SYMPLECTIC GEOMETRY: LECTURE 3

LIAT KESSLER

1. LOCAL FORMS

Vector fields and the Lie derivative. A vector field on a manifold
M is a smooth assignment of a vector tangent to M at each point. We
think of M as embedded in RY; a vector field then is a smooth map

v: M — RN

such that v(p) € T,M for every p.

More generally, a time-dependent vector field is a smooth family of
vector fields vy, t € R. We think of a vector field v as v; such that
v, = v for all ¢ € R. Imagine that we allow every point p € M to flow
along the vector field v for some time ¢, we thus obtain a map of M
whose fixed points (if ¢ is small enough) are exactly the zeros of v. The
flow of vy is the map

O: M xR — M, &4(p) := P(p,t),

with &y = Idy; and each ®;: M — M is a diffeomorphism (such a map
is called an isotopy), such that

%@t =, 0 P,

(Locally exists by Picard’s theorem of the existence and uniqueness of
solutions of first-order equations with given initial conditions, globally
exists when M is compact or v is of compact support.)

Examples (draw): M =R, v =y € R, ®;(m) = ¥'m, M = S, v =
iy, ®i(m) = €7'm, M = S? v =iy, ®(m) = e"'m. Note that in the
last example the flow is along the geodesic (locally minimizing length
of constant velocity) curve starting from x whose tangent at z is v;
this generalizes to (locally) define a flow given a Riemann metric on a
manifold, using the exponential map, in case v; = v is independent of
t.

The Lie derivative of a time dependent vector field v; is

d
L,: QM) = QF(M), Lya = E(@)*a\t:o.
1



2 LIAT KESSLER

(For the definition of the Lie derivative it is enough that the isotopy
exists locally, by Picard’s theorem.)
We will use the properties of the Lie derivative.

e Cartan’s magic formula

Lo = t,da + diyo,

d
acbja =i L, .

For a guided exercise towards the proof that the properties hold, see
p. 42 in [2]. Using the chain rule and the linearity of the pullback, we
deduce a stronger version of the second property.

1.1. Lemma. For a smooth family wy, t € R of k-forms we have
d ., . d
(12) %(I)twt = (Dt (ﬁvtwt + Eu&)
Proof: [2, Proposition 6.4, pp. 42-43].

Moser’s trick.

1.3. Lemma (Moser’s trick). Let wy, 0 <t < 1 be a smooth family of
symplectic forms on a manifold M. Assume that
(1) Lw, = dey for a smooth family of 1-forms on M, and
(2) there is a vector field vy such that v,,wy = —ay, and an isotopy
¢y, t € R such that %(ﬁt = v 0 ¢y and ¢g = Id.
Then ¢;w; = wp.

If a Lie group G acts on M, and the action is symplectic with respect
to wy and oy for every t, then v, (defined by w; and o) is G-equivariant
and so is its flow, ¢ i.e., for every t we have ¢i(g.x) = g.¢y(x) for all
g€ G.

Proof.
d, . d
E(¢twt> = ¢ <£vtwt + Ewt)
= ¢ (dLUtwt + Ly, dwy + dat) =0

The first equality is by (1.2), the second equality is by Cartan’s magic
formula, and the third is by the setting of v; and «; and the assumption

that w; are symplectic and in particular closed.
O

We first apply Moser’s trick to get symplectomorphisms on a compact
manifold M.
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1.4. Corollary. Assume that M is compact and that [wy] = |w1] and
the 2-form
wr = (1 = t)wo + twy
is symplectic for each t € [0,1]. Then there exists an isotopy ¢: M X
R — M such that ¢jwy = wy for all t € [0,1]. In particular ¢jw; = wy.
If a compact Lie group G acts on M, and the action is symplectic
with respect to wy for every t, then ¢, is G-equivariant for every t.

Proof. Since [wy] = [w1] there exists a 1-form « such that
w1 — wo = da.

If a compact Lie group G acts on M, and the action is symplectic
with respect to wg,w; then for every a € G we have

dria =1 da = 7 (W) — wy) = w1 — Wo.

Averaging a w.r.t the G-action, we get the 1-form

/ a1 w)dr,,
G

for uw € TM, where d7, is given by any measure on the group G,
invariant by left translations, e.g., the Haar measure. By the above
equation, dfG a(1,*u)dr, = w; — wp, SO we can assume that « is G-
invariant.

We get that
d

at -t dt
So it remains to find v; such that

(1 —t)wp + twy = wy — wy = da.

Ly, Wt = QL.

By the non-degeneracy of w; we can solve this pointwise, to obtain a
unique (smooth) v;. The existence of the flow integrating v; is guaran-
teed since M is compact.
If wy and « are G-invariant then so is vy and so is the flow ¢: M xR —
M integrating v;.
O

1.5. Note that if wg and w; are symplectic forms on M then w, =
(1—t)wo+tw; are necessarily closed but not necessarily non-degenerate.
However (as we showed in PS2), if wy and w; are compatible with a
fixed almost complex structure J on M, then w; is non-degenerate.

1.6. If N is a compact complex manifold and hg, h; Hermitian metrics
on M, then for every t € [0, 1],

he = (1 — t)ho + thy
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is again a Hermitian structure (CHECK). Therefore
wy=Imh; = (1 — t)wp + tw;
is symplectic for every ¢ € [0, 1].

As a result of the last observation and Corollary 1.4, we get the
following theorem.

1.7. Theorem (Banyaga). Let N be a compact complex manifold and
ho, hh Hermitian metrics on N (w.r.t to the given complex structure).
Assume that [wo] = [w1]. then there exists a diffeomorphism ¢ of N (as
a real manifold) such that ¢*wi = wy.

Darboux and Weinstein Theorems. By the Darboux theorem, the
dimension is the only local invariant of symplectic manifolds, up to
symplectomorphisms.

1.8. Theorem (Darboux Theorem). Let (M,w) be a 2n-dimensional
symplectic manifold, and let p be any point in M. Then there is a
coordinate chart (U, zy,...,Tp, Y1, ..., Yn), with p € U, such that on U,

w=>y 1 dr; \dy,.

Such a chart is called a Darboux chart.

Darboux first proved the theorem using induction on dimension. The
proof given here is due to Weinstein, and is valid in many infinite-
dimensional cases. Another recent proof is one of the suggested topic
for students’ presentations [1].

The proof applies Moser’s trick to get a symplectomorphism, not on
the manifold as in Corollary 1.4 but on a neighbourhood of a point.
We will also use Poincaré lemma.

1.9. Lemma (Poincaré Lemma). Let U C R*" be an open ball around 0.
Then for every closed form a € QF(U) with k > 0 there is 8 € Q¥1(U)
such that o = df.

Proof of the Darboux theorem. First, consider the exponential
exp = exp,: T,M — M

of some Riemann metric on M. (The exponential map sends v € T, M
to ,(1) where 7, is the unique geodesic (locally length-minimizing
curve) satisfying ~,(0) = p and the initial tangent vector v, (0) = w.
Note that exp is locally defined since Picard’s theorem of the existence
and uniqueness of solutions of first-order equations with given initial
conditions holds locally.) The map exp is a diffeomorphism between a
neighbourhood V; of 0 in the vector space T, M and a neighbourhood
U, of p in the manifold M. Wlg, 1}, is an open ball.
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We get two symplectic forms on Vj: wy = wy, and w; = exp*w. Then
wp and w; agree at the origin. By Poincaré lemma, there is 8 € Q'(})
such that w; — wy = df. Since wy and w; agree at 0, the form ]y = 0.
Let

Wy = Wo + tdﬁ

For 0 <t <1, the 2-form w; is closed and agrees with wy at 0 hence non-
degenerate at 0. Non-degeneracy of a 2-form o on a 2n-manifold means
that ¢™ is nowhere vanishing, hence is an open condition. Therefore,
shrinking V{ if necessary, we may assume that w; is non-degenerate on
U for all t € [0,1]. The non-degeneracy of w; implies, as before, that
there is a unique vector field v; such that

Ly,wy = .

By shrinking V{, we can assume that v; integrates to a flow ¢;. Fur-
thermore, since B|op = 0 also v¢|p = 0 hence ||vy|| is small near 0, there
is a neighbourhood 0 € V' C V; such that the flow ¢, integrating v;
in V' does not map V' out of V; for ¢ € [0,1]. Since v;|g = 0 we have
¢:(0) = 0.

Now apply Moser’s trick to show that ¢jw; = wp, hence ¢f(exp* w) =
$1"w1 = wy = w,. The chart expo¢ transforms coordinates of T, M
with respect to an w,-symplectic basis into local coordinates of M in
U in which w = Y77 | dz; A dy;.

O

1.10. Theorem (Moser relative theorem). Let M be a manifold, .: X —
M a compact submanifold of M, and wg,w, symplectic forms on M.
Assume that

w0|X = W1|X~
Then there exist neighbourhoods Uy, Uy of X in M and a diffeomor-
phism ®: Uy — Uy such that © = Vo on X, and ®*wy = wy on
Uy.
If G is a compact Lie group acting on M with wy and wy both invari-
ant under the G-action, and if Y is invariant under the action, then
the map ® can be chosen to commute with the action of G.

1.11. Notation. If o is a differential form on M then o|x denotes the
restriction of o to N(TM)|x. Thus o|x can be evaluated on wvectors
that are not necessarily tangent to X.

The proof is similar to the proof of Darboux theorem: the identifi-
cation of a neighbourhood of a point p in M with a neighbourhood of
0 in T, M will be replaced with the tubular neighbourhood theorem,
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using the exponential map, and Poincaré lemma will be generalized to
the homotopy formula. See [2, §6.2, 6.3].

1.12. Recall: The normal bundle of a k-dimensional submanifold ¢ :
X < M of an n-dimensional manifold M (with k < n) is

NX = {(,v) |z € X, v e T,M/T,X},

where we identify = with «(z) and consider the tangent space to X
as a subspace of the tangent space to M through the linear inclusion
diy: T,X — T,M. The quotient N, X := T,M/T, X is an n — k-
dim vector space. N.X is a vector bundle over X with the projection
m: NX, m(z,v) = z, hence a manifold of dimension n. The zero section

to: X = NX; 2+ (x,0)
embeds X as a closed submanifold of NX.

1.13. A neighbourhood Uy of the zero section X is called convez if for
every x € X, the intersection Uy N N, X is convex. Note that on a
convex neighbourhood U of X in NX we can set

do(x,v) = (2,0), ¢1(z,v) = (,v), ¢(x,v) = (x,tv) for 0 <t < 1

and get a smooth retraction ¢: Uy x [0,1] — Uy of Uy onto X (well
defined since Uy is convex and includes the zero section). Let v; be the
time-dependent vector field on Uj that generate ¢y, i.e., %(bt = V; O ¢y,
v(p) is the tangent vector to the curve ¢(p,-) at t. For a form o on Uy
we have the homotopy formula

1 1 1
T—po = / %(qbfa)dt = / ¢;Ly,0 = / &5 (ty,do+diy,,0)dt = Ido+dlo,
0 0 0

where

(1.14) 18- [ @il

and
Oy u(ve)o (U, . uk) = (Lo, pyo) (doyur, . . ., dpyuy).

The first equality is by the fundamental theorem of calculus and the
fact that ¢; is the identity map, the second equality is by the pull-
back property property of the Lie derivative stated last week, the third
equality is by Cartan’s magic formula, and the fourth is by the funda-
mental theorem of calculus again. This is the homotopy formula in a
convex neighbourhood of X in NX. In particular, if ¢ is closed and
oo = 0 then o = d(Io). Moreover, since ¢.(z,0) = (x,0) for every t,
we get that v;|x = 0, hence (Io)x = 0.
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1.15. Homotopy operator. The operator (1.14) is a special case of
a homotopy operator. In general, in the category of smooth mani-
folds, let fo, fi: My — Ms, such that there is a smooth homotopy
f:00,1) x My — M, between fy and fi. Then there is a chain homo-
topy I¥: QF(My) — QF1(M,) such that the homotopy formula

(1.16) dol+1Tod=fi—f;

holds.

LR (M) L QR (M) — T QR (M) L

M,
k—1 k k+1
! fo*uff/fé‘“ff/fo*uff
1

g QM) = (M) - O (M)

The operator [ is defined by
I(o) = fro.

[0.1]
The homotopy formula (1.16) follows from the fundamental theorem of
calculus, as seen in the special case (1.14). If o is closed, we deduce that
fio — ffo = d(Io). We conclude that if there is a homotopy between
fo and f1, then f; and f; induce the same map on cohomology.

In the spacial case that M; = {0} and My, = U C R" is an open ball
around 0 in R", let ¢: {0} — U be the inclusion, and 7: U — {0} be
the projection. We have a homotopy f;: U — U, u— tu, 0 <t <1
such that fy = com and f; = Id, i.e., a retraction of U onto {0}. Using
the homotopy formula, we get that 7* o t* = (1 o 7)* and Id" induce
the same map on cohomology. Therefore t*: H*(U) — H*({0}) is an
isomorphism with inverse 7*. Hence, for k£ > 0, every closed k-form on
U is exact. This proves Poincaré lemma 1.9 that we used in the proof
of Darboux theorem.

1.17. To get a convex neighbourhood of X in N X and a diffeomorphism
from Uj to a neighbourhood U, we choose a Riemann metric g on M and
use the exponential map. Note that the vector space N, X is identified
with the orthogonal complement {v € T, M | g, (v, w) = 0 for any w €
T.X}. — DRAW. Let NX = {(z,v) € NX|/g.(v,v) < €}. This is
a convex neighbourhood of X in NX (CHECK, use Cauchy-Schwarz
inequality). Consider the exponential map exp: NX — M that sends
(x,v) to v(1) where v: [0,1] — M is the geodesic (locally minimiz-
ing length of constant velocity) curve starting from = whose tangent
27(0) = v at 0 is v. By Picard’s uniqueness and existence theorem, if

dt
X is a compact submanifold of M, then for € small enough, the map
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exp is well defined. Then exp maps N X diffeomorphically to a neigh-
bourhood U€ of X in M, and is the identity on the zero section X.
(If X is not compact, replace € by a continuous map X — R* that
tends to zero fast enough as x tends to infinity.) This is the tubular
neighbourhood theorem, [2, Theorem 6.5]. It allows us to apply the
homotopy formula in a tubular neighbourhood of X.

Proof of Moser’s relative theorem. On a tubular neighbourhood Uy of
X, the 2-form w; — wy is closed and its restriction to X is zero. By the
homotopy formula, there is a 1-form « on Uy such that w; — wy = da
and a|xy = 0. Now, as in the proof of Darboux theorem set w;, =
(1 — t)wp + tw; = wo + tda. By shrinking Uy we can assume that w; is
symplectic VO < ¢ < 1, so we can solve the Moser equation ¢,,w; = —«
with v; = 0 on X, and integrate v; to a flow p;. By Moser’s trick, p; is
an isotopy between wy and wy, i.e., pjw; = wy for every 0 < ¢ < 1. Now
let Uy = p1(Uy) and & = py.

O

1.18. If a compact Lie group acts on U and X is invariant under the
G-action, we can choose an invariant Riemann metric on Uy. Such a
metric is obtained from some Riemmann metric ¢’ by averaging with
respect to the compact group G action to get

g(u,v):/g’(Ta*u,Ta*v)dTa,
G

for u,v € T, M, where dr, is given by any measure on the group G,
invariant by left translations, e.g., the Haar measure. Then the expo-
nential map and hence the retraction ¢; will commute with the action
of GG, and hence so will I, i.e., I7,*3 = 7,1 for every a € G. This
gives the equivariant tubular neighbourhood and homotopy formula,
and therefore an equivariant version of Moser’s relative theorem.

1.19. Remark. Note that Darboux theorem has two parts:

(1) Locally there is a change of coordinates so that the transformed
symplectic form is constant.

(2) There is a further change of coordinates yielding the “canoni-
cal” symplectic form ) dz; A dy;. (This is the existence of a
symplectic basis result in symplectic linear algebra we showed
in the first lectures.)

The equivariant version of the first part, the “locally constant” result
still holds, moreover, the equivariant version of Moser relative theorem
holds, as noted before. However the second part is not correct in the
equivariant setting. This is related to the representation of the group.
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For more details see [3], which is one of the suggested topics for a
student presentation. There are groups with non-isomorphic invariant
symplectic forms on any neighbourhood of a fixed point.

1.20. Theorem (Weinstein’s tubular neighbourhood theorem). Let (M, w)
be a symplectic manifold and v: L — M a compact Lagrangian subman-
ifold. Consider T*L with the canonical symplectic form wy and L as
the zero section in T*L, embedded by ty: L — T*L. Then there exist
neigbourhoods Uy of L in T*L, Uy of L in M and a diffeomorphism
0: Uy — Uy such that 0oty =1 and 0*w = wy.

1.21. Proposition. Let L be a Lagrangian sumanifold of a symplectic
manifold (M,w) Then the vector bundles NL and T*L are canonically
tdentified.

Proof. For p € L define
pr: T,M/T,L — (T,L)", pr([v])(‘) = wp(v, "),

where [v] is the equivalence class of v in T,M/T,L. Note that for
u,u € T,L, wy(v + ui,u) = wy(v,u) since T,L is a Lagrangian, in
particular isotropic, subspace of (T,M,w,). Hence w,’([v]) is well de-
fined. Moreover wpb is an isomorphism, since 7, L is Lagrangian, i.e.,
T,L coincides with its symplectic orthogonal complement (7,L)*». [

Proof of Weinstein’s tubular neighbourhood theorem. By Proposition 1.21,
T*L = NL, so we can identify the canonical form wg with a symplectic
form (to be denoted again wy) on NL.

By the tubular neighbourhood theorem in §1.17, there is a neighbour-
hood V of L in M, a convex neighbourhood U of Lin NL =TM|,/TL,
and a diffeomorphism

exp: U =V,

determined by a Riemannian metric on M, such that exp otg = ¢. Since
L is Lagrangian both in T*L (as the zero section) and in M, we have

(1.22) exp* w|rr = wolrr = 0.

However, to apply Moser’s relative theorem we need exp* w|p = wo|r as
2-forms evaluated on vectors in TU = T'(T* L) that are not necessarily
tangent to L. To get this, we can choose the Riemannian metric on
M wisely: take it to be g(u,v) = w(u, Jv) where J is an w-compatible
almost complex structure on M. Now, for p € L, the space N,L is
identified with the orthogonal complement of 7),L w.r.t g, which equals
JT,L (CHECK), hence T,V = T,L & JT,L. We get, by choosing
an orthonormal basis w.r.t the Hermitian form h(u,v) = wy(u, Jv) +



10 LIAT KESSLER

v/—lw,(u,v) and identifying it with the cotangent coordinates, that
exp* wl, = wyl, for every p € L.

Alternatively, we can use (1.22) to find a linear isomorphism L,,: T,U —
T,U such that L,|r,; = Id and L,"(exp*wl|,) = wol,, that varies
smoothly in p € L. Then, by Whitney’s extension theorem, there
is an embedding h: U’ — U, of some neighbourhood U’ of L, such that
h|, =1d and dh, = L, for every p € L, hence

(hexp® w)p = (dhy)*(exp® wlp) = Ly (exp” wlp) = wolp-

For more details, see [2, Proof of Theorem 8.4].

Now apply Moser’s relative theorem to find a neighbourhood Uy of L
in T L and a diffeomorphism ¢: Uy — Uy C T*L such that ¢*exp*w =
wp and ¢ o 19 = 1. The diffeomorphism 6 = exp ot): Uy — exp(Uy) C
M satisfies the required properties 68*w = wy and 6 o 1y = ¢.

O

REFERENCES

[1] H. Bursztyn, H. Lima, E. Meinrenken, Splitting theorems for Poisson and re-
lated structures, to appear in J. Reine Angew. Math. arXiv:1605.05386

[2] Ana Cannas da Silva, Lectures on Symplectic Geometry, Lecture Notes in
Mathematics, Springer-Verlag, 2008.

[3] M. Dellnitz and I. Melbourne, The equivariant Darbouz theorem, Exploiting
Symmetry in Applied and Numerical Analysis (Editors: E. Allgower et al):
1992 AMS-SIAM Summer Seminar Proceedings. Lectures in Appl. Math. 29
(1993), 163-169.

[4] V. Guillemin, S. Sternberg, Symplectic Techniques in Physics, Cambridge Uni-
versity Press 1984.

[6] Eckhard Meinrenken, Symplectic Geometry - Lecture Notes, University of
Toronto.



