ANALYSIS ON THE PROJECTIVE OCTAGASKET

YIRAN MAO, LEVENTE SZABO, WING HONG WONG

ABSTRACT. The existence of a self similar Laplacian on the Projective Oc-
tagasket, a non-finitely ramified fractal is only conjectured. We present ex-
perimental results using a cell approximation technique originally given by
Kusuoka and Zhou. A rigorous recursive algorithm for the discrete Laplacian
is given. Further, the spectrum and eigenfunctions of the Laplacian together
with its symmetries are categorized and utilized in the construction of solutions
to the heat equation.
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1. INTRODUCTION

In a similar fashion to fractals given by Strichartz in [1] we give an overview of
the construction of the Projective Octagasket, an approximation of its Laplacian
and its spectrum. This fractal is not finitely ramified meaning that cells border
along more than just vertices. As such analytical study upon it, and the existence
of a self-similar Laplacian is only conjectured. Using a cell approximation given by
Kusuoka and Zhou in [2] we construct the discrete graph Laplacian on a given level.
This gives access to the spectrum where the eigenvalues and their eigenfunctions line
up concerning symmetry and multiplicity. Solutions to the heat and wave equation
are also given using an orthonormal basis of the eigenspace and computation of the
heat kernel approximation.
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2. CONSTRUCTION OF PROJECTIVE OCTAGASKET

To obtain a projective octagsket, we first need to obtain an octagasket. An
octagasket is defined to be the unique nonempty compact set OG satisfying the
following identity with contraction mapings {F, }:

7
0G = | J F.(0G)
n=0
where
_ -
Fuea) = ot (1 VB eos P2y (1 B D2

forall z,y € Rand all n =0,1,...,7.

Of course, an octagasket can obtained through a finite graph approximation. Let
T’y be a regular octagon centered at the origin with radius 1, Vi be its vertices and
Ry be the origin. Then, we recursively let

7
Fm = U Fn(rm—l) Ym e N
n=0

and

7
Voo = | Fa(Vin-1) ¥meN

n=0

One can easily see that V. := J.—, V,, is dense in OG and ,—, T = Vi = OG.
The following shows the graphs of I'g, 'y, '3, '3, ['4, I's respectively.

Figure 2. Levels 1-5
2.1 2.2 2.3

K is called an m-cell of OG if K = F}, Fjs...Fj,,(OG) for some ji, jo, ..., jm =
0,1,...,7. L is called a pseudo-m-cell if L is not an m-cell but there exists a rigid
motion ¢ such that ¢(L) is an m-cell.
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Intuitively, a projective octagasket is given by identifying the boundaries of an
octagasket antipodally. Two points are identified if they belong to the inner bound-
aries of the same m-cell and they are antipodal with respect to the centre of that
m-cell; or they belong to the outer boundaries of the 0-cell and they are antipodal
with respect to the origin; or they both belong to the boundary of the same pseudo-
m-cell and they are antipodal with respect to the centre of that pseudo-m-cell. In
the following graph, the red, blue and green lines are corresponding to some gluing
of inner boundaries of an m-cell, outer boundaries of the 0-cell and inner boundaries
of pseudo-m-cells on I's, note the tiny squares are glued since they will become a
pseudo-3-cell eventually.

Figure 2.7 Antipodal Identifications

To define the projective octagasket, we first lets F, is the collection of all centres
of all the pseudo-cells and R, is the collection of all the centres of all the cells.
To be rigorous, we let r = TI\/E’ T, be rotation by % anti-clock-wisely centered

at the origin, Ry be the origin,

n
P={(0,(1-r)cos =+ eri(l—r)sins) € R?e; = +1,n = 0,1,2,...}
8 2 8

7
Ey= ] ra(P)

n=0
7
Ry = Fu(Bm-1) VmeN
n=0

7
Epm=|J Fu(Em-1) VmeN

n=0
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, where P is the collection of all centres of all the pseudo-cells between the 1-cells 0
and 1, Fy is the collection of all centres of all the pseudo-cells between the 1-cells.
Then, R, =, Ry and E, = J,_, En.

Now, define an equivalence relation on OG by x ~ y if I, N (R, U E,) # () and
lyy N OG = {z,y}, where I, is a straight line in the R? with end points z and
y; or there exits I, such that I, N Ry # () with any extension l;; of I, satifying

l;vy NOG = l;,NOG. Then, we define the projective octagasket POG to be OG/ ~.

Remark 2.1. lpy N Ry # 0,1,y NE, # () and l,;, NOG = 1, NOG correspond to the
identification of inner boundaries of m-cell, the identification of inner boundaries
of pseudo-m-cell and the identification of outer boundary of 0-cell respectively.

3. LAPLACIAN

The Laplacian plays a central role in constructing an analytic theory on a given
fractal. In general a fractal is given as a limit of graph approximations. As such
a discrete graph Laplacian is used to model the continuous Laplacian. When a
renormalisation factor is found then the Laplacian at a point can be given as the
limit of its discrete graph approximations. Generally the graph Laplacian is given
as

— D ufe) =) (uly) —u())

over all vertices y that neighbor x in the m level graph approximation. The nature
of the Projective Octagasket does not lend itself to addressing well and as such we
decided to use a form of cell approximation given by Kusuoka and Zhou in [2]. Here
the function value on an m cell A" is given as the average value on its vertices.
Now given some u : V — R we can evaluate functions on cells and therefore we can
construct a pointwise Laplacian as

— D u(A7) =) (u(AY) — u(AT))

Where every AJ" borders A7' on some edge. Every m cell has 8 edges, each
bordering another m cell. Thus in total every cell will have 8 adjacent cells counting
multiplicities. We include the Laplacian matrix for level 1, using this we can find
its eigenvalues and eigenvectors. These relay important information about the
analytic structure of the fractal and allows us the possibility of approximating the
heat kernel, thereby giving us solutions to the heat equation.

8 -1 0 0 —6 0 0 -1
-1 8 -1 0 0 —6 0 0
0 -1 8 -1 0 0 —6 0
0 0 -1 8 —1 0 0 —6
—6 0 0 -1 8 -1 0 0
0 —6 0 0 —1 8 -1 0
0 0 —6 0 0 —1 8 —1
-1 0 0 —6 0 0 -1 8

Similar to what has been done on the Sierpinski gasket in [1], after constructing
the Laplacian A\, for I',,, it is natural to construct the Laplacian for the projective
octagasket by letting

Au(z) = lim r~™ A (AT

m— 00

for some renormalisation factor r, where x € A* for all m, where r is determined
later.
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4. IDENTIFICATION ALGORITHM

Now that we have constructed the Projective Octagasket in a theoretical sense
it is time to turn to the labelling algorithm which lies at the core of constructing
the graph approximation. We wish to construct the Laplacian for a given m level
cell graph approximation. To do this we need a labelling scheme and then a re-
cursive algorithm which allows us to find the number of edge connections between
antipodally glued cells.

For T'; we label the 1 cells clockwise 0 — 7 starting at the top left. For 'y we
take the cell labelled 0 on the previous level and label its 2 cells 0 — 7 as before.
Now for the cell labelled 1 we rotate our labelling scheme clockwise by /4, thus
labelled 0 — 7 clockwise starting on the top right. This process is repeated over I's.

For T'), simply take the labelling on I',,,—; and to label cell number k& simply
rotate the 0 — 7 clockwise labelling scheme by kw/4

To be rigorous, w is an m-cell in T'y,yp if w = Fj Fj,...F; (T'y) for some
J15J2 - Jm = 0,1,...,7 and we write w = j1(j2 — j1)---(Jm — Jm—1) and j1(j2 —
J1)+-(Jm — Jm—1) s called the address of w, with the arithmetic in Zg. In addition,
v is called a pseudo-m-cell in I, if there exists some rigid motion ¢ such that
¢(v) is an m-cell but v is not an m-cell for k > 0; or v is a square for k = 0.

Through out this paper, any arithmetic on the address will be con-
ducted in Zsg.

The following shows the address on I'1,'s and I's repectively:

Figure 4.1 Level 1 Figure 4.2 Level 2
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Figure 4.3 Level 3

000001 017010 170171 107100
007 002016 011 177 172106 101
006 003015 012 176 173105 102
071072005004 014013 026027 161162 1175174 104103 1116117
o070 025 020160 163 115 110
077 074 024 021167 164 114 11
076075 023022 166165 113112
062063 035036 152153 125126
061 064 034 037151 154 124 127
060 065 033 030150 155 123 120
710711 7277201067066 053054 044045 032031 157156 1143144 134135 1122121 260261 277270
17 712726 721 052 055043 046 142 145133 136 267 262276 271
716 713725 722 051 056042 047 141 146132 137 266 263275 272
701702 715714 724723 1736737 050057 041040 140147 131130 1251252 265264 274273 1206207
700 703 735 730 250 253 205 200
707 704 734 731 257 254 204 201
706705 733732 256255 203202
772773 745746 247243 215216
771 774 744 747 241 244 214 217
770 775 743 740 240 245 213 210
777776 763764 756755 1742741 247246 (233234 224235 1212211
762 765753 756 232 235223 226
761 766752 757 231 236222 227
760767 751750 230237 221220
620621 637630 350351 367360
627 622636 631 357 352366 361
626 623635 632 356 353365 362
611612 625624 634633 1646647 341342 1355354 364363 1376377
610 613 645 640 340 343 375 370
617 614 644 641 347 344 374 371
616615 643642 346345 373372
602603 655656 332333 305306
601 604 654 657 331 334 304 307
600 605 653 650 330 335 303 300
607606 673674 664665 1652651 530531 547540 440441 457450 1337336 323324 314315 1302301
672 675663 666 537 532546 541 247 442456 451 322 325313 316
671 676662 667 536 533545 542 446 443455 as2 321 326312 317
670677 661660 1521522 535534 544543 556557 431432 1445444 454453 1466467 320327 311310
520 523 555 550430 433 465
527 524 554 551437 434 164 461
526525 553552 436435 463462
512513 565566 422423 475476
511 514 564 567421 424 474 477
510 515 563 560420 425 473 a70
517516 503504 574575 562561 427426 1413414 404405 1472471
502 505573 576 212 415403 406
501 506572 577 411 416402 107
500507 571570 410417 401400

The number of edges shared between cells is crucial to the Laplacian matrix of
our approximation. Let A" be an m-cell. We initialize a 8™ x 8™ matrix L where
row ¢ will store the value of — A A in terms of the other m cells. Thus L(i,i) = 8
for all ¢ and L(4,7) will be negative of the number of edges between the two cells
7 and j. Recall that our labelling algorithm gives an m cell as a m tuple of the
references. Thus each cell can be represented in base 8. Now in order to reference
a cell in the Laplacian matrix we simply translate it to base 10. Thus some (a, b, ¢)
will correspond to row 64a + 8b + ¢ in the matrix L.

The idenfication for I'y is simple, for cell number ¢ there is an edge shared between
both (i — 1) and (i + 1). There are 6 edges connecting it to (i + 4), 2 lie on the
inner boundary and 4 lie on the outer boundary. This allows one to construct the
Laplacian matrix easily.

To understand the structure of I';, 11 for m > 0, we will need to understand
when two cells share an edge. We have the following algorithm to create I';, 1
from I',,,:

(1) Remove the outer boundary identification of T',,.

(2) Make 8 copies of T'y,.

(3) Identify the adjacent edges of the T',, and the inner boundary of the pseudo-
cell antipodally.

(4) Identify the inner boundary of the 0-cell antipodally
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(5) Identify the outer boundary of the 0-cell antipodally.

(1) Remove outer boundary identification
For m > 1, we simply omit step (5) for the previous construction. For
m =1, it is easy.

(2) Create 8 copies of T,
Simply take the disjoint union of 8 copies of I';,, label them according to
the previous labelling scheme.

(3) Adjacent Edges and Pseudo-cell Identifications

This is the most difficult part of the identification algorithm. We show

the explicit construction for level 2,3,4 and a recursive generalization for
higher levels. On I's one can see the small pseudo cells, they are the inner
boundary of four adjacent cells. Notice that for any two adjacent 2 cells
these pseudo-cell boundaries always lie between X2, X3 and (X +1)5, (X +
1)6. We will start our explanation here. Notice that for each subsequent
level the number of pseudo-cells doubles. Also notice that if any cell has
n edges along the boundary then on the next level those n edges will be

replaced by n + 1 cells.
Level 2

Initially we take the adjacency gluing of I's, this is
where the four cells are glued along a square antipo-
dally. Given an arbitrary 1 cell denoted X from 0-7 we
construct the gluing below. Here every edge denotes
1 edge connection between cells.

X2 (X+1)6

02 16

X3 (X+1)5
Figure 4.5

03 15

Figure 4.4
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Level 3

Recall that for a given cell with n edges along the
boundary on the next level that cell will turn into n+1
finer cells. To construct the next level we observe how
many edge connections each cell has. In I'; each has
2, so we take 2+1 copies of each cell and append to
it the repeating string 01267 where we start at 0 and
continue with this pattern throughout the cell. When
changing over to a next cell a 0 will follow a 0 and

a 6 follows a 2. This process is for labelling the left X20 (X+1)60
side, the right side is identical except with the order
reversed. The gluing process is copied twice from I'y x91 (X+1)67

here we have X20 together with X21 paired with X60

and X67 in the cross formation as well as X37 and

X 30 paired with X51 and X50 as shown in black. The X22
central 4 cells are connected antipodally, as shown in

red. All of these central edge connections correspond X36 (X+1)52
to 2 edges between cells.

(X+1)66

X37 (X+1)51
X30 (X+1)50
Figure 4.7

022 166

Figure 4.6
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Level 4

For 'y we again take n + 1 copies of each cell where
n is the number of edge connections of the cell in the
step (3) of previous level. So a cell like X21 from X217
before has two edges each of size 1 and an edge of size

2, thus there will be 5 copies of X21Y on the next X210
level. The gluing structure of I's is copied over to

the top and bottom of the I'y boundary. The central

12 cells are glued antipodally. On the previous level X211
we had all central edge connections equal to 2, we

had a sequence 2,2,2,2 of edge connections. On I'y X212
we replace every 2 in this sequence with the sequence
242, thus getting 2,4,2,2,4,2,2,4,2,2,4,2 as the edge
connections across the center.

X216

X226

Level m X227
To give a recursive argument we assume we have the
adjacency labelling along I',,_1; now each cell has an
edge connection n associated with it in the step (3) of
previous level. For I',, take n 4+ 1 copies of each cell,
list everything in the same order as before and begin X360
labelling with 01267. Whenever a new cell is reached

we restart the labelling at 0 if the previous one ends in x 361
0 and a 6 if the previous one ends in 2. Now copy the
exact gluing structure of I';,_1 on the top and bottom

parts of I';,. The central portion is connected antipo-

dally as before and has a edge connection sequence
associated with it. This sequence from I'), 1 consists X376
of 2’s and 4’s, whenever there is a 2 we replace by
2,4,2 whenever there is a 4 we replace by 2,4,4,4, 2. X377
This gives the new edge strength sequence for I';,, and

we are finished.

Inner Boundary identifications X370
If an (m + 1)-cell w = X1 X2 X3.. X511 € Thpqq with

X5 = 3,4 or 5 shares n edges with other cells be- X371
fore (4), then w shares (8 — n) edges with (X; +
4) X2 X3.. X1 after (4). The connectivity of other
cells remains unchanged.

X220

X372

X306

(X+1)600
(X+1)607
(X+1)606
(X+1)672
(X+1)671
(X+1)670
(X+1)677
(X+1)676
(X+1)662
(X+1)661
(X+1)660
(X+1)520
(X+1)527
(X+1)526
(X+1)512
(X+1)511
(X+1)510
(X+1)517
(X+1)516
(X+1)502
(X+1)501

(X+1)500
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(5) Outer Boundary identifications
Ifan (m+1)-cell w = X7 X0 X3.. X, 41 € I'y41 shares n edges with other
cells before (5), then w shares (8 — n) edges with (X7 + 4)X2X35... X141
after (5).
We show only the outer boundary for level 2 and 3. If you attempt to
connect this cells antipodally it is apparent that one is doing something
equivalent to the algebraic identification listed above.

000001 017010

170171 107100

007 002016 011 177 172106 101
006 012 176 102
071072 026027 161162 116117
070 160 110
077 1
076 112
062 126
061 127
060
710711 727 260261 277270
717 712726 262276 271
716 272
701702 206207
700 200
707 201
706 202
772 216
771 217
770 210
771776 212211
762 226
761 227
760
360
627 361
626 362
611612 376377
610 370
617 371
616 372
602 306
601 307
600 300
607606 302301
672 316
671 676662 326312 317
670677 661660 327 311310
460
527 461
526 462
512 78
511 477
510 560 470
517516 562561 427426 472471
502 576 412 406
501 506572 577 411 416402 407

500507 571570

410417 401400
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5. EIGENVALUE AND EIGENFUNCTION

Recall that we define the Laplacian — A u(z) = —limy,oo ™™ Ay w(A7Y).,
where z € AJ* for all m. In order to find the renormalization factor r, we first
compute the eigenvalue and eigenfunction of —A\,,.

The table below indicates a portion of the eigenvalues for levels 1, 2, 3, 4, 5.
Observe that the multiplicity of every eigenvalue does not exceed 2.

Levell Level2 Level3 Leveld Levelb
FEigenvalue Multiplicity Eigenvalue Multiplicity Eigenvalue Multiplicity FEigenvalue Multiplicity Eigenvalue Multiplicity
0 1 0 1 0 1 0 1 0 1
2 2 0.4871 2 0.1138 2 0.0259 2 0.0059 2
4 1 0.9783 1 0.2366 1 0.0541 1 0.0122 1
12.5858 2 2.2871 1 0.5609 1 0.1309 1 0.0298 1
15.4142 2 2.3296 2 0.5751 1 0.1340 1 0.0304 1
2.3820 1 0.5902 2 0.1375 2 0.0313 2
2.8687 1 0.7301 1 0.1697 1 0.0386 1
3.0247 2 0.7332 2 0.1711 2 0.0389 2
3.4427 1 0.8313 1 0.1962 1 0.0446 1
4.4197 1 1.0996 1 0.2598 1 0.0591 1
4.4464 2 1.1241 2 0.2638 2 0.0599 2
4.6180 1 1.1709 1 0.2719 1 0.0616 1
5.2598 2 1.3120 1 0.3097 1 0.0705 1
5.3703 1 1.3435 2 0.3116 2 0.0707 2
5.4460 2 1.3576 1 0.3172 1 0.0720 1
5.4463 1 1.3945 2 0.3294 2 0.0751 2
5.4601 1 1.5662 1 0.3731 1 0.0853 1
6.6192 2 1.6627 2 0.3929 2 0.0895 2
6.7007 2 1.7328 2 0.4049 2 0.0920 2
7.8468 1 1.9195 1 0.4505 1 0.1026 1
7.8481 1 2.0174 1 0.4865 1 0.1114 1
8.4801 2 2.1509 2 0.5150 2 0.1179 2
8.5001 2 2.2085 2 0.5213 2 0.1187 2
8.7486 1 2.2149 1 0.5284 1 0.1204 1
8.8864 2 2.2517 1 0.5367 1 0.1231 1
9 1 2.2995 2 0.5469 2 0.1248 2
9.1163 2 2.3466 2 0.5675 2 0.1296 2
9.1668 2 2.3763 1 0.5683 2 0.1298 2
9.2832 1 2.3864 2 0.5712 2 0.1311 2
9.3041 2 2.3900 2 0.5806 1 0.1353 1
10.5892 2 2.3992 2 0.5897 2 0.1364 1
10.8516 2 2.4039 1 0.5905 1 0.1373 2
11.2427 2 2.4135 1 0.5915 1 0.1375 1
12.0270 2 2.4259 1 0.5990 1 0.1395 1
12.5055 2 2.4369 1 0.6014 2 0.1399 2
12.5145 2 2.4507 1 0.6145 1 0.1430 1
14.1299 2 2.4604 2 0.6145 1 0.1430 1
14.1407 2 2.4791 2 0.6183 1 0.1433 1
15.0161 2 2.5360 1 0.6248 2 0.1450 2
15.2155 2 2.6906 1 0.6668 1 0.1551 1
2.7170 2 0.6689 2 0.1558 2
2.7996 2 0.6815 2 0.1566 2
2.8159 1 0.6996 2 0.1607 2
2.8872 2 0.7034 1 0.1635 1

In order to obtain the renormalisation factor, we want to compare the ratio be-
tween the eigenvalues in different levels. The difficulty is that some eigenvalues
are not born from the previous level. Nevertheless, since the eigenfucntions corre-
sponding to the eigenvalue of multiplicity 1 have good symmetry, as stated below,
we can compare them easily.

Proposition 5.1. Given an eigenfunction u and the corresponding eigenvalue with

multiplicity 1, one the the following is true about w: invariant under Dg (O), sym-

metric about a line through the mid-points of the opposite edges of an octagon (E),
s

invariant under a 7 rotation (R), or symmetric about a line through two opposite

corners of an octagon (C).

Proof. Let E) be an A-eigenspace of dimension 1 spanned by u. Then, by the
construction of laplacian, one can easily see that for all g € Dg, A(uog) = Auog.
Since ) = 1, we have uo g = pyu for some p, € C. Note that u = uog¢® = pgu, and
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u is not zero everywhere since it spans Ey. Hence, pg = 1. In particular, p, # 0.
Since the matrix used to compute eigenfunction is symmetric, by spectral theorem,
we can choose u to be real-valued. Now pick z € POG such that u(x) # 0, we
have u o g(z) = pgyu(x) # 0, which forces p; € R since u is real-valued. Therefore
pg = +1 or —1. As Dg is generated by reflection along the opposite edges of an
octagon e and rotation 7, the symmetry of u is completely determined by p. and p;-.
One can easily show that the four possible cases p. = p, =1, p. =1 and p, = —1,
pe = —1 and p, =1, p. = p, = —1 correspond to the above cases respectively. [

Remark 5.2. Let e,r and ¢ € Dg be the reflection about a line through the mid-
points of the opposite edges of an octagon, rotation anticlockwise by 7 and reflection
about a line through two opposite corners of an octagon respectively. If u is of type
(E), then wor =uoc= —u. If u is of type (R), then uoe =woc= —u. If u is of
type (C), then uor =uoe= —u.

Remark 5.3. There is an interesting fact related to the number of eigenvalues with
multiplicity 1. Let Oy, Ep, Ry and Cp, be the number of eigenvalues of type
O,E,R and C respectively. We find that O,, = C,, = 4 x 872 4 2m~2 and
E,=R,=4x8"2_-2m"2form=1,2,3 and 4.

The below table shows a part of the comparison between the eigenvalues of
multiplicity 1 corresponding to —A;, —Ao, —A3, =4 and —A5, which gives us
the renormalisation factor r ~ 4.2.

Levell | Level2 | Level3 | Leveld | Levelb | Type | Ri/Rs | Ra/Rs | R3/Rs | Ra/Rs
0 0 0 0 0 O

4 0.9783 | 0.2366 | 0.0541 | 0.0122 | C 4.0887 | 4.1348 | 4.3734 | 4.4242

2.2871 | 0.5609 | 0.1309 | 0.0298 | O 4.0776 | 4.2850 | 4.4000

2.3820 | 0.5751 | 0.1340 | 0.0304 | E 4.1419 | 4.2918 | 4.4011

2.8687 | 0.7301 | 0.1697 | 0.0386 | R 3.9292 | 4.3023 | 4.4013

3.4427 | 0.8313 | 0.1962 | 0.0446 | C 4.1413 | 4.2370 | 4.3958

4.4197 | 1.0996 | 0.2598 | 0.0591 | O 4.0194 | 4.2325 | 4.3956

4.6180 | 1.1709 | 0.2719 | 0.0616 | E 3.9440 | 4.3064 | 4.4119
5.3703 C

5.4463 | 1.3120 | 0.3097 | 0.0705 | O 4.1511 | 4.2364 | 4.3929

5.4601 | 1.3576 | 0.3172 | 0.0720 | C 4.0219 | 4.2799 | 4.4036

1.5662 | 0.3731 | 0.0853 | C 4.1978 | 4.3726

7.8468 | 1.9195 | 0.4505 | 0.1026 | O 4.0879 | 4.2608 | 4.3926

7.8481 | 2.0174 | 0.4865 | 0.1114 | R 3.8902 | 4.1468 | 4.3691

The followings are the picture for the eigenfunctions corresponding to some of
the eigenvalues listed above. It has an overlay of the eigenfunctions lined up on
consecutive levels.
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Multiplicity 1 Eigenfunctions
4th Eigenfunction A =4,4.1088,4.07425, 3.8195

13
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13th Eigenfunction A = 18.56274,22.59264, 21.865439

05 0 .5

20th Eigenfunction

Let N(x) be the eigenvalue counting function, which denotes the number of
eigenvalues less than or equal to z. It is of interest to study the growth rate of
N(z) and the gaps between the eigenvalues. The followings are the graph of x
against N (z) for level 1, 2 3 ,4 and 5 respectively.
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In order to study the spectral asymptotics of the projective octagasket, we try
to use a finite graph approach. We first take the log-log scale of the x against N (z)
and then take the segment that is most suitable for a linear fit. Let a be the slope of
this line and the Weyl ratio be N(t)/t®. Then, plotting log(t) against log(N (¢)/t%)
gives us the Weyl plot. The following are the Weyl plots of level 1 through level 4.
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The a’s for level 1, 2, 3, 4, 5 are 0.4863, 1.0615, 1.3181, 1.3957, 1.4105 respec-
tively. Therefore, we would expect that the N(x) > O(z!*) for the eigenvalue
counting function in the projective octagasket..

6. HEAT EQUATION

The heat equation
O(u(z,t))
ot

on our graph approximations given initial conditions

= Au(z,t)

u(z,0) = f(x)
Can be solved by using the heat kernel. A construction which utilizes an or-
thonormal basis of the eigenspace for the Laplacian. The eigenfunction we found
at each level can be renormalized to construct such a basis.

Given an orthonormal eigenbasis {¢;} the heat kernel is defined as

hi(z,y) =Y e MPy(,y)
A

where Py(z,y) = >, ¢i(x)¢i(y) Now, given our initial heat distribution f(z) we
can solve for u(z,t) for any time ¢t by simply taking the integral of the product of
the heat kernel and the initial f(z) with respect to our measure. Thereby a solution
to the heat equation is given as

ua, 1) = /K he(, ) f () dpu(y)

This technique was demonstrated by Strichartz in [3].
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Of course since we only have approximations to work with our integral turns
into a finite sum. We were able to find solutions to heat equation especially when
setting f(xo) =1 and f(x) = 0 for all  # x¢. This allowed us to simplify the finite
sum to u(z,t) = he(z, x0).

The following is the solution to the heat equation when setting f(00...0) = 1 and
f(z) =0if x # 00...0.

The Heat Kernel at varying time ¢
t=0 t= 0.1 t=0.2

1 5 08 N 08
06 - . 06
05 04 oo - 04
02 o . 02

b
08 g

7. WAVE EQUATION

Similar to the heat equation, we can solve the wave equation
0?u(x,t)
ot?
on our graph approximations given the initial conditions
{u(w, 0) = fow)
G (@,0) = fi(x)
If fo =0, then the solution is given by

sin tvV/\
u(z,t) = > ——=— [ Px(z,y)f1(y)du(y)
Z; 7 /K Nz, y) fr(y)du(y

, where Py (x,y) is defined as the same as before [2].
Since the solution is not obvious when putting on the paper, we refer the inter-
ested reader to our website.

+ Au(z,t) =0

8. GEOMETRY

8.1. Metric in the Finite Graph.

Given T',,, there exists a natural metric D,, on it. We call [ a path in T',, if [
is a sequence of m-cells cocqca...c,, with each pair of consecutive cells (¢;, ¢iy1) is
adjacent but not equal. In this case, we call [ is of length n. Let w,v be m-cells
in I';,, then we define D,,,(w,v) to be the minimum of the length of all paths with
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end points w and v. Let d,, = diam(T,,). Our experimental results show that
dy = 2,dy = 7,ds = 15, dy = 29 and ds = 57, and d,, is attained if w = X00...0,
v = (X £2)00...0 for some X € Zg, which gives us the following conjecture:

Conjecture 8.1. d,,, =2™ 2 x 7+ 1 form > 2

Though we cannot prove it at this stage, we have the following propositions
instead.

Proposition 8.2. d,, 11 <2d,, +2™ + 1 for allm >0

Proof. Let u = ujug...Umy1,0 = V102...Um4+1 be (m + 1)-cells in T',,. Let U and V
be the 1-cell containing u and v respectively.

IfU =V (i.e u; = v1), then obviously , by the definition of d,,, D41 (u, v) < dyy,.

If the 1-cell containing u and the 1-cell containing v are adjacent (i.e. u3 = v £1
or v1 £4 ), one can easily construct a path ! starting from u, passing through the
boundary between U and V', and then ending at v with length(l) < 2d,, + 1. So,
D7n+1(ua U) <2dy, +1

If uy = v1 £ 2, with loss of generality, say u; = v; — 2, then one can construct a
path [; from u to u;200...0, a path Iy from (u; + 1)600...0 to (uq + 1)200...0, and a
path I3 from (ug + 2)600...0 to v with length(l1),length(ls) < d,, and length(ly) <
2™ — 1 (in fact it suffices to take I to be the straight line from (u; + 1)600...0 to
(u1 +1)200...0 in the Euclidean sense). Connecting them, we obtain a path from u
to v with length < 2d,, + 2™ + 1. Hence, D11 (u,v) < 2d,, +2™ + 1.

If u; = vy £ 3, with loss of generality, say u; = vy — 3, then one can con-
struct a path /3 from u to u;600...0, and a path lo from (u; — 3)600...0 with
length(ly),length(l2) < d,,. Note that (u; +4)6000...0 is adjacent to both u;600...0
and (uj + 3)200...0. Connecting them, we obtain a path from u to v with length
< 2d,, + 2. Hence, D,,11(u,v) < 2d,, + 2

The following figure shows how we construct path from ujus...umpm41 to u1xs... 2011,
(u1 + Do @ms1, (u1 + 2)xo... i1 and (ug + 3)a...2, 41 respectively.

It follows that d,, 11 < 2d,,, +2™ + 1. O
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Corollary 8.3. d,, <2™ Y(m+2)—1 for allm >0
Proof. Directly follows from Proposition 8.1 and the fact that d; = 2. (]
Proposition 8.4. d,, > 2! — 1 for allm >0

Proof. 1t is trivial for m = 1.
For m > 1, first observe that d,,, > D,,(outer boundary, inner boundary). What
we need is in fact D,,(outer boundary, inner boundary) > 2m~1 — 1.
O

The following pictures display the distance between 00...0 and other m-cells in
T',,. The darkness of the cell represents the distance between that cell and 00...0,
and the red cell is 00...0. The similarity of these pictures gives us an evidence to
the existence of the metric D : POG x POG — [0, 1], where D is determined by

Dy (Vin, Win)
m—oo dm

for all v,w € Vi, where V,,, and W,,, are m-cells in I',,, with ﬂff:l V. = {v} and
Mooy Wn = {w}. In addition, it is believed that the metric induces the same
topology as the usual quotient topology.

<

&3 43 43

8.2. Metric in the Projective Octagasket.

8.3. Cardinality of Metric Balls in Finite Graph.

The existence of metric allows us to discuss balls of radius n of an m-cell
v in T',,. The experimental results show that the cardinality of B,,(v,n) for
m = 2,3,4 are Cyn?3377 C3n? 7967 Oyn?9483 CO5n3-9203 approximately for some
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constants Cy, C3, Cy, C5 when r is not too large. In fact, using the similar tech-
nique developed by [4], we have the following bound: #B,,.1(v,n) < v/32n3 if
n < dp.

Before getting into the bound, we first give some definitions and develop some
lemmas. We first define an m-edge in I';, 1. Basically, an m-edge is a path travel-
ling from a corner point of an octagon to the adjacent corner point with its locus
is totally contained in the outer boundary of the m-cell, where the octagon is the
m-cell in T',, with the same address as that m-cell in T';,, .

Definition 8.5. In I',,; with m > 0, an m-edges E is a piecewise straight
line in the outer boundary of the m-cell X;X5...X,, travelling from the point
X1X5..X,,00... to X;X5...(X,, +1)00.... We write E € E,, if E Cvnw. If
E =vNw, we write F = E,. A cell u is on an m-edge E if uNE # @ . Two edges
E, E' are adjacent if ENE' # (.

Remark 8.6. Each m-cell is on 8 distinct m-edge. Two m-cells may intersect on
more than one m-edges.

Lemma 8.7. In T, with m,k > 0, if a path, with length < 2% — 1, lies in an
m-cell and begins at an (m+ k)-cell on the m-edge, then it cannot pass through nor
end at any (m + k)-cell on the non-adjacent m-edge.

Proof. The proof is similar to Proposition 8.4, which is basically by induction on k.
Without loss of generality, we first assume the m-edge is from the top left corner to
the top right corner. Let Cy 1 be the collection of the (m + k)-cell on that m-edge.
We will construct layers of cells {Ck,}fil in the m-cell such that the Uyec, ,U only
intersect Uyec, ;..U and Uyec, ,_, U

For k =1, it is suffices to take the following layers, where grey denotes the cells
in Cq, black denotes the cells in Cs.

Suppose the statement is true for k£ = n. We split the C, ; into two layers. Cy 111
is clear by the identification algorithm in section 4. C,,11,2 will be the collection of
the remaining m + n + 1-cells with the same prefix as the cells in C,, ;.

To construct other layer C,,41,2i—1, one first draw a piecewise straight line [ to
connecting the centres of the every pair of adjacent cells in the C,, ;. Now replace the
octagons in C,, ; by I'y. One can inductively define C,, 11, 2;,—1 by including the most
top-left cell adjacent to some cells in C,,11,2;—2 and the cell clockwisely adjacent to
the previous cell, unless the previous cell touch the line /. If this is the case, one
will move to the next copy of I'1, and the cell adjacent (in the sense of octagasket)
to the previous cell and repeat the above procedures, until reach the most top-right
cell which is adjacent to some cells in Cp, 41 2i—2.

Then, C,,11,2; will be the collection of the remaining m + n + 1-cells with the
same prefix as the cells in C,, ;. The following figure shows how to construct the
layers from k =1 to k = 2.
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One can see that the layers constructed satisfy our requirement, only the cells on
Cp41,2n+1 are on the non-adjacent m-edge. Now given any path from the original
m~edge to any non-adjacent m-edge, it must across every layer if it does not go
outside the m-cell, which require the path of at least length 2¥ —1, so our statement
follows. O

Definition 8.8. Consider I'y, 1, with m,k > 0. Write a path [ in I';,1x as a
sequence of m + k-cells ¢, c1, ..., cn, With each ¢; has address ¢; 1¢;2...C;,mtk. We
can form a sequence of m-cells {V;} associate with [ as follows:

(1) For each ¢;, let V; = ¢;1¢5,2...Cim.
(2) While consecutive elements in the new sequence are equal, delete all but
one of them, and relabel the index if necessary.

We call the set {V;} the m-sequence of I.

Definition 8.9. Given an m-sequence {V;} for a path [ in T';, 1, we call a tuple
(i, X,Y) an m-segment-of-two if X = V;,;Y = V;41 and V;_1 # X and Y (if it
exists).

A path [ is said to enter an m-segment-of-two (¢, X,Y) through an m-edge F if
there exists some consecutive cells ¢, ¢n + 1 such that both of them are on E and
only ¢,41 is within (¢, X,Y). The notion of a path exiting is analogous, with ¢,
in (4, X,Y) instead. The collection of the m-edge along which the path enters is
denoted by Ent(i), and the m-edge along which it exists is denoted by Exit(i).
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Lemma 8.10. Let (i, X,Y) be an m-segment-of-two associated to a path of length
at most 2™ — 1.

(1) Let By € Ent(3) (if exists). E1 ¢ Exy, but there exists some Ey € Exy
such that Ey intersects Eo. Similar results also hold for Exit(i).

(2) If Ent(i) and Exit(i) exists, then there exists unique Fy € Ent(i), Ey €
Exit(i), B3 € Exy such that E1 N Es N E3 is a singleton, which is called
the centre of the (i, X,Y).

Lemma 8.11. If1 is a path of length at most 2™ — 1 and at least two m-segments-
of-two, then the centres of the m-segments-of-two are the same.

Proposition 8.12. For a path I of length at most 2™ — 1. Let U be the first k-cell
in the m-sequence associated with I. Then there exists a point x inside V; for all i.

Corollary 8.13. Let 2,1k, Vi be a k-cell containing x, V be the collection of all
k-cells adjacent to V. Any path starts at V, with length at most 2™ — 2 cannot
leave Uy ey Vi By (Ve, 2™ —2) CUypey V.

Lemma 8.14. #V <6
Proposition 8.15. #B,,1(v,n) <3 ifn < d,,.
9. CONCLUSION

We have worked out a rigorous recursive algorithm for the construction of a
Laplacian on the cell graph approximation of the Projective Octagasket. The com-
putation of higher levels is not feasible due to the rapid growth rate of I',,,. The
asymptotics of the eigenvalue counting function convey important information and
our estimates could be improved by constructing another iteration of I'),. Our cell
graph approximation was used to ease the computational complexity of the identi-
fication algorithm. A more thorough analysis using the vertex identification would
perhaps yield better numeric results, including a renormalization factor that stays
consist from level to level. Overall our experimental data suggests that the Pro-
jective Octagasket is a difficult yet worthwhile example in the class of non-finitely
ramified fractals.
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