . . .) under Pµ given (X0, . . . , Xs+m), the dependence on Ys+m = 0 in the integral

can be removed. Then by the Markov property, the dependence on τC = s can also be removed.

One obtains

Pµ((Xs+m, Xs+m+1, . . .) ∈ E | τC = s, Ys+m = 0)

=

∫
X

Pµ((Xs+m, Xs+m+1, . . .) ∈ E | Xs+m = x)µs(dx)

=

∫
X

Px((X0, X1, . . .) ∈ E)µs(dx)

= Pµs((X0, X1, . . .) ∈ E),

using (1.4) at the end.

Following the proof of (A.19), the next step is to argue that the subset S behaves appropriately under

θs+m, assuming that τC = s. Let (X0, X1, . . .) be a given sample path, and let S be the associated

set of indices. Let S′ be the set of indices associated with the sample path (Xs+m, Xs+m+1, . . .).

The first element of S′ is min{` ≥ s + m : X` ∈ C} − (s + m). Since s ∈ S, the first element of

{t ∈ S : t ≥ s+m} is min{` ≥ s+m : X` ∈ C}. By the inductive definition of S, it follows that

{t ∈ S : t ≥ s+m} − (s+m) = S′,

just as in (A.20).
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To finish the proof of (A.25), it suffices to obtain the analogous version of (A.22): for all ` ≥ s+m,

Pµ(Y` = 1 | τC = s, Ys+m = 0, X0 = x0, X1 = x1, . . .)

= Pµ(Y` = 1 | τC = s, Ys+m = 0, Xs+m = xs+m, Xs+m+1 = xs+m+1, . . .)

= Pµs(Y`−s−m = 1 | X0 = xs+m, X1 = xs+m+1, . . .).

(A.26)

If ` = s+m, all three terms are zero. If s+m < ` < s+ 2m, the first two terms are zero because no

element of S is strictly between s and s+m, and the third term is zero because Yi = 0 for i < m. If

` ≥ s+ 2m, the first equality holds. For the second equality, because of the good behavior of S, one

may assume that `−m ∈ S in the middle term and `− s− 2m ∈ S in the third term. It is enough

to show that
dψ

(`)
µ

dη
(`)
µ

(x`−m, x`) =
dψ

(`−s−m)
µs

dη
(`−s−m)
µs

(x`−m, x`) on C ×X ,

almost everywhere with respect to

Pµ(X`−m ∈ dx`−m, X` ∈ dx` | τC = s, Ys+m = 0) = Pµs(X`−s−2m ∈ dx`−m, X`−s−m ∈ dx`)

= η(`−s−m)
µs (dx`−m ⊗ dx`).

This proceeds exactly as in the proof of (A.23). The only necessary ingredient is that the measure

P `−s−2m(µs, ·) must be absolutely continuous with respect to P `−m(µ, ·). This is true because

Pµ(τC = s) > 0 and ε < 1, and

Pµ(X`−m ∈ A) ≥ Pµ(X`−m ∈ A, τC = s, Ys+m = 0)

= Pµ(τC = s) Pµ(Ys+m = 0 | τC = s) Pµ(X`−m ∈ A | τC = s, Ys+m = 0)

= Pµ(τC = s)(1− ε) Pµs(X`−s−2m ∈ A).

Thus (A.25) is proved, and property 3 follows.

Finiteness

The only thing left to prove is that Pµ(T <∞) = 1 for all µ ∈ P(X ). This is clear when ε = 1, so

assume ε < 1. Fix the starting distribution µ. If the elements of S are listed in increasing order as

S1 < S2 < · · · , then since Pµ′(τC <∞) for all µ′ ∈ P(X ), each Sk is almost surely finite under Pµ.

It will be proved that Pµ(T > Sk +m) = (1− ε)k, which implies that Pµ(T <∞) = 1. In fact, the

statement to be proved is

Pµ(T > Sk +m | S1 = s) = (1− ε)k for all µ ∈ P(X ), s ≥ 0. (A.27)
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The proof is by induction on k. For k = 1 this was observed during the proof of property 3 to follow

directly from (A.14). (Note that S1 = τC .) If (A.27) is known for k − 1,

Pµ(T > Sk +m | S1 = s) = Pµ(T > Sk +m,Ys+m = 0 | τC = s)

= (1− ε) Pµ(T > Sk +m | τC = s, Ys+m = 0).

Given that τC = s, it was shown during the proof of property 3 that S behaves appropriately under

the shift operator θs+m. If S is the set of indices associated with (X0, X1, . . .) and S′ is the set of

indices associated with (Xs+m, Xs+m+1, . . .), then assuming that τC = s for (X0, X1, . . .), one has

S = {s, S2, S3, . . .} =⇒ S′ = {S2, S3, . . .} − (s+m).

Using (A.25),

Pµ(T > Sk +m | τC = s, Ys+m = 0) =

∞∑
`=s+m

Pµ(T > `+m,Sk = ` | τC = s, Ys+m = 0)

=

∞∑
`=s+m

Pµs(T > `− s, Sk−1 = `− s−m)

= Pµs(T > Sk−1 +m).

By the inductive hypothesis, Pµs(T > Sk−1 +m) = (1− ε)k−1. Hence

Pµ(T > Sk +m | S1 = s) = (1− ε)(1− ε)k−1 = (1− ε)k,

as desired. This completes the induction, so Pµ(T <∞) = 1 for all µ ∈ P(X ).
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