EP1-1. Show that with probability one

Jim > (Bjju — Bjonym)’ = 1.

J=1

You may use the following fact: If X1, Xy, ... are i.i.d random variables with E[|X;|?*] < oo, then
there is a ¢ < co such that

E[(X; 4+ X,) %] < en®.

EP1-2. Show that for every € > 0, there is a (bounded) elementary process Y; such that

1
P{/ Ytd.Bt>0}21—e.
0
1
P{/ YtdBt>0}<1.
0

EP2-1 Suppose B!, B? are independent standard Brownian motions. Let

Show that for every Y € V,

n

Yo =3 1Bjjn = Blimiyal Bjjn = Blioiyul:
7=1
Show that with probability one Y,, — 0. (Hint: Show E[Y,] = 0,E[Y;{] < ¢/n?.)

EP3-1 Let X4, X3, X3, ... beii.d random variables with mean zero; let F,, denote the o-algebra
generated by X1, Xo,..., X, (Fo is the trivial o-algebra); and suppose that Y7,Y53,... are random
variables such that Y is F;_; measurable. The discrete stochastic integral is

My=0, M,=) Y;X,.
j=1

Assume that E[|Y,, X,|] < co for each n. Then M,, is a martingale.

(a) Suppose that P{X, = 1} = P{X; = —1} = 1/2. Show that if R, is an L*-martingale with
respect to F, with Ry = 0, then F,, = M,, w.p.1 for some Y7,Y5,... (You may wish to consider R,
first.)

(b) Does the last result hold if Xy, X5,... are N(0,1)?

EP5-1 Redo 7.18 (c) using the Bessel diffusion process

r

<At

Assume that the interval (a,b) satisfies a > 0.



EP6-1 Suppose f : [0,00) — R? is a function whose right derivative

fﬁ.(t): lim f(t—|—€)—f(t)

exists everywhere.

(a) Show that if f and f) are continuous, then f is differentiable for ¢ > 0 with derivative f.

(b) Give an example where f is continuous but f! is not continuous for which f is not differ-
entiable at some t > 0.

(c) Give an example where f! is continuous but f is not continuous (and hence not differentiable
everywhere).

EP6-2 Let S, denote simple random walk in Z9. If A C Z% we write A = {z € Z?: dist(z, A) =
1},A = AUQA. We say that f : A — R is (discrete) harmonic in A if Af(z) = 0 for all z € A,

where

Note that Af(z) = E*[f(S1)] — f(z). Let
T4 =min{j > 0:5; € A}.
(a) Suppose A is a bounded set and f is harmonic on A. Assume that Sy € A. Show that
My = f(Snar),

is a martingale.
(b) Suppose A is bounded and F : J4 — R is a given function. Show that there is a unique
function f: A — R satisfying:

f(z) =F(z), =€ 0A,

Af(z)=0, =z€A.

(Hint: Assume that f is such a function and consider the martingale from part (a).)
(c) Suppose d < 2 and A can be unbounded. Let F' : 94 — R be a given bounded function.
Show that there is a unique bounded function f: A — R satisfying:

f(z) =F(z), =€ 0A,

Af(z)=0, ze€A.

(d) Show by example that the result from part (c) is false if we do not require f to be bounded.
(e) Show by example that the result from part (c) is false if d > 3.

EP6-3 Suppose S is a simple random walk as in EP6-2, and let f : Z% — R be given. Assume
that So = 2z € Z%. Show that

Ko = £(S0) ~ Y A(S))



is a martingale. In particular if T is a bounded stopping time for S,

T-1

E°(f(S7)] = f(z) + E" | ) Af(S))

=0

EP6-4 Suppose A is a connected set (i.e., one can get between any two points in A by a path
staying in A) and T4 is the first time the random walk leaves A. Suppose there exists 2 € A such
that E*[T4] < oo.

(a) Show that EY[T4] < oo for all y € A.

(b) Assume A is bounded and let f(y) = EY[T4]. Show that f is the unique function from A
to R satisfying

Af(y)=-1, ye 4, f(y)=0, yeoA

EP7-1 Suppose D is a connected, bounded open subset of R?% Bj is a standard d-dimensional
Brownian motion; 7 = inf{t : B; ¢ D}; and ¢ : D — R a continuous function. Let

e(x) = e(z;q) = E7 [exp{—/OTfJ(Bt) dt}] :

a. Show there is an € = ¢(D) > 0 such that if ¢ > —¢, then e(z) < oo for all z € D.
b. Show that there is a K = K (D) < oo such that if ¢ = —K, then e(z) = oo for all z € D.
c. Let o = inf{t : |B; — Bg| > €} and let

TNAO¢
é(z) =€é(z;D,e) = E° [exp{—/ q(By) dt}] .
0
Show that there is an € = (D, ¢) > 0 such that é(z) < oo for all z.
d. Suppose e(z) < oo for some z € D. Show that e(y) < oo for all y € D.

EP7-2 Using the notation of the last problem, give an example of an unbounded D with P*{r <
oo} = 1 for all 2 € D such that for every € > 0,

E®[eT] = 0.

EP8-1 Let X1, X3, ... be independent N (0,1) random variables and let f be a bounded contin-
uous function. Let Zy = 0 and for » > 0,

Zn = Ytp_1+ f(Zn—l) + Xn

We will do the Girsanov transformation for Z,, to make Z,, a martingale (with respect to F,,, where
Fn is the information in X4,...,X,).

(a) If @ is a real number, compute E[X;e*1]. (One can do it directly, or one can differentiate
the moment generating function E[e®X1] with respect to a.)

(b) Let My =1 and for n > 0,

n n . 2
My =exp{ =31z, %, - 3 L



Show that M, is a martingale with respect to F,.
(c) Show that M, Z,, is a martingale with respect to F,.
(d) Show that Z,, is a Q-martingale where dQ = M, dP.

EP8-2 Let B; be a standard one-dimensional Brownian motion with By = 1, let 0 < ¢ < 1 and
let

T. = inf{t : B; = €}.

Suppose a > 0.
(a) Find a process Z; whose paths are differentiable with respect to ¢ such that

Mt = Bta/\Te Zt

is a continuous martingale.

(b) Suppose @Q is defined by
dQ; = M, dP.
Find an A; such that if Y; satisfies
dY; = A;dt 4+ dBy,

then Y; is a Brownian motion with respect to the measure ). Write an SDE for B; in terms of the
Brownian motion Y;.
(c) For which « is it the case that

EP9-1 Let D be a domain (open connected subset) in R¢. Call two distinct points z,w € D
adjacent if

1
|z — w| < 5 max{dist(z,dD), dist(w, 0D)}.

(a) Define pp(z, w) by: pp(z,2) =0, and if z # w then pp(z, w) is the minimum integer k such
that there exist a finite sequence

Z=T0y L1y 3y p =W

of points in D such that for each j, z; is adjacent to z;4;. Show that pp(z,w) < oo for every
z,w € D and that pp is a metric on D.
(b) Suppose zp € D and define

Ux = Uk(z0, D) = {w : pp(20, w) < k}.

Show that for £ > 1, Uy is an open set.
(c) Show that there is a ¢ < oo such that if D is any domain and h : D — (0, 00) is a positive
harmonic function, then for all z,w € D,

h(z) < PP (%) p(w).



(d) Show that if K C D is a compact set, then there exists a ¢ = ¢(K, D) < oo such that if
h: D — (0,00) is harmonic, then

h(z) < ch(w), =zweK.

EP9-2

(a) Show that there exist 0 < «, ¢ < oo such that the following is true. Let B; be a Brownian
motion in the unit disk D C R? and let E be the event that B[0, 7p] does not disconnect the origin
from the unit circle. Then,

P?(E) < c|z|*.

(Hint: Suppose |z| < 27" and let o,, be the first time that the Brownian motion reaches the circle
of radius 27". Then

Ec()E
7=1

where Ej is the event that [B,;, B,,_, ] does not make a closed loop about the origin.)
(b) Show that if D is a domain in R? whose boundary is connected and larger than a single
point, then every point on 9D is regular for D.

EP9-3. Suppose D is a domain and h,, is a sequence of harmonic functions such that for every

compact K C D,

sup sup |hy,(2)] < 0.
n>1 zeK

(a) Show that the sequence of functions {h,} is equicontinuous on K, i.e., for every € > 0, there
is a 6 > 0 such that if z, w € K with |z — w| < § then

|hn(2) — hn(w)| < 6 for all n.

(Hint: use derivative estimates for harmonic functions.)
(b) Show that there exists a subsequence A,; and a harmonic function A on D such that
hn;(2) = h(z) for all z € D. (Hint: You may use the Arzela-Ascoli Theorem.)

EP10-1
(a) Show that there is a ¢ > 0 such that if By is a one-dimensional Brownian motion and z > 0,

P{B; > 1;B; >0forall 0 <t <1} > cuz.

(b) Show there is a ¢ > 0 such that if B; is a two-dimensional Brownian motion; D is the unit
disk; and 7 = 7p, then for all z € D,

PH|B|<1/2|7>1) > e

EP10-2. Let B, be a two-dimensional Brownian motion with |Bg| = 1 and let T,, = inf{t :
|B| > n}. Let E,, be the event that B[0,7),] does not make a closed loop about the origin. Show
that there is an « € (0, 1] such that P(E,) &~ n~® in the sense that

log P(Ey)

n—oo  logn



(Hint: Let F(n) = P(E2n) and show that F(n + m) < F(n) F(m).).

EP10-3 Suppose pjk, 7,k = 1,2, ... are positive numbers such that there exist 0 < e < K < o0
such that for all 7,

o0
Y pix <K,
k=1

Pj1 2 €.

Let fo(1) =1 and fo(k) =0 for all k¥ > 2 and for n > 1,
Fa(B) =" pik fac1(4)-
7=1

a. Show that there exist 0 < ¢; < ¢z < 00 and « € [¢, K] such that for all &, n,
cp o™ < fulk) < ecza”.
b. (*) Show that for every k, the limit

c(k) = lim o™ " f,(k),

n—oo

exists.



