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1. Thurston Norm

Recall we defined the complexity of a surface S in a 3-manifold as

χ´pSq “ Σtmaxt0,´χpS1qu : S1 is a component of Su.

Let N Ă BM3 be a subsurface. Then we defined the Thurston Norm x : H2pM,N ;Zq Ñ Z by

xpαq “ mintχ´pSq : rSs “ αu.

Now we define

Definition. pS, BSq Ă pM,Nq is essential if

(i) S has no compressing disks
(ii) S has no boundary compressing disks into N
(iii) S is not a 2-sphere bounding a homotopy 3-ball
(iv) S is not a disk bounding a homotopy 3-ball together with a disk in N (i.e. S is not N -parallel)

Example. F a surface, M “ F ˆ I, N “ BF ˆ I. Then F ˆ t1{2u is essential in pM,Nq, but
inessential in pM, BMq.

Lemma. α P H2pM,Nq is represented by a norm-minimizing essential surface.

Proof. Proof left as an exercise. �

Now we return to proving the properties of the function x : H2pM,Nq Ñ Z which make it a
semi-norm.

(i) xpαq P Zě0 for all α P H2pM,Nq
(ii) xpnαq “ |n|xpαq for all α P H2pM,Nq, n P Z
(iii) xpα` βq ď xpαq ` xpβq for all α, β P H2pM,Nq.

Proof.

(i) Proved last time.
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(ii) xpnαq ď |n|xpαq is clear because n times any representative of α will be a representative for nα.
Now we want to show xpnαq ě |n|xpαq. We begin by choosing pS, BSq representing nα. Pick a
basepoint in p0 PMzS. If BMzN ‰ H, then choose p0 P BMzN . We define f : MzS Ñ Z{nZ
by

fpxq “ intersection number of γ X S for any arc γ from p0 to x

If ϕ is Poincaré dual to S, then fpxq “ ϕpγq mod n. Define, for i P Z{nZ, Mi “ f´1piq.

Claim: If pBMzNqXMi ‰ H, then i “ 0. Proof: Let γ be an arc joining p0 to pBMzNqXMi.
Then γ is a cycle in H1pM, BMzNq, so ϕpγq “ xnα, γy “ nxα, γy ” 0 mod n. Therefore i “ 0.

For each i, we define Si as Mi`1 XMi. Then for each i we have Si \ ´Si´1 Ď BMi. For
i ‰ 0, BMizN “ Si \´Si´1. Since the Sj and Sj`1 bound Mj for all j we have

rS0s “ rS1s “ ¨ ¨ ¨ “ rSn´1s

and so each rSis “ α since ΣrSis “ rnαs. Therefore xpnαq ě |n|xpαq, as desired.

(iii) Let α “ rS, BSs and β “ rT, BT s for essential, norm-minimizing S and T . We can assume by
a small isotopy that S and T are transverse to each other. First we will do a surgery to get
S X T essential in both S and T :

Suppose γ Ă S X T is an innermost loop bounding a disk in S. Since T is essential, γ must
also bound a disk in T . Surger and remove this 2-sphere component from T (we assume that
M is irreducbile so this doesn’t change the complexity of T ). This will reduce the number of
components of S X T .

Now suppose σ is an arc of S X T which is inessential in S. Since T is essential in pM,Nq,
σ is inessential in T . γ along with an arc aS in N bounds a disk in S, and with an arc aT in
N bounds a disk in T . We surger T to remove γ, creating a new component of T which is a
disk with boundary in N .
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Now every component of S X T is essential in both. Let S ` T be the surface obtained by
doing a double-curve sum:

Then χpS ` T q “ χpSq ` χpT q, so the complexity can only change if new disks or spheres
were formed. They aren’t because the intersections were along essential arcs and loops. Thus
xpα` βq ď xpαq ` xpβq, as desired.
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