1 Problems in Oksendal’s book

3.2.
Proof. WLOG, we assume t = 1, then
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By Problem EP1-1 and the continuity of Brownian motion.
I'< [Z(Bj/ﬂ _B(jfl)/n) ] max ‘B]/n B(j—l)/n| — 0 a.s.

1<j<n
j=1 ==

To argue I — 3]01 B?dB; as n — oo, it suffices to show E[fol(Bt - Bfn))th] — 0,
where B, (n) _ Z] 1BJ 1)/n1{(] 1)/n<t<j/n}- Indeed,

1 n j/n
B[ 1B BPd =3 [ BB - B
0 j=170G-1/n

We note (B — B2_,)? is equal to

(Bt — Bi-1)* +4(Bi — Bi-1)’Bix + 4(By — Bi-1)* B,

n

so E(BY;_y,,, — Bf)? =3(t = (j —1)/n)* + 4(t — (j — 1)/n)(j — 1)/n, and

Hence Efol(Bt B™M)2gt = > 221 — 0 as n— oo.
To argue III — 3 fo B.dt as n — oo, it suffices to prove
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By looking at a subsequence, we only need to prove the L2-convergence. Indeed,
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= E 771 E [(Bj/n — B(j—l)/n) — E(Bj/n — B(j—l)/n) + an

as n — o0o. This completes our proof.

3.18.
Proof. If t > s, then

Ele”Bi-5]
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The second equality is due to the fact By — B is independent of F.

4.4.

Proof. For part a), set g(t,x) = e* and use Theorem 4.12. For part b), it comes from
the fundamental property of Ito integral, i.e. Ito integral preserves martingale property for

integrands in V.

Comments: The power of Ito formula is that it gives martingales, which vanish under

expectation.
4.5.
Proof.
t 1 t
BF = / EB*1dB, + —k(k — 1)/ B¥24s
0 2 0
Therefore,

a0 = [t

This gives E[B}] and E[BY]. For part b), prove by induction.



4.6. (b)
Proof. Apply Theorem 4.12 with g(t,z) = ¢* and X; = ¢t + Z;;l a;B;. Note Z?Zl a;B;
is a BM, up to a constant coefficient. O
5.1. (ii)

Proof. Set f(t,x) = z/(1 +t), then by Ito’s formula, we have

dXy = df (¢, Br) = I fttﬁdwr 1dftt - _1)fjtdt+ 1dftt
O
(iv)
Proof. dX} = dt is obvvious. Set f(t,z) = e, then
dX? = df (t, B,) = e'Bydt + e'dBy = X7dt + 'dB,
O

5.9.
Proof. Let b(t,z) =log(1 + 2?) and o(t,z) = (>0}, then
[b(t, 2)] + o (t, 2)| < log(1+a?) + ||

Note log(1 + z?)/|z| is continuous on R — {0}, has limit 0 as  — 0 and  — oco. So it’s
bounded on R. Therefore, there exists a constant C, such that

b(t, )| + |o(t, 2)| < C(1 + |x])
Also,

21¢|
14 &2

|b(t, ) = b(t, y)| + |o(t, 2) = o(t,y)] < [z =yl + Ne>037 — Liy>0yYl

for some £ between z and y. So
lb(t, z) = b(t, y)| + |o(t,z) — o(t, )| < [z —y| + |z -y

Conditions in Theorem 5.2.1 are satisfied and we have existence and uniqueness of a strong
solution. 0

5.11.



Proof. First, we check by integration-by-parts formula,

t 4B, dB b-Y,
dyt:<—a+b—/ : )dt+(1—t) L Ldt + dB,
0

-8 1—-1¢ 1-1¢

Set Xy = (1—1) ft dBs then X, is centered Gaussian, with variance
0 1-s

BN = (1 -1f [ aE = -n-0-

So X; converges in L? to 0 as t — 1. Since X; is continuous a.s. for ¢ € [0,1), we conclude
0 is the unique a.s. limit of X; as ¢t — 1. O

7.8

Proof.
{Tl/\TQSt}:{Tl St}U{TQSt}EM

And since {r; >t} = {r; < t}¢ € N,

{nVvr>tt={n>t}U{n >t} e N;

7.9. a)

Proof. By Theorem 7.3.3, A restricted to C2(R) is rm%—i— 0‘22“"2 J%. For f(x) = 27, Af can be

2 2 o2
calculated by definition. Indeed, X; = ze("=F)tHeB: and E*[f(X,)] = 27er— T T2,

So
x _ 2
So f € Dy and Af(x):(r7+%2'y(’yfl))ﬁ. O
b)

Proof. We choose p such that 0 < p < z < R. We choose fo € C2(R) such that fo = f on
(p, R). Define 7, gy = inf{t > 0: X; & (p, R)}. Then by Dynkin’s formula, and the fact

Afo(z) = Af(x) = ma™ (r + %2(’71 —1))=0o0n (p, R), we get
E*[fo(Xr, pyak)] = fo(z)

The condition r < %2 implies Xy — 0 a.s. ast — 0. So 7(, gy < 00 a.s.. Let k T oo, by
bounded convergence theorem and the fact 7, r)y < 0o, we conclude

folp)(X = p(p)) + fo(R)p(p) = fo(x)
where p(p) = P*{X; exits (p, R) by hitting R first}. Then

7 — p’h

p(p) = e

Let p | 0, we get the desired result. O



c)
Proof. We consider p > 0 such that p <z < R. 7(, gy is the first exit time of X from (p, R).
Choose fo € C2(R) such that fo = f on (p, R). By Dynkin’s formula with f(z) = logz and
the fact Afo(z) = Af(z) =r— "‘72 for x € (p, R), we get

2
B [fo(Xry mynt)] = fol@) + (r = ) B [r(m A K

Since r > %2, Xi — 00 as. ast — 00. S0 7, g) < o0 as.. Let kT oo, we get

_ Jo(B)p(p) + folp)( = p(p)) — fo(=)

a?
=3

E* [T(p,R)}

where p(p) = P*(X; exits (p, R) by hitting R first). To get the desired formula, we only
need to show lim, .o p(p) = 1 and lim,_,¢ log p(1 — p(p)) = 0. This is trivial to see once we
note by our previous calculation in part b),

" — p’Yl
R — e
O
7.18 a)
Proof. The line of reasoning is exactly what we have done for 7.9 b). Just replace 27 with
a general function f(z) satisfying certain conditions. O
b)

Proof. The characteristic operator A = %j—; and f(z) = x are such that Af(z) = 0. By
formula (7.5.10), we are done. O

c)
Proof. A= u% + %Qd%. So we can choose f(x) =e 4% Therefore

2ux _ 2pa
e 2 —e o2
b= 2.0 2pa

8.6

Proof. The major difficulty is to make legitimate using Feymann-Kac formula while (x —
K)™ ¢ C2. For the conditions under which we can indeed apply Feymann-Kac formula to
(r — K)* ¢ CZ, c f. the book of Karatzas & Shreve, page 366. O



8.16 a)

Proof. Let Lt = fo S ax (X¢)dB:. Then L is a square-integrable martingale. Fur-

thermore, (L) = fo | vV h(X5)|?ds is bounded, since h € C§(R™). By Novikov’s condition,
M,; = exp{Lt — 3(L)¢} is a martingale. We define P on Fr by dP = MpdP. Then
defines a BM under P.

[

(M (X0)

= E’w[ Jo Xt am B (Xo)dX [~ '|Vh(Xs)|2d5f(Xt)]
[

= E%[e PN ar (Bs)dBi—4% [ \Vh(Bs)\zde(Bt”

Apply Ito’s formula to Z; = h(By), we get

;1 < 0%h
h(By) — h(Bo) = / 8% ,)dBS+§/O > gy (Be)ds
So
E*[f(Xy)] = E*[eMB)MBo)e=Jo V(B)ds (B, )]
O
b)

Proof. If Y is the process obtained by killing B; at a certain rate V', then it has transition
operator
T) (g, x) = E*[e” Jo VPItg ()]

So the equality in part a) can be written as

TtX(f, x) = efh(z)TtY(feh, x)

9.11 a)

Proof. First assume F is closed. Let {¢,, },>1 be a sequence of bounded continuous functions
defined on 9D such that ¢, — 1g boundedly. This is possible due to Tietze extension
theorem. Let h,(z) = E*[¢,(B;)]. Then by Theorem 9.2.14, h,, € C(D) and Ah,(z) =0
in D. So by Poisson formula, for z = re*? € D,

1 2m

. P _ it
5 | Pl

hn(2) =



Let n — o0, hy(z) — E*[1p(B;)] = P*(B, € F) by bounded convergence theorem, and

RHS — L [*™

o Pr(t—0)1p(e)dt by dominated convergence theorem. Hence

1 [ _
P*(B, € F) = %/O P.(t — 0)1p(e™)dt

Then by m — X\ theorem and the fact Borel o-field is generated by closed sets, we conclude

I _
P*(B,€F)= —/ P.(t —0)1p(e™)dt
2T 0
for any Borel subset of 9D. O

b)

Proof. Let B be a BM starting at 0. By example 8.5.9, ¢(B;) is, after a change of time
scale a(t) and under the original probability measure P, a BM in the plane. VF' € B(R),

P(B exits D from ¢(F))
P(¢(B) exits upper half plane from F')
= P(¢(B)a) exits upper half plane from F)
= Probability of BM starting at i that exits from F

p(E)
So by part a), u(F) = 5= 0 "ypy(e)dt = 5= OQW 1g(p(e'))dt. This implies

R oM

27 Jop z

27
| 1@ =5 [ sorear -
R 0

c)

Proof. By change-of-variable formula,

[r@ae =1 [ roPn =1 [ et

d)

Proof. Let g(z) = u + vz, then ¢ is a conformal mapping that maps ¢ to u + vi and keeps
upper half plane invariant. Use the harmonic measure on x-axis of a BM starting from
i, and argue as above in part a)-c), we can get the harmonic measure on x-axis of a BM
starting from u + 7v. O

12.1 a)



Proof. Let 6 be an arbitrage for the market { X }¢cjo, 7. Then for the market {Xt}te[O,T]:
(1) 6 is self-financing, i.e. dV,Y = 6;dX;. This is (12.1.14).
(2) 0 is admissible. This is clear by the fact VY = e~ Jo 7295V and p being bounded.
(3) 6 is an arbitrage. This is clear by the fact V,/ > 0 if and only if V,f > 0.

So {Xt}te[O,T] has an arbitrage if { X; },c(0,7] has an arbitrage. Conversely, if we replace p
with —p, we can calculate X has an arbitrage from the assumption that X has an aribitrage.

O
12.2
Proof. By V, = Y7 6, X;(t), we have dV; = 6 - dX;. So 0 is self-financing. O
12.6 (e)

Proof. Arbitrage exists, and one hedging strategy could be 6 0,B
(T

= (0,B1 + B2,B1 — By +
138148, 1=3B1482) The final value would then become By (T)? + By (T)>. O

12.10
Proof. Becasue we want to represent the contingent claim in terms of original BM B,
the measure Q is the same as P. Solving SDE dX; = aX.dt + fX;dB; gives us X; =
Xpela=5)H+5B: 8o
EV[h(X7-4)]
= FEY[Xr_{

(a=)(T—1) 5 (T—t)

a(T—t)

= ye
= ye

2
Hence ¢ = e*T-0pX, = BXOQQT*%H,B&_ ¥

12.11 a)

Proof. According to (12.2.12), o(t,w) = o, p(t,w) = m—X;(t). So u(t,w) = L (m—X;(t)—
pX1(t)). By (12.2.2), we should define @ by setting

dQ| 5, = ¢~ Jo uedBe=3 Jo uidsgp
Under Q, By = B, + L [(m — Xi1(s) — pX1(s))ds is a BM. Then under Q,
dX,(t) = 0dB; + pX, (t)dt
So X(T)e~*T = X,(0) + [ oe~'dB; and Eg[¢(T)F] = Egle T X,(T)] = z1. O
b)

Proof. We use Theorem 12.3.5. From part a), ¢(t,w) = e *to. We therefore should choose
61(t) such that 61 (t)e 'oc = ge . So 6; = 1 and 6 can then be chosen as 0. O



2 Extra Problems
EP1-1.

Proof. According to Borel-Cantelli lemma, the problem is reduced to proving Ve,
ZP(\S,J >€) <00
n=1

where S, := Z?Zl(Bj/n — Bj—1)/n)* — 1. Set

Xj=(Bjm —Bg-1m)’ —1/n

By the hint, if we consider the i.i.d. sequence {X; j=1 normalized by its 4-th moment, we
have

P(|S,] > €) < e *E[S%] < e *CE[X{]n?

By integration-by-parts formula, we can easily calculate the 2k-th moment of N(0,0) is
of order o*. So the order of E[X{] is n=*. This suffices for the Borel-Cantelli lemma to

apply. O

EP1-2.

Proof. We first see the second part of the problem is not hard, since fg Y,dB; is a martingale
with mean 0. For the first part, we do the following construction. We define Y; = 1 for
te (0,1/n],and fort € (j/n,(j+1)/n] 1 <j<n-1)

Yi:=CilBg ) /n—Bi/n<0, 0<i<j—1}

where each Cj is a constant to be determined.

Regarding this as a betting strategy, the intuition of Y is the following: We start with
one dollar, if By, — By > 0, we stop the game and gain (B;,,, — By) dollars. Otherwise,
we bet C7 dollars for the second run. If By, — By, > 0, we then stop the game and gain
C1(Ba/n — Bin) — (Bi/n — Bo) dollars (if the difference is negative, it means we actually
lose money, although we win the second bet). Otherwise, we bet Cy dollar for the third
run, etc. So in the end our total gain/loss of this betting is

f(f YsdBs = (Bi/n — Bo) + 1(B,,,-By<0}C1(Ba/n — Bin) + -+

+1{B1/7L—BOS0,"' 1B(7L71)/71_B(7L72)/nSO}Cn_l(Bl - B("—l)/“)

We now look at the conditions unde which fol Y.dBs < 0. There are several possibilities:
(1) (Bi/n — Bo) <0, (Byyy, — Biyy) >0, but C1(Bayy, — Bi/n) < |Bijn — Bol;
(2) (Bl/n — Bo) < 0, (B2/n - Bl/n) < 0, (Bg/n — Bg/n) > 0, but CQ(Bg/n — Bg/n) <
|B1/n — Bol + C1|Bz/y — Biynl;

(n) (Bi/n — Bo) <0, (Bayn — Bin) <0, -+, (Br — Bn—1)/n) <0.



The last event has the probability of (1/2)™. The first event has the probability of
P(X<0,Y>0,0<Y<X/Ch)<PO<Y <X/Ch)

where X and Y are i.i.d. N(0,1/n) random variables. We can choose C; large enough so
that this probability is smaller than 1/2™. The second event has the probability smaller
than P(0 < X <Y/C3), where X and Y are independent Gaussian random variables with
0 mean and variances 1/n and (C? + 1)/n, respectively, we can choose Co large enough, so
that this probability is smaller than 1/2"™. We continue this process untill we get all the
Cj’s. Then the probability of fol YidB; < 0 is at most n/2". For n large enough, we can

have P( fol Y;dB; > 0) > 1 — ¢ for given €. The process Y is obviously bounded. O

Comments: Different from flipping a coin, where the gain/loss is one dollar, we have
now random gain/loss (B, — B(j_1)/n)- So there is no sense checking our loss and making
new strategy constantly. Put it into real-world experience, when times are tough and the
outcome of life is uncertain, don’t regret your loss and estimate how much more you should
invest to recover that loss. Just keep trying as hard as you can. When the opportunity
comes, you may just get back everything you deserve.

EP2-1.

Proof. This is another application of the fact hinted in Problem EP1-1. E[Y,] = 0 is
obvious. And

E((Bjn = Blj_1)/)" (B} jn = Bf_1)n)"]
= (3E[(Bj), = B{j_1)n) %)

9
= an
l . .
We set X, = [le./n — B(lj—l)/n] [B?/n — B(Qj_l)/n]/a;i, and apply the hint in EP1-1,
9 9c
47 _ 4 2 _

for some constant c. This implies Y;, — 0 with probability one, by Borel-Cantelli lemma. [

Comments: This following simple proposition is often useful in calculation. If X is a
centered Gaussian random variable, then F[X*] = 3E[X?]2. Furthermore, we can show
E[X?] = CrE[X?*72)% for some constant Cj. These results can be easily proved by
integration-by-part formula. As a consequence, E[B?*] = Ct* for some constant C.

EP3-1.

Proof. A short proof: For part (a), it suffices to set

Yn+1 = E[Rn+1 - Rn|X1a' t 7Xn+1 = 1]

10



(What does this really mean, rigorously?). For part (b), the answer is NO, and R, =
> j—1 X7 gives the counter example.

A long proof:

We show the analysis behind the above proof and point out if {X,}, is i.i.d. and
symmetrically distributed, then Bernoulli type random variables are the only ones that
have martingale representation property.

By adaptedness, R,+1 — R, can be represented as f,,+1(X1,---, Xp,41) for some Borel
function f,41 € B(R"™1). Martingale property and {X,}, being i.i.d. Bernoulli random
variables imply

o1 (X, X, —1) = = fn1 (Xq, -, X, 1)

This inspires us set Y41 as
fn+1(Xla e 7Xn; 1) = E[Rn+1 - Rn|Xla T 7Xn+1 - 1]

For part b), we just assume {X, },, is i.i.d. and symmetrically distributed. If (R,,), has
martingale representation property, then

fn+1(Xla e 7Xn+1)/Xn+1
3

must be a function of Xi,---,X,. In particular, for n = 0 and f1(z) = 2°, we have
X? =constant. So Bernoulli type random variables are the only ones that have martingale
representation theorem:.

O
EP5-1
Proof. A= L4 4 %j—;, so we can choose f(z) = z'7?" for r # % and f(z) = logx for
r= % O
EP6-1. (a)

Proof. Assume the claim is false, then there exists tg > 0, € > 0 and a sequence {t;}r>1
such that t; T to, and
f(tx) — f(to)

— fl(to)] >
te —to fi(to)| > €

WLOG, we assume [, (t9) = 0, otherwise we consider f(t) —tf’ (to). Because f/ is contin-
uous, there exists & > 0, such that Vt € (to — d,to + §),

€
746~ Fleo)l = 17 (0] < 5
Meanwhile, there exists infinitely many t;’s such that

f(te) — f(to) S ¢ or f(tk) — f(to) -
tr — to tr —to

By considering f or —f and taking a subsequence, we can WLOG assume for all the ¢;’s,
ty € (t —0,t+6), and
f(te) — f(to)

— i (o) >
tr —to f+(0) €

11



t—to

B (t) =e— fi.(t) >€/2 for t € (to — 0, tg + 9), and h(t) > 0. On one hand,

Consider h(t) = e(t — to) — [f(t) — f(to)] = (t — to) [e— M} Then h(to) = 0,

/Oh’()dt> Q(toftk) >0

tr
On the other hand, if i is monotone increasing, then
to
/ B (t)dt < h(to) — h(ty) =0 — h(ty) <0
tr

Contradiction.
So it suffices to show h is monotone increasing on (tg — d,to + ¢). This is easily proved
by showing h cannot obtain local maximum in the interior of (to — 0, to + 9).

O
(b)
Proof. f(t) =1t —1|. O
(c)
Proof. f(t) = 1{>03- O
EP6-2. (a)

Proof. Since A is bounded, 7 < 0o a.s..

E¥ M1 — My|Fn] = [ (Snt1) = F(S)IFnll{r>niny
= ( “F(S)] = F(S)) Lty
= Af(Su)lrzn+y
Because S,, € A on {7 > n+1} and f is harmonic on A, Af(Sp)1{r>nt1}3 =0. So M is a
martingale. O
(b)

Proof. For existence, set f(z) = E*[F(S,)] (v € A), where 7 = inf{n > 0: S, ¢ A}.
Clearly f(x) = F(z) for x € JA. For x € A, 7 > 1 under P®, and we have

Af(z) = E*[f(S1)] - f(x)

For the 5th equality, we used the fact under P*, 7 > 1 and hence S, 06, = S,.

12



For uniqueness, by part a), f(Spar) is a martingale, so use optimal stopping time, we
have

f(x) = E*[f(S0)] = E*[f(Snar)]

Becasue f is bounded, we can use bounded convergence theorem and let n T oo,

f(x) = E*[f(S:)] = E*[F(S;)]

()

Proof. Since d < 2, the random walk is recurrent. So 7 < oo a.s. even if A is bounded.
The existence argument is exactly the same as part b). For uniqueness, we still have
f(z) = E®[f(Spar)]. Since f is bounded, we can let n T oo, and get f(x) = E*[F(S;)]. O

(d)

Proof. Let d =1 and A = {1,2,3,...}. Then 0A = {0}. If F(0) = 0, then both f(z) =0
and f(x) = x are solutions of the discrete Dirichlet problem. We don’t have uniqueness. [J

()

Proof. A =73 — {0}, 9A = {0}, and F(0) = 0. Tp = inf{n > 0: S, > 0}. Let c € R
and f(z) = ¢P*(Ty = 00). Then f(0) = 0 since Ty = 0 under P°. f is clearly bounded.
To see f is harmonic, the key is to show P*(Ty = 00|S1 = y) = PY(Tp = o0). This is due
to Markov property: note Ty = 1 4+ T o 61. Since c is arbitrary, we have more than one
bounded solution.

O
EP6-3.
Proof.
B Ky — Kna|Fpoa] = E*[f(Sn) = f(Sn—1)|Fn-1] = Af(Sp-1)
= ESf(S)] = f(Sn-1) = Af(Sn-1)
= Af(Sn-1) = Af(Sn-1)
=0
Applying Dynkin’s formula is straightforward. O
EP6-4. (a)
Proof. By induction, it suffices to show if |y — x| = 1, then EY[T4] < oco. We note Ty =
14 T4 0 0 for any sample path starting in A. So
Ex[TAl{Sl}] = Ex[TA‘Sl = y]Px(Sl = y) = Ey[TA — 1]Px(51 = y)
Since E*[Tal{s,y] < E®[Ta] < oo and P*(S1 = y) > 0, EY[T4] < cc. O

13



(b)
Proof. If y € 0A, then under P¥, T4 = 0. So f(y) =0. If y € A,

Af(y) = EY[f(S1)] - f(y)
EY[EY[Ta 0 601|S1]] — f(y)
EY[EY[TA —1]S1]] - f(y)
EY[Tal = 1- f(y)

= -1

To see uniqueness, use the martingale in EP6-3 for any solution f, we get

Ta—1

E*[f(Sranx)] = f(x) + E°[ Y AF(S)] = f(x) — E*[T4]

Jj=0

Let K 1 oo, we get 0 = f(x) — E*[T4].

EP7-1. a)
Proof. Since D is bounded, there exists R > 0, such that D CC B(0, R). Let 7 := inf{t >
0:|B;— Bo| > R}, then 7 < 7. If ¢ > —¢

TR 0o
e(z) = E¥[e"] < E®[e“*] = E* [/ eeldt +1] =1 +/ P (1R > t)eedt
0 0

Forany n € N, P*(tg > n) < P*(Ni_{|Bx—Bi-1| < 2R}) = a™, where a = P*(|B1—By| <
2R) < 1. Soe(x) < 14€e® Y o2 (ae)"~t. For e small enough, ae < 1, and hence e(z) < oco.
Obviously, € is only dependent on D. O

)

Proof. Since ¢ is continuous and D is compact, ¢ attains its minimum M. If M > 0, then
we have nothing to prove. So WLOG, we assume M < 0. Then similar to part a),

é(x) < E¥leMUNod] < prle= Mo ] =1 +/ P¥(gc > t)(—M)e Mtdt
0

Note P*(oe > t) = P*(sup,<, |Bs — Bo| < €) = P°(sup,<, |eBy)e2| < €) = P¥(01 > t/€?).
So é(z) =1+ [;° P*(0y > u)(—Me2)e M udy = Br[e=M< 1], For ¢ small enough, —Me?
will be so small that, by what we showed in the proof of part a), E* [e_Mfz‘Tl] will be finite.
Obviously, € is dependent on M and D only, hence ¢ and D only. O

d)

Proof. Cf. Rick Durrett’s book, Stochastic Calculus: A Practical Introduction, page 158-
160. O
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b)

Proof. From part d), it suffices to show for a give x, there is a K = K (D, x) < oo, such that
if ¢ = —K, then e(x) = oo. Since D is open, there exists > 0, such that B(x,r) CC D.
Now we assume ¢ = —K < 0, where K is to be determined. We have

e(x) = E*[ef7] > E®[e5™].
Here 7, := inf{t > 0: |B; — Bp| > r}. Similar to part a), we have

E*[e"7) 214 P*(r, > n)ef"(1—e7F)

n=1

So it suffices to show there exists 6 > 0, such that P*(7. > n) > ™.
Note

P*(7; > n) = P*(max|B; — Bo| < 1) > P”(max |B; — B{| < C(d)r,i < d),

where B' is the i-th coordinate of B and C(d) is a constant dependent on d. Set a = C(d)r,
then by independence

P%(1, >n) > P°(max |W;| < a)?
t<n
Here W is a standard one-dimensional BM. Let

d= inf Pz(r£1<ai><|Wt| < a,|[Wo| < a/2,|Wi| < a/2)(> 0)

—g<z<g
then we have

0
P (Iglga5<|Wt| < a)

> poAn_ B a a

> PO, W < a Wil < 5,1Wil < 1)
_ 0 ﬂ 9 n—1
= P ({n_r{lgfgn|Wt\ <a,|Who1| < 5 W, | < 2}| Np_y

{ max |Wi| < a,[Wioa| < 5. IWil < 3))
X PO, max (W] < o (Wi | < 5. |Wil < 5)
> SPUMRZH, max (Wil <o Wi | < 3. Wil < 5))

The last line is due to Markov property. By induction we have

PO(I?<84X W < a) > o™,

and we are done. O

EP7-2.
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Proof. Consider the case of dimension 1. D = {x : © > 0}. Then for any z > 0, P*(7 <
22
o0) = 1. But by P*(r € dt) = 55ze™ > dt, we can calculate that E”[r] = co. So for every

€ >0, B*[e™] > e Pl = .

EPS8-1. a)
Proof.

o ]. 1}2 a2
Ele**1] = / me*dex =e7

2

So E[X1e*X1] = ae7 .

b)
Proof. We note Z,, € F,, and X,, 11 is independent of F,,, so we have

Mn 1
= E[e—f(Zn)XnH—%fQ(Zn)|fn]

Elef®Xnn1=3 () — 3 17(Zn)=51%(Zn) — 1

2=2n

So (M,,)rn>0 is a martingale with respect to (F,)n>o0-

c)
Proof.

E[My1Zn1 — My Zy|Fp
Mn—i—l
Mn
Mn+1
M’ﬂ

= M,E] Zni1 — ZnlFn]

= MTLE[ (Zn + f(Zn) + Xn+1) - Zn‘fn}

Mn+1
M,
= Mn [f(Zn) + E[Xn+167f(Z")X"+17%f2(Zn)|f7L]]

My f(Zn) = f(Zn)]
0

= MnE[Zn + f(Zn) - Zn + E[ Xn+1|~7'—n]]

So (M, Z,,)n>0 is a martingale w.r.t. (Fp)n>0-

d)

Proof. VA € F,, E9[Z, 1;A] = EP[My1Z,.1;A] = EP[M,Z,; A] = E9[Z,; A].

E®[Zp1|Fn] = Z,, that is, Z, is a Q-martingale.
EP8-2. a)
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Proof. Let Z; = exp{fOt/\Te a(;gzl)ds}. Note B}, = (fot Ls<1,3dBs)*, we have

(«

o _ ala—1 _
dBt/\TE = O(BtO(/\Tl6 l{tSTE}dBt + 72 )BtOé/\TQE l{tSTE}dt

So My = Bj,\ 1. Z; satisfies

(a—1)

_ « a—
M, = Byp,dZ; + Z,aBi ™ \y<rydBy + Zi————B; Lerydt

a(l=ao) g

Meanwhile, dZ, = 201, el 257 “ap. 8o

ala—1 _
Bta/\TedZt + %]—{the}Bta 2tht - 0

Hence dM; = Ztan‘_ll{tSTe}dBt. To check M is a martingale, we note we actually have

T
E[/ ZaP B Pl dt < oo,
0
all—a|

Indeed, Zgl{the} <e zz I Ifa<t, Bfa_2l{t§TE} < e 2if > 1, E[Bfo‘_Ql{tSTe}] <
t*~1. Hence M is martingale. O

b)

Proof. Under Q, Y; = B; — f(f id<M7B>S is a BM. We take A; = —g5-11;<7,}. The SDE
for B in terms of Y; is
«
dBt = d}/;j + gl{tSTs}dt
t

c)

Proof. Under @), B satisfies the Bessel diffusion process before it hits % That is, up to the
time T% , B satisfies the equation

o
dB; = dY; + —dt
t t+ B,

This line may sound fishy as we haven’t defined what it means by an SDE defined up to
a random time. Actually, a rigorous theory can be built for this notion. But we shall avoid
this theoretical issue at this moment.

We choose b > 1, and define 7, = inf{t > 0 : B; ¢ (3,b)}. Then Q'(Ty = o0) =
limp_, o Q*(By, = b). By the results in EP5-1 and Problem 7.18 in Oksendal’s book, we
have 1y1—2a

() If a > 1/2, limy—o Q1 (By, = b) = limy_.o % —1- () 1>0. Soin
this case, Q'(Ty = c0) > 0.

1_(%)1—2(1

(i) If o < 1/2, limp—oo QY (B,, = b) = limp_ oo Ry = 0. So in this case,
2
Ql(T% = OO) =0.

17



—10, 1 . .
(iif) If @ = 1/2, limy_oc Q' (By, = b) = limp_o0 lozbiilgog% = 0. So in this case, Q' (T =
o0) = 0.
O

EP9-1. a)

Proof. Fix z € D, consider A = {w € D : pp(z,w) < oo}. Then A is clearly open. We
show A is also closed. Indeed, if wy € A and wyp — w, € D, then for k sufficiently large,
lwi — wa| < %dist(w*,aD). So wy and w, are adjacent. By definition, pp(wx, 2z) < oo, i.e.
wy € A.

Since D is connected, and A is both closed and open, we conclude A = D. By the
arbitrariness of z, pp(z,w) < oo for any z, w € D.

To see pp is a metric on D, note pp(z,z) = 0 by definition and p(z,w) > 1 for z # w. So
pp(z,w) =0iff z =w. If {z} is a finite adjacent sequence connecting z; and z2, and {y;}
is a finite adjacent sequence connecting z; and z3, then {zy, 22, ¥}, is a finite adjacent
sequence connecting z; and z3. So pp(z1,23) < pp(z1,22) + pp(22, 23). Meanwhile, it’s

clear that pp(z,w) > and pp(z,w) = pp(w, 2). So pp is a metric. O
b)
Proof. ¥z € Uy, then pp(z0,2) < k. Assume zg = xg, =1, -+, x = 2z is a finite adjacent

sequence. Then |z — zj,_1| < £ max{dist(z, D), dist(zj_1,0D)}. For w close to z,
1
lw—zp_1| < |z —w|+ |z — 2p—1| < 3 max{dist(w,dD), dist(zx_1,9D)}.
Indeed, if dist(zg_1,D) > dist(z,dD), then for w close to z, dist(w,dD) is also close to
dist(z,0D), and hence < dist(zj—1,0D). Choose w such that |z — w| < 3dist(z,_1,0D) —

|z — xx—1|, we then have

|w — 1]

IN

|z —w|+ |z — zp_1|

< %dist(xk,l, 0D)
1
= 5 max(dist(zg—1,0D), dist(w, dD))

If dist(z_1,0D) < dist(z,0D), then for w close to z, 3 max{dist(w,dD),dist(zx_1,0D)}
is very close to  max{dist(z,dD), dist(zx_1,0D)} = 1dist(z,dD). Hence, for w close to z,

1
lw—zr_1] < |z —w|+ |z —x)-1]| < B max(dist(zg—1,9D), dist(w, dD))
Therefore w and z_1 are adjacent. This shows pp(z0,w) < k, i.e. w € Uy. O

c)

18



Proof. By induction, it suffices to show there exists a constant ¢ > 0, such that for adjacent

z, w € D, h(z) < ch(w). Indeed, let r = 1 min{dist(z,0D),dist(w,dD)}, then by mean-

value property, Vy € B(w,r), we have B(y,r) C B(w,2r), so

h(w) = fB(w,Zr) h(z)dx S fB(y,r) h(z)dx _ V(B(y,r)) hy) = h(y)
V(B(w,2r) = V(B(w,2r) V(Bwz2r) W~ 2d
By using a sequence of small balls connecting w and z, we are done. O

)

Proof. Since K is compact and {U;(x)}.cv is an open covering of K, we can find a finite
sub-covering {U,, () }}¥; of K. This implies Vz,w € K, pp(z,w) < N. By the result in part
¢), we're done.

0

EP9-2. a)

Proof. We first have the following observation. Consider circles centered at 0, with radius
r and 2r, respectively. Let B be a BM on the plane and o9, = inf{t > 0: |B;| = 2r}.

Vz € 9B(0,r), P*([By, By,,] doesn’t loop around 0) is invariant for different x’s on
0B(0,7), by the rotational invariance of BM. V6 > 0, we define B; = By, and &o, =
inf{t > 0:|B;| = 2r}. Since B and B have the same trajectories,

P*([By, By,,] doesn’t loop around 0)
P([Bo, By,,] + x doesn’t loop around 0)
P([By, Bs,,] + = doesn’t loop around 0)

= P(%[Bo, B, | + % doesn’t loop around 0)

Define W, = Bt = ’\B}f then W is a BM under P. If we set 7 = inf{t > 0 : |[W;| = %},

S

then 7 = 5,. So

P( 19 [Bo, Bs,,] + 7 doesn’t loop around 0)
(Wo, W] + 5 doesn’t loop around 0)

Zz_

= PV ([Wy, W;] doesn’t loop around 0)

Note 7= € 0B(0, f) we conclude for different r’s, the probability that BM starting from

0B(0,r) exits B(0,2r) without looping around 0 is the same.
Now we assume 27" ! < |z| < 27" and o, = inf{t > 0 : |B;|] = 27"}. Then for
Ej = {[Bs,, By;_,] doesn’t loop around 0}, E' C N}_;E;. From what we observe above,

PB i ([Bo, Bs,;_,] doesn’t loop around 0) is a constant, say 3. Use strong Markov property
and induction, we have

PH PGy Bj) = PRy By P (BA|F,)) = P (Mp ) = B = 27187
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Set —log 8 = a, we have P*(E) < 279n = 29(27n=h)a < 2¢|g|® Clearly 8 € (0,1). So
a € (0,00).
The above discussion relies on the assumtion |z| < 1/2. However, when 1/2 < |z| < 1,

the desired inequality is trivial. Indeed, in this case 2%|z|* > 1.
O

b)

Proof. Vx € 0D, WLOG, we assume x = 0. Ve > 0, let B, = €Bye2, o =inf{t > 0: By =
1} and 6 := 6. = inf{t > 0 : |B;| = €}, then & = ¢?0. Hence P°{[By, B5] loops around 0} =
P%{[By, B,] loops around 0}. By part a), P{[By, B,| loops around 0} = 1. So,

PY(B loops around 0 before exiting B(0,¢)) = 1.

This means P(7p < d.) = 1, Ve > 0. This is equivalent to x being regular. O

EP9-3. a)

Proof. We first establish a derivative estimate for harmonic functions. Let A be harmonic in
D. Then % is also harmonic. By mean-value property and integration-by-parts formula,
Vzo € D and Vr > 0 such that B(zp,r) C U, we have

Oh
fB(zg,r/Z) Tzldz
V(B(z0,7/2))

Oh
o ten)| =

< —|h|Le= 20,T
V(B(Zo,’l“/2)) = r ” ”L (0B(z0,7/2))

faB(zo,T/2) h“id?” 2d

Now fix K. There exists n > 0, such that when K is enlarged by a distance of 7, the
enlarged set is contained in the interior of a compact subset K’ of U. Furthermore, if
n is small enough, Vz,w € K with |z —w| < 7, we have Ugel; 1 B(§,m) C K'. Denote
SUp,, Sup, ¢ g+ |hn(2)] by C, then by the above derivative estimate, for z,w € K with |z—w| <
7,

\mmfmwns%ﬂww|

This clearly shows the desired ¢ exists.

b)

Proof. Let K be a compact subset of D, then by part a) and Arzela-Ascoli theorem, {hy, },
is relatively compact in C'(K'). So there is a subsequence {hy,, } such that h,, — h uniformly
on K. Furthermore, by mean-value property, h must be also harmonic in the interior of K.
By choosing a sequence of compact subsets {K,,} increasing to D, and choosing diagonally
subsequences, we can find a subsequence of {h,} such that it converges uniformly on any
compact subset of D. This will consistently define a function h in D. Since harmonicity is

a local property, h is harmonic in D.
O

EP10-1. a)
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Proof. First, we note that

P(By> 1B > 0,9t € [0,1]) = P*(By > 1) = P*( inf By < 0,51 > 1)
<s<

Let 7y be the first passage time of BM hitting 0, then by strong Markov property
P 1nfB <0,B;>1)

(

= Pz(T < 1,P%(By > 1|F5,))

= P10 <1,PB (B, >1)|u=1_r,)

= P19 <1,P°(By > 1)|u=1-m,)
(
(
(B1

= P19 <1,P°(By < —1)|uz1-r)
= P* T0 S 1 Bl ~ 71)
So
P*(B; > 1;B; > 0,vt € [0,1])
= P*(B;>1)—P*B; <-1)
Itz —y/2
= V 27
-2
e
> 2z
o V2m
where the last inequality is due to = < 1. O
EP10-2.

Proof. Let F(n) = P(E9n) and let DLA be the shorthand for “doesn’t loop around” then

F(n + m) = P E2n+m)

[Bo. Br,,.,.] DLA 0)
[B(), BTzn] DLA 0; P([BTgn 5 BT2n+m} DLA 0|.7:T2n ))
[

By, Br,..] DLA 0; PP%n ([By, By, DLA 0))

an+m ]

A
o) o)

(
(
P(
(

By rotational invariance of BM P*([By, B,

ynim] DLA 0) is a constant for any 2 € 9B(0,2").
By scaling, we have

P*([Bo, Br,,.,,] DLA 0) = P?" ([By, Br,..]| DLA 0) = P(Eyn) = F(m)

So F(n+m) < F(n)F(m). By the properties of submultiplicative functions, lim,_, log F(n)
exists. We set this limit by —a. Vm € N, for m large enough, we can find n, such that

2" < m < 271 then P(Egn) > P(Ep) > P(Egni1). So

log P(Eqn) log2™ _ log P(E,,) _ log P(Egn+1) log2n ™!
log2” logm — logm — log2ntl logm
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Let m — oo, then log2"/logm — 1 as seen by log2™ < logm < log2 + log2™. So
lim,,, % exists and equals to —a. To see o € (0,1], note F(1) < 1 and F(n) < F(1)™.

So a > 0. Furthermore, we note

P*([By, Br,] DLA 0)

>  P*(B! exits (0,n) by hitting n)
_ !
on
So log P(E,)/logn > —1. Hence o < 1. O

EP10-3. a)

Proof. We assume fo(k) = 1, Vk and j,k = 1,--- |N. We let P be the N x N matrix
with Pj, = pjx. Then if we regard f, as a row vector, we have f, = f,—1P. Define
M,, = maxy<n fn(k), then

fn+m = fOPner = fOPmPn = men < MmePn = Mmfn < MmMnfO

So My+m < M,M,,. By properties of submultiplicative functions, lim,, exists and

log M,
n

log M,
n

equals inf,, . Meanwhile, ¢ := min; x<n pjx > 0. So

N
My, > fo(k) > 6 fao1(j) = My
j=1

By induction, M, > 6™. Hence infn% > logd > —oo. Let § = infn%, then
M, > eP". We set a = ef. Then M, > o". Meanwhile, there exists constant C € (0, c0),
such that for m,, = ming<n fn(k), M, < Cm,,. Indeed, for n = 1, M7 = m,, and for n > 1,
fn(k) = ijj,kfn—l(j) < KZJ fn—l(]) and fn(k) > 52] fn—l(]) So M, < %mn Let
C= % V 1, then

M a”

falk) 2mp 2 22 2
Similarly, we can show m,, is supermultiplicative and similar argument gives us the upper
bound. 0
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