WEAK UNCERTAINTY PRINCIPLE FOR FRACTALS, GRAPHS AND METRIC MEASURE SPACES

KASSO A. OKOUDJOU AND ALEXANDER TEPLYAEV^∗

Abstract. We develop a new approach to formulate and prove the weak uncertainty inequality which was recently introduced by Okoudjou and Strichartz. We assume either an appropriate measure growth condition with respect to the effective resistance metric, or, in the absence of such a metric, we assume the Poincaré inequality and inverse volume doubling property. Our results can be applied to a wide variety of metric measure spaces, including graphs, fractals and manifolds.

Contents

1. Introduction 1 2. Main results 3 3. Graphs, manifolds and compact spaces 7 4. Applications and examples 8 4.1. Sierpiński gasket and p.c.f. fractals 8 4.2. Sierpiński graphs 9 4.3. Uniform finitely ramified graphs 10 4.4. Sierpiński carpets and graphical Sierpiński carpets 10 4.5. Metric measure spaces and heat kernel estimates 10 References 11

1. Introduction

The weak uncertainty inequality recently introduced in [24] for functions defined on p.c.f. fractals in general, and on the Sierpiński gasket in particular, obeys the same philosophy as the classical uncertainty principle: it is impossible for any non zero function to have a small energy and to be highly localized in space. We refer to [11, 25, 26, 34, 35] for more background on uncertainty principles. However, the existence of localized eigenfunctions on some of these fractals (see [9, 10, 30, 36]), is a main obstacle in proving any analogue of the classical Heisenberg inequality. In this paper we introduce a new approach to prove weak uncertainty principles for functions defined on metric measure spaces equipped with a Dirichlet (or energy) form, and

Date: October 26, 2005.

2000 Mathematics Subject Classification. Primary 28A80, 42C99; Secondary 26D99. Key words and phrases. uncertainty principle, p.c.f. fractal, Heisenberg’s inequality, measure metric spaces, Poincaré inequality, self-similar graphs, Sierpiński gasket, uniform finitely ramified graphs._∗

Supported in part by NSF grant DMS-0505622. 1

which include certain fractals and fractal graphs such as the Sierpiński lattice. More precisely, we show that the weak uncertainty principle holds on all spaces equipped with an effective resistance metric and a measure satisfying an appropriate growth condition. Additionally, we show that if instead of the existence of an effective resistance metric on the space, we assume that a Poincaré-type inequality holds along with another appropriate growth condition on the measure, then it is also possible to prove the weak uncertainty principles in this setting. In particular, our results show that the self-similarity of the measure, which was heavily used in [24], can be replaced by weaker conditions.

In order to formulate any uncertainty inequality, one has to define measures of space and frequency concentration. For example, for complex-valued functions on R the classical Heisenberg Uncertainty Principle is V ar(|f̂(ξ)|^2)V ar(|f(x)|^2) ⩾ 1 16π^2 for any function of f ∈ L^2(R) such that ‖f‖_2 = 1 and where f̂ denotes the Fourier transform on R. This inequality can be rewritten in the following form ∫ R ∫ R |x − y|^2|f(x)|^2 |f(y)|^2 dx dy ∫ R |f^′(x)|^2 dx ⩾ 1 8 for any function of L^2 norm one. We refer to the survey article [11] for more information on the uncertainty principle.

In this paper we consider a metric measure space (K, d, μ), that is (K, d) is a metric space equipped with a Borel measure μ. If E_K is an energy form on this metric measure space, then we will say that a weak uncertainty principle holds on K if the following estimate (1) V ar_K (u) E_K(u, u) ⩾ C holds for any function u ∈ L^2(K) ⋂ Dom(E) such that ‖u‖_L2 = 1. Here C is a constant independent of u, and the spacial variance is defined by

(2) V ar_K (u) = ∫∫ K×K d(x, y)^{b+1}|u(x)|^2 |u(y)|^2 dμ(x) dμ(y), where b is an exponent which often plays the role of a dimension.

The central question of our paper is the relation between d, b, μ and E_K which implies a weak uncertainty principle as long as the measure μ satisfies an appropriate growth condition. We formulate sufficient conditions in two situations. The first one is when d is the so called effective resistance metric on K with certain scaling properties, which is particularly useful in analysis on fractals and fractal graphs; see [3, 16, 17] for more on the effective resistance metric. As a byproduct of our result in this case not only we provide a different and simpler proof of [24, Theorems 1 and 2], but also extend it to all p.c.f. fractals [15, 17] and fractal graphs [8, 12, 13, 14, 18, 20, 21], as well as to modifications of them such as some fractafolds. Additionally, our result recovers the classical Heisenberg Uncertainty Principle in R, although not with the best constant. The second situation is when we deal with spaces on which an effective resistance metric does not exist. In this case we assume that there is a certain scaling in Poincaré’s inequality, which allows us to prove our result. This latter result is applicable for a wide variety of metric measure spaces, ranging from graphs, to elliptic operators on manifolds. Note that, in this case, the number b appearing in (2) cannot, in general, be interpreted as a dimension in the usual sense. However, b will often represent the so-called walk dimension that appears frequently in recent works on heat kernel estimates (see [8] and references therein). One of the features of our results is their robustness. For example, since the weak uncertainty principle holds for the Sierpiński graphs, it also holds for the manifolds with similar structures, e.g., the fractal-like manifolds considered in [19].

Our paper is organized as follows. In Section 2 we state and prove our main results. To this end, we first make explicit the main assumptions needed on the measure, and the metric of the underlying spaces under consideration. In Section 3 we modify our main results so that they are applicable to spaces where global and local structure can be significantly different, such as graphs, manifolds and compact spaces. Section 4 describes a few metric measure spaces for which the main results of Sections 2 and 3 can be applied: p.c.f. fractals, uniform finitely ramified graphs, Sierpiński carpets, fractal-like manifolds. We also discuss relation with recent results on the heat kernel estimates on metric measure spaces.

Acknowledgments. The authors are grateful to Robert Strichartz and Richard Bass for helpful discussions.

2. Main results

Let (K, d) be a metric space equipped with a measure μ and an energy (or Dirichlet) form E_K . We denote by B_r(x) the ball with center x and radius r in the metric d. To simplify notation, we presume that the L^2-norm is infinite if a function is not square integrable, and that the energy form is infinite if a function is not in its domain.

We assume that the space (K, d, μ) is in one of the following two categories:

Category I: the metric d is the effective resistance metric on K, defined by (6), and there exist two positive constants C_1, C_2 such that for all x and for all r > 0 the following inequalities hold:

(3) C_1r^b < μ(B_r(x)) < C_2r^b.

For the spaces in this category, the constant b in the last inequality is usually the Hausdorff dimension of (K, d).

Category II: the energy form E_K on K satisfies the following Poincaré inequality for all locally square integrable functions (4) ∫ B_r(y) (u(x) − ū_{Br (y)})^2dμ(x) ≤ C_2r^γ E_K (u, u),

where ū_{Br (y)} is the average of u over B_r(y), and γ and C_2 are some positive constants; additionally, the measure μ is assumed to satisfy the “inverse volume doubling property”, that is there exists a positive constant C_1 > 1 such that for all x ∈ K and r > 0 we have

(5) C_1μ(B_r(x)) < μ(B_{2r}(x)).

Note that in general, and as opposed to the spaces in Category I, the constant γ in (4) may not represent any sort of dimension of the space (K, d). However, in some of the examples we consider later, γ can be interpreted as the so called walk dimension (see [4, 8] and references therein). Note also that for spaces in this category, we will take b = γ in (2).

We point out that, when the effective resistance metric exists, it is related to the energy form E_K by

(6) d(x, y) = sup E^{−1}_K (u, u),

where the supremum is taken over all functions u such that u(x) = 1, u(y) = 0. The existence of the effective resistance metric is a nontrivial problem, see [2, 3, 4, 5, 16, 17]; in particular, it is worth noticing that there are spaces without an effective resistance metric, e.g., R^n with n ⩾ 2. However, on p.c.f. fractals and on some Sierpiński carpets, which are “not far from being one dimensional”, it is known that the effective resistance metric does exist (see Subsection 4.4).

Finally, note that in either category, the measure μ is not necessarily a self-similar measure. But if it is self-similar, then the measure weights and the resistance scaling weights are related by a power law.

One can see that, by a simple scaling argument, we have b = 1 in Category II if K = R^n , n ⩾ 1, as well as in Category I if K = R^1 .

Remark 1. It is implicit from the definitions that spaces in Category I or Category II are assumed to be unbounded, and that they are equipped with measures having no atoms. Moreover, the global and local properties of these spaces are comparable in a certain sense. However, with small modifications our main result below still applies to bounded spaces, manifolds, and spaces equipped with measures possessing atoms (graphs, for example) etc. To deal properly with these situations, we make small changes in the definitions of category I and Category II spaces in Section 3.

Remark 2. Note that in Category II the so called energy form E does not have to be a Dirichlet form, but just a non negatively defined quadratic form on L^2_μ.

The main result of our paper is the following theorem.

Theorem 1. Let K be a space equipped with a measure μ and a metric d. Assume that the metric measure space (K, d, μ) is either in the Category I or in the Category II. Then there exists a positive constant C such that for all u ∈ L^2(K) with ‖u‖_2 = 1 one has V ar_K (u)E_K(u, u) ⩾ C. Proof. We first give the proof when the metric measure space (K, d, μ) is in Category I. Denote a = b + 1 and V ar_K (u) = v. Then there exists y such that ∫ K d^a(x, y)u^2(x)dμ(x) ⩽ v.

Let r be defined by (7) r = sup { s : ∫ B_s(y) u^2(x)dμ(x) ⩽ 1 2 } . For each s > 0 such that ∫ B_s(y) |u(x)| 2 dμ(x) ⩽^1_2 , we have v ⩾ ∫ K−B_s(y) d(x, y)^a |u(x)|^2 dμ(x) ⩾ r^a ∫ K−B_s(y) |u(x)|^2 dμ(x), and the definition of r implies that (8) r^a ⩽ 2v. Moreover, by (3) there is c > 1 such that (9) μ(B_{cr}(y)) > 8C_2r^b.

Note that the definition of r also implies that (10) ∫ B_r (y) u^2(x)dμ(x) ⩾ 1 2 which together with (3) yields max_{Br (y)} u^2(x) ≥ 1 2C_2r^b . Additionally, since ‖u‖_2 = 1 and using (9) we see that min B_{cr} (y) u^2(x) ≤ 1 8C_2r^b . Consequently, there are x_1, x_2 ∈ B_{cr} such that (u(x_1) − u(x_2))^2 ≥ 1 8C_2r^b . Thus, by the definition of the effective resistance metric, E_K (u, u) ⩾ (u(x_1) − u(x_2))^2 d(x_1, x_2) ≥ 1 16C_2crr^b . Using now (8) we conclude that vE_K(u, u) ≥ v C_4v^{b+1}a = v C_4v = 1 C_4 , where we have used the fact a = b + 1.

Now assume that the metric measure space (K, d, μ) is in Category II. Recall that in this case we take b = γ in the definition of the variance (2). The proof is similar to the above proof, with the main difference that there exists no effective resistance metric relating the energy to the distance d. Thus we need to make some changes and use Poincaré’s inequality (4) in place of the effective resistance metric. We use the same notations as above. Note that (5) implies the existence of a positive constant

c > 1, such that

(11) T = μ(B_{cr}(y)) μ(B_r(y)) > 8.

Recall also that using (7) we proved the following

S = ∫ B_r(y) u^2(x)dμ(x) ⩾ 1 2 .

The following estimates hold: | | | | | | ∫ B_{cr}(y) u(x)dμ(x) | | | | | | ≤ | | | | | | ∫ B_r (y) u(x)dμ(x) | | | | | | + | | | | | | ∫ B_{cr}(y)\B_r (y) u(x)dμ(x) | | | | | | ≤ √ Sμ(B_r(y)) + √ (1 − S)(T − 1)μ(B_r(y)). Now if we maximize the last inequality over S ≥^1_2 we get | | | | | | ∫ B_{cr} (y) u(x)dμ(x) | | | | | | ⩽ (1 + √ T − 1) √ 1 2 μ(B_r(y)),

or equivalently

‖ū_{Bcr(y)}‖ ⩽ 1 + √ T − 1 T √ 1 2μ(B_r(y)) .

Hence ‖ū_{Bcr(y)}‖_L2_{Bcr (y)} ⩽ (1 + √ T − 1) √ 1 2T . Maximizing this last estimate over T ≥ 8 we obtain

‖ū_{Bcr(y)}‖_L2_{Bcr (y)} ⩽ 1 + √ 7 4 < 1.

Therefore, by (4) we see that C_3c^ar^aE_K (u, u) ≥ ∫ B_{cr} (y) (u(x) − ū_{Br(y)})^2dμ(x) = ‖u − ū_{Bcr(y)}‖^2_L2_{Bcr (y)} ⩾ ( ‖u‖_L2_{Bcr(y)} − ‖ū_{Bcr(y)}‖_L2_{Bcr(y)} )_2

⩾ ( 3 − √ 7 4 )_2

= δ > 0. Thus, by (8) we have vE_K (u, u) ≥ δ v C_3c^ar^a ≥ v C_4v = 1 C_4 , which concludes the proof. Note that in this case a = γ + 1. □

3. Graphs, manifolds and compact spaces As mentioned above, Theorem 1 implicitly assumes that the space K is unbounded.

Thus, for bounded metric measure spaces we introduce the following Category I_{bdd} and Category II_{bdd}, and the weak uncertainty principle takes a different form. Note however that its proof is identical to the previous one, and so we omit it.

When dealing with bounded spaces, we require that they belong to one of the following categories:

Category I_{bdd}: the metric d is the effective resistance metric, and there exist three positive constants C_0, C_1, C_2 such that for all x and for all 0 < r < C_0 the following inequalities hold:

(12) C_1r^b < μ(B_r(x)) < C_2r^b.

For the spaces in this category, the constant b in the last inequality is usually the Hausdorff dimension of (K, d).

Category II_{bdd}: the energy form E_K on K satisfies the following Poincaré inequality:

(13) ∫ B_r(y) (u(x) − ū_{Br (y)})^2dμ(x) ≤ C_2r^γ E_K (u, u), where ū_{Br(y)} is the average of u over B_r(y), γ and C_2 are some positive constants; the measure μ satisfies the “inverse volume doubling property”, that is there exist positive constants C_0 > 0 and C_1 > 1 such that for all x ∈ K and 0 < r < C_0 (14) C_1μ(B_r(x)) < μ(B_{2r}(x)).

Note that the constant γ appearing in (13) has the same meaning as in the definition of Category II.

Theorem 2. Let K be a space equipped with a measure μ and a metric d. Assume that the metric measure space (K, d, μ) is either in the Category I_{bdd} or in the Category II_{bdd}. Then there exist positive constants C^′_0 and C such that for all u ∈ L^2(K) with ‖u‖_2 = 1 one has V ar_K (u)E_K (u, u) ⩾ C provided V ar_K (u) < C^′_0.

Similarly, when dealing with spaces where the local structure is significantly different from the global one, for instance, manifolds, graphs and spaces equipped with measure having atoms, we require them to belong to one of the following categories:

Category I_{grph}: the metric d is the effective resistance metric, and there exist three positive constants C_0, C_1, C_2 such that for all x and for all r > C_0 the following inequalities hold:

(15) C_1r^b < μ(B_r(x)) < C_2r^b.

Again, for the spaces in this category, the constant b in the last inequality is usually the Hausdorff dimension of (K, d).

Category II_{grph}: the energy form E_K on K satisfies the following Poincaré inequality:

(16) ∫ B_r(y) (u(x) − ū_{Br (y)})^2dμ(x) ≤ C_2r^γ E_K (u, u),

for all x ∈ K and r > C_0, where ū_{Br(y)} is the average of u over B_r(y), γ, C_0 and C_2 are positive constants; the measure μ satisfies the “inverse volume doubling property”, that is there exists a C_1 > 1 such that for all x ∈ K and r > C_0

(17) C_1μ(B_r(x)) < μ(B_{2r}(x)).

Note also that the constant γ appearing in (16) has the same meaning as in the definition of Category II above.

For spaces (K, d, μ) is in Category I_{grph} or in Category II_{grph} Theorem 1 takes now the following form.

Theorem 3. Let K be a space equipped with a measure μ and a metric d. Assume that the metric measure space (K, d, μ) is either in the Category I_{grph} or in the Category II_{grph}. Then there exist positive constants C and C^′_0 such that for all u ∈ L^2(K) with ‖u‖_2 = 1 one has V ar_K (u)E_K (u, u) ⩾ C provided V ar_K (u) > C^′_0.

4. Applications and examples

4.1. Sierpiński gasket and p.c.f. fractals. As mentioned in the Introduction, the weak uncertainty principle for functions defined on the Sierpiński gasket was first introduced in [24]. While the results in that paper were stated for p.c.f. fractals, they were only proved for the Sierpiński gasket. In this subsection, we use the results of Section 2 not only to provide a simpler proof to the main results of [24] , but also to establish weak uncertainty principles on all p.c.f. fractals. We briefly define the Sierpiński gasket which is a typical example of a p.c.f. fractal, and refer to [1, 17, 33] for more background on analysis on p.c.f. fractals.

Consider the contractions maps F_1, F_2 and F_3 defined on R^2 by F_1(x) =^1_2 x, F_2(x) = 1 2 x + (^1_2 , 0) and F_3(x) =^1_2 x + (^1_4 ,^{√3}_4 ), for x ∈ R^2 . The Sierpiński gasket K = SG, is the unique nonempty compact subset of R^2 such that

(18) K = ∪^3_{i=1}F_iK.

Alternatively, SG can be defined as a limit of graphs: Let V_0 be the complete graphs with vertices {(0, 0), (1, 0), (^1_2 ,^{√3}_2 )} which these are the fixed points of the contractions F_i. Define V_n = ∪^3_{i=1}F_iV_{n−1}, n ⩾ 1, and let V_∗ = ∪^∞_{n=0}V_n. Then K = V_∗, i.e., K is the closure of V_∗ in the Euclidean metric. For any positive integer m, ω = (ω_1, ω_2, . . . , ω_m) where each ω_i ∈ {1, 2, 3} is called a word of length |ω| = m, and we denote F_ω = F_{ωm} ∘ F_{ωm−1} ∘ . . .∘ F_{ω1} . Then F_ωK is called a cell of level m if ω is a word of length m. The (standard) measure on K is the probability measure on K that assigns to each cell of level m the measure 3^{−m}. It follows that SG is equipped with a self-similar measure that satisfies trivially (12). By defining an energy form on SG, it can be shown that this gives rise to a resistance metric on SG, see [1, 15, 17]. Consequently, SG belongs to Category I_{bdd}, and thus Theorem 2 applies.

More generally, let {F_i}^N_{i=1} be a set of contraction maps on R^d , and consider the following two sets of positive real numbers {α_i}^N_{i=1} ⊂ (0, 1), and {β_i}^N_{i=1} such that ∑_N i=1 β_i = 1. Following [15, 17], one can sometimes define a self-similar p.c.f. fractal K equipped with a (self-similar) measure μ, and an energy form E(·, ·) which gives rise to an effective resistance metric. Moreover, K constructed in this way can be shown to belong to Category I_{bdd}, and thus Theorem 2 applies.

From the p.c.f. fractal constructed above, one can construct an increasing sequence of sets K_n, and define the blowup of K to be K_∞ = ∪^∞_{n=0}K_n where K_0 = K. Then K_∞ is an unbounded self-similar set, called fractal blowup and was first introduced in [32], see also [30, 29, 28, 36] for more about fractal blowups. Choose the measure scaling factors β_i such that β_i = α^b_i for each i = 1 . . . N, where b is the Hausdorff dimension of (K, d). Then one can show by a simple scaling argument that Theorem 2 holds on K_n for each n ⩾ 0 with a constant independent of n, and hence in the limit Theorem 1 holds for the unbounded self-similar set K_∞. The choice β_i = α^b_i is natural, as with this choice the asymptotic behavior of the Weyl function is known [17].

4.2. Sierpiński graphs. As another application of the results of Section 2, we prove a weak uncertainty principle of some graphs related to the Sierpiński gasket K = SG, and its blowup K_∞. More precisely, for any integer n ⩾ 0, let V_n be the nth pregasket approximation to K, i.e., the nth graph approximation of K. We define a (finite) graph V_{−n} by V_{−n} = F^{−1}_{ωi} ∘ F^{−1}_{ω2} . . . ∘ F^{−1}_{ωn} (V_n), and an infinite graph V_∞ by: V_∞ = ∪_{n⩾0}V_{−n}. V_∞ is an example of an infinite self-similar graph, which is also referred to as the Sierpiński lattice; we refer to [36] and the references therein for more on this type of graphs. Note that for all integer n ⩾ 0, V_{−n} is similar to the (finite) graph obtained by taking F_{ωi} = F_1 for all i, in which case, V_{−n} = 2^nV_n. Consequently, we will assume without any loss of generality that V_{−n} = 2^nV_n. It is easy to see that V_{−n} and V_∞ belongs to Category I_{grph}, and we can apply Theorem 3 in these two cases.

Remark 3. We would like to indicate how to use the results in [24] to obtain a weak uncertainty principle on graphs related to the Sierpiński gasket.

Observe that Laplacians and a corresponding energies can be naturally defined on V_{−n} and on V_∞. We will denote them respectively by Δ_n, E_n(, ) for V_{−n}, and by Δ_∞ and E_∞(, ) for V_∞. Given a function u defined on V_{−n} such that ‖u‖^2 = ∑ x∈V_{−n} |u(x)| 2 = 1, extend it to a function ũ on the blowup K_n as follows:

• ũ is harmonic in the interior of each triangle (similar to V_0), which makes up K_n, • and the restriction of ũ to V_{−n} coincides with u, i.e., ũ|_{V−n} = u. By the construction of the extension ũ of u, it is clear that the energy of ũ on K_n and that of u on V_{−n} satisfy the following relation: (19) E_{Kn} (ũ, ũ) = E_n(u, u), where E_{Kn} (u, u) denotes the energy form on the blowup K_n. Note that in this case the variance (2) takes the following discrete form: For a function u define on V_{−n} such that ‖u‖_2 = 1 by (20) V ar_{dis,n}(u) = ∑ x,y∈V_{−n} d^{d+1}_R (x, y)|u(x)|^2 |u(y)|^2. Since harmonic functions form a three dimensional space, it is clear that the variance of the extended function ũ can be controlled by the discrete variance of u. Thus one can apply some of the results from [24] to obtain analogous weak uncertainty on the graphs V_{−n}, and passing to the limit establish such inequality for functions defined on V_∞. We leave it to the interested reader to fill in the details of this argument.

4.3. Uniform finitely ramified graphs. These are graphs obtained from uniform finitely ramified fractals (u.f.r.). Note that u.f.r. fractals include nested fractals and is contained in the class of p.c.f. self-similar sets, see [14, 17, 15]. It was proved in [14, Section 2] that there exists an effective resistance metric on these class of graphs, and moreover [14, Lemma 3.2] establishes that these graphs belongs to Category I_{grph}. Thus Theorem 3 applies in this setting as well.

4.4. Sierpiński carpets and graphical Sierpiński carpets. These are examples of non finitely ramified fractals and fractal graphs [2, 3, 4, 5]. In particular, they are non p.c.f. fractals, and it is interesting to notice that most of our results apply in this setting. Hence, we answer affirmatively a question posed in [24] of whether the main results of that paper apply to “genuine” non-p.c.f. fractals. More precisely, on the generalized Sierpiński carpets (GSC) and the unbounded sets that can be constructed based on them, it is known that a two sided heat kernel estimate holds, [2, 4, 6]. Thus, following [2, 4, 6, 8] or [13, Theorem 3.2], one can show that (3) holds on the GSC and all related sets; this in turn implies that (5) holds also in these settings. Consequently, Theorem 1 or Theorem 2 applies for GSC and all related sets.

Notice also that on the graphical Sierpiński carpets [5] and the unbounded sets that can be constructed based on them, one could also prove that Theorem 3 holds.

It is worth noticing that if the Sierpiński carpet is constructed in the 2 dimensional Euclidean space, then it is known that there exists an effective resistance metric d. Moreover, a (double-sided) heat kernel estimate holds also in this context, see [3, 6]. Thus, the two dimensional Sierpiński carpet is also in CategoryI_{bdd}, so Theorem 2 holds.

4.5. Metric measure spaces and heat kernel estimates. Our results of Section 2 are applicable to the general setting of metric measure spaces. For a metric measure space (K, d, μ) the main assumption we make is the existence of a heat kernel {p_t}_{t>0}, which is the fundamental solution of the heat equation where the self-adjoint operator associated with the energy form E plays the role of a Laplacian. If the heat kernel, which is a non-negative measurable function p_t(x, y) on [0, ∞) × K × K, satisfies the following two sided estimate for μ-almost x, y ∈ K and all t ∈ (0, ∞) (see [13]):

(21) 1 t^{α/β} Φ_1 ( d(x, y) t^{1/β} ) ⩽ p_t(x, y) ⩽ 1 t^{α/β} Φ_2 ( d(x, y) t^{1/β} ) , where α is the Hausdorff dimension of (K, d) and β = α + 1, and Φ_1, Φ_2 are nonnegative monotone decreasing functions on [0, ∞) , then under a mild decay condition on Φ_2, it is shown in [13, Theorem 3.2] that (21) implies (3) with b = α. This can be used in turn to prove (5). Consequently, once a Poincaré-type estimate is established in this setting, one can conclude that (K, d, μ) belongs to Category II and our results can be applied. Fortunately, heat kernel estimates of the type

c_1 μ(B(x, t^{1/γ} )) exp ( − ( d(x, y)^γ c_1t ) 1_{γ−1} ) ⩽ p_t(x, y)

⩽ c_2 μ(B(x, t^{1/γ} )) exp ( − ( d(x, y)^γ c_2t ) 1_{γ−1} )

imply the Poincaré inequality, and these estimates can be established on many fractals and other spaces (see [8] and references therein).

Relevant results of a different kind, related to the scaling in the effective resistance metric and Category I spaces, can be found in [22, 23].

References

[1] M. T. Barlow, Diffusion on Fractals, in: Lectures Notes in Mathematics, Vol. 1690, Springer, Berlin, 1998.

[2] M. T. Barlow and R. F. Bass, The construction of Brownian motion on the Sierpiński carpet.

Ann. Inst. H. Poincaré Probab. Statist. 25 (1989), 225–257.

[3] M. T. Barlow and R. F. Bass, On the resistance of the Sierpiński carpet. Proc. Roy. Soc. London Ser. A 431 (1990), 345–360.

[4] M. T. Barlow and R. F. Bass, Brownian motion and harmonic analysis on Sierpinski carpets.

Canad. J. Math., 51 (1999), 673–744.

[5] M. T. Barlow and R. F. Bass, Random walks on graphical Sierpinski carpets,. Random walks and discrete potential theory (Cortona, 1997), 26–55, Sympos. Math., XXXIX, Cambridge Univ. Press, Cambridge, 1999.

[6] M. T. Barlow and R. F. Bass, Transition densities for Brownian motion of the Sierpinski carpet, Probab. Theory Relat. Fields, 91 (1992), 307–330.

[7] M. T. Barlow and R. F. Bass, Stability of parabolic Harnack inequalities. Trans. Amer. Math.

Soc., 356 (2004), 1501–1533.

[8] M. T. Barlow, R. F. Bass and T. Kumagai, Stability of parabolic Harnack inequalities on metric measure spaces. J. Math. Soc. Japan, to appear.

[9] M. T. Barlow and J. Kigami, Localized eigenfunctions of the Laplacian on p.c.f. self-similar sets, J. London Math. Soc., 56 (1997), no. 2, 320–332.

[10] M. Fukushima and T. Shima, On a spectral analysis for the Sierpinski gasket, Potential Anal., 1 (1992), 1–35.

[11] G. B. Folland and A. Sitaram, The uncertainty principle: A mathematical survey, J. Fourier Anal. Appl., 3 (1997), no. 3, 207–238.

[12] A. Grigoŕyan and A. Telcs, Sub-Gaussian estimates of heat kernels on infinite graphs, Duke math. J., 109 (2001), no. 3, 451–510.

[13] A. Grigoŕyan, J. Hu and K. Lau, Heat kernels on metric measure spaces and an application to semilinear elliptic equations, Trans. Amer. Math. Soc., 355 (2003), no. 5, 2065–2095.

[14] B. M. Hambly and T. Kumagai, Heat kernel estimates for symmetric random walks on a class of fractal graphs and stability under rough isometries,, Proc. Symp. Pure Math., 72 (2004), 233–259.

[15] J. Kigami, Harmonic calculus on p.c.f. self–similar sets. Trans. Amer. Math. Soc. 335 (1993), 721–755.

[16] J. Kigami, Effective resistances for harmonic structures on p.c.f. self–similar sets. Math. Proc.

Cambridge Philos. Soc. 115 (1994), 291–303.

[17] J. Kigami, “Analysis on Fractals,” Cambridge University Press, New York, 2001. [18] B. Krön and E. Teufl, Asymptotics of the transition probabilities of the simple random walk on self-similar graph, Trans. Amer. Math. Soc., 356 (2003), no. 1, 393–414.

[19] S. Kusuoka and X. Zhou, Waves on fractal-like manifolds and effective energy propagation.

Probab. Theory Related Fields 110 (1998), 473–495.

[20] L. Malozemov and A. Teplyaev, Pure point spectrum of the Laplacians on fractal graphs. J.

Funct. Anal. 129 (1995), 390–405.

[21] L. Malozemov and A. Teplyaev, Self-similarity, operators and dynamics. Math. Phys. Anal.

Geom. 6 (2003), 201–218.

[22] U. Mosco, Harnack inequalities on recurrent metric fractals. Dedicated to the 80th anniversary of Academician EvgeniĭFrolovich Mishchenko (Russian) (Suzdal, 2000). Tr. Mat. Inst. Steklova 236 (2002), Differ. Uravn. i Din. Sist., 503–508.

[23] U. Mosco, Harnack inequalities on scale irregular Sierpinski gaskets. Nonlinear problems in mathematical physics and related topics, II, 305–328, Int. Math. Ser. (N. Y.), 2, Kluwer/Plenum, New York, 2002.

[24] K. A. Okoudjou and R. S. Strichartz, Weak uncertainty principles on fractals, J. Fourier Anal.

Appl., 11 (2005), no. 3, 315–331.

[25] J. F. Price and P. C. Racki, Local uncertainty inequalities for Fourier series, Proc. Amer. Math.

Soc., 93 (1985), 245–251.

[26] J. F. Price, Inequalities and local uncertainty principles, J. Math. Phys., 24 (1983), 1711–1714.

[27] C. Sabot, Electrical networks, symplectic reductions, and application to the renormalization map of self-similar lattices. Fractal geometry and applications: a jubilee of Benoit Mandelbrot. Part 1, 155–205, Proc. Sympos. Pure Math. 72, Amer. Math. Soc., 2004.

[28] C. Sabot, Laplace operators on fractal lattices with random blow-ups. Potential Anal. 20 (2004) 177–193.

[29] C. Sabot, Spectral properties of self-similar lattices and iteration of rational maps. Mém. Soc.

Math. Fr. (N.S.) No. 92 (2003), vi+104 pp.

[30] C. Sabot, Pure point spectrum for the Laplacian on unbounded nested fractals. J. Funct. Anal.

173 (2000) 497–524.

[31] R. S. Strichartz, Function spaces on fractals, J. Funct. Anal., 198 (2003) 43–83. [32] R. S. Strichartz, Fractals in large, Can. J. Math., 50 (1996), no. 3, 638–657. [33] R. S. Strichartz, Analysis on fractals, Notices Amer. Math. Soc., 46 (1999), 1199–1208. [34] R. S. Strichartz, Uncertainty principles in harmonic analysis, J. Funct. Anal., 84 (1989), 97– 114.

[35] R. S. Strichartz, ”Fractal Differential Equations,” Princeton University Press, Princeton, NJ, to appear.

[36] A. Teplyaev, Spectral Analysis on Infinite Sierpiński Gaskets, J. Funct. Anal., 159 (1998), 537-567.

Kasso A. Okoudjou, Department of Mathematics, Malott Hall, Cornell University, Ithaca, NY 14853-4201, USA

E-mail address: kasso@math.cornell.edu

Alexander Teplyaev, Department of Mathematics, University of Connecticut, Storrs, CT 06269-3009, USA

E-mail address: teplyaev@math.uconn.edu