SYMPLECTIC GEOMETRY: LECTURE 2

LIAT KESSLER

1. SYMPLECTIC MANIFOLDS
1.1. Basic definitions.

1.1. Recall: manifolds, immersion, submersion, embedding, tangent
bundle, co-tangent bundle ([3]). In particular, we have partition of
unity.

Let w be a differential 2-form on M, i.e, an assignment of anti-
symmetric bilinear 2-form w, on T,M for each p € M, that varies
smoothly in p. We say that w is closed if dw = 0 where d is the
exterior derivative,

We say that w is symplectic if it is closed and w, is symplectic (non-
degenerate) for all p € M.

Note: If w is symplectic then dim 7, M = dim M must be even.

A symplectic manifold is a pair (M,w) where M is a manifold and
w a symplectic form.

Example. Let M = R?", or an open subset of R?>", with linear coordi-
nates z1,...,%pn, Y1, .-, Yn. Lhe form

Wy = Z d!L‘Z AN dyz
i=1
is symplectic. Is wy closed? YES (as follows from the linearity and

the multiplicatiive law of the exterior derivative). It is even exact:
wo =dYy i, x;dy;. The ordered set

(Gay o) ) )

is a symplectic basis of T, M

1.2. We saw that the nth exterior power w™ is a top degree non-
vanishing form, i.e., a volume form. Hence (M, w) is canonically ori-
ented by the symplectic structure. (Does the mobius strip admit a
symplectic form?)

Claim 1.1. Assume that M is compact and with no boundary.
1
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e The de Rham cohomology class [w™] € H*"(M;R) is non-zero.
Proof: otherwise w"™ = dS) for a 2n — 1-form. Then

0= [ a=[do- [ w20
oM M M

where the first equation is since M is compact; the second by
Stokes’ theorem; the third by assumption and the last inequality
since w™ is non-vanishing. (Remark: Stokes Theorem holds here
since M is compact.)

e Therefore [w] is non zero (i.e., w is not exact). (Proof: [w|" =
[w"].)

e In particular, if n > 1 there are no symplectic forms on S*".
There is a symplectic form (the area form) on S* and you will
study it in Problem Set 2.

A symplectomorphism between (M;,w;) and (Ms,ws) is a diffeo-
morphism ¢: M; — My such that ¢*ws = wq, i.e., . The group of
symplectomorphisms of M onto itself is denoted by Symp(M,w).

Ezample. Let ¥ be an orientable 2-manifold and w a volume form.
Then w is non-degenerate (since w” = w # 0 everwhere) and closed
(since it is a top degree form). a symplectomorphism in this case is
a volume-preserving diffeomorphism. By a result of Moser, any two
volume forms on a compact manifold M, defining the same orientation
and having the same total volume are related by a diffeomorphism of
M. In particular, every closed symplectic 2-manifold is determined up
to symplectomorphism by its genus and total volume. (You will prove
this result of Moser in PS3.)

1.2. Almost complex structures. An almost complex structure on
a (real) manifold M is an automorphism J: TM — TM such that
J? = —1d (i.e., it is an almost complex structure on every T,M that
varies smoothly). It is integrable if it comes from a complex atlas on
the manifold. An almost complex structure J is compatible with a
symplectic form w if w(-,J-) is a Riemannian metric on M, i.e., J is
w-compatible on every tangent space T, M.

We denote by J(M,w) the space of w-compatible almost complex
structures on M. Our proof from symplectic linear algebra can be car-
ried fiberwise, to get a canonical surjective map Riem(M) — J(M,w)
which is a left inverse to the map J(M,w) — Riem(M) associating
to J, the corresponding inner product w(:,J,-) on T,M. Since the
polar decomposition is canonical, the obtained J is smooth. There-
fore, J(M,w) is not empty. Moreover, any Jy, J; € J(M,w) can be
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smoothly deformed within J(M,w): use a convex combination

ge = (1—1)go +tg

of the corresponding Riemannian metrics, and apply the polar decom-
position to (w, g;) to obtain a smooth family of J;s joining Jy to Ji.

Corollary 1.1. The space J(M,w) is path-connected and not empty.

Ezercise. (1) Fix a symplectic form w on M. Let Jy, J; € J(M,w)
and 0 <t < 1. Show that J; := (1 —1t)Jy+1tJ; is not necessarily
in J(M,w).
(2) Fix an almost complex structure J on M. Let wy and w; be
symplectic forms that are compatible with J, and 0 < ¢ < 1.
Show that w; = (1 — t)wy + tw; is a symplectic form that is
compatible with J.

This exercise is in PS2.
If J is integrable and w-compatible, the triple (M, w, J) is called a
Kahler manifold.

Ezample. For example, in an open set U C C"(= R*") with coordinates
zj = x; +1y;. The almost complex structure induced from multiplica-
tion by ¢ is, in the symplectic basis:

0 0
JO(a—xj)p = (a—@,j)p’

0 0
JO(a—yj)p = ‘(a—%)p'

For a complex manifold, this defines a complex structure locally, in
a chart, which is well-defined globally, since the transiition maps are
holomorphic (using the Cauchy-Riemann equations). [1, p.102].

1.3. Kahler manifolds.

Let M be a complex manifold (a manifold with an atlas consisting of
open subsets of C" such that the transition functions are holomorphic)
with a Hermitian A metric on T'M. As before, we can get a non-
degenerate 2-form by assigning w, = Im(h,) at every p € M. If this
form is closed (dw = 0) we get a Kéhler structure. Do we always have a
Hermitian metric on a complex manifold? Yes, using partition of unity.

Claim 1.2. [f (M, w, J) is a Kdhler manifold, then there is a Hermitian
metric h on the complex manifold such that w = Im h.

Proof: Exercise (PS2). Read 16.1.
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Ezample. For example, C"(= R*") with coordinates z; = z; + iy;,
Z; = xj — 1y;. We have

dz; ® dzj = (dxj —idy;) @ (dx; + idy;)
= (dxj ® dl’j + dyj ® dyj) -+ Z(dl’j ® dyj — dyj ® dl’3>
= (dﬂi’] ® da:j + dyj X dy]) + Zdl'] A dyj.

Therefore the Hermitian metric

h(Z) = Zdzj ® de = 4o —|— in.

j=1

(90 = Y25y (dvj @dxj+dy; @ dy;), wo = Y, dvj Ady; = %Z?:l dz; N\
dz;.) So (C",wy) is Kéhler.

Claim 1.3. Let (M,w,J) be a Kdhler manifold. Let (N, Jy) be a
complex manifold and .- N — M a complex immersion, i.e., J odL =

dvo Jy. Then (N, *w, Jy) is a Kdhler manifold.

Proof. Tt is enough to note that a complex subspace of a Hermitian
vector space is Hermitian. Applying this to each du,(T,N) C T, M
we see that the closed 2-form (*w (d o t* = +* o d) is non-degenerate,
and Jy € J(N, *w). O

In particular, every complex submanifold of C”, with the pullback
of wyp, is Kahler.

1.4. Wirtinger’s inequality (proved in a previous lecture) says that for
X1, ..., Xy, in R*™ that are orthonormal with respect to go = wo(+, Jo*),
we have

Wi (X1 AL A X)) < B

with equality holding precisely when span(Xj,..., X}) is a complex
k-dimensional subspace of C".

Therefore, if N is a smooth 2k-dimensional manifold (smoothly) im-
mersed in C", Wirtinger’s inequality implies that

1
Agﬁgﬁwzww)

with equality precisely when N is an immersed complex k-dimensional
submanifold of C". (The volume is with respect to the Riemannian
metric go.)
(The proof is by partition of unity, on each chart using the Euclidean
coordinate basis that we specified in the first example in the lecture.)
i “b — da.

Note that the form 3% on C" is exact (since wy is), i.e., 79
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Corollary 1.2. If (N1,0) and (Ns,0) are compact 2k-manifolds with
boundary immersed in C" and having the same boundary O, and Ny is
a complex k-manifold then

k k
Vol(Nl)—/ %—/(x—/ %SVOI(Nz),
Ny : 1s] No :

where the equalities in the middle are due to Stokes’ theorem.

Corollary 1.3. [4, Theorem B|. If a k-dimensional subvariety of a
ball of radius R in C" passes through the center of the ball then its 2k-
volume is at least the volume of the unit ball in an Euclidean 2k-space
times R%*.

This corollary is used in the proof of Gromov’s non-squeezing theo-
rem that we will discuss later in the semester.

Ezample. Any almost complex structure on a (real) 2-dimensional man-
ifold is integrable. (Theorem, proof: PS2.) As a result, an orientable
2-manifold with a volume form and a compatible complex structure is
Kahler.

Ezxample. The complex projective space
CP" = (C"* < {0})/(C ~ {0}) = s*"*1/s!

is the space of complex lines in C"*': CP" is obtained from C"™! \ {0}
by making the identifications (zg,...,2,) ~ (Azo,...,Az,) for all A €
C ~ {0}. It is a complex manifold. One denotes by [z, ..., z,] the

equivalence class of (2o, ..., z,), and calls zy,..., 2, the homogeneous
coordinates of the point p = [z,. .., 2]
Let

S2n+1 L \ Cn—l—l

|
CP"

where ¢ is an embedding and 7 a projection. At every point z € S?"+,
we have a canonical splitting of tangent spaces

T.C"*! = T, CP" @ spanc{z}

as complex vector spaces. Since Tr,)CP" is a complex subspace, it is
also symplectic. This induces a non-degenerate 2-form w on CP" which
by construction is compatible with the complex structure. Letting w
be the symplectic (closed) form in C"*!, we have (*@ = 7*w. Therefore
mdw = dr*w = dv*iv = *dw = 0, showing that w is closed. This shows
that CPP" is a Kahler manifold. The 2-form w is called the Fubini-Study
form.
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Therefore, by Claim 1.3, every non-singular (i.e., smooth) projective
variety (i.e., zero locus of a collection of homogeneous polynomials) is
a Kéhler submanifold.

Remark 1.1. Every symplectic manifold admits a compatible almost
complex structure but not necessarily an integrable one. (Examples:
Kodaira, Thurston, McDuff and Gompf.)

1.3. Cotangent bundles. Let X be any n-dimensional manifold and
M =T*X its cotangent bundle. Let

T M=T'X—->X,p=(x,n) vz, nel;X
the bundle projection, and
drm: TM — TX, dr,: T,M — T, X
its tangent map. The tautoligical 1-form « is defined point-wise by

ap(v) = n(dmy(v))
for v € T, M.

Proposition 1.1. The form « is the unique 1-form on T*X with the
property that for any 1-form B on the base X :

B =pa,
where on the right hand side, (5 is viewed as a section f: X — T*X =
M.

Proof. The property holds for «: first note that 5(z) = (z, 8;). So for
u € T, X we have

(1.5)  (Bra)e(u) = ap@)(def(u)) = Ba(dm(a,)(defB (1)) = Be(u).
The first equality is by definition of a pullback; the second by definition
of «; the third since mo 5: X — X is Id, and by the chain rule.

The uniqueness is since for every v € T,M \ kerd,m (p = (z,7))
there is a 1-form  on X with 5(z) = p such that v is in the image
of d,f8 hence, by (1.5), « is determined on v. Therefore the property

determines o on T, M \ ker d,m hence, since these vectors span T,M,
on T,M. 0

We will use this characterization of the tautological 1-form to further
understand it. In local coordinates: if the manifold X is described by
coordinate charts (U, z1,...,x,) with z;: U — R then at any z € U,
the differentials (dxq)s, ..., (dz,),) form a basis of T X. Namely, if
n € TrX then n = > ni(dz;), for real functions n;,...,n,. The
chart (T*U ={(x,n) : x € U,n € Tr X}, x1,...,n, M1, ..., M) IS & co-
ordinate chart for 7% X: the coordinates are the cotangent coordinates.
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Claim 1.4. In the cotangent coordinates,

o= Zn: nidx;.
i=1

Proof. Because of Proposition 1.1, it is enough that for a 1-form g =
Z?:l ﬁldﬂjz on X,

B Z'fh'dfci = Zﬁ*mdﬁ*xi = Zﬁidiﬁi = f.
i=1 i=1 i=1

O
Theorem 1.1. Let M = T*X and « the canonical 1-form. Then
w = —da is a symplectic form on M.
Proof. In cotangent coordinates, w =} . dx; A dnj;. O

Given a diffeomorphism f: X; — X,. Then df: TX; — T X, is a
diffeomorphism and

F=(df ") T"X, = T*X,
is a diffeomorphism, called the cotangent lift of f. For every 8 € Q' (X))
there is a commutative diagram

T*Xl L} T*XQ

BT (f’l)*ﬂT

X1 L) XQ

Proposition 1.2. Let F': T*X; — T* X, be the cotangent lift of f: X1 —
Xy. Then F preserves the canonical 1-form: F*as = aq, hence F is a
symplectomomorphism: F*ws = wy.

Proof. Tt is enough to show that for every 8 € Q'(X;) we have 5*(F*ay) =
5. Indded,

BH(Fraz) = (FoB)*(as) = ((f 1) Bof) as = f*((f1)B)az = [ (f1)B =B,
where in the equality before the last we used the property that for
every v € Q1(X3) we have yv*ay = au. O

This gives a natural homomorphism
Diff(X) — Symp(T*X,w), f — (df )"
Another subgroup of Symp(7™* X, w) is obtained from a homomorphism
ZMX) — Symp(T* X, w).
In PS2 you will prove the following proposition.
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Proposition 1.3. Let 0 € Q*(X) be a closed 2-form on X. The 2-form
w=—da+ 1o

1s a symplectic form on T*M. The Liouville form of —da+ n*o equals
the Liouwville form of —da.

Corollary 1.4. For any manifold X with a closed 2-form o there is a
symplectic manifold (M,w) and : X — M such that i*w = o.

Take M =T*X and w = —da+7*c and ¢: X — M the zero section
embedding x — (z,0).

1.4. Lagrangian Submanifolds and Symplectomorphisms. [1, 3.1,
3.2, 3.4].

1.5. Darboux Theorem. By the Darboux theorem, the dimension
is the only local invariant of symplectic manifolds, up to symplecto-
morphisms. [1, Theorem 8.1, p.7]. The proof is the goal of our next
lectures.

REFERENCES

[1] Ana Cannas da Silva, Lectures on Symplectic Geometry, Lecture Notes in Math-
ematics, Springer-Verlag, 2008.

[2] Eckhard Meinrenken, Symplectic Geometry - Lecture Notes, University of
Toronto.

[3] Victor Guillemin and Alan Pollack, Differential Topology, Prentice-Hall, 1974.

[4] Gabriel Stolzenberg, Volumes, limits, and extensions of analytic varieties, Lec-
ture Notes in Mathematics, Springer, 1966.



