WHAT MAKES THE CONTINUUM ℵ_2

JUSTIN TATCH MOORE

This article is dedicated to Hugh Woodin on the occasion of his 60th birthday.

1. Introduction

The question of how many real numbers there are traces all the way back to the beginning of set theory. It has played an important role in the development and modernization of the subject throughout the last century. Cantor, who was the first to consider this problem [23], was most interested in the question of whether or not |R| = ℵ_1, also known as the Continuum Hypothesis (CH). Of course one can more generally ask how the cardinality of the continuum relates to any particular value of the ℵ function. A remarkable empirical discovery over the last 50 years has been that the assertion |R| ≠ ℵ_2 is quite rich in its consequences, while up to the present, the same cannot be said for any other ℵ_ξ. It is this phenomenon which will occupy our attention for the duration of this article.

The starting point and inspiration for this article is [112] and in many ways the present survey can be regarded as an expansion and update of that article. The intention of this article is not to give a philosophical argument in favor of |R| = ℵ_2. Instead it will collect as many proofs of ℵ_2 ≤ 2^{ℵ0} and 2^{ℵ0} ≤ ℵ_2 from different hypotheses as possible and place them in their mathematical context. Whether this is “evidence” of anything is left to the reader, although it is worth pointing out that in some cases the hypotheses used in these proofs are not consistent with each other. The article does not consider the arguments in favor of, for instance, CH or try to weigh the “evidence” for it against the “evidence” for any other value of the continuum. The reader interested in such a philosophical discussion is referred to, for

2000 Mathematics Subject Classification. 03E35, 03E50, 03E57, 03E65. Key words and phrases. continuum hypothesis, continuum problem, Woodin. While several people read early drafts of this paper and offered suggestions and corrections, Matthew Foreman and Stevo Todorcevic deserve special thanks for their comments, especially concerning historical aspects of the discussion. The preparation of this article was supported in part by NSF grant DMS–1262019. 1

instance, [44], Maddy’s [74] [75], Woodin’s [127] [128] and Foreman’s rebuttal of this argument in [46] (see also [47], [129]).

This article will begin with an examination the relationship between the Continuum Hypothesis, the Perfect Set Property, and the Open Coloring Axiom. The classical consequences of CH will be discussed in Section 3, followed by Woodin’s Σ^2_1-Absoluteness Theorem in Section 4. Section 5 will present a more detailed discussion of OCA and Section 6 will outline a Ramsey-theoretic proof of 2^{ℵ0} = ℵ_2. Martin’s Maximum and its consequences will be over-viewed in Section 7. Stationary reflection and its impact on the continuum will be described in Section 8. In Section 9, the conjectures of Chang and Rado will be introduced and related to both the Continuum Problem and stationary reflection. Woodin’s P_{max}-extension will be briefly described in Section 10; Section 11 contains related information concerning well orderings of R which are definable over H(ω_2). Section 12 will discuss some more sophisticated consequences of CH which are related to iterated forcing. The Semifilter Trichotomy and the principle of Near Coherence of Filters will be over-viewed in Section 13, along with a discussion of how these principles may imply 2^{ℵ0} = ℵ_2. The conclusion of the article contains a long list of open problems.

One omission worth noting is Gödel’s outline of a proof that 2^{ℵ0} = ℵ_2 in [56]. The ingredients of this proof are both diverse and unconventional: the perfect set properties of uncountable Boolean combinations of open subsets of R, an analysis of strong measure 0 sets, and scales for R^ω. Gödel’s argument was analyzed in detail recently in [21] and the interested reader is referred there for more information. Many of these concepts are still poorly understood in spite of the advances in modern set theory and the “proof” remains incomplete in the sense that it is not known that the hypotheses needed to carry it out are consistent (although see [21, §3] for a discussion of this point). The reference [21] also contains a number of questions which are interesting but tangential to the present discussion and thus are not included in the final section.

The notation and terminology in this article is mostly standard. If X is a set and κ is a (possibly finite) cardinal, then [X]^κ will denote the collection of subsets of X of cardinality κ. If f, g ∈ ω^ω, then f <^∗ g means that f(n) < g(n) except for finitely many n ∈ ω (similarly one defines f ≤^∗ g). I will use ω^ω/fin to denote the structure (ω^ω, <^∗). Suppose that X is an uncountable set. A subset C ⊆ [X]^ω is club if it is the set of all f-closed sets for some f : X^{<ω} → X (here M ⊆ X is f-closed if f maps M^{<ω} into M). A subset S ⊆ [X]^ω is stationary if S intersects every club. Notice that ω_1 ⊆ [ω_1]^ω is club. In particular, the stationary subsets of [X]^ω are a generalization of the stationary subsets of ω_1.

2. The Continuum Hypothesis, the Perfect Set Property, and the Open Coloring Axiom

A common philosophical justification for CH is that we cannot effectively demonstrate the existence of a subset of R of cardinality strictly between |N| and |R|. In fact the reason why we cannot effectively produce an example of such an X is that those X which are Borel or even analytic have what is known as the perfect set property: they are either at most countable or else contain a homeomorphic copy of the Cantor set, also known as a perfect set. In fact, in the presence of large cardinals, every reasonably definable subset of a Polish space has the perfect set property. Recall that L(R) is the smallest transitive model of Zermelo-Frankel set theory which contains all of the reals and all of the ordinals.

Theorem 2.1. [100]^1 If there is a proper class of Woodin cardinals, then every set of reals in L(R) has the perfect set property.

Now consider the following graph-theoretic assertion for a given separable metric space X:

OCA^∗(X): If G is a graph with vertex set X and whose incidence relation is open when regarded as a symmetric subset of X^2, then G either admits a countable vertex coloring or else contains a perfect clique.

This principle first appeared in [45] and was derived from Todorcevic’s Open Coloring Axiom (OCA) which asserts that every open graph on a separable metric space is either countably chromatic or else contains an uncountable clique. Notice that by considering the complete graph on X, OCA^∗(X) trivially implies the perfect set property. Theorem 2.1 admits the following strengthening.

Theorem 2.2. [45] If there is a proper class of Woodin cardinals, then OCA^∗(X) is true whenever X is a separable metric space in L(R).

In fact both CH and OCA follow from the Axiom of Determinacy (see [63] for an introduction to AD). It is therefore quite interesting that in the presence of the Axiom of Choice, these two principles take on a quite different character from each other. CH is equivalent to the assertion that |R| = ℵ_1 — i.e. that there is a well ordering of R in

1Actually this theorem is proved from the hypothesis of a supercompact cardinal in [100]. The refinement stated here is due to Woodin and can be found in [72].

which every proper initial segment of the well order is countable. On the other hand, we will see that not only does OCA refute CH, but also many of its typical consequences. In fact it is unknown whether OCA implies |R| = ℵ_2.

3. Consequences of the Continuum Hypothesis

There are many uses of CH in mathematics. It is often utilized to build ultrafilters with special properties, nontrivial morphisms between structures, and pathological topological spaces. In many cases the objects constructed have properties which are, to quote Gödel [55], “highly implausible.” The vast majority of these arguments involve a recursive construction of length continuum in order to build some mathematical object of interest. The hypothesis |R| = ℵ_1 allows one to arrange that at each stage of the construction, there have only been countably many previous stages. This section collects a number of such consequences of CH. The reader is referred to [101] for additional examples.

The first example is perhaps overly simplistic, but it illustrates the basic idea at the core of the more complex constructions.

Theorem 3.1. Assume CH. There is an uncountable subset of R in which every Lebesgue measure 0 subset is countable and there is an uncountable subset of R in which every first category subset is countable.

For instance, by enumerating all Borel sets of measure 0, it is straightforward to recursively construct a set X which is uncountable but such that every measure 0 subset of X is countable.

Similarly, one can build the ultrafilter described in the next theorem of Choquet by enumerating the functions f : ω → ω in a sequence of length ω_1 and then building a base for the ultrafilter by recursion.

Theorem 3.2. [24] [25] Assume CH. There is an ultrafilter U on ω such that if f : ω → ω then f is either constant or one-to-one on a set in U.

Ultrafilters with the property stated in this theorem are known as selective ultrafilters and are well studied in the literature [16] [34] [37] [66] [77].

The next result, independently proved by Christensen and Mokobodzki (who was inspired by Choquet’s construction), asserts that CH implies the existence of so called medial limits.

Theorem 3.3. (see [26], [78]) Assume CH. Then there exists a universally measurable μ : P(ω) → [0, 1] which is a finitely additive probability measure such that μ(F ) = 0 whenever F ⊆ ω is finite.

Actually CH is a much stronger hypothesis than needed for both of these theorems; Martin’s Axiom (MA) is sufficient.

The next result shows that CH can have an influence on the phenomenon of automatic continuity and provides a consistent answer to an old problem of Kaplansky [64].

Theorem 3.4. [30] Assume CH. If X is an infinite compact space then there is a discontinuous homomorphism of C(X) into a Banach algebra.

Solovay and Woodin later proved that it is consistent that if X is a compact space, then every homomorphism of C(X) into a Banach algebra is continuous; in fact this conclusion follows from Martin’s Maximum discussed in Section 7 (see [31]). See also [39] for a general discussion of these results.

In some cases, consequences of CH can actually be shown to be equivalents of CH.

Theorem 3.5. [85] CH is equivalent to the existence of a surjection γ : R → R^2 with the property that for every t at least one of the coordinate functions γ_1 and γ_2 is differentiable at t.

Theorem 3.6. [59] CH is equivalent to the assertion that there is an uncountable subset of [0, 1]^ω with the property that every finite dimensional subset is at most countable.

Theorem 3.7. [101] CH is equivalent to the existence of an uncountable subset X ⊆ [0, 1]^ω with the property that if Y ⊆ X is uncountable, then Y is projected onto the interval by all but finitely many of the coordinate projections.

The following are two typical examples of how CH can be used to influence the existence of morphisms between structures.

Theorem 3.8. [36] Assume CH. If X ⊆ R has cardinality continuum, then there exists a Y ⊆ X of cardinality continuum such that if f ⊆ Y × Y is a partial monotone injective function, then |{x ∈ dom(f) : x ≠ f(x)}| < 2^{ℵ0} .

In particular, CH implies that there are |P(R)|-many pairwise nonisomorphic ℵ_1-dense suborders of R.

Theorem 3.9. [62] Assume CH. If I and J are two proper F_σ-ideals on ω, then P(ω)/I and P(ω)/J are isomorphic.

These two theorems contrast each other in an interesting way. The first demonstrates that under CH, there are nonisomorphic suborders of

R for which there is no apparent obstruction to an isomorphism. In fact Baumgartner has shown that if CH is true then there is a c.c.c. forcing extension in which all ℵ_1-dense suborders of R are isomorphic [8]. Thus the reason for the failure of the isomorphism to exist under CH is not absolute; it simply reflects that there are “not enough” monotone functions from R to R in models of CH.

On the other hand, in the case of the Theorem 3.9 there is no obvious reason why there should be an isomorphism between the quotients P(ω)/fin and P(ω)/I_{1/n} (here I_{1/n} is the collection of subsets of ω for which the sum of the reciprocals is convergent). CH allows the construction of the isomorphism via a back and forth argument of length continuum — at each stage of the construction one extends a countable partial isomorphism between the two Boolean algebras. Indeed it is possible to show that there is no isomorphism which is induced by a function from ω to ω or even an isomorphism between these quotients which has a Baire-measurable lifting Φ : P(ω) → P(ω) [60]. Moreover, starting from any model of set theory, there is a forcing extension in which P(ω)/fin and P(ω)/I_{1/n} are not isomorphic [60]. In this case, the existence of an isomorphism between these two structures can be “blamed” on there not being enough subsets of ω to prevent the existence of an isomorphism.

A relative of Theorem 3.9 is the following result of W. Rudin.

Theorem 3.10. [93] Assume CH. There are 2^{2ℵ0} autohomeomorphisms of the Čech-Stone remainder of ω. Equivalently there are 2^{2ℵ0} automorphisms of P(ω)/fin. In particular, there is an automorphism which is not induced by a function from ω to ω.

As in the proof of Theorem 3.9, the elements of P(ω) are enumerated in length ω_1 and partial automorphisms are constructed recursively. The construction allows a subset of ω_1 as a parameter, so that each choice of parameter results in a different automorphism.

Unlike in the case of Theorem 3.8, there is no general means to continue such an inductive construction following uncountable limit stages. In fact while every countable partial automorphism of P(ω)/fin can always be extended to an arbitrary element not in its domain, it is a theorem of ZFC that there are partial automorphisms of P(ω)/fin of cardinality ℵ_1 which cannot be extended to certain subsets of ω.

This is perhaps best understood in terms of model theory. Recall that a structure A is homogeneous if every partial automorphism of cardinality less than the domain of A can be extended to an automorphism of A (note that this is considerably stronger than what is meant by homogeneity outside of model-theoretic literature). A structure A is saturated if every partial type of cardinality less than the domain of A is realized in A. Here a type is a collection of n-ary formulas in the language of A which is finitely satisfiable. We now have the following theorem.

Theorem 3.11. The following are equivalent:

(1) The Continuum Hypothesis.

(2) P(ω)/fin is a saturated Boolean algebra. (3) P(ω)/fin is a homogeneous Boolean algebra.

The CH implication in this theorem is closely related to a reformulation of following topological result of Parovičenko.

Theorem 3.12. [88] Assume CH. The Čech-Stone remainder of ω is the unique 0-dimensional compact Hausdorff space having no isolated points such that if F and G are two disjoint open F_σ-sets, then there exists a closed and open set U such that F ⊆ U and U ∩ G = ∅.

What is counter-intuitive about this theorem is that it implies that many compact spaces are homeomorphic even when there is no apparent homeomorphism: For instance the Čech-Stone remainders of the infinite countable limit ordinals are all homeomorphic assuming CH (contrast this with [42]).

CH also produces a wealth of exotic examples of topological spaces. I will mention only a few; it is impossible to adequately give even a brief survey.

Theorem 3.13. ([53]; see also [106]) If CH is true, then for each n there is a topological space X such that X^{n+1} contains an uncountable family of pairwise disjoint open sets but such that X^n does not.

Theorem 3.14. [65] If CH is true, then there is a nonseparable compact Hausdorff space K which does not contain an uncountable discrete subspace. This space moreover supports a Borel probability measure μ for which the following are equivalent for Y ⊆ K:

• Y is nowhere dense; • Y is first category; • μ(Y ) = 0;

• Y is second countable; • Y is separable.

(Similar constructions were carried out independently by Haydon [58] and Talagrand [104].)

Theorem 3.15. [43] If CH is true, then for each d > 0 there is an infinite compact Hausdorff space K_d in which every infinite closed subspace has dimension d. In particular, K_d contains neither convergent sequences nor a copy of βω.

4. Woodin’s Σ^2_1-Absoluteness Theorem

CH can be phrased as asserting the existence of a binary relation ◁ on P(ω) such that:

• (P(ω), ◁) is a linear ordering;

• for each y ∈ R, {x ∈ P(ω) : x ◁ y} is countable.

In particular, CH is equivalent to a Σ^2_1-sentence — a sentence of the form ∃X ⊆ P(ω)ϕ(X) where ϕ involves only quantification over P(ω). In fact many of the consequences of CH can be phrased as Σ^2_1-sentences.

Moreover, it was noticed that, empirically at least, CH tended to be sufficient to settle the truth of Σ^2_1-sentences which would come up in practice. Quite remarkably, there is a general result due to Woodin which explains this.

Theorem 4.1. (see [72]) Assume there is a proper class of measurable Woodin cardinals and that CH is true. Any Σ^2_1-sentence which can be forced is true.

It should be noted that some care is needed in stating this theorem. For instance the assertion that there is a nonconstructible real is trivially a Σ^2_1-sentence (in fact this assertion can be formalized using only quantification over P(ω)). By Cohen’s work it is consistent and yet it is not true in L, which satisfies CH. Thus we cannot hope to have a result which says that if a Σ^2_1-sentence is consistent with ZFC, then it is a consequence of CH.

5. Todorcevic’s Open Coloring Axiom

We will now return to the Open Coloring Axiom introduced in Section 2 above. This axiom has a strong influence on structures closely related to separable metric spaces and often helps provide an alternative mathematical theory to that imposed by CH. This axiom’s name was based on a family of similar Ramsey-theoretic principles in Abraham, Rubin, and Shelah’s [2]. The following are examples of open graphs.

Example 5.1. Suppose that A, B ⊆ R and define a graph on A × B by connecting (x_0, y_0) to (x_1, y_1) whenever x_0 < x_1 and y_0 < y_1 or x_1 < x_0 and y_1 < y_0. Observe that this graph is open. It is countably chromatic only when either A or B is countable. On the other hand, a clique is clearly the graph of a partial increasing function from A to B. Thus OCA implies that if A, B ⊆ R are uncountable, then they have uncountable isomorphic suborders. In particular, by Theorem 3.8, OCA refutes CH.

The next examples are more typical of the use of OCA in applications. They provided Todorcevic’s motivation isolating his formulation of OCA from the similar forms initially studied in [2].

Example 5.2. Suppose that A ⊆ P(ω) and define a graph on A where {a, b} is an edge if neither a ⊆ b nor b ⊆ a. In particular, OCA implies that if A is uncountable, then either A contains an uncountable chain or antichain with respect to containment (here antichain means pairwise incomparable). This conclusion was originally deduced by Baumgartner from PFA [10].

Example 5.3. Let X ⊆ ω^ω ×ω^ω consist of all pairs (a, b) for which a ≤ b coordinate-wise. Define {(a_0, b_0), (a_1, b_1)} to be an edge of the graph if there is an i such that

max(a_0(i), a_1(i)) > min(b_0(i), b_1(i))

Typically one considers induced subgraphs of this graph as follows. Suppose that A, B ⊆ ω^ω have the property that a ≤^∗ b whenever a ∈ A and b ∈ B and that A and B are closed under making finite modifications to their elements. Consider the subgraph in which the vertices come from A × B. This graph is countably chromatic exactly when there exist sets c_n (n ∈ ω) such that for every a ∈ A and b ∈ B, there is an n such that a ≤^∗ c_n ≤^∗ b.

This second example readily gives the following classification of gaps in ω^ω/fin in the presence of OCA. Here we recall that a (κ, λ^∗)-gap in ω^ω/fin is a pair of sequences a_ξ (ξ ∈ κ) and b_η (η ∈ λ) such that a_ξ <^∗ a_ξ′ <^∗ b_η′ <^∗ b_η for all ξ < ξ^′ < κ and η < η^′ < λ and yet there is no c such that a_ξ <^∗ c <^∗ b_η for all ξ and η.

Theorem 5.4. [108] Assume OCA. If κ and λ are regular cardinals and there is a (κ, λ^∗)-gap, then either min(κ, λ) = ω or else κ = λ = ω_1.

This complements the following classical results of Hausdorff.

Theorem 5.5. [57] There is an (ω_1, ω^∗_1)-gap in ω^ω/fin.

Theorem 5.6. [57] The following are equivalent for a regular cardinal κ: • There is an unbounded chain in ω^ω/fin of ordertype κ.

• There is a (κ, ω^∗)-gap in ω^ω/fin. • There is a (ω, κ^∗)-gap in ω^ω/fin.

In particular, there exists a regular cardinal κ for which there exist both (κ, ω^∗)-gaps and (ω, κ^∗)-gaps.

We will finish this section by mentioning some consequences of OCA and MA concerning quotient algebras which contrast the influence of CH detailed in Section 3. Building on work of Just, Shelah, Steprāns, and Veličković, Farah proved the following general results.

Theorem 5.7. [41] Assume OCA and MA. If I and J are analytic ideals and at least one is either a P -ideal or countably generated, then every isomorphism between P(ω)/I and P(ω)/J has a Baire measurable lifting.

Theorem 5.8. [41] If I and J are analytic ideals, at least one is either a nonpathological P -ideal or countably generated, and P(ω)/I and P(ω)/J are isomorphic via a map admitting a Baire measurable lifting, then I and J are isomorphic.

In particular the conjunction of OCA and MA implies that P(ω)/fin and P(ω)/I_{1/n} are nonisomorphic, in contrast to Theorem 3.9. (This instance of Theorems 5.7 and 5.8 was first proved by Just [60] [61].) Farah later adapted these techniques to the context of C^∗-algebras [40], complementing a previous CH construction of Phillips and Weaver [89].

Recall that the measure algebra is the quotient of the algebra of Borel subsets of [0, 1] by the ideal of Lebesgue measure 0 sets. In the presence of CH, P(ω)/fin is saturated and hence any Boolean algebra of cardinality at most 2^{ℵ0} can be embedded inside it. On the other hand, we have the following result of Dow and Hart.

Theorem 5.9. [35] Assume OCA. The measure algebra does not embed into P(ω)/fin.

6. A Ramsey-theoretic proof that the continuum is ℵ_2

The only precursor of OCA considered in [2] which is not a formal weakening of OCA is OCA_{[ARS]}:

If X is a separable metric space of cardinality ℵ_1 and c : [X]^2 → {0, 1} is a continuous function, then X can be decomposed into countably many c-homogeneous sets.

Both OCA and OCA_{[ARS]} are consequences of Martin’s Maximum (discussed in Section 7 below) and both refute CH. Formally they are unrelated — it is consistent that either hold but not the other. On one hand OCA_{[ARS]} only makes assertions about graphs which are closed and open and in which the underlying vertex set has cardinality ℵ_1. On the other hand, unlike with OCA, the conclusion of OCA_{[ARS]} is “global.”

While it remains unknown whether either of these assertions decides the value of the continuum, we have the following result — a purely Ramsey-theoretic proof that the continuum is ℵ_2.

Theorem 6.1. [81] The conjunction of OCA and OCA_{[ARS]} implies that |R| = ℵ_2.

We have already seen that OCA implies that all gaps are of one of the following forms: (κ, ω^∗), (ω, κ^∗), or (ω_1, ω^∗_1). In fact this conclusion already implies that b ≤ ℵ_2, where b is the minimum cardinality of an unbounded subset of ω^ω/fin. To see this, suppose that b > ℵ_2 and fix a bounded chain a_ξ (ξ < ω_2) in ω^ω/fin. It is routine to show that this is the lower part of an (ω_2, λ^∗)-gap for some λ. By Theorem 5.6, λ > ω and thus by Theorem 5.4, OCA fails.

It is also the case that OCA implies that b > ℵ_1 and thus that b = ℵ_2. This is proved via the following ZFC result.

Proposition 6.2. [117] Suppose that X ⊆ ω^ω/fin consists of monotone increasing functions, is unbounded and countably directed. For every n, there exists x, y ∈ X such that osc(x, y) = n (in particular, there exist x ≠ y ∈ X with x ≤ y).

Here osc(x, y) < n exactly when ω can be covered by n intervals I such that x ≤ y on I or y ≤ x on I. Notice that if b = ℵ_1, then there is an unbounded chain X in ω^ω/fin of length ω_1 which moreover consists of monotone functions. If G is the positive oscillation graph on X, then G is open and is neither countably chromatic nor has an uncountable clique.

Corollary 6.3. [108] OCA implies that b = ℵ_2.

The remainder of the proof of Theorem 6.1 hinges on the following variation on Proposition 6.2.

Proposition 6.4. [81] There is a continuous partial function σ : [ω^ω]^2 → 2^{<ω} with an open domain such that:

• if x <^∗ y, then σ(x, y) is defined and has the same length as the common initial part of x and y;

• if X is unbounded and countably directed in ω^ω/fin and r is in 2^ω, then there exists an x ≠ y in X such that σ(x, y) is an initial part of r.

If r is in 2^ω, then define an open graph G_r on ω^ω by putting {x, y} ∈ G_r if σ(x, y) is defined and is an initial part of r. A code for r is an uncountable clique in G_r. Observe that a given H can be a code for at most one r. It is immediate from the previous proposition that OCA implies that every unbounded countably directed subset of ω^ω/fin contains codes for all elements of 2^ω. The proof is then finished by Corollary 6.3 and the following proposition.

Proposition 6.5. OCA_{[ARS]} implies that if X ⊆ ω^ω/fin is a chain of cardinality ℵ_1, then X contains codes for at most ℵ_1 elements of 2^ω.

This is achieved by showing that OCA_{[ARS]} implies that for each n, any X ⊆ ω^ω/fin of cardinality ℵ_1 can be partitioned into sets X_σ for σ a length n binary sequence so that if H ⊆ X codes r ∈ 2^ω, then H is contained in X_{r↾n} modulo a countable set. If we define X_r = � n X_{r↾n}, then {X_r : r ∈ 2^ω} is a disjoint family and hence only ℵ_1 many can be uncountable (or even nonempty). The proposition then follows from the observation that any code for r is contained in X_r modulo a countable set.

7. Forcing Axioms and Generic Absoluteness

Both forms of the Open Coloring Axiom follow from a much more general set-theoretic hypothesis known as Martin’s Maximum. MM was first formulated and proved consistent relative to the existence of a supercompact cardinal by Foreman, Magidor, and Shelah [50]. It is the strongest example from an important class of axioms known as forcing axioms.

Forcing axioms are generalizations of the Baire Category Theorem and grew out of a line of research which started with Solovay and Tennenbaum’s proof that Souslin’s Hypothesis is consistent [102]. A stratification of these axioms has been included below mostly for historical accuracy. The reader who is not interested in fine details will lose little of the general picture by assuming MM in place of whatever forcing axiom is needed as a hypothesis (this may, however, mean that the result was proved earlier and possibly by someone else).

We will now review some of the basic definitions associated to these axioms. If θ is a cardinal and Q is a class of partially ordered sets, then FA_θ(Q) is the assertion that if Q is in Q and A is a family of maximal antichains in Q with |A| ≤ θ, then there is a filter G ⊆ Q which meets each element of A — such a filter is said to be A-generic. (Here antichain means in the sense of forcing — a family of elements of the poset such that no pair of distinct elements has a common lower bound.) It is not difficult to show that if Q is the class of all posets, then

FA_{ℵ0} (Q) is a theorem of ZFC. This is closely related to the assertion that no compact Hausdorff space can be covered by countably many nowhere dense sets, which is itself a variation of the Baire Category Theorem. On the other hand, it is not difficult to see that if Q is the poset of all finite partial functions from ω to ω_1, then there is a family A of ℵ_1 maximal antichains in Q such that there is no A-generic filter. In particular FA_{ℵ1} (Q) is false if Q is the class of all partial orders (or even all partial orders of cardinality at most ℵ_1).

If Q is the class of c.c.c. partial orders (those in which all antichains are countable), then FA_θ(Q) is denoted MA_θ and known as Martin’s Axiom for θ antichains. This was historically the first forcing axiom. It was isolated by D. A. Martin from the proof that Souslin’s Hypothesis is consistent [102] and provided the template for the stronger forcing axioms which followed later. Unlike Souslin’s Hypothesis, Martin’s Axiom turned out to be widely applicable in analysis and point-set topology. The reader is referred to the encyclopedic [52] for a full account of the consequences of MA_θ. While it is trivial that MA_θ implies that 2^{ℵ0} > θ, MA_θ has no other influence on the cardinality of the continuum other than that 2^{ℵ0} = 2^θ and hence that cf(2^{ℵ0} ) > θ (see Theorem 11.1 below).

Forcing Axioms for broader classes of posets than c.c.c. posets are typically inconsistent if θ > ℵ_1 and it is therefore common to use FA(Q) to denote FA_{ℵ1} (Q). (Note however that MA typically denotes the assertion that MA_θ holds for all θ < 2^{ℵ0} .) A poset Q is said to be proper if forcing with it preserves stationary subsets of [X]^ω whenever X is an uncountable set. The Proper Forcing Axiom (PFA) is FA(proper). Martin’s Maximum is the forcing axiom for posets which preserve stationary subsets of ω_1. These axioms were proved consistent relative to the existence of a supercompact cardinal by Baumgartner and by Foreman, Magidor and Shelah, respectively.

Theorem 7.1. (see [32]) If there is a supercompact cardinal κ, then there is a forcing extension which satisfies PFA.

Theorem 7.2. [50] If there is a supercompact cardinal κ, then there is a forcing extension which satisfies MM.

MM is the strongest forcing axiom in the sense that if Q is a poset which does not preserve some stationary subset of ω_1, then there is a family A of ℵ_1 maximal antichains such that there does not exist an A-generic filter.

The theory of MM has been the subject of extensive study, both for its set-theoretic consequences and for its applications to other branches of mathematics — see for instance [52], [82], [115]. The following are some of its most important early consequences.

Theorem 7.3. [50] MM implies that the nonstationary ideal on ω_1 is saturated: if S_ξ (ξ < ω_2) are stationary subsets of ω_1, then there exist ξ ≠ η < ω_2 such that S_ξ ∩ S_η is stationary.

Theorem 7.4. [50] Assume MM and let κ > ℵ_1 be a regular cardinal. Suppose that ⟨A_ξ : ξ ∈ ω_1⟩ are pairwise disjoint stationary subsets of ω_1 and ⟨B_ξ : ξ ∈ ω_1⟩ are stationary subsets of κ which each consist of ordinals of countable cofinality. There is a continuous increasing sequence ⟨γ_ξ : ξ ∈ ω_1⟩ in κ such that for all ξ ∈ ω_1, if ξ is in A_ξ, then γ_ξ is in B_ξ.

An immediate consequence of the second result is that, assuming MM, κ^{ℵ1} = κ whenever κ > ℵ_1 is a regular cardinal. In particular, MM implies that 2^{ℵ1} ≤ ℵ_2^{ℵ1} = ℵ_2; this is historically the first use of a forcing axiom to produce a bound on the cardinality of the continuum. Since it is trivial that MM refutes CH, we also have that 2^{ℵ0} = ℵ_2 is a consequence of MM.

Woodin showed that Theorem 7.3 leads to a more dramatic failure of CH.

Theorem 7.5. [126, Ch.3] If the ideal of nonstationary subsets of ω_1 is saturated and P(ω_1)^♯ exists, then δ ~ 1 2 = ω_2.

Here δ ~ 1 2 is the supremum of the lengths of all δ ~ 1 2 pre-wellorderings of R.

The hypothesis P(ω_1)^♯ exists is a consequence of MM as well; it also follows from the existence of a measurable cardinal. In particular, MM not only refutes CH, but in fact gives an effective failure of CH — one at the level of descriptive set theory. This addressed question raised in [49].

PFA, which is a weakening of MM, plays an important role in classifying structures of cardinality ℵ_1.

Theorem 7.6. [8] If CH is true and X and Y are ℵ_1-dense suborders of R, then there is a c.c.c. forcing extension in which X and Y are isomorphic as linear orders. In particular PFA implies that any two ℵ_1-dense suborders of R are isomorphic.^2

Theorem 7.7. [107] Assume PFA. Every directed system of cardinality at most ℵ_1 is cofinally equivalent to one of the following: 1, ω, ω_1, ω × ω_1, [ω_1]^{<ω}.

2PFA had not been formulated at the time of [8].

This classification was extended to the transitive relations on ω_1 in [111].

Next recall that an Aronszajn line is an uncountable linear order in which all separable and scattered suborders are countable. Such linear orders were first constructed by Aronszajn and Kurepa (see [67]). A Countryman line is an uncountable linear order with the property that its Cartesian square is a countable union of chains. Such orders are necessarily Aronszajn and were first constructed by Shelah [95] (see also [116]). The following results show that there is a rather strong analogy between the Aronszajn lines and the countable linear orderings (with Countryman lines playing the roles of ω and −ω).

Theorem 7.8. Assume PFA. The following are true:

• [1] Every pair of normal Countryman lines are isomorphic or reverse isomorphic.

• [79] Every Aronszajn line contains a Countryman suborder. • [84] If C is a Countryman line, then

dirlim C × (−C) × · · · × (−C)

is a universal Aronszajn line.

• [76] The Aronszajn lines are well quasi-ordered by embeddability.

Much of the theory of MM can be developed through the combinatorial consequences of PFA. We have already noted that both OCA and MA_{ℵ1} follow from PFA. Another useful consequence of PFA is Todorcevic’s P -Ideal Dichotomy (PID):

If S is any set and I ⊆ [S]^ω is a P -ideal, then either:

• there is an uncountable X ⊆ S such that [X]^ω ⊆ I or else • there is a decomposition S =

�_∞ n=0 S_n such that for each n, no infinite subset of S_n is in I .

(Here I is a P -ideal on S if it is an ideal which includes all finite subsets of S and which is countably directed under ⊆^∗.) PID was analyzed in detail for sets of size ℵ_1 in [3]. That paper also briefly mentions the general case and how to prove its consistency based on methods in [108], although a detailed analysis of its consequences and a proof of its consistency were first given in [113]. This axiom has a similar influence on gaps as OCA does:

Theorem 7.9. [113] Assume PID. If κ and λ are regular cardinals and there is a (κ, λ^∗)-gap in ω^ω/fin, then either min(κ, λ) = ω or else κ = λ = ω_1.

In particular, PID implies b ≤ ℵ_2. On the other hand, unlike OCA, PID is consistent with CH [113]. PID also influences the combinatorics of sets which are far removed from R.

Theorem 7.10. [3] PID implies that every uncountable tree either contains an uncountable chain or an uncountable antichain.

Theorem 7.11. [124] PID implies that if κ is a singular strong limit cardinal, then 2^κ = κ^+.

Another general consequence of MM which we will discuss is the Strong Reflection Principle (SRP):

If ω_1 ⊆ X and S ⊆ [X]^ω, then there is a continuous ⊆-chain ⟨N_ξ : ξ ∈ ω_1⟩ such that ξ ⊆ N_ξ for all ξ ∈ ω_1 and if ν ∈ ω_1 is a limit ordinal and there is an ω_1-end extension of N_ν which is in S, then N_ν is in S.

Here N is an ω_1-end extension of M if M ⊆ N and M ∩ ω_1 = N ∩ ω_1.

SRP was first formulated by Todorcevic who abstracted it from arguments in [50]. SRP captures a number of consequence of MM which were originally directly deduced in [50], including the saturation of the ideal of nonstationary subsets of ω_1 (NS_{ω1} ), Chang’s Conjecture, and the conclusion of Theorem 7.4 [13]. SRP was also the inspiration for the Mapping Reflection Principle (MRP), another related consequence of PFA [83] which played an important role in the solution of the basis problem for uncountable linear orders [79]. We will discuss some of the consequences of SRP in the next section; see [13] for more details on how to derive its consequences.

We will finish this section with two more variants on the theme of forcing axioms which will be needed the sections which follow. If membership to Q is an invariant of forcing equivalence, then BFA(Q) is the weakening of FA(Q) in which the families A consist only of antichains of cardinality at most ℵ_1. By work of Bagaria [6], this is equivalent to the assertion that H(ℵ_2) is a Σ_1-elementary substructure of any generic extension by a poset from Q. The assertion FA^+(Q) is the following strengthening of FA(Q): If Q is in Q, A is a family of at most ℵ_1 maximal antichains in Q and Ṡ is a Q-name for a stationary set, then there is an A-generic filter G ⊆ Q such that

{ξ ∈ ω_1 : ∃p ∈ G(p ⊩ ξ̌ ∈ Ṡ}

is stationary; FA^{++}(Q) is the strengthening in which ℵ_1-many names for stationary sets are allowed.

8. Stationary set reflection and 2^{ℵ0} ≤ ℵ_2

This section contains an outline of why the reflection of stationary sets in [ω_2]^ω implies that 2^{ℵ0} ≤ ℵ_2. Let θ ≥ ω_2 be a cardinal. A stationary subset S ⊆ [θ]^ω is said to reflect if there exists an X ⊆ θ of cardinality ℵ_1 such that ω_1 ⊆ X and S ∩ [X]^ω is stationary in [X]^ω. This notion was perhaps first considered by Baumgartner, who proved the following results.

Theorem 8.1. (see [9, §8]) If there is supercompact cardinal, then there is a forcing extension in which PFA^{++} holds.

Theorem 8.2. (see [9, §8]) PFA^{++} implies that every stationary subset of [X]^ω reflects.

The assertion that stationary subsets of [θ]^ω reflect is a natural hypothesis and one which has been studied extensively in the literature [27], [28], [29], [99], [103], [110]. We will begin by noting that it follows from MM both directly and also via the principle SRP.

Theorem 8.3. [50] MM implies that if θ ≥ ℵ_2 is a cardinal, then every stationary subset of [θ]^ω reflects.

Theorem 8.4. [13] SRP implies that if θ ≥ ℵ_2 is any cardinal, then every stationary subset of [θ]^ω reflects.

In fact if S ⊆ [θ]^ω and N_ξ (ξ < ω_1) satisfies the conclusion of SRP for S, then {M ∈ S : M ∩ ω_1 ∉ {ξ ∈ ω_1 : N_ξ ∈ S}} is nonstationary. Since the set of all M ∈ [θ]^ω which ω_1-end extend an element of {N_ξ : ξ ∈ ω_1} is club, it follows that {ξ ∈ ω_1 : N_ξ ∈ S} must be stationary if S is stationary.

Quite remarkably, we have the following result.

Theorem 8.5. [118] If every stationary subset of [ω_2]^ω reflects, then 2^{ℵ0} ≤ ℵ_2.

The reason for this is twofold. On one hand, it is a result of Baumgartner and Taylor that every club in [ω_2]^ω has cardinality at least 2^{ℵ0} [12]. On the other, Todorcevic proved that there is a subset F of [ω_2]^ω of cardinality ℵ_2 whose complement is either nonstationary or else is equal to a nonreflecting stationary set modulo the club filter [118].

In fact by appealing to a result of Gitik [54], Todorcevic was able to draw an even stronger conclusion.

Theorem 8.6. [110] Suppose that every stationary subset of [ω_2]^ω reflects. If N is an inner model such that ℵ_2^N = ℵ_2^V , then R ⊆ N. In particular |R| ≤ ℵ_2.

Todorcevic’s set F can be described as follows. Fix for a moment a sequence ⃗e = ⟨e_β : β ∈ ω_2⟩ such that e_β is an injection from β into ω_1. A subset X of ω_2 is ⃗e-closed if X ∩ ω_1 is an ordinal and whenever β is in X and α ∈ β, e_β(α) is in X if and only if α is in X. If we define E to be the collection of all ⃗e-closed elements of [ω_2]^ω, then it is easily checked that E is club. Also, observe that if ω_1 ⊆ X ⊆ ω_2 and X is ⃗e-closed, then X is an ordinal. Define

F_{α,β} = {ξ ∈ β : e_β(ξ) < α}

F = {F_{α,β} : α < ω_1 ≤ β < ω_2}

and let A be the set of all ⃗e-closed subsets of ω_2 which are not in F . Notice that if δ ∈ ω_2, then {e^{−1}_δ ξ : ξ ∈ ω_1} is club in [δ]^ω. In particular, if ω_1 ⊆ X ⊆ ω_2 and X has cardinality ℵ_1, then A ∩ [X]^ω is nonstationary in [X]^ω.

Gitik’s result can be described as follows. Suppose that a, b_0, b_1 are countable subsets of ω_2 and ξ ∈ a and define r ∈ 2^ω and (ξ_k)_k ∈ ω^ω_2 recursively as follows:

r(k) = 1 if and only if min(b_0 \ ξ_k) > min(b_1 \ ξ_k)

ξ_0 = ξ and ξ_{k+1} = min(a \ min(b_{r(k)} \ ξ_k))

Set h_ξ(a, b_0, b_1) = r. Gitik proved that for every club E ⊆ [ω_2]^ω and r ∈ 2^ω, there exist a, b_0, b_1 ∈ E and ξ ∈ a such that h_ξ(a, b_0, b_1) = r. Thus if an inner model contains a club subset of [ω_2]^ω, that inner model also contains all the reals.

It is worth noting that Todorcevic has a different method for proving that club subsets of [ω_2]^ω have cardinality at least 2^{ℵ0} which is particularly elegant. First recall that, by work of Shelah [94], there is a sequence ⟨C_δ : δ ∈ lim_ω(ω_2)⟩ such that:

• each C_δ is a cofinal ω-sequence in δ and • if E ⊆ ω_2 is closed and unbounded, then there exists a δ such that C_δ ⊆ E.

Fix such a sequence and if x ⊆ θ has no last element, define

pat(x) = {|α ∩ C_δ| : α ∈ x}

where δ = sup(x). For each infinite r ⊆ ω, it can be verified that

S_r = {N ∈ [ω_2]^ω : pat_{ω2} (N) = r}

is stationary; clearly {S_r : r ⊆ ω} are pairwise disjoint. The proof that S_r is stationary was generalized considerably by Foreman and Todorcevic in [51].

9. The Conjectures of Chang and Rado

This section will introduce two conjectures which arose outside of set theory and which relate to the phenomenon of stationary reflection described in the previous section. Each implies 2^{ℵ0} ≤ ℵ_2 and moreover that the conclusion of Theorem 8.6 holds. The first is a strengthening of a well known model-theoretic transfer principle known as Chang’s Conjecture. Chang’s Conjecture (CC) is the assertion that if A is a structure of cardinality ℵ_2 and |X^A| = ℵ_1 for some unary relation X, then there is an elementary substructure B ≺ A such that |B| = ℵ_1 and |X^B| = ℵ_0. Chang’s Conjecture has been well studied in the literature; see [63] for further reading. The following strengthening allows one to readily build the elementary substructure B via a recursive process (see Theorem 1.3 of [97]).

CC^∗: If θ ≥ ω_2 is a sufficiently large regular cardinal, ◁ is a well ordering of H(θ), and M ≺ (H_θ, ∈, ◁) is countable, then there is an M ≺ H(θ) such that M ⊆ M, M ∩ ω_1 = M ∩ ω_1, but M ∩ ω_2 ≠ M ∩ ω_2.

The relevance to the present discussion is the following result.

Theorem 9.1. [50] If every stationary subset of [2^{ω1} ]^ω reflects, then CC^∗ is true.

The hypothesis CC^∗ implies that the set F described above contains a club regardless of the choice of the sequence ⃗e = ⟨e_β : β ∈ ω_2⟩ used to define it. In particular, we have the following result.

Theorem 9.2. [110] CC^∗ implies 2^{ℵ0} ≤ ℵ_2.

Next we turn to a conjecture made by Richard Rado who was motivated by an analogous theorem which he proved in finite combinatorics. Recall that an interval graph is the intersection graph of a collection of intervals in a linear order. Rado proved that if the chromatic number of an interval graph is greater than n, then there is a (necessarily complete) subgraph on n + 1 vertices which already has chromatic number greater than n [90]. He then made the following conjecture [91]:

RC: If an interval graph is not countably chromatic, then it has a subgraph of cardinality ℵ_1 which is not countably chromatic.

Todorcevic showed that Rado’s Conjecture is equivalent to the assertion that every nonspecial tree has a subset of cardinality ℵ_1 which is nonspecial. Here we recall that a tree of height ω_1 is special if it is a union of countably many antichains. Notice that there are many trees of cardinality continuum which have no uncountable branch and yet are non-special — the well ordered subsets of Q ordered by end extension and the tree of all closed subsets of a stationary co-stationary subset of ω_1 are two standard examples. Thus while Rado’s Conjecture implies a number of consequences of Martin’s Maximum, it is inconsistent with MA_{ℵ1} , which implies that all trees of cardinality ℵ_1 without uncountable branches are special [11].

Theorem 9.3. [105] If there is a supercompact cardinal, then there is a forcing extension in which Rado’s Conjecture is true. Moreover, the forcing extension can be arranged to satisfy either 2^{ℵ0} = ℵ_1 or 2^{ℵ0} = ℵ_2.

Theorem 9.4. [110] Rado’s Conjecture implies CC^∗ and that θ^{ℵ0} = θ whenever θ ≥ ℵ_2 is a regular cardinal. In particular, Rado’s Conjecture implies 2^{ℵ0} ≤ ℵ_2.

10. Woodin’s P_{max}-extension of L(R)

The hypothesis Martin’s Maximum discussed in Section 7 above has been highly successful in proving consistency results and developing a rich mathematical theory extending that axiomatized by ZFC. It has long been empirically observed that the theory of MM is quite close to being complete, at least as far as the theory of H(ℵ_2) is concerned. This is partially explained by the following recent result of Viale.

Theorem 10.1. [125] There is a strengthening MM^{+++} of MM^{++} which holds in the standard models for MM and with the property that any two generic extensions by NS_{ω1} -preserving forcings which satisfy MM^{+++} have the same theory for H(ℵ_2).

It has long been a mystery whether a result such as this can be proved if the assumption of preserving stationary sets is dropped. There is no known canonical model of MM and there is no known sense in which its theory is optimal or canonical.

Woodin’s P_{max}-extension of the model L(R) is motivated in part by these sorts of philosophical considerations. The next theorem is the starting point for the development of P_{max}.

Theorem 10.2. [100]^3 If there are a proper class of Woodin cardinals, then L(R)^V is elementarily embedded in L(R)^{V [G]} whenever G is V - generic for a set forcing. In particular, if there is a proper class of Woodin cardinals, then the theory of L(R) cannot be changed by forcing.

Notice that the inner model L(P(ω_1)) is correct about CH and that many mathematical statements which are independent of ZFC are actually assertions about what is true in this model. In light of Theorem

3The comment in the footnote to Theorem 2.1 applies here as well.

10.2, it is natural to speculate whether the theory of L(R) might be used to generate a canonical theory of L(P(ω_1)) which extends ZFC. Woodin has shown that this is indeed the case.

Theorem 10.3. [126] Assume there is a proper class of Woodin cardinals. In L(R) there is a forcing P_{max} with the following properties:

• P_{max} is homogeneous; • P_{max} is σ-closed;

• If G ⊆ P_{max} is L(R)-generic, then L(R)[G] satisfies AC; • If G ⊆ P_{max} is L(R)-generic and A ⊆ ω_1 is in L(R)[G] \ L(R), then L(R)[A] = L(R)[G].

• If ϕ is a Π_2-sentence in the language of the structure (H(ω_2), ∈, ω_1, NS_{ω1} )

and ϕ is Ω-consistent, then P_{max} forces H(ω_2) satisfies ϕ.

I will not define Ω-logic here; see [126] and also [7]. Suffice it to say that if ZFC proves that ϕ can be forced, then ϕ is Ω-consistent. Notice that since P_{max} is σ-closed, forcing with it does not change L(R). Since P_{max} is homogeneous, the theory of the generic extension coincides with the set of sentences which are forced by every condition. In particular, the theory of the generic extension does not depend on the generic filter and can be computed in the ground model. Furthermore, in the presence of a proper class of Woodin cardinals the theory of L(R) is fixed by forcing and hence the theory of the P_{max}-extension of L(R) is fixed as well.

Much of the theory of this generic extension has been worked out and it extends the known consequences of MM for the structure L(P(ω_1)). In particular, both theories include the equality 2^{ℵ0} = ℵ_2; this is explored in more detail in the next section. It remains an open problem whether the technical strengthening MM^{++} of Martin’s Maximum implies that L(P(ω_1)) is a P_{max}-extension of L(R); see [4], [70], [71], [125].

11. Simply definable well orderings of R

A highly nontrivial feature of the P_{max}-extension of L(R) is that it satisfies the Axiom of Choice. By contrast, in the presence of large cardinals, L(R) satisfies the Axiom of Determinacy which negates AC in a number of essential ways. (For instance AD implies all subsets of R satisfy the perfect set property, are Lebesgue measurable, and have the Baire Property.) Since the P_{max}-extension is of the form L(P(ω_1)), the task of verifying the Axiom of Choice reduces to exhibiting a well ordering of P(ω_1) which is definable in L(P(ω_1)).

Before proceeding, let us first note that in the presence of MA_{ℵ1} , there is a bijection between P(ω) and P(ω_1) which is definable over H(ω_2). This often reduces the task of defining a well ordering of P(ω_1) to the task of defining a well ordering of P(ω). There are many means of achieving this; one is Solovay’s almost disjoint coding.

Theorem 11.1. (see [52, 23A]) Assume MA_θ. If {A_ξ : ξ ∈ θ} is a family of infinite subsets of ω which have pairwise finite intersection and X ⊆ θ, then there is a Y ⊆ ω such that

X = {ξ ∈ θ : A_ξ ∩ Y is infinite}.

Woodin was the first to show that MM implied that L(P(ω_1)) contained a well ordering of R. This is done by mimicking the proof of Theorem 7.4 but utilizing a definable family of stationary subsets of ω_2. Suppose for a moment that S ⊆ ω_1 is stationary. Define S̃ ⊆ ω_2 to consist of all ordinals γ such that ω_1 ≤ γ < ω_2 and if E is a well ordering of ω_1 isomorphic to γ, then

{ν ∈ ω_1 : otp(E ↾ ν) ∈ S}

contains a club. That is, S̃ is the set of all γ ∈ [ω_1, ω_2) such that every condition in P(ω_1)/NS_{ω1} forces that γ ∈ j(S), where j is the induced generic elementary embedding. Observe that if S and T are disjoint, then so are S̃ and T̃ .

Theorem 11.2. [126, Ch.5] Assume MM. If S ⊆ ω_1 is stationary, then {γ ∈ S̃ : cof(γ) = ω} is also stationary.

Woodin’s coding principle can now be described as follows.

ϕ_{AC}: Whenever ⟨S_i : i ∈ ω⟩ and ⟨T_i : i ∈ ω⟩ are sequences of pairwise disjoint sets such that each T_i is stationary, there exists a continuous increasing sequence ⟨γ_ξ : ξ ∈ ω_1⟩ in ω_2 such that if ξ is in S_i, then γ_ξ is in T̃_i.

An immediate consequence of ϕ_{AC} is that if ⟨T_i : i ∈ ω⟩ is a sequence of pairwise disjoint stationary sets, then for every x ⊆ ω, there is a δ < ω_2 of cofinality ω_1 such that

x = {i ∈ ω : T̃_i ∩ δ is stationary}.

Let δ_x denote the least such ordinal. If we define x ◁ y to mean that δ_x < δ_y, then ◁ is a well ordering of P(ω) which is definable from the parameter ⟨T_i : i ∈ ω⟩.

Theorem 11.3. [126, Ch.5] MM implies ϕ_{AC} and ϕ_{AC} is true in the P_{max}-extension of L(R).

The following is a variation of ϕ_{AC} which has technical advantages in certain contexts.

ψ_{AC}: Suppose that S, T ⊆ ω_1 are stationary and co-stationary.

There exists an uncountable γ < ω_2 such that T corresponds to the truth value of the formula γ ∈ j(S) in the generic extension by the forcing P(ω_1)/NS_{ω1} .

Woodin has also shown that, like ϕ_{AC}, ψ_{AC} both is a consequence of MM and holds in the P_{max}-extension of L(R) [126, Ch.5].

A subtle point in the case of both ϕ_{AC} and ψ_{AC} is that, even though both sentences are in the language of (H(ω_2), ∈, ω_1) and both follow from MM, it is not clear if ZFC proves that an instance of these assertions can always be forced with a NS_{ω1} -preserving forcing (Woodin has showed that this is the case if a measurable cardinal exists [126, 10.95]). Todorcevic developed the following coding for this purpose, which relies instead on an ω_1-sequence of reals as a parameter.

θ_{AC}: If ⟨r_ξ : ξ ∈ ω_1⟩ is a sequence of distinct reals, then for every A ⊆ ω_1, there exist α < β < γ < ω_2 such that for some continuous ⊆-increasing sequence ⟨N_ξ : ξ < ω_1⟩ of countable sets which covers γ we have that for all ξ ∈ ω_1, ξ ∈ A if and only if

Δ(r_{Nξ ∩α}, r_{Nξ ∩β}) > Δ(r_{Nξ ∩β} , r_{Nξ∩γ} )

Here Δ(r, s) = min{n : r(n) ≠ s(n)} and r_N = r_{otp(N)} if N is a countable set of ordinals.

Theorem 11.4. [114] Any instance of θ_{AC} can be forced with an NS_{ω1} - preserving forcing. In particular, BMM implies θ_{AC} holds.

Previously Woodin had proved that BMM together with the existence of a measurable cardinal implies ψ_{AC} [126, 10.95]; Asperó previously proved (unpublished) that BMM implies d = ℵ_2.

The statements ϕ_{AC}, ψ_{AC}, and θ_{AC} all (seemingly) require the use of forcings which are improper — they destroy stationary subsets of [θ]^ω for some uncountable cardinal θ. They also a priori require substantial a large cardinal hypothesis for their consistency. The next combinatorial statement was isolated in [83]. It follows from the Proper Forcing Axiom and can be forced assuming only the existence of an inaccessible cardinal. In order to formulate the coding principle, we need the following specialized notation. For each countable limit ordinal δ, fix a ladder C_δ ⊆ δ. If M ⊆ N are countable sets of ordinals of limit ordertype and M is bounded in N, then define w(M, N) = |C_ν ∩ π(M)| where π : N → ν = otp(N) is the transitive collapse.

υ_{AC}: For every ladder system ⃗C on ω_1 and every A ⊆ ω_1 there is an uncountable δ < ω_2 and a continuous ⊆-chain ⟨N_ξ : ξ ∈ ω_1⟩ cofinal in [δ]^ω such that for all limit ν < ω_1, there is a ν̄ < ν such that if ν̄ < ξ < ν, then

w(N_ξ ∩ ω_1, N_ν ∩ ω_1) < w(N_ξ, N_ν ) iff N_ν ∩ ω_1 ∈ A.

This coding principle was the inspiration for the Mapping Reflection Principle (MRP) [83]. MRP implies υ_{AC} and played a central role in the solution to the basis problem for uncountable linear orders [79]. It also implies κ^{ℵ0} = κ for regular κ > ℵ_1 [123] and the failure of □(κ) for all regular κ > ℵ_1 [83].

A careful examination of the sentences ϕ_{AC}, ψ_{AC}, θ_{AC}, and υ_{AC} reveals that all yield a well ordering which is Σ_1-definable over the structure (H(ω_1), ∈, NS_{ω1} ). These sentences naturally define well orderings of P(ω_1)/NS_{ω1} and the the transference of this well ordering to one of P(ω_1) depends on a fixed partition of ω_1 into disjoint stationary sets. In [22], Caicedo and Veličković modified the ideas of [83] and combined them with those from [54] and [122] in order to remove the reference to the predicate NS_{ω1} . This improvement has important structural implications concerning models of MM and other forcing axioms.

Theorem 11.5. [22] BPFA implies there is a well ordering of R which is Δ_1-definable with a parameter which is a ladder system on ω_1.

The details require somewhat more specialized notation and rather than develop the coding here, we refer the reader to [22]. The Caicedo- Veličković coding also played an important role in the proof of Theorem 12.2 below.

12. Iterated forcing and the Continuum Hypothesis

It is somewhat rare to encounter consequences of CH which require an elaborate proof. Typically the argument proceeds by a diagonalization argument of length ω_1 in which a continuum of tasks are handled by appropriate book keeping. In some cases, however, the argument is more subtle and less effective.

The following theorem is a special case of the main result of [33].

Theorem 12.1. Suppose that if ⟨C_δ : δ ∈ lim(ω_1)⟩ is a ladder system and f : ω_1 → 2, then there is a function g : ω_1 → 2 such that for all limit ordinals δ, g ↾ C_δ ≡^∗ f(δ) (here g ≡^∗ n means that {ξ ∈ dom(g) : g(ξ) ≠ n} is finite). Then 2^{ℵ0} = 2^{ℵ1} and in particular CH is false.

To see why this is true, assume the hypothesis of the theorem and fix functions p, q : ω → ω such that n → (p(n), q(n)) is a surjection onto ω × ω and so that p(n + 1) ≤ n for all n. Given an f : ω_1 → 2, construct a sequence ⟨g_n : n ∈ ω⟩ by recursion such that g_0 = f and g_{n+1} : ω_1 → 2 satisfies:

g_{n+1} ↾ C_δ ≡^∗ g_{p(n)}(δ + q(n)).

It is now readily verified that

f → ⟨g_n ↾ ω : n ∈ ω⟩

is a one-to-one function.

It can be shown, however, that for any ladder system and any f, there is a forcing extension with the same reals (and hence the same ω_1) in which there is a g satisfying the conclusion of Theorem 12.1. This theorem therefore represents an obstruction to being able to iterate within a certain class of forcings while not introducing new reals. Theorem 7.5, which implies that if NS_{ω1} is saturated and there is a measurable cardinal then CH is false, is another example of this phenomenon: the forcing to seal antichains in P(ω_1)/NS_{ω1} does not add new reals.

The theory of iterated forcing in the presence of CH is much more complex than the theory of iterated forcing which preserves ω_1; see [98] and also [38]. One reason for this is that, unlike in the case of preserving ω_1, there is no heuristically largest class of forcings which we can iterate while preserving that no reals are added. This was first formally demonstrated in the course of proving the following result, which is in contrast to Theorem 10.3.

Theorem 12.2. [5] There are two Π_2-sentences ψ_0 and ψ_1 in the language of (H(ω_2), ∈, ω_1) such that for i = 0, 1

(H(ω_2), ∈, ω_1) |= ψ_i ∧ CH

can be forced if there is an inaccessible limit of measurable cardinals but such that ψ_0 ∧ ψ_1 implies 2^{ℵ0} = 2^{ℵ1} .

Since both ψ_0 and ψ_1 can be regarded as fragments of Martin’s Maximum, this result can be interpreted as saying that there is no strongest forcing axiom which is consistent with CH. The next result gives another consequence of CH which is also related to the breakdown of a theory of iterated forcing for not adding reals.

Theorem 12.3. [80] Assume CH. There is a tree T of height ω_1 with no cofinal branch such that T is completely proper as a forcing but such that {(s, t) ∈ T^2 : ht(s) = ht(t) but s ≠ t} is a countable union of antichains (i.e. T^2 is special off the diagonal).

Here complete properness is a condition which rules out the coding of Devlin and Shelah described in the beginning of this section. Shelah has shown [98] that this condition can be supplemented by quite different hypotheses in order to prove that reals are not introduced in iterated forcing constructions.

Theorem 12.3 shows in particular that CH implies that there is a Baire tree whose square is special off the diagonal; it is not known whether this is a theorem of ZFC. (A tree is Baire if the intersection of any countable family of dense open subsets is dense.)

13. The Semifilter Trichotomy

Next we will examine a combinatorial statement whose origins lie outside of set theory. While this statement has a wide variety of consequences and may imply 2^{ℵ0} = ℵ_2, it is incompatible with Martin’s Axiom (and in particular with MM). Consider the following two questions:

Question 13.1. Does the Čech-Stone remainder of [0, ∞) have only one composant?

Question 13.2. Is it impossible to express the ideal of compact operators on a separable Hilbert space as the sum of two smaller ideals?

(Recall here that a composant of a point in a continua is the union of all proper subcontinua which contain the point.) These questions have no apparent relationship to each other and indeed come from different areas of mathematics — continua theory and functional analysis, respectively. M.E. Rudin proved that under CH, the remainder of the half-line has more than one component [92]. Similarly, Blass and Weiss demonstrated that question 13.2 also has a negative answer under CH [20].

Blass and Weiss [20] isolated the following statement — now known as the Near Coherence of Filters (NCF) — which is equivalent to each of the above questions having a positive answer [15]:

NCF: If p and q are two nonprincipal ultrafilters on ω, then there is a finite-to-one map f : ω → ω such that βf(p) = βf(q).

This statement was soon after proved consistent by Shelah [18]. In fact, NCF holds in any forcing extension of a model of CH obtained by iterating rational perfect set forcing ℵ_2 times with countable supports [19].

It turns out that NCF is a consequence of an inequality involving cardinal invariants of the continuum. Recall that a family G of infinite subsets of ω is said to be groupwise dense if G is closed under modulo finite containment and whenever f : ω → ω is a finite-to-one function, there is an infinite set X ⊆ ω such that f^{−1}X is in G. The cardinal g is the minimum cardinality of a family of groupwise dense sets which have empty intersection. Recall that the cardinal u is the minimum cardinality of a base for a nonprincipal ultrafilter on ω.

Theorem 13.3. [17] The inequality u < g implies NCF.

This inequality holds in the models originally used to prove that NCF is consistent as well as the model obtained by iterating rational perfect set forcing. In fact u < g is equivalent to a strengthening of NCF known as the Semifilter Trichotomy: if S ⊆ [ω]^ω is closed under taking almost supersets then there is a finite-to-one function f : ω → ω such that {f^{′′}S : S ∈ S} is either a family of co-finite sets, an ultrafilter, or [ω]^ω [14] [68].

It is worth noting at this point that Larson has proved the following result, contrasting Theorem 3.3 above.

Theorem 13.4. [69] The Semifilter Trichotomy implies that medial limits do not exist.

Quite remarkably, u < g places rather strong restrictions on the other cardinal invariants of the continuum.

Theorem 13.5. [14] Assume u < g. Then u = b < g = d = c.

In [120], Todorcevic posed the following question in the context of Theorem 13.5.

Question 13.6. Does u < g imply u = ℵ_1?

Recently Shelah proved the following result:

Theorem 13.7. [96] The inequality g ≤ b^+ always holds.

Therefore Todorcevic’s question is equivalent to asking whether u < g implies 2^{ℵ0} = ℵ_2.

14. Open Problems

I will conclude this paper with a collection of open problems which in some way connect to the relationship between the continuum and the second uncountable cardinal. There are many themes represented in these problems:

• What are the simplest hypotheses which imply 2^{ℵ0} = ℵ_2? • Are there foundational principles which entail 2^{ℵ0} = ℵ_2? • Does classification ever necessitate 2^{ℵ0} = ℵ_2? • Are there consequences of 2^{ℵ0} = ℵ_2 which are verifiable?

The bulk of these questions concern the inequality 2^{ℵ0} < ℵ_3, although I have included some questions relating to ℵ_1 < 2^{ℵ0} as well.

Problem 14.1. (Todorcevic [108]) Does Todorcevic’s Open Coloring Axiom imply that the continuum is ℵ_2?

Problem 14.2. (Todorcevic; see [115]) Does the P-Ideal Dichotomy imply that the continuum is at most ℵ_2?

As noted above, both OCA and PID imply that b ≤ ℵ_2 because of their influence on gaps in ω^ω/fin.

In Section 6, we saw that it is possible to supplement OCA with another, related Ramsey-theoretic hypothesis OCA_{[ARS]} in order to prove 2^{ℵ0} = ℵ_2 [81]. It is similarly unknown if OCA_{[ARS]} implies that the continuum is ℵ_2, although the difficulties in this problem are of a different nature than in the case of OCA.

Problem 14.3. (Abraham, Rubin, Shelah [2]) Does the OCA_{[ARS]} imply that the continuum is ℵ_2?

It is natural to ask whether there is an analog of Theorem 12.2 for 2^{ℵ0} > ℵ_2.

Problem 14.4. Are there two Π_2-sentences in the language of the structure (H(ω_2), ∈, ω_1) which are each forcibly consistent with 2^{ℵ0} > ℵ_2 but whose conjunction implies 2^{ℵ0} ≤ ℵ_2?

Presumably if this question has a negative answer, then the reason for this is the existence of a P_{max}-like forcing extension of L(R) in which 2^{ℵ0} is large.

Problem 14.5. (Foreman, Magidor [49]) Assume that L(R) satisfies the Axiom of Determinacy. Is Θ^{L(R)} ≤ ω_3?

The relationship between the P_{max}-extension of L(R) and more conventional forcing extensions is still not well understood. For instance, the following problem remains unresolved.

Problem 14.6. (Woodin [126, Ch.11]) Is it possible to force, starting from a large cardinal hypothesis, that L(P(ω_1)) is a P_{max}-extension of L(R)?

Woodin conjectured that the existence of ω^2 Woodin cardinals sufficed for a positive answer. It is also interesting to ask whether this can be achieved by a semiproper forcing; this is closely related to the following question (compare to [126, 11.15]).

Problem 14.7. (Woodin [126, Ch.10]) Does MM^{++} imply that L(P(ω_1)) is a P_{max}-extension of L(R)?

The reader is referred to [4], [70], [71] for partial results concerning this problem.

Problem 14.8. (Woodin [126, §3.2]) Is it consistent with CH that the nonstationary ideal on ω_1 is saturated?

Problem 14.9. (Woodin [126, 11.7]) Assume that the nonstationary ideal on ω_1 is ℵ_1-dense. Must the continuum be ℵ_2?

Set-theoretic hypotheses which are needed to prove classification results about structures of cardinality ℵ_1 are closely related to those which imply that 2^{ℵ0} = ℵ_2.

Problem 14.10. (Moore [82]) Is there a consistent classification of structures which entails that the continuum is ℵ_2?

A candidate is the classification of Aronszajn lines. MM implies that this class is in many ways analogous to the class of countable linear orderings (see [73]): it has a two element basis [79], it has a universal element [84], and it is well quasi-ordered by embeddability [76]. Moreover, this development was precipitated by the discovery of a new proof that MM implies that 2^{ℵ0} = ℵ_2 [83].

Problem 14.11. (Moore [82]) Suppose the following are true: (a) every two ℵ_1-dense nonstationary Aronszajn lines are isomorphic or reverse isomorphic, (b) every Aronszajn line can be embedded into η_C , and (c) the class of Aronszajn lines is well quasi-ordered by embeddability. Must the continuum be ℵ_2?

The following problem is naturally suggested by the results of [14].

Problem 14.12. Does the Semi-Filter Trichotomy imply that the continuum is ℵ_2?

As noted above, this is equivalent to Todorcevic’s question which asks whether u < g implies u = ℵ_1.

While it is comparatively easy to influence the combinatorics of [ω_1]^{ω1} , more powerful forcings are required to alter the properties of the club filter on ω_1. This is illustrated, for instance, by the fact that the club filter in V generates the club filter in any generic extension

V [G] by a c.c.c. forcing. By contrast, MA_{ℵ1} has a substantial impact on the combinatorics of [ω_1]^{ω1} and can always be forced by a c.c.c. forcing. Since methods for producing models in which 2^{ℵ0} ≠ ℵ_2 via iterated forcing are more limited, it may be that 2^{ℵ0} ≠ ℵ_2 impacts the combinatorial properties of the club filter. This is the motivation behind the following question.

Problem 14.13. (Moore) Suppose that whenever ⟨D_α : α ∈ ω_1⟩ satisfies that D_α ⊆ α is closed for each α ∈ ω_1, then there is a club E ⊆ ω_1 such that for all limit α ∈ ω_1, there is a ᾱ < α such that (ᾱ, α) ∩ E is either contained in or disjoint from D_α. Must the continuum be ℵ_2?

The combinatorial assertion (μ) in this problem is an immediate consequence of MRP which itself does imply 2^{ℵ0} = 2^{ℵ1} = ℵ_2. Whether (μ) is consistent with CH seems to be a good test question for extending the theory of iterated forcing in the context of CH.

Next we turn to a pair of questions which concern whether certain consequences of 2^{ℵ0} ≤ ℵ_2 are verifiable. The first is a topological problem posed by Peter Nyikos.

Problem 14.14. (Nyikos [86]) Does there exist a separable, first countable, countably compact, noncompact Hausdorff space?

Notice that ω_1, with the order topology, satisfies all of the properties in the problem except separability. It is known that this question has a positive answer if either t = ℵ_1 or if b = 2^{ℵ0} . Since t ≤ b, any model in which this problem has a negative answer must necessarily satisfy 2^{ℵ0} > ℵ_2. A survey of this question can be found in [87].

The next question comes from partition calculus and Todorcevic’s and Veličković’s Ramsey-theoretic analysis of Martin’s Axiom [109] [121].

Problem 14.15. (Todorcevic [119, 9.3.2]) Is it true that

�_{ω3}

ω_3 � → �_ω ω �_{1,1} ω ? Here we recall that

�_θ θ � → �_ω ω �_{1,1} ω means that if f : θ × θ → ω is any function, then f is constant on the Cartesian product of two infinite sets. The least θ for which this is true is at most (2^{ℵ0} )^+. In fact any ZFC bound on this θ which does not involve cardinal exponentiation would be of interest. It is know that if

�_κ κ � ↛ �_ω ω �_{1,1} ω , then MA_κ is equivalent to the assertion that every κ sized subset of a c.c.c. partial order has a centered subset of cardinality κ [109]. It has also been shown that, in the presence of MA_{ℵ2} ,

�_{ω2}

ω_2 � → �_ω ω �_{1,1} ω is equivalent to Chang’s Conjecture [109].

I will finish the article with the following open-ended question: Is there a natural hypothesis which implies that the continuum is ℵ_3? The cardinal ℵ_3 is of course somewhat arbitrary — what is relevant is that it is accessible and greater than ℵ_2. It would not be of particularly great interest to adapt combinatorial statements which imply 2^{ℵ0} = ℵ_2 so that they imply 2^{ℵ0} = ℵ_3. (This may, however, be interesting at a technical level.) The point is that the proofs that 2^{ℵ0} = ℵ_2, from various hypotheses, all employ combinatorial ideas which cannot be modified to produce a proof of 2^{ℵ0} = ℵ_1. Typically these ideas concern the combinatorial properties of ℵ_1. Are there transcendent combinatorial phenomena at ℵ_2 which are related to proofs that 2^{ℵ0} = ℵ_3?

References

[1] U. Abraham, S. Shelah. Isomorphism types of Aronszajn trees. Israel J. Math., 50(1-2):75–113, 1985.

[2] U. Abraham, M. Rubin, S. Shelah. On the consistency of some partition theorems for continuous colorings, and the structure of ℵ_1-dense real order types. Ann. Pure Appl. Logic, 29(2):123–206, 1985.

[3] U. Abraham, S. Todorčević. Partition properties of ω_1 compatible with CH.

Fund. Math., 152(2):165–181, 1997.

[4] D. Asperó. Guessing and non-guessing of canonical functions. Ann. Pure Appl.

Logic, 146(2-3):150–179, 2007.

[5] D. Asperó, P. B. Larson, J, Tatch Moore. Forcing axioms and the continuum hypothesis. Acta Math., 210(1):1–29, 2013.

[6] J. Bagaria. Bounded forcing axioms and principles of generic absoluteness.

Arch. Math. Logic, 39(6):393–401, 2000.

[7] J. Bagaria, N. Castells, P. B. Larson. An Ω-logic primer. In Set theory, Trends Math., pages 1–28. Birkhäuser, Basel, 2006.

[8] J. E. Baumgartner. All ℵ_1-dense sets of reals can be isomorphic. Fund. Math., 79(2):101–106, 1973.

[9] Applications of the Proper Forcing Axiom. In Handbook of set-theoretic topology, 913–959. North-Holland, 1981.

[10] Chains and antichains in P (ω). J. Symbolic Logic, 45:85–92, 1980. [11] J. Baumgartner, J. Malitz, W. Reinhardt. Embedding trees in the rationals.

Proc. Nat. Acad. Sci. U.S.A., 67:1748–1753, 1970.

[12] J. E. Baumgartner, A. D. Taylor. Saturation properties of ideals in generic extensions. I. Trans. Amer. Math. Soc., 270(2):557–574, 1982.

[13] M. Bekkali. Topics in Set Theory: Lebesgue measurability, large cardinals, forcing axioms, ρ-functions, Notes on lectures by Stevo Todorčević. Lecture Notes In Mathematics, 1476, Springer-Verlag, Berlin, 1991.

[14] A. Blass. Groupwise density and related cardinals. Arch. Math. Logic, 30(1):1– 11, 1990.

[15] Near coherence of filters. II. Applications to operator ideals, the Stone- Čech remainder of a half-line, order ideals of sequences, and slenderness of groups. Trans. Amer. Math. Soc., 300(2):557–581, 1987.

[16] Selective ultrafilters and homogeneity. Ann. Pure Appl. Logic, 38(3):215–255, 1988.

[17] A. Blass, C. Laflamme. Consistency results about filters and the number of inequivalent growth types. J. Symbolic Logic, 54(1):50–56, 1989.

[18] A. Blass, S. Shelah. There may be simple P_{ℵ1} - and P_{ℵ2} -points and the Rudin- Keisler ordering may be downward directed. Ann. Pure Appl. Logic, 33(3):213– 243, 1987.

[19] A. Blass, S. Shelah. Near coherence of filters. III. A simplified consistency proof. Notre Dame J. Formal Logic, 30(4):530–538, 1989.

[20] A. Blass, G. Weiss. A characterization and sum decomposition for operator ideals. Trans. Amer. Math. Soc., 246:407–417, 1978.

[21] J. Brendle, P. B. Larson, S. Todorcevic. Rectangular axioms, perfect set properties and decompositions. Bull. Cl. Sci. Math. Nat. Sci. Math., 33:91–130, 2008.

[22] A. E. Caicedo, B. Veličković. The bounded proper forcing axiom and well orderings of the reals. Mathematical Research Letters, 13(3):393–408, 2006.

[23] G. Cantor. Ein Beitrag zur Mannigfaltigkeitslehre. Journal für die Reine und Angewandte Mathematik, 37:127–142, 1887.

[24] G. Choquet. Construction d’ultrafiltres sur N. Bull. Sci. Math. (2), 92:41–48, 1968.

[25] Deux classes remarquables d’ultrafiltres sur N. Bull. Sci. Math. (2), 92:143–153, 1968.

[26] J. P. R. Christensen. Topology and Borel structure. North-Holland Publishing Co., Amsterdam-London; American Elsevier Publishing Co., Inc., New York, 1974. Descriptive topology and set theory with applications to functional analysis and measure theory, North-Holland Mathematics Studies, Vol. 10. (Notas de Matemática, No. 51).

[27] J. Cummings. Compactness and incompactness phenomena in set theory. In Logic Colloquium ’01, Lecture Notes in Logic, 20:139–150, Assoc. Symbol. Logic, Urbana, IL, 2005.

[28] Large cardinal properties of small cardinals. In Set theory (Curaçao, 1995; Barcelona, 1996), 23–39. Kluwer Acad. Publ., Dordrecht, 1998.

[29] J. Cummings, M. Foreman, M. Magidor. Squares, scales and stationary reflection. J. Math. Log., 1(1):35–98, 2001.

[30] H. G. Dales, J. Esterle. Discontinuous homomorphisms from C(X). Bull.

Amer. Math. Soc., 83(2):257–259, 1977.

[31] H. G. Dales, W. H. Woodin. An introduction to independence for analysts.

London Mathematical Society Lecture Note Series, 115, Cambridge University Press, Cambridge, 1987.

[32] K. Devlin. A Yorkshireman’s guide to proper forcing. London Mathematical Society Lecture Note Series, 87:60–115, Cambridge University Press, Cambridge, 1983.

[33] K. Devlin, S. Shelah. A weak version of ♦ which follows from 2^{ℵ0} < 2^{ℵ1} . Israel Journal of Math, 29(2–3):239–247, 1978.

[34] C. A. Di Prisco, S. Todorcevic. Perfect-set properties in L(R)[U]. Adv. Math., 139(2):240–259, 1998.

[35] A. Dow, K. P. Hart. The measure algebra does not always embed. Fund. Math., 163(2):163–176, 2000.

[36] B. Dushnik, E. W. Miller. Concerning similarity transformations of linearly ordered sets. Bull. Amer. Math. Soc., 46:322–326, 1940.

[37] T. Eisworth. Selective ultrafilters and ω → (ω)^ω . Proc. Amer. Math. Soc., 127(10):3067–3071, 1999.

[38] T. Eisworth, J, Tatch Moore. Iterated forcing and the Continuum Hypothesis. In Appalachian set theory 2006-2012, London Math Society Lecture Notes Series, 406:207–244. Cambridge University Press, 2013.

[39] J. Esterle. Kaplansky’s and Michael’s problems: a survey. Ann. Funct. Anal., 3(2):66–88, 2012.

[40] I. Farah. All automorphisms of the Calkin algebra are inner. Ann. of Math.

(2), 173(2):619–661, 2011.

[41] Analytic quotients: theory of liftings for quotients over analytic ideals on the integers. Mem. Amer. Math. Soc., 148(702), 2000.

[42] Dimension phenomena associated with βN-spaces. Topology Appl., 125(2):279–297, 2002.

[43] V. V. Fedorčuk. A bicompactum whose infinite closed subsets are all ndimensional. Mat. Sb. (N.S.), 96(138):41–62, 167, 1975.

[44] S. Feferman, H. M. Friedman, P. Maddy, J. R. Steel. Does mathematics need new axioms? Bull. Symbolic Logic, 6(4):401–446, 2000.

[45] Q. Feng. Homogeneity for open partitions of pairs of reals. Trans. Amer. Math.

Soc., 339(2):659–684, 1993.

[46] M. Foreman. Has the continuum hypothesis been settled? Logic Colloquium ’04, Lecture Notes in Logic, 24:56-75. Association for Symbolic Logic, 2006.

[47] Ideals and generic elementary embeddings In Handbook of set theory, volume 2, 885-1147. Springer, 2010.

[48] Potent axioms Trans. Amer. Math. Soc., 294(1):1–28, 1986. [49] M. Foreman, M. Magidor. Large cardinals and definable counterexamples to the continuum hypothesis Ann. Pure Appl. Logic, 76(1):47–97, 1995.

[50] M. Foreman, M. Magidor, S. Shelah. Martin’s Maximum, saturated ideals, and nonregular ultrafilters. I. Ann. of Math. (2), 127(1):1–47, 1988.

[51] M. Foreman, S. Todorcevic. A new Löwenheim-Skolem theorem. Trans. Amer.

Math. Soc., 357(5):1693–1715, 2005.

[52] D. H. Fremlin. Consequences of Martin’s Axiom. Cambridge University Press, 1984.

[53] F. Galvin. Chain conditions and products. Fund. Math., 108(1):33–48, 1980. [54] M. Gitik. Nonsplitting subset of P_κ(κ^+). J. Symbolic Logic, 50(4):881–894 (1986), 1985.

[55] K. Gödel. What is Cantor’s continuum problem? Amer. Math. Monthly, 54:515–525, 1947.

[56] Some considerations leading to the probable conclusion that the true power of the continuum is ℵ_2. In Kurt Gödel: collected works, v. III, 420–422, Oxford University Press, Oxford, 1995.

[57] F. Hausdorff. Die Graduierung nach dem Endverlauf. Abhandlungen König.

Sächsische Gesellschaft Wissenschaften, Math.-Phys. Kl., 296–334, 1909. [58] R. Haydon. On dual L^1-spaces and injective bidual Banach spaces. Israel J.

Math., 31(2):142–152, 1978.

[59] W. Hurewicz. Une remarque sur l’hypothèse du continu. Fund. Math., 19:8–9, 1932.

[60] W. Just. A modification of Shelah’s oracle-c.c. with applications. Trans. Amer.

Math. Soc., 329(1):325–356, 1992.

[61] A weak version of AT from OCA. In Set theory of the continuum (Berkeley, CA, 1989), Math. Sci. Res. Inst. Publ., 26:281–291, Springer, New York, 1992.

[62] W. Just, A. Krawczyk. On certain Boolean algebras P(ω)/I. Trans. Amer.

Math. Soc., 285(1):411–429, 1984.

[63] A. Kanamori. The Higher Infinite: Large cardinals in set theory from their beginnings. Springer Monographs in Mathematics, Springer-Verlag, Berlin, second edition, 2003.

[64] I. Kaplansky. Normed algebras. Duke Math. J., 16:399–418, 1949. [65] K. Kunen. A compact L-space under CH. Topology Appl., 12(3):283–287, 1981. [66] Some points in βN. Math. Proc. Cambridge Philos. Soc., 80(3):385– 398, 1976.

[67] Dj. Kurepa. Ensembles ordonnés et ramifiés. Publ. Math. Univ. Belgrade, 4:1– 138, 1935.

[68] C. Laflamme. Equivalence of families of functions on the natural numbers.

Trans. Amer. Math. Soc., 330(1):307–319, 1992.

[69] P. B. Larson. The filter dichotomy and medial limits. J. Math. Log., 9(2):159– 165, 2009.

[70] Martin’s maximum and definability in H(ℵ_2). Ann. Pure Appl. Logic, 156(1):110–122, 2008.

[71] Martin’s maximum and the P_{max} axiom. Ann. Pure Appl. Logic, 106(1- 3):135–149, 2000.

[72] The stationary tower: notes on a course by W. Hugh Woodin, In University Lecture Series, 32, American Mathematical Society, Providence, RI, 2004.

[73] R. Laver. On Fraïssé’s order type conjecture. Ann. of Math. (2), 93:89–111, 1971.

[74] P. Maddy. Believing the axioms. I. J. Symbolic Logic, 53(2):481-511, 1988. [75] Believing the axioms. II. J. Symbolic Logic, 53(3):736-764, 1988. [76] C. Martinez-Ranero. Well-quasi-ordering Aronszajn lines. Fund. Math., 213(3):197–211, 2011.

[77] A. R. D. Mathias. Happy families. Ann. Math. Logic, 12(1):59–111, 1977. [78] P. A. Meyer. Limites médiales, d’après Mokobodzki. In Séminaire de Probabilités, VII (Univ. Strasbourg, année universitaire 1971–1972), Lecture Notes In Math, 321:198–204, Springer, Berlin, 1973.

[79] J. Tatch Moore. A five element basis for the uncountable linear orders. Ann.

of Math. (2), 163(2):669–688, 2006.

[80] Forcing axioms and the continuum hypothesis. Part II: transcending ω_1-sequences of real numbers. Acta Math., 210(1):173–183, 2013.

[81] Open colorings, the continuum and the second uncountable cardinal.

Proc. Amer. Math. Soc., 130(9):2753–2759, 2002.

[82] The Proper Forcing Axiom. Proceedings of the 2010 ICM, Hyderabad, India, 2:3–29, Hindustan Book Agency, 2010.

[83] Set mapping reflection. J. Math. Log., 5(1):87–97, 2005. [84] A universal Aronszajn line. Math. Res. Lett., 16(1):121–131, 2009. [85] M. Morayne. On differentiability of Peano type functions. Colloq. Math., 48(2):261–264, 1984.

[86] P. Nyikos. Progress on countably compact spaces. In General topology and its relations to modern analysis and algebra, VI (Prague, 1986), Res. Exp. Math., 16:379–410, Heldermann, Berlin, 1988.

[87] On first countable, countably compact spaces. III. The problem of obtaining separable noncompact examples. In Open problems in topology, 127– 161, North-Holland, Amsterdam, 1990.

[88] I. I. Parovičenko. On a universal bicompactum of weight ℵ. Dokl. Akad. Nauk SSSR, 150:36–39, 1963.

[89] N. C. Phillips, N. Weaver. The Calkin algebra has outer automorphisms. Duke Math. J., 139(1):185–202, 2007.

[90] R. Rado. Covering theorems for ordered sets. Proc. London Math. Soc. (2), 50:509–535, 1949.

[91] Theorems on intervals of ordered sets. Discrete Math., 35:199–201, 1981.

[92] M. E. Rudin. Composants and βN. In Proc. Washington State Univ. Conf.

on General Topology (Pullman, Wash., 1970), pages 117–119. Pi Mu Epsilon, Dept. of Math., Washington State Univ., Pullman, Wash., 1970.

[93] W. Rudin. Homogeneity problems in the theory of Čech compactifications.

Duke Math. J., 23:409–419, 1956.

[94] S. Shelah. Cardinal arithmetic. Oxford Logic Guides, 29, The Clarendon Press, Oxford University Press, New York, 1994.

[95] Decomposing uncountable squares to countably many chains. J. Combinatorial Theory Ser. A, 21(1):110–114, 1976.

[96] Groupwise density cannot be much bigger than the unbounded number.

MLQ Math. Log. Q., 54(4):340–344, 2008.

[97] Proper forcing. Lecture Notes in Mathematics, 940. Springer-Verlag, Berlin, 1982.

[98] Proper and Improper Forcing. Springer-Verlag, Berlin, second edition, 1998.

[99] Reflection implies the SCH. Fund. Math., 198(2):95–111, 2008. [100] S. Shelah, W. H. Woodin. Large cardinals imply that every reasonably definable set of reals is Lebesgue measurable. Israel J. Math., 70(3):381–394, 1990.

[101] W. Sierpiński. Hypothèse du continu. Chelsea Publishing Company, New York, N. Y., 1956. 2nd ed.

[102] R. Solovay, S. Tennenbaum. Iterated Cohen extensions and Souslin’s problem.

Ann. of Math., 94:201–245, 1971.

[103] J. R. Steel, S. Zoble. Determinacy from strong reflection. Trans. Amer. Math.

Soc., 366(8):4443–4490, 2014.

[104] M. Talagrand. Séparabilité vague dans l’espace des mesures sur un compact.

Israel J. Math., 37(1-2):171–180, 1980.

[105] S. Todorcevic. On a conjecture of R. Rado. J. London Math. Soc. (2), 27(1):1– 8, 1983.

[106] Remarks on chain conditions in products. Composito Math., 55(3):295–302, 1985.

[107] Directed sets and cofinal types. Trans. Amer. Math. Soc., 209:711– 723, 1985.

[108] Partition Problems In Topology. Amer. Math. Soc., 1989.

[109] Remarks on Martin’s axiom and the continuum hypothesis. Canad.

J. Math., 43(4):832–851, 1991.

[110] Conjectures of Chang and Rado and cardinal arithmetic. In Finite and infinite combinatorics in sets and logic, of NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 411:385–398, Kluwer Acad. Publ., 1993.

[111] A classification of transitive relations on ω_1. Proc. London Math. Soc.

(3), 73(3):501–533, 1996.

[112] Comparing the continuum with the first two uncountable cardinals. In Logic and scientific methods (Florence, 1995), 145–155. Kluwer Acad. Publ., Dordrecht, 1997.

[113] A dichotomy for P-ideals of countable sets. Fund. Math., 166(3):251– 267, 2000.

[114] Generic absoluteness and the continuum. Mathematical Research Letters, 9:465–472, 2002.

[115] Notes on Forcing Axioms, volume 26 of Lecture Notes Series, Institute for Mathematical Sciences, National University of Singapore. World Scientific, Singapore, 2014.

[116] Partitioning Pairs Of Countable Ordinals. Acta Math., 159(3–4):261– 294, 1987.

[117] Oscillations of real numbers. In Logic colloquium ’86 (Hull, 1986), Stud. Logic Found. Math., 124:325–331. North-Holland, Amsterdam, 1988.

[118] Reflecting stationary sets. handwritten notes, October 1984. [119] Walks on ordinals and their characteristics. Progress in Mathematics, 263, Birkhäuser, 2007.

[120] S. Todorchevich, I. Farah,. Some applications of the method of forcing. Yenisei, Moscow, 1995.

[121] S. Todorcevic, B. Veličković. Martin’s Axiom and partitions. Compositio Math., 63(3):391–408, 1987.

[122] B. Veličković. Forcing axioms and stationary sets. Adv. Math., 94(2):256–284, 1992.

[123] M. Viale. The proper forcing axiom and the singular cardinal hypothesis.

Jour. Symb. Logic, 71(2):473–479, 2006.

[124] A family of covering properties. Math. Res. Lett., 15(2):221–238, 2008. [125] Category forcings, MM^{+++}, and generic absoluteness for the theory of strong forcing axioms. Jour. Amer. Math. Soc., published electronically August 19, 2015, DOI: http://dx.doi.org/10.1090/jams/844 (to appear in print).

[126] W. H, Woodin. The Axiom of Determinacy, Forcing Axioms, and the Nonstationary Ideal. Logic and its Applications. de Gruyter, 1999.

[127] The continuum hypothesis. I. Notices Amer. Math. Soc., 48(6):567– 576, 2001.

[128] The continuum hypothesis. II. Notices Amer. Math. Soc., 48(7):681– 690, 2001.

[129] Strong axioms of infinity and the search for V . Proceedings of the 2010 ICM, Hyderabad, India, 1:504–528, Hindustan Book Agency, 2010.

Department of Mathematics, Cornell University, Ithaca, NY 14853– 4201, USA

E-mail address: justin@math.cornell.edu