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GAUSSIAN ESTIMATES FOR MARKOV CHAINS
AND RANDOM WALKS ON GROUPS

By W. HEBIscH AND L. SALOFF-COSTE

Wroctaw University and University of Chicago,
and CNRS, Université Paris VI

A Gaussian upper bound for the iterated kernels of Markov chains is
obtained under some natural conditions. This result applies in particular to
simple random walks on any locally compact unimodular group G which is
compactly generated. Moreover, if G has polynomial volume growth, the
Gaussian upper bound can be complemented with a similar lower bound.
Various applications are presented. In the process, we offer a new proof of
Varopoulos’ results relating the uniform decay of convolution powers to the
volume growth of G.

1. Introduction. The first result proved in this paper is a fairly general
Gaussian upper bound for Markov chains. This bound applies in particular to
simple random walks on locally compact compactly generated unimodular
groups. When the group has polynomial volume growth, the iterated convolu-
tion kernel governing the random walk is shown to satisfy a two sided
Gaussian estimate. Various applications of this estimate are discussed.

Our Gaussian upper bound for Markov chains is as follows. Consider a
symmetric Markov kernel % defined on a measure space X, and assume that
there is a distance function p on X such that 2(x,y) = 0 whenever x, y satisfy
p(x,y) > ry,. Also assume that the iterated kernels %, satisfy the uniform
estimate

sup{k,(x,y)} < Con™P72, n=1,2,...
%,y

for some D > 0. Then, we prove that
k,(x,y) <C'n P2 exp(—p*(x,y)/Cn), x,y€X,n=12....

Taken in this general setting, this result is similar to an estimate obtained by
Varopoulos in [26] (see also [6] for a very nice proof of the Varopoulos
estimate). Indeed, under the above hypotheses and if X is countable, Varopou-
los’ estimate yields

k,(x,y) < Cin~P/?*¢ exp(—p*(x,y)/C,n), x,y€X,n=12,...,
for any £ > 0. Such a result is also implicitly contained in [5]. However, the
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674 W. HEBISCH AND L. SALOFF-COSTE

strength of our estimate comes from the fact that it is sharp in certain
situations. This will be crucial for most of the applications presented in this
paper. There are various ways of discussing the sharpness of such an estimate.
One of them is to obtain a corresponding lower bound and we will be able to do
S0 in some cases. A more trivial way to test a Gaussian estimate is to try to
integrate it. When the volume of the set {y/p(x, y) < n} is uniformly bounded
by CnP, the integral of our Gaussian bound over X is uniformly bounded, and
this is a good sign. We also want to stress the fact that the different ap-
proaches used in [26, 6, 5] are adapted from methods that give sharp results
when applied to the study of various (continuous time) heat kernels. Hence, it
is rather surprising that these methods do not yield optimal results in the
discrete time setting. Somehow, the discrete time case is more resistant.

From what has been said above, it becomes apparent that Gaussian esti-
mates are especially interesting when one can first link the uniform decay of
the iterated kernels %, to the volume growth of balls. Thanks to the work of
N. Varopoulos (see [25, 28, 31, 32, 20, 9, 21, 33]), one knows that such a link
does exist in the setting of Markov chains on groups. In this paper, we present
a new and simple proof of Varopoulos’ uniform decay estimates of convolution
powers (i.e., translation invariant Markov kernels); see Theorem 4.1 and
Section 4. Our approach is adapted from the work [15] of the first of us where
heat flow semigroups on Lie groups are studied. It yields sharp results in both
the polynomial and superpolynomial volume growth cases. Let us emphasize
here that these results do belong to harmonic analysis. In the absence of a
group structure, there is no general link between uniform decay of Markov
kernels and volume growth of balls; see [31]. This is one natural reason why
this paper is mainly concerned with random walks on groups.

In the main part of this work, we apply the above results to the case of
simple random walks on compactly generated groups having polynomial vol-
ume growth. In this case, the Gaussian upper bound can be complemented
with a similar lower bound. Let us describe these results in more details in a
special but typical case. Let T' be a finitely generated group with neutral
element e, and fix a finite set {y,...,v,} of generators. Define p(x) to be the
smallest integer such that x =x; - x,, where x; € {e,y{f',...,7%". The
group T is said to have polynomial volume growth of order D if the number of
elements x such that p(x) < n is comparable to nP. For instance, if T = Z?,
then p is comparable to the Euclidean norm, and Z” has polynomial volume
growth of order D. Let p be the probability density corresponding to the
uniform distribution on the set {e,y{},..., vt} (what is important here is
that p is symmetric compactly supported and charges a set of generators).
Consider the random walk on I' governed by p. It is a translation invariant
Markov chain, and the iterated kernels are given by the convolution powers
p™. When T has polynomial volume growth of order D, our general Gaussian
upper bound, together with the uniform decay estimate, yields

p™(x) <C'n~P/2 exp(—p(x)z/Cn), xel,n=12,....
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But we also prove the “gradient’ estimate
[P(x) = p(27,21)] < C'n =P/ exp(  p(x)*/Cn),
xel',n=12,...,

and the Gaussian lower bound [note that p™(x) = 0 if p(x) > n]
p™(x) = (C'n) P72 exp(—Cp(x)?/n) forp(x) <n,n=1,2,....

Such estimates are powerful tools. For instance, they imply that positive or
sublinear p-harmonic functions (i.e., u = u * p) are constant. They also yield
Sobolev and isoperimetric inequalities, as well as partial results concerning
operators that are analogous to the classical Riesz transforms. In Section 9,
the rate of escape of the random walk governed by p is studied. The main
result in this direction is a generalization of a theorem due to Dvoretzky and
Erdés when I' = ZP. Another important application of the above Gaussian
estimates is that they yield similar estimates for the kernels of associated
Markov chains on homogeneous spaces. This is developed in the last section of
this paper. It is worth emphasizing that most of these applications depend on
having both an upper and lower Gaussian bound. A remarkable feature of the
approach used in this work is that it does not depend on any result describing
the structure of the underlying group.

2. Gaussian upper bounds. Let X be a measurable space endowed with
a positive o-finite measure dx. Let p be a (measurable) distance function on
X, and denote by B(x,r), x € X, r >0, the ball of center x and radius r. Let
k(x, y),(x,y) € X2, be a bounded symmetric Markov kernel such that

(1) {y e X/k(x,y) # 0} c B(x,r,), x€X

for some fixed ry > 0. The iterated kernel k, is defined by %, (x,y) =
Jk(x, 2)k, _{(2,y) dz. Here is the result which is the powerhouse of this paper.

THEOREM 2.1. Let k be a symmetric bounded Markov kernel which satisfies
(1), and assume that

(2) sup{k,(x,y)} <Con™27%2, n=1,2,....
%,y

Then, there exist two constants C,C’ such that
k. (x,y) < C'ConP7% exp(—p*(x,y)/Cn)

for all x,y€X,andalln =1,2,.... Here, the constant C depends only on r,
whereas C' depends on D and r,.
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This section is devoted to the proof of this theorem. First, we introduce
some notation. The Dirichlet form 9, associated with £, is defined by

2(f,8) =((I-K)f,8 =5 [(f(x) = f())(8(x) = 8(y))k(x,y) dxdy,

f.g eL?

where K is the symmetric Markov operator Kf(x) = [k(x, y) f(y) dy. Consider
the weight functions w,, s € R, given by w,(x) = exp(sp(x,, x)) where x, is
any fixed point in X, and define the operator K, by K, f(x) = w_,K(w, f Xx).
Remark that the hypothesis (1) easily implies || K|, , < exp(ryls|) and

(3) K2, - » < exp(rlsin).
Also, (1) and (2) imply
K llp—w < C5/P exp(rylsl).

Unfortunately, this is not quite enough to show that %k, admits a Gaussian
upper bound. What is needed to obtain a Gaussian upper bound is indicated in
the following technical lemma.

LEMMA 2.2. Let k be a symmetric bounded Markov kernel which satisfies
the uniform estimate (2), and such that

IK,llp - < C3/P exp(Cy(s? + 1))
for all s € R and p > 2. Assume also that
(4) K}z -2 < exp(Cy(s?n + 1)), seR,n=12,....
Then, there exist two constants C, C| such that
k,(x,y) < CCon~P/% exp(—p*(x,)/Cin)

for all x,y € X, and all n =1,2... . The constant C; depends only on C,
whereas C depends only on D and C;.

Proor. Using the fact that K is a contraction on each L? space, and
classical interpolation techniques, we deduce from (2) that

K™y +oo < CL/Pn~D/2P

for all p € [1, +of. Similarly, we deduce from (4) that [Kgll,-, <
exp(CIB(s n + 1)) where 1/p = 6/2 + (1 — 6) /, w1th p = 2. After replacing
0s by s in this last inequality, it reads

1K, p» < exp(Cy((p/2)s*n + 2/p)).

We interpolate between these two inequalities and get

IKgillp—q < (Cl/-"n'D/ZP) exp(CIG((p/Z)szn +2/p)),
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where 1/qg = 0/p + (1 — 0)/», ¢ = p > 2. Replacing again 6s by s, we obtain

1B, -q < (Con™P72) "7 exp(Cy((q/2)s%n + 2/q)).

Set p; = 2i% n; = ci~® with ¢ = (£{*i"®)~L. For any fixed integer n, define
N = N(n) to be the largest integer such that nn, > 1. Also, for i = 2,...,
N — 1, define n; = n;(n) to be the largest integer less or equal to nn;, and set
n;=n—XY¥"!n, Remark that we have n, >c,, Iin;p;,,; < +», and
sup, {nP?/P¥} < +o. Armed with this notation and the last estimate on
IKZM, - 4, we obtain

N-1
"K3n+1||2->oo < “Ks“pN—»oo I__[ “K:i”Pi—’PHl
1

N-—
< C&/PN I—Il(coni—D/Z)(l/Pi—l/Pi+1)
1
><exp(c'l((pi+1/2)n’is2 + 2p,~_+11 + 82 + 1))

< Cé/zn—D(1/4— 1/2p~)( l"[ ni_D/Pi)

XeXp(Cl((Z’ﬂiPiﬂ)szn +2Y prL +s2+ 1))
< C(D)Cy/*n =P/ exp(Ci(s”n + 1)).

Here, C(D) depends only on D whereas C; = CC; for some numerical con-
stant C (the exact value of C(D) and C; may change from line to line in the
estimates below). Notice that, since K_, is the adjoint of K, we also have

1K li~2 < C(D)Coyn~P/* exp(Cyi(s®n + 1)).
Hence, we get

K7~ < C(D)Con~P7% exp(Ci(s%n + 1)),
or, equivalently,

ko(%,3) < C(D)Con™/2 exp(Ci(s%n + 1) + 5(p(x0, ) — p(%0,3))).
Choosing x, = x, and s = p(x, y)/2C{n, we obtain
ko(%,5) < C(D)Con ™2/ exp(—p*(x,7) /4Cin + C3),

which ends the proof of Lemma 2.2. O

Lemma 2.2 reduces the proof of Theorem 2.1 to checking that (4) holds
undegr the hypothesis (1). With this goal in mind, we first state a lemma whose
usefulness will be apparent later on. We could have extracted this lemma from
[5]. However, the machinery introduced in [5] is not needed here and we
include a proof for the sake of completeness.
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LeEMMA 2.3. Let k be a symmetric bounded Markov kernel which satisfies
(1). There exists a constant C depending only on r, such that

D(w, f,w_,f) = —Cs?lfl3
for all positive f € L?, and all s such that |s| < 1.
Proor. Fix s € [—1,1], and set w = w,. Note that

(5) |w(x) —w(y)| <rolsl(w(x) +w(y)), =x€X,yeB(x,r,).
Replacing f by wf, we see that Lemma 2.3 can be reduced to the claim that

D(w?f, ) = —Cs?llwfll3.

To prove this claim, we write

49(f,w’f) = 2[(f(x) = f(3))(W*f(x) = w’f(3))k(x,y) dxdy

= [(F(x) = FON(F(x) = F())
X (w?(x) + w?(y))k(x,y) dxdy

+[(F(=) = FD)(F(x) +F(9))
X(w(x) —w(y))(w(x) + w(y))k(x,y) dxdy
=E, +E,.

The first term E; is nonnegative. Using the Cauchy-Schwarz inequality and
(5), the second term can be estimated by

1/2
Bl < [1£) = F0) P(w(x) + ()" (x,) dedy |
1/2
X[ [(FG) + FON)w(x) = 0(9))*k(x,) day

1/2
< OBIEY( [( () + F(3))*(w(x) + w(2))*k(x,) dxdy |

< C'ls|EY?|lwflly < E; + C"s?|lwfli3.

Here the constants depend only on r, (note that we used the fact that [s| < 1
to obtain the third inequality). Hence, we obtain E; + E, > —C"s?[lwf |3,
which proves the claim and Lemma 2.3. O

LEMMA 2.4. Let k be a symmetric bounded Markov kernel which satisfies
(1). There exists a constant C, depending only on r,, such that

K 22 < exp(C(s?n + 1)), - s€R,n=1,2,....
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Proor. The proof has two steps. First, consider the symmetric Markov
semigroup

+ o0 n
T, = e tI-K) = gt K*,

n=0 n'
and define the perturbed semigroups I , by
L f(x) =w_o(x)T(w, f)(x), sER.

We have 4,IT, ,fll3 = —2<w S = K)(w ), (T, ,f)) and, using Lemma
2.3, we obtain T, . flI3 < Cs2||F Wil for Is| < "I From this we deduce
immediately that ’

IT, . fllz < exp(Cs?t)l fll, feL?¢>0,[sl <1

The second step consists in passing information from I, , to K. Denote by
&(n) the set of the even integers i satisfying n — Vn <i <n. For any

nonnegative function fin L% ¢>0,|s| <1, n=1,2,..., we have
2
et Y - Kf <||F flI3 < exp(Cs?
L flI3 < exp(Cs2t)lI flI3.
G”(n)

Note also that
K/ f<exp(Clslj)Kif, s€R,j=1,2,....

From this remark and (3), it follows that
2

ti i+j ) )
et T Kif Y ¥ (KUK
icdmn b 2 iefn) jefwm) V'J"
i+j
Ze—(2t+C|s|,/_) Z Z — ||K(l+])/2f“§
ie&(n) jed(n) ilj!

.y 2
1’ [ tl
> e‘c's"”‘IIKs”fllg(e“ Yy .—) :

1
iefn) b

Stirling’s formula yields e Y, éo(n)ni /il> ¢ for some positive constant c
independent of n. Hence, choosing ¢ = n, we deduce from the above that
||K§‘||z->2$exp(C(s2n+ lslVn + 1)), n=12,...,

for |s| < 1. But, using (3), we see that this estimate also holds for |s| > 1. This
ends the proof of Lemma 2 4. Us1ng Lemma 2.2 and Lemma 2.4 we also have a
proof of Theorem 2.1. O

Theorem 2.1 yields estimates on the corresponding Green kernel. More
precisely, denote by ©® the modified Green potential operator ® = LK™ (the
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usual Green potential is I + ®) and let O(x,y) = Lk, (x,y) be its kernel.
From Theorem 2.1, we easily deduce the followmg

THEOREM 2.5. Let k be a symmetric bounded Markov kernel which satisfies
(1) and (2) for some D > 2. Then there exists a constant C such that

O(x,y) < Cp(x,y) """
forall x,y € X.

REMARK 1. Inspection of the above proof, together with few simple adapta-
tions, shows that the hypothesis (1) can be relaxed a little and replaced by the
condition that p(x) < A exp(—ap(x)?) for some fixed positive constants a, A.

REMARK 2. Here is a question left open by the above, and which corre-
sponds to the case of time dependent coefficients in the classical continuous
time setting. Let h;,i = 1,2,... be a sequence of bounded symmetric Markov
kernels. Assume that the &,’s satisfy uniformly the condition that A ,(x,y) = 0
whenever p(x,y) > r,, for some fixed ry > 0. Denote by H; the corresponding
operators, and let k; ; be the kernel of K, ; = H;H;_, - H;,, for1 <i <.
Finally, assume that the k; ;s satisfy the ‘uniform estimate

sup{k; j(x,5)} <C(j —i)?? forall j>i>1
x’y
(see [33] for examples where these hypotheses are satisfied). It is natural to

conjecture that, under these circumstances, &, ; also satisfies the Gaussian
estimate

ki j(2,5) < C(j = )" exp(—p(x,5)*/C(J = 1))

The above argument does not yield this result. Note however that Lemma 2.2
can easily be generalized to this setting.

3. Preliminary considerations on groups. In this section, we intro-
duce some notation which will be used throughout the rest of this paper. Apart
from the general results obtained in Section 2, most of the results in this paper
deal with the case where the underlying space X is a group and the Markov
kernel % is invariant under left translation. More precisely, consider a locally
compact unimodular group G, and assume that G is compactly generated. Let
u be a probability measure on G. After n steps, the distribution of the random
walk on G governed by u is given by the convolution power u™. Assume that
u has a bounded symmetric density p with respect to the Haar measure of G,
and denote by P the Markov operator defined by

Pf(x) =f*p(x) = [f(»)p(y~'x)dy.

Of course, this situation corresponds to the case when the Markov kernel %
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satisfies k(x,y) = k(zx, zy), x,y,z € G. In this case, setting p(x) = k(x, e),
where e denote the neutral element of G, we have &,(x,y) = p"™(y~'x).

Fix a symmetric open neighborhood () of e which is relatively compact and
generates G (i.e., G = U ;~Q"). The volume growth function V is defined by

V(n) = 1Q", n=1,2,...,

where | A| is the Haar measure of the set A C G. There is also a left invariant
distance function p associated with ). Namely, for x € G, we set

p(x) = p(e,x) = inf{n|x € Q"}

and p(x,y) = p(x~'y) = p(y 'x). The sets xQ" are balls for the distance p. In
general, we set B(x,r) ={y € G, p(x,y) <r}. If Q,,Q, are two neighbor-
hoods of e as above, it is not very difficult to check that there exists C > 0
such that C! <p,/p, < C and that the corresponding growth functions
satisfy V, = V,, by which we mean that V(C 'n) < Vy(n) < V(Cn), n =
1,2,... . Hence, in some sense, V and p are invariants attached to G, and it is
possible to define the type of growth of the group G as a notion independent of
Q. It is easy to see that V is at most of exponential type. Several deep
theorems relate the volume growth to the structure of G. The approach used
in this work does not depend on any of these theorems. However, they
certainly help understanding the real meaning of the results obtained in this
paper, and we briefly recall them now.

1. (Y. Guivarc’h [14]) If G is a connected Lie group, or if G is solvable, then
either there exists D = 0,1, ..., such that V(n) = n?, or V(n) = exp(n).

2. (M. Gromov; see [12, 27)) If G is finitely generated, then either G is almost
nilpotent and V(n) = n? for some D = 0,1, ..., or V is of superpolynomial
growth. '

3. (R. Grigorchuk [13]) There exist 0 < 8 <a < 1 and a finitely generated
group such that

exp(C™'n?f) < V(n) <exp(Cn*), n=1,2,....

We say that G has polynomial volume growth of order D when V(n) = nP.
Nilpotent groups are examples of groups having polynomial volume growth;
see [14, 3], and the Appendices to [12] by Tits. Suppose, for instance, that G is
a nilpotent simply connected Lie group with Lie algebra  and set & = &,
& =[£, &_;lfor i =2,.... Since G is nilpotent, there exists an integer m
such that £, ., = {0}. The order D of the polynomial volume growth of G is
given by D = ¥]"i dim(Z,/#,, ;). Similarly, if G is a finitely generated nilpo-
tent group with lower central series {0} c G,, € -+ ¢ G, G, = G, then G
has polynomial volume growth of order D = L*i rk(G,/G,, ,), where rk(H) is
the (torsion-free) rank of the abelian finitely generated group H. Note however
that certain solvable (but not nilpotent) Lie groups also have polynomial
volume growth; see [14, 33].
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The following notation will turn out to be useful. The ‘gradient” Vf of a
function f is defined by

Vi(x) = Sug{lf(x) - f(xy) [}

Also, define V,f(x) = (foaf(x) — flxy)I®> dy)*/? and V,f(x) = [olf(x) —
f(xy)| dy. All these notions are essentially equivalent. More precisely, we have:

LemMA 3.1. For all x € G and f € L* N L™, the gradients V,V,,V, satisfy
V. f(x) < 1Q1'?Y, f(x) < 2102 sup {Vf(xz)},
ze

Vi(x) < 210172 sup (V, f(x2)}.
zeK

Proor. The first string of inequalities is clear. To prove the last inequality
stated in the lemma note that, for y € (), we have

+‘f(xy) - |Q|—1fnf(sz) dz

| F(x) = F(x)| <| f(x) - lnl‘lfnﬂxz)dz

<1017 [17G2) = (w2 |z + [ | Fa) = () e
1/2
<1017 [ | 7(x) = fa2) e

1/2
H([) ) - )P e
QZ
from which the desired conclusion follows. O
The next simple lemma (which is taken from [9]) will play an important role.

LeEmMMA 3.2. Let K be a symmetric Markov operator, and fix an integer .
There exists C; such that we have

Iz - &2k f|, <cn='21Fls,  fel®n=1,2,....

Proor. Let K% = [jAdE, be a spectral decomposition of the symmetrlc
positive operator K2. Clearly, it is enough to prove the lemma when n = 2s is
even. In this case, we have

1/2

”(I — K2l) K2sf |lz — 1()t2s _ )tl+23) dE)‘( f, f)
0

and the lemma follows since sup{A?* — A**25, A € [0, 1]} < I/4s. Note that this
lemma has nothing to do with the group structure. O
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4. Uniform decay of convolution powers. In this section, we give a
new proof of results which are essentially due to Varopoulos, and which relate
the uniform decay of convolution powers (i.e., the decay of p™(e)) to the
volume growth of the group G. Here is the result that we prove:

THEOREM 4.1. Let p be a symmetric bounded probability density on G and
assume that there exists an open generating neighborhood U of e such that

(6) inf{p(x),x € U} > 0.

@) If V(n) > Cn? for some D > 0, then p™(e) = O(n=P/?) as n tends
to +ox.

(i) If V(n) = exp(Cn*) for some 0 < a < 1, then there exists k > 0 such
that

p™(e) = O(exp(—«n*/*?)), asntendsto +o.

Other type of growth can also be considered; see the last paragraph at the
end of this section. Apart from technical details, the above theorem is due to
Varopoulos. Part (i) is proved in [27, 28]. A simpler proof is also given in [20].
Part (ii) is proved in [31, 32] in the case of finitely generated groups. There is a
common feature to all these proofs. They depend on the equivalence between
the decay properties of p™)(e) and certain functional inequalities (e.g., the
Sobolev inequality); see [9, 20, 21, 27, 28, 31, 32]. The proof presented below
differs completely from the above ones. It does not use any kind of functional
inequality. The arguments are adapted from an approach discovered by the
first of us in the context of the heat flow semigroup on Lie groups; see [15].
The fact that the Markov chains which we consider are translation invariant
(i.e., have a convolution kernel) plays a crucial role in these arguments. The
following result is crucial for our proof of Theorem 4.1. It can be interpreted as
a sort of weak Harnack inequality.

THEOREM 4.2. Let p be a symmetric bounded probability density satisfying
(6). There exists C, such that, foralln,m = 1,2,..., we have

[p®*™(x) = p@r™(e)| < Cop(x)m ™ /2pEm(e).

Proor. First, note that
Ip(2n+m)(x) _p(2n+m)(e)| < p(x)“ Vp(2n+m)”°° < Cp(x)nvzp(2n+m)”w"

where the last inequality follows from Lemma 3.1. This reduces the proof of
Theorem 4.2 to the claim that

(7 V2™ < Cm™172pEM(e).
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Writing p@"+™ = p(™ % p("+m) we obtain

9 1/2
dz)

1/2
2 -
< fG{fmlp"”"‘)(y‘lx) = P (y " xz) | dZ} p™(y) dy.

|Vop® ()| = ( fﬂz fG(p(””‘)(y‘lx) = p"TM(y ™ xz))p ™ (y) dy

Using the Cauchy—Schwarz inequality and the invariance of the Haar measure
(this is the only place where the group structure and the translation invariance
of the Markov chain are really used), we get

€)] ” VzP(2n+m)”w S”P(n)”2”V2P(n+m)“2'

The hypothesis (6) implies that there exists some integer n, such that (see for
instance [9], page 433, Proposition 5)

9 inf{p@"9(x), x € Q%} > 0.

Hence, setting p, = p@"?, we have V, f(x) < C([If(x) — f(xy)|’po(y) dy)*/?,
which yields

n+m n+m n+m 2 1./2
[Vp ||, = (fafmlﬂ m(x) = pt(xy)| dydx)

1/2
<[ [Ip®*m(x) = p™(xy) [ po(y) dy dx
GG

= C,‘
By (8) and Lemma 3.2, we get

(1~ Py P,

[9,0@%+m], < Cm =12 p™[l; = Cm =12 e),

which proves the claim (7) and thus Theorem 4.2.

Proor oF THEOREM 4.1. Given n, m = 1,2,..., set
r(n,m) = m/?p®**™(e) /2C,p*"(e),

where C, is the constant appearing in Theorem 4.2. With this notation,
Theorem 4.2 yields

penrm(x) > Lp@nrmy(e), p(x).<r(n,m).

Integrating over the ball {p(x) < r(n,m)} and setting A(n) = p™X(e), we
gbtain :

(10) A(2n +m) < 2V(r(n,m)) "
Armed with this fact, we now give a proof of Theorem 4.1.
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ProoF oF PART (i) (Polynomial case). Assume that V(n) > Cn?, n =
1,2,... . In this case, (10) becomes

A(2n + m) < C(m"?A(2n + m) /A(2n)) "
Choosing m = 2n and setting 6 = D /(1 + D), we get
A(4n) < (Cn~Y2A(2n))".

For n > 3, define o(n) to be the smallest integer such that 277 ~1n < 1. We
have n > 27" and

A(n) < A(2°™) < a(f:)[_l{00‘20‘<i-°<n»/2}A(2)""‘""1
< C'27Pe™/2 < C'(ny2) P72,
which proves the first part of Theorem 4.1.
Proor oF PART (ii) (Superpolynomial case). Let n,m =1,2,... be such
that m < n. On the one hand, if for some integer i € [1,n/m], we have
A(2n + 2im)/A(2n + 2(i — 1)m) > 1/2,
then, by (10) and the fact that A is nonincreasing, we obtain
A(4n) < 2{V(m/2/C)) "
On the other hand, if
A(2n + 2im)/A(2n + 2(i — 1)m) < 1/2
for all integers i € [1,n/m], then we get
A(4n) < 22 "/mA(2n) < 22"/ TA(2).
Hence, we always have
(11) A(4n) < max{2V(m1/?/C) 7", 227"/ "A(2)}, m<n.

If we assume that V(n) > exp(Cn*), n = 1,2,..., for some 0 < a < 1, choos-
ing m ~ n?/@* in (11) yields

A(4n) = O(exp(—«kn®/*?)),

for some k > 0, which ends the proof of Theorem 4.1. O

We now discuss the sharpness of Theorem 4.1. When doing so, we have to
restrict the class of functions p under consideration: If p is too spread out,
p™Xe) might have a faster decay than the one given by Theorem 4.1. Hence,
we assume in the following discussion that p satisfies the hypotheses of
Theorem 4.1 and has compact support. Concerning the polynomial case, it is
known that, if G is a finitely generated nilpotent group, or a nilpotent Lie
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group, with V(n) = n?, then
Cl'<p®)e)n?’?2<C n=1,2,...;

see [27] and the references given there. In the next section, we show that this
holds on any group having polynomial growth of order D. When G has
exponential growth, it may happen that p()(e) has exponential decay: This is
the case if and only if G is nonamenable (note that any nonamenable group
has exponential volume growth). However, there are examples of groups G
having exponential volume growth, and for which the type of decay given by
Theorem 4.1, part (ii) is correct. Namely, let G be a finitely generated group
which is polycyclic but not almost nilpotent. By Theorem 4.1 and a result of
Alexopoulos [1] we have, in this case,

exp(—Cn'/?) < p@(e) < exp(—n*3/C), n=1,2,...

(note that polycyclic groups are solvable hence also amenable, and that a
finitely generated solvable group that is not almost nilpotent has exponential
growth). Hence, part (ii) of Theorem 4.1 is rather sharp in this case.

As a closing remark, it may be of interest to note that other types of growth
can be considered. For instance, suppose that G has a slow superpolynomial
volume growth in the sense that

V(n) = Cn* exp(y(log(n))*), n=1,2,...,

for some A € R, y > 0, B > 1. Then, choosing m = kn/(log(n))? < n in (11),
we obtain

p*(e) < max{cle<—v(log(x‘”nm/Czaog(n»ﬁ/?))ﬂ)’ e(—(log(n))ﬂ/cax)}

and, choosing « small enough,
p™(e) < A/ 20(—7(1/2)log(r))f +O(C(log(n))* ~'(log(log(n))))

Unfortunately, we do not know if there exist groups having this type of
growth.

5. Gaussian bounds for convolution powers. We now apply the re-
sults of Sections 2 and 4 to obtain a Gaussian upper bound for convolution
powers. By taking advantage of the fact that we are dealing with convolution
kernels, we are able to complement the Gaussian upper bound with a gradient
estimate. For the same reason, we easily obtain a Gaussian lower bound. We
want to emphasize that a number of key points of the argument presented
below are specific to the case of translation invariant Markov chains (.e.,
random walks). A further discussion of this aspect is:given at the end of this
section. The main estimates proved below are gathered in the following
theorem. :

W

THEOREM 5.1. Assume that G has polynomial volume growth of order D.
Let p be a symmetric bounded probability density. Assume that there exists an
open generating neighborhood U of e such that inf{p(x), x € U} > 0 [i.e.,, p
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satisfies (6)]. Also assume that there exists r, such that
(12) D has supportin B(e, r,).

Then, there exist three positive constants C,C’, C" such that, for all x € G and
all integers n, we have

(13)  p™(x) < Cn=P/2 exp(—p(x)*/C'n),
(14) Vp™(x) < Cn~P+D/2 exp(—p(x)z/C’n),

(15)  p™(x) = (Cn) */*exp(~C'p(x)"/n) if x € B(e,n/C").
Moreover, if D > 2, the modified Green kernel ® = L7p™ satisfies
(Co(x)) "™ < O(x) < Cp(x)"*?, x€@

and
vO(x) < Cp(x) "', =zxea.

Note that the statement concerning the Green kernel follows easily from
(13), (14) and (15). The inequality (13) is an immediate application of Theorem
2.1 and Theorem 4.1. The rest of this section is devoted to the proofs of (14)
and (15). We start with an easy consequence of (13).

LemMa 5.2. Set w(x) = exp(sp(x)), x € G. Assume that G has polynomial
volume growth of order D and let p be a symmetric bounded density of
probability satisfying (12) and (6). Then, for 1 < q < +o, we have

[p™w, |, < Cn=PA~1/0/2 exp(C's®n), s>0,n=1,2,....

This result follows from the elementary fact that
exp(sp — p2/Cn) < exp(Cs®n — p%/2Cn), s>0,p>0,n=1,2,...,
together with (13) since we have

+ o

fe—p(x)z/Cn dx < [ e P@?/Cn g 4 e~ P(®?/Cn g
p(s)2<n

0 ‘Lin<p(x)252”1n
+ o0

< (C'n~Dr2 Z 2;’D/2e—2i/c <(C"n~D/2,
0

Proor oF (14). We adapt a method used in [22] in a continuous time
setting. Fix s > 0, v = n + m, and note that e*® < %P0 %) gnd p® =
p™ * p(™, This implies

(16‘:) POV, p(x) < fesp(y“x)vzp(n)(y— x)e**Pp™)(y) dy
<[w e (2]wp™ |-
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Lemma 5.2 yields a good bound for || w,p™ |ls. Using (9) and the notation
introduced right after it, the other factor can be estimated by

lwFop®ll; < [way(x) [16™(x) = p™(xy) po(y) dy dx
= fujzs(x){lp(”’(x)l2 — 2p™(x) p+2ro)(x)
+ [1p® () 'po() dy ) d
= 2 [w, (%) p™(x)(I = P?"0)p™(x) dx

+ [ (way(%) = wa(29)) D™ () ' Do() dy dx
=E, + E,.
Using the Cauchy—Schwarz inequality, Lemma 3.2 and Lemma 5.2, we get
(A7) Ey <|wyp™|ll(I — P?0) p™|, < Cn=179/2 exp(C's*n).

To estimate E,, first note that the invariance of the Haar measure and the
symmetry of p imply

Ey = [(way(2y) — way(5))| p™(x)*poly) dy dx
= [ (was(29) = w3e(2))(Ip™(®) " = | p™(29) [*) Poly) dy .

Using (5) and the Cauchy-Schwarz inequality, this yields
E, < Cs|((1 - P20)"*p)

|2” wzsp(”)"z-
Finally, by Lemma 3.2 and Lemma 5.2, we get
(18) E, < Csn~1/27D/% exp(C's2n).

Hence, choosing n = m or n = m + 1 depending on whether v is even or odd,
and using (16), (17), (18) and Lemma 5.2, we obtain

exp(sp(x))Vop®(x) < C(1 + 3\/;)1/21/‘1)/2‘1/2 exp(C's%v).
Choosing s = p/2C'v in this last inequality yields the estimate
Vo,p®(x) < Cv= 127272 exp(—p(x)*/C'v),
and by Lemma 3.1, this ends the proof of (14). O l

« PROOF OF (15). We start by proving the following much weaker version of
(15):

(19) p™(e) = (Cn) ™% - n=1,2....
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Note that it is enough to prove the above when n is even since p satisfies (6).
Using the Gaussian upper bound (13), we see that, for some fixed A large
enough,

/ p®»(x) dx < C'AP/2 ¥ 2iP/2 exp(—2'A/C) < 1/2,
p(x)?=An
uniformly for n = 1,2,... . Hence, we obtain

C(An)??pem(e) > [()2 p®(x) dx > 1/2,

which yields the desired estimate. In a second step towards our Gaussian lower
bound, we improve (19) by using Theorem 4.2 [or the gradient estimate (14)].
Indeed, we have

159x) =P < CnPAp(a)

which, together with (19), shows that there exist two positive constants C,, C,
such that

(20)  p™(x) = (Con)~P’? forall x,n such that p(x) < Vn /C,.

From here, (15) is obtained by adapting a classical chaining argument. Fix
x € G and an integer n. If p(x) < Vn /C,, (20) yields the desired estimate.
Hence, assume that p(x) > Vn /C,. Write n = n, + ny + - -~ +n; where n; ~

n/j and j <n is an integer to be fixed later. Also, fix a sequence x, =e,
Xg,...,%;,; =% of elements of G such that p(x; x,, ) < p(x)/j. For n large

enough choose j to be the smallest integer such that j > 10C,p(x)/ Vn .
This is compatible with the condition j < n when 10C,p(x) < n. Assuming
that x,n satisfy this additional condition, (20) yields

inf{p"(y;7 1y;41), yl € B,,y,.1 € Biyy) = (Cony) 772,

where B; = B(x;,/n; /10C;) and 1 < i <j. Hence, we obtain

p™(x) = [+ [P (y2) PP vz "ys) - PO (37 %) dyy - dy;
= [ - f P(yp) -+ Py k) dy, o dy,
B,

> (n/j)""%(1/C)’ = (C'n) ™" exp(~C'p(x)*/n),

where the last inequality comes from the fact that j ~ p(x)?/n. This ends the
proof of the Gaussian lower bound (15). O

As we mentioned before, the gradient estimate obtained above for convolu-
tion powers is specific to invariant Markov chains. Hence, the proof of the
Gaussian lower bound given above is also specific to this case. However, we
have the following general Gaussian upper bound.
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THEOREM 5.3. Assume that G satisfies V(n) > Cn®, n =1,2,... . Let k be
a symmetric bounded Markov kernel on G satisfying (1), and assume that
there exists an open symmetric generating neighborhood U of e such that

(21) inf{k(x,y),x € X,y exU} > 0.
Then there exist two constants C',C" such that
k,(x,y) <C'n D72 exp(—p(x,y)z/C’n), x,yeX,n=1,2,....
Also, if D > 2, the modified Green kernel ® = ¥k, satisfies
O(x,y) < Cp(x,y) "%,  x,ye€gG.

The proof follows from Theorem 2.1, Theorem 2.5 and the fact that under
the above hypotheses we have k,(x,y) < Cn™P/2, n =1,2,... . Indeed, this
uniform estimate is a (by now well known) consequence of the volume growth
hypothesis and (21). It follows, for instance, from Theorem 4.1 and Proposition
4, page 430, of [9].

REMARK 1. Note that the volume growth hypothesis in Theorem 5.3 is
weaker than the one in Theorem 5.1. If, for instance, we know that G has
exponential volume growth, then we can combine Theorem 4.1 and the
preceding result to conclude that any bounded symmetric probability density p
satisfying (6) and (12) also satisfies

(nl/ 5 p( x)z)

—_ , xeG,n=1,2,....

C, Csn

p™(x) < Cyexp

We do not elaborate on this because such an estimate (whatever the constant
C, is) is rather poor. For instance, the integral of the right-hand side is not
uniformly bounded as n tend to infinity. Much work seems still to be needed
in order to obtain better estimates in the nonpolynomial case.

REMARK 2. Another aspect of Theorem 5.3 is that it offers an estimate
from above for Markov kernels instead of convolution powers. We have no
doubt that, if G has polynomial volume growth, a corresponding Gaussian
lower bound [similar to (15)] holds for Markov kernels as well. However, we
have not been able to prove this result. We hope to come back to this question
in the future. Note that the gradient estimate similar to (14) does not hold in
general for Markov chains. We expect a Holder continuity estimate to hold
instead. Such a Hélder continuity estimate would follow from a Gaussian
lower bound similar to (15).

6. Harmonic functions. In this section we present some applications of
Theorem 5.1 to the potential theory associated with a symmetric bounded
probability density p on a group G where p and G are as in Theorem 5.1 (in
particular G has polynomial growth of order D). More precisely, we show that
the p-harmonic functions which are either nonnegative or of sublinear growth
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are necessarily constants. First, recall that a function u is said to be p-
harmonic if it satisfies the equation Pu = u. Also, a function f is of sublinear
growth if

MF(r) = sup(| f(z)|, x € B(e,r))

is such that »~!Mf(r) tends to zero as r tends to infinity. The estimate (14) in
Theorem 5.1 yields easily the triviality of p-harmonic function having sublin-
ear growth. Indeed, if u is p-harmonic, we have for any integer n,

Vu(e) < pr(")(z)Iu(z)Idz
< Cln_D/z'l/zfexp( —p(2)%/Cn)|u(z)|dz

< Con™ 07212 Mu(Vn dx + Y. Mu(2!/2Vn e~ P®?/Cn gy
p<n - o

~2'n

< Cyn~ Y2 Y 2iD/2 exp(—21/CYMu(2:/%Vn).
i

If u has sublinear growth, given ¢ > 0, we have Mu(V2in) <e 2in, i=
0,1,... for n large enough. Hence, we get Vu(e) < Cg, thus Vu(e) = 0 since
e > 0 is arbitrary. Applying this to the p-harmonic function u (2) = u(xz) we
obtain that Vu(x) = 0 for all x € G. Hence, we have proved the following:

THEOREM 6.1. Assume that G has polynomial volume growth. Let p be a
symmetric bounded density of probability satisfying (12) and (6). Then, any
p-harmonic function which has sublinear growth is constant on G.

In [18], Margulis proved that nonnegative p-harmonic functions are con-
stant when G is nilpotent (hence extending to a noncommutative setting some
of the results obtain in [7] by Choquet and Deny). Since nilpotent groups have
polynomial volume growth, the following theorem extends Margulis’ result.
(Note that our arguments are completely different from those of [18]. Also note
that [18] offers a description of nonnegative p-harmonic functions even when
p is not symmetric nor has compact support).

THEOREM 6.2. Assume that G has polynomial volume growth. Let p be a
symmetric bounded density of probability satisfying (12) and (6). Then, any
p-harmonic function which is bounded from below is constant on G.

Proor. Note that the Gaussian estimates (13) and (15) given by Theorem
5.1 imply that there exist an integer ¢ and a constant C > 0 such that, for any
integer n and any x,y € G such that p(x~!y) <Vn, we have p™(x) <
Cp©®™(y). Hence, any nonnegative p-harmonic function u satisfies u(x) =
P"u(x) < CP*"u(y) = Cu(y) for p(x~'y) < Vn. Since n is arbitrary, u is
bounded and by Theorem 6.1, u is constant. Of course, the case where u is
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bounded from below is easily reduced to the above. It is worth noting that the
above argument can be applied to prove a Harnack inequality. Namely, we
obtain the following result.

THEOREM 6.3. Assume that G has polynomial volume growth. Let p be a
symmetric bounded density of probability satisfying (12) and (6). There exist
an integer a and a constant C such that for all x € G, all integers n, and any
sequence of nonnegative functions u;, i = 1,2,..., satisfying u;,, = Pu;, we
have

sup {u,(¥)}<C inf {u,(y
yEB(x,ﬁ){ @) yeB(x,ﬁ){ )

and

sup {Vu,(y)}<Cn™ 2 inf {u,(y)}
yEB(x,,/ﬁ){ } yEB(xf\/ﬁ_){ }

7. Sobolev and isoperimetric inequalities. Recall that, in the Eu-
clidean space, there are two kinds of Sobolev inequalities. The first kind
involves the operator Al/2? (where A is the Laplace operator), and reads

I £ Ipp/p-p < C(D, PIIA*f o, f& €5°(RP), 1 <p <D.
The second kind involves the gradient instead, as in

I £ lopso-py < C(D, PIVF llp,  fE€ €5°(RP),1<p <D.

Of course, in this classical setting, and for 1 < p < +, the fact that the Riesz
transform VA~/2 is bounded on LP” establishes a direct bridge between these
two families of inequalities (note that when p = 2 the two inequalities are
identical). However, the most powerful of the inequalities of the second kind,
namely

| flloypo-1y<CIVFll,  fe€ €5(RP),

has no full counterpart in the first family. This inequality is of special interest
since it is equivalent to the isoperimetric inequality

Vol (U)P~YP < € Vol,,_,(3U),

where U is an open bounded set with smooth boundary dU. Because of this,
the second family of Sobolev inequalities bears a more geometric meaning.

In the setting of Markov chains, inequalities analogous to those of the first
family have been obtained in [25, 9]. Indeed, it is shown in [9] that if % is a
bounded symmetric Markov kernel satisfying

sup{k,(x,y)} <Cn P72 n=1,2,...,
x’y

it follows that
Il Kf llpp 0—py < C(P)|(I = K)/2F

feLP,1<p<D.

p»
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In this section, we make use of Gaussian estimates obtained in Section 5 to
prove some geometric Sobolev inequalities on groups (i.e., inequalities analo-
gous to those of the second family).

Let G be a group having polynomial growth of order D. Denote by @ the
operator of convolution associated with the probability density ¢ =
|0~ '1,, where 1, is the indicator function of Q which is the fixed generating
neighborhood of e used to define the distance p and the volume growth
function V; see Section 3. For y € (1, define 9, setting 9, f(x) = f(x) — f(xy) =
(I-6,_))f(x), x € G, where 8, is the operator of convolution assoc1ated with
the Dlrac mass at 2, and cons1der the operators

S,=Q(I-Q) "9, = Z Q"3
and S, , f=@Q"9,-1f. Using the symmetry of ¢, we see that S, , is given by
Sy F(x) = [0, (x2) F(2) dz,
where o, ,(2) = 9,£(2). Set
%(2) = sup {lo (@}, 8uf(x) = [o,(x7"2) f(2) de.
Note that o, satisfies o,(x) < Cn~2/271/2 exp(—p(x)?/Cn). It follows that

lo, ll. < Cn~ “D/2-1/2 . Reasoning as in the proof of Lemma 5.2, it also implies
llo, II1 < Cn~172, From this we deduce that

(22) IS, lly—s < CR=1/2-DA/r=1/02 ] g,

for 1 <r<s< +w» Set S=X/"S,. The operator S is a kind of inverse of
the gradient V,. Indeed, the symmetry of () implies

. dy = Q(I o d
s JSot = QU= @7 gy [ (20, 8,8, ) dy

=U-@ 7 '(I-@ =9
which yields
(23) 1Qf < 3SV, f.
LEMMA 7.1. Fix 1 <p <Dand Dp/(D — p) < q < +». We have
l(x € GIISF(x)| > A} < (Cp A 7HIfN,)",  A>0, FeLr

PROOF. Assume that Ifll, =1and g = Dp/(D — p). For an integer m to
be chosen later, set '

m—1 + o0
= X 8S.f, F.=X8S.f
1 m



694 W. HEBISCH AND L. SALOFF-COSTE

Using (22) with r = p, s = +x, we see that

+o
IF . < Y, n-1/2-D/2p < C\m~DP/%,

Hence, writing {|ISf| > A} c {|F| > A/2} U {|F; > A/2} and choosing m to be
the smallest integer such that C;m 2727 < A /2, we obtain

[{ISF1 > A} <|[{IFyl > A/2}] < (CA™HIFl,)".
But (22) with p = r = s yields || Fyll, < CX" 'n~2 < C'(m — 1)'/? and

{ISfI > A}| < (C)t’l(m _ 1)1/2) .

Since m = 1 for large A, and m~P/2¢ = \ otherwise, we get |{ISf] > A}| <
(CA)7 9 for all A > 0, which ends the proof of the lemma when ¢ = Dp /(D — p).
Replacing D by a smaller number in the above yields the rest of the lemma. O

The Marcinkiewicz interpolation theorem, (23) and Lemma 7.1 yield the
following result.

THEOREM 7.2. Assume that G has polynomial volume growth of order D,
and let @ be as above. We have

1Qflly < C(D, p, IIVifll,, ~ feL?,

forall1 <p <DandDp/(D — p) <q < +». Moreover,if D/(D — 1) <q <
+ o, we have

IQfll, < C(D, )V, fll,,  feL'.

An isoperimetric inequality can be obtained as follows. Given an open
relatively compact set A C G, define the ‘“boundary” of A to be the set
= {x € Althere exists y € ) such that xy & A}.

THEOREM 7.3. Assume that G has polynomial growth of order D, and fix a
neighbourhood W of e. There exists a constant C such that
JAIP~Y/P < CloAl

for any open relatively compact set A that contains zW for some z € G.

Proor. Fix n €]0, 1[ and a neighbourhood W’ of e such that @1,(y) > n
for y € W’ [such n and W’ exist because @1y, is continuous and Q1y(e) > 0;
they can be taken to depend only on Q and W, which are fixed]. Consider the
sets

Ape = {x €4,Q1y(x) > n},  Auun = {x € A, Q1y(x) < ).

Using Lemma 7.1 and (23), we get |A., [P~ P/ < C,lIVi14ll; and it is easy to
check that ||[V,1,]l; < C|dA|. We also have A, CIA, Ag, UA,;,, =A and,
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since A contains zW for some z € G, |Ag,| > C, . Hence, we can conclude
that |A|?~Y? < C|9A|, which proves the theorem. O

It is worthwhile specializing these results to the case where G = T is finitely
generated. In this case, the operator S, introduced above can be replaced by
S; = (I — Q)7'9,-1, and the result becomes (here |A| is the cardinality of the
set A cT):

THEOREM 7.4. Assume that T is a finitely generated group of polynomial
growth of order D. For all finite sets A C T, we have

JA[P=D/D < C(D)[aAl.
Moreover, we also have

”f“Dp/(D—p) < C(Dyp)llvlfllpa fe Lp, 1 SP < D

To obtain the second statement with p = 1, we use the isoperimetric
inequality and the proposition of Section 4 in [25] (i.e., we use a kind of co-area
formula adapted to the situation).

REMARK. The results stated in Theorem 7.4 are known and due to
Varopoulos (see [27], [33]): By a theorem of Gromov (see Section 3), we can
restrict ourselves to the case when T is nilpotent. Then, we can assume that I’
has no torsion. Thanks to a theorem of Malcev, such a I" can be embedded as a
cocompact lattice in a nilpotent Lie group G, and the isoperimetric inequality
on I can be deduced from the isoperimetric inequality on G (once this last one
has been obtained one way or another; see [33] for more details). The proof
given in this paper is more direct, and does not use any structure theorem.
Also, see [9] for a simple elementary proof when G = 7.

8. Riesz transforms. In the Euclidean space R”, the Riesz transforms
are the operators (3/0x;)A~1/%2, i =1,..., D. They are bounded on L?” for
1 < p < +=. Generalizations of this result in the setting of Lie groups have
been studied by several authors. A recent and difficult result of Alexopoulos [2],
is that on a Lie group having polynomial growth, the Riesz transforms
associated to a family of left invariant vector fields satisfying the Hérmander
condition are bounded on L?, 1 <p < +o. Prior to Alexopoulos’ theorem,
partial results were obtained in [22] in the same setting. Clearly, analogous
questions can be asked in the context of the present paper. Since the results
we are able to obtain are not complete, we will be brief and sketchy. Also, for
the sake of simplicity, we restrict ourselves to the case of a finitely generated
group I. In this case, the set O = {e, w,,..., »,,} is a finite symmetric set of
generators. Setting

o f(x) = 8wif(x) =f(x) — f(xw;),
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and &£ =(1/1QD1,, Qf =f + &, the Riesz transforms can be defined as the
operators 3,(I — @)~*/? and (I — @)~/29,, for i = 1,..., m. Note that (I —
Q)~1/24, is the adjoint of d,-(I — @)~ '/2. It is natural to ask whether or not
these operators are bounded on L?, 1 <p < +. Equivalently, one can ask
whether or not

l(1- @) fll, =1vFll,, 1<p< +o,

where, according to our previous notation, Vf = sup,{|9; fI} (note that, in this
discrete setting, all the different gradients V,V,,V, are comparable). Note
that the Riesz transforms are obviously bounded on L? since we have
IKI — @)'2flls = IVfIl2. Denote by Ri the operator (I — Q)‘I/2 and by r; its
convolution kernel. We have r, = ©j“a,, 9,6, where the a,’s are such that
(1 —x)"Y2 = Ya,x". Hence, we have Ia | < Cn-1/2 , and using the Gaussian
estimate (14), we obtaln

|r(x)| < Cp(x)™?, «xeT.

Set 8 f(x) = f(x) — f(yx). Using the fact that the operators J, and J, com-
mute and the same method of proof that we used to obtain (14) we obtaln
(see [22] for more details in a continuous time settlng) 16, d; ,£(x)| <
C'n 1 P/2exp(—p(x)2/Cn), x€l,n=1,...,i,j=1,...,m. From this it is
not hard to deduce that

|3,r.(x)| < cp(y)p(x)“"? for all x,y < T such that 2p(y) < p(x).

Because of the above estimates on r; and the fact that R; is bounded on L2
we can use the general Calderon— Zygmund theory on spaces of ‘“homogeneous
type”’ developed by Coifman and Weiss to obtain that the R,’s are bounded
from L! to weak-L'. Hence, (by interpolation) the R;’s are also bounded on L?
for 1 <p <2 (see [8], Theorem (2.4), page 74). Of course, the adjoints
(I — @)~'/24, are thus bounded on L? for 2 <p < +x. The above approach
fails to yield a complete result because the methods used to estimate [9; ) §(")I
do not work for [9,9; §<”)I For a better understanding of this fact we refer the
interested reader to [22] and Alexopoulos’ paper [2]. However, there is a case
where the above analysis yields complete results. Indeed, if I' is abelian, the
above argument yields estimates on |9, - a,.s§<">|, and we obtain the follow-
ing result. '

THEOREM 8.1. Assume that T is a finitely generated abelian group. For
each 1 < p < +x there exist two constants C, C’ such that

c-uvrl, <l - @2 Fl, < Vel feLe.

9. Rate of escape. - One of the motivating problems in the study of the
uniform decay of convolution powers is to establish whether simple random
walks on a given group are recurrent or not. Indeed, the random walk
governed by p is recurrent if and only if the series Lp™)(e) diverges. Clearly,
Theorem 4.1 contains more than enough information to settle this question.
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For instance, the only finitely generated groups that are recurrent are the
finite extensions of {0}, Z, Z? (Varopoulos [27]). Let x, be the random variable
representing the position, after n steps, of the random walk governed by p
and started at e. Assume that V(n) > Cn? for some D > 2, and that the
symmetric bounded probability density p satisfies (6) and (12). Setting r, =
p(x,), the transience of the random walk x, amounts to the fact that, for any
r > 0, liminf(r,) > r almost surely. Our main interest in this section is to
generalize a result of Dvoretzky and Erdos. In [10], they proved that if x, is
the simple random walk on Z? with D > 2 and ¢ a decreasing function,
P(|lx, |l < y(n)Wn i0.)) equals 0 or 1 according as the series Ty(27)P~2
converges or diverges. In other words, lim inf(||x,[|/¢(n)Vn) equals 0 or +w
according to the above test (here, ||x|| is the Euclidean norm of x). For
instance, lim(llx,|ln~'2(log(n))**1/P~?) = +» as. for any &> 0, but
lim inf(llx, | n=1/%(log(n))*/P~2) = 0 a.s. Also note that, in this classical set-
ting, the law of the iterated logarithm asserts that

limsup(llxnll/o(Zn loglog(n))l/z) =1 as,

where o2 is the variance of p. In what follows, we prove a weak version of the
law of the iterated logarithm and generalize the Dvoretzky—-Erdds result in the
case of simple random walks on groups of polynomial growth. The proofs are
adapted from the classical case, but depend on the estimates given by Theorem
5.1. Some details are given for the sake of completeness.

In order to describe the random walk governed by p, let W be the compact
set containing the support of p and set #'=G X #™. On ¥, consider the
family of the probability measures & = §, ® u®", where x € G and u is the
measure of density p. When x = e, we set = Z,. For w = (x,w,...) € ¥,
set x, =xw, - w,, r, =p(x,). The random variable x, represents the
position, after n steps, of the random walk governed by p and started at x.
Our main interest here is in the real random variables r,.

Before considering the case where G has polynomial growth, it is of interest
to note that, by the subadditive ergodic theorem, there always exists a real
a > 0 such that lim(r,/n) = a & a.s. Moreover, as explained in [26], « = 0 if
and only if any bounded p-harmonic function is constant. Of course, if G has
polynomial volume growth, a = 0, but a stronger result holds.

THEOREM 9.1. Assume that G has polynomial volume growth. Let p be a
symmetric bounded density of probability satisfying (12) and (6). There exists a
positive constant C such that

C ! <limsup(r,/A,) <C Pa.s.,
where A, = (n loglog(n))'/2. :

Proor. The upper bound follows easily from the Borel-Cantelli lemma
and the claim that

@({ sup {r,} > m}) < Cexp(—m?/Cn)

l<v<n
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for all integers n, m. But the Gaussian upper bound (13) shows that
P({r, = m}) < Cexp(—m?/Cn)

and this is enough to prove the claim; see [23], Lemma 3, for a proof which can
easily be adapted to the present setting. In order to prove the lower bound,
write x, = x(n), r, = r(n), A, = A(n), and consider the events

A = {p(x—l(an)x(an+1)) > C—I/\(an+1 _ an)},

where a is a large positive constant. The A,’s are independent, and when C is
large enough, the Gaussian lower bound (15) shows that Y#(A,) = +x.
Hence, & almost surely, we have

r(a™*!) 2 p(x~(a™)x(a"*")) = r(a*) > C~A(a™*' = a") - r(a®)

for infinitely many n, when C is large enough. The desired conclusion follows
by using the upper bound and choosing a large enough. Note that the proof of
the estimate from above in Theorem 9.1 depends only on the Gaussian upper
bound and the Markov property. Hence, this part of Theorem 9.1 also holds for
Markov chains governed by a kernel %k satisfying (1) and (21) (see Theorem
5.3). ’

We now pass to the generalization of the Dvoretzky—Erdos result.

THEOREM 9.2. Assume that G has polynomial volume growth of order
D > 2. Let p be a symmetric bounded density of probability satisfying (12) and
(6). For any decreasing function ¢ > 0 we have

-@({rn < z//(n)\/rT for inﬁnitely many n}) =0orl

according as the series Ly(2")P~2 converges or diverges. In other words, we
have

lim(r,/¥(n)Vn) =+  Pa.s. or liminf(r,/¢(n)Vn)=0 Pa.s.

according as the above series converges or diverges.

The proof depends on two lemmas which are applications of Theorem 5.1
and are of some independent interest. In what follows, G and p ‘are as in
Theorem 9.2.

LEMMA 9.3. Fix x € G and set N = p(x). For n = 1,... denote by &(x,n)
the probability that the random walk started at e ever enters xQ" (i.e. the ball
of center x and radius n). There exists a constant C > 0 such that

min{1,CY(n/N)"7?} < &(x,n) < min{1;C(n/N)""?}.

Proor. Consider the function u(2) = u, ,(2) which is equal to the proba-
bility that the random walk started at z € G ever enters the set xQ". It is not
hard to check that u is a positive bounded p-superharmonic function (.e.,
uxp <u) Also, u =1 on xQ", and u is p-harmonic outside xQ”". Elemen-
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tary potential theory shows that u = (I + ®)v + h where v = (I — P)u, h =
lim, Py is a bounded p-harmonic function, and I + ® = L5 P’ is the

1 — +o

Green potential operator associated to P. By Theorem 6.1, we know that
h is constant. This constant has to be 0 (to see this, one can show that
lim, _,, u(x) = 0 by using the Gaussian upper bound, or alternatively, one can
interpret & has the probability of visiting xQ)" infinitely often, and contlude
that A = 0 because of the transience of the random walk). Moreover, v has
support in xQ, \ xQ" 1. Hence, we get

u(z) = Ov(z) = [ 0(y~'2)u(y) dy.
x QPN xQn!

This inequality, the fact that u(x) = 1, and the two sided estimate on the
kernel ® given by Theorem 5.1 yield

f v=nP2,

xQ*\x Q"1
From the same estimate on ®, we also get when p(x) = N > n,

&(x,n) = u(e) =N+ [ v=(n/N)"2
xQ*\x Q1

This ends the proof of Lemma 9.3. Note that the proof of each of the bounds
stated in Lemma 9.3 depends on a two-sided estimate of the Green kernel. O

Consider now the probabilities
F(x,n,N) = Z,({r, < n for some v > N})
and
F(x,n,N,M) = Z({r, <n forsome N <v < M}).

LEMMA 9.4. There exists a constant C > 0 such that, for all integers
n, N, M and any x,y € G, we have

~37'(e,n, N) > C‘l(n/\/JV)D_zexp(—an/N),
F(x,n,N) < C(n/VN)" 7,
|F(x,n, N, M) — F(y,n, N, M)| < C(p(x,5)/VN )(n/VN)

Hence, there exist a constant C' > 0 and an integer M, such that, for all
integers n, M, M satisfying n < VN and M > MyN, we have

F(e,n, N, M) 2 C' " (n/YN)"™"

D-2

and
L.?'(x,n,N,M) - F(y,n,N,M)| < C’(p(x,y)/\/JV)?(e,n,ZN,M).

Proor. The conditional probability that r, < n for some v > N, knowing
that x, = 2, is given by the function u, ,(2) introduced in the proof of Lemma



700 W. HEBISCH AND L. SALOFF-COSTE

9.3, and is comparable to min{1, (n /p(z))?~2}. Moreover, we have
F(x,n,N) = [u, (2)pM(z" ) dz.

Hence, the first part of Lemma 9.4 follows from the Gaussian estimates (13)
and (15) of Theorem 5.1 by arguments similar to those of the proof of Lemma
5.2. The Hélder continuity of Z(x,n, N, M) follows from the Gaussian esti-
mate (15) and the fact that

F(x,n,N,M) = fg'(z,n,N—N’,M—N’)p(N')(z_lx) dz

for all N' <N (here we take N’ ~ N/2). The rest of Lemma 9.4 follows
clearly from what we just proved since %(x,n,N,M)> %(x,n,N) —
F(x,n, M). O

ProOF oF THEOREM 9.2. First, consider the case when the series Zy(2")? 2
converges. Set A, = {r, < y(»)Vv for some 2" < v < 2"*1}. Since ¢ is decreas-
ing, we have P(A,) < F(e, y(2™)2"*V/2 27) < Cy(2")P~2. Hence, by the
Borel-Cantelli lemma, #({r, < y(n)Vn for infinitely many n}) = 0

Suppose now that the series Ty(2")P?~2 diverges. Then, we can find a
sequence of integers m; such that

(24) Z $(2™)P 7% = 40,  Lm(m;,, —m;) = +o.
= i—0

Set A, ={r, < ¢y()Wv for some 2™~ < v < My2™"}, where M, is the integer
given by Lemma 9.4. Using Lemma 9.4 and (24), we find that £, #(A,) = +x.
Hence, by a well-known extension of the Borel-Cantelli lemma (see [4],
Theorem 6.4), the proof of Theorem 9.2 reduces to the claim that

., P(A)ZP(A,)
im ———— =
k,n—o ‘@(AknAn)

To prove the claim, consider two integers k,n large enough and such that
k <n.Set j=M,2™*, and

l= inf{v: 2™k <pyandr, < (ﬁ(v)\/;}.

Also, define two measures A, A, by setting, for any measurable set E € G,
A(E) = P(x; € E|A), ME) = p(x; € E). By the Markov property, we have

[o) dno() = (FAN) T E [ fp w20z drd

i<j

< sup{fp(f Nz, x)p(x) dx,i <j, p(z) < Q]1/2} < C'j1/2,
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We also have [p(x) dA(x) < C’j/2. The Markov property and the above yield
|P(A,A,) — F(e,n,2m — j, Mg2™» — j)|
< [1F(x,n,2mn — j, My2™ — j)
—F(e,n,2m — j, My2™» — j)|dAo(x)
< C2 ™ /2F (e, n,2™n — j, Mg2™n —j)fp(x) dAg(x)
< C2-mam2F (e, 2™ — j, My2™n — )
and similarly,
|Z(A,) — F(e,n,2m —j, My2™ — j)|
< C2-(mamm2F (o, 2™ — j, My2™n — ).
This implies that

lim =1
k,n—>o 9’(e, n,2mr — Mozmk, M0(2'"" - 2mk))
and
. P(A,)
lim =1
k,n— 9—(6, n,2mn — M02mk, M,(2m~ — 2mk))
Hence,

 PANF(A) L P(A)
k,n—>o .@(AknAn) k,n—ow® g(An,Ak)

This proves our claim, and ends the proof of Theorem 9.2. O

1.

REMARK 1. We want to emphasize the fact that the above proof of Theorem
9.2 depends crucially on the two-sided Gaussian estimate obtained in Theo-
rem 5.1.

REMARK 2. It is worth noting that Theorems 9.1 and 9.2 also hold in the
following related context. Let G be a connected Lie group having polynomial
growth. Fix a set L ={L,,..., L} of left invariant vector fields on G, and
assume that L,,..., L, together with their Lie brackets of all order generate
the Lie algebra of G (Hérmander condition). Set A = —YX5L2. Consider the
heat semigroup e~*4, its convolution kernel %,, and the corresponding Markov
Process (Brownian motion) with (continuous) trajectories X,. There is a
natural left invaraint distance function p associated with L (see [29], for
instance). Set R, = p(X,). Then, the statements analogous to Theorems 9.1
and 9.2 hold true in this setting. The proofs also are analogous. They rest on
Gaussian estimates satisfied by the kernel h,. The relevant Gaussian upper
bound is proved in [29]. The corresponding gradient estimate and lower bound
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are proved in [22]. In this continuous time setting the Gaussian upper bound is
more precise and, in the statement corresponding to Theorem 9.1, we obtain

li B, 2
1m su <
it (t loglog(t))"®

Moreover, when G is a nilpotent Lie group, the lower Gaussian estimate
obtained by Varopoulos in [30] can be used to show that

im su =
t—>+oop (¢ loglog())"*

10. Markov chains on homogeneous spaces. The aim of this last
section is to generalize some of the preceding results in the context of Markov
chains on homogeneous spaces of groups having polynomial volume growth. A
nice account of what is known on this subject is given in [24]. A simple example
is presented in [16] where a description of all recurrent homogeneous spaces is
given in the context of nilpotent finitely generated groups. The work [11]
contains a similar description in the case of some Lie groups having polyno-
mial volume growth. Hence, the question of recurrence or transience is well
understood in a number of important cases where it has been shown that the
answer can be read in the volume growth of the homogeneous space; see [24,
16, 11]. Note however, that the proofs of these results given in [24, 16, 11] are
quite intricate. Moreover, none of the above works contains an estimate of the
iterated kernels of the Markov chain on the homogeneous space in terms of the
volume growth. Using the full strength of our two-sided Gaussian estimate for
convolution powers on groups, we are able to establish similar estimates for
the iterated kernel of the induced Markov chains on homogeneous spaces.
These estimates easily imply the known results on recurrence. They also prove
a conjecture made in [24], page 571. Namely, it follows from the estimates
obtained below that if G is a connected Lie group having polynomial growth
(i.e., of rigid type), and H is a closed subgroup of G, then the homogeneous
space H\ G is recurrent if and only if it has polynomial volume growth of
degree less or equal to 2; see [24, 11].

We now introduce some notation and our basic hypotheses. Given a group G
and a subgroup H of G, denote by M = H\ G = {g = Hg, g € G} the set of
the right cosets of H in G. In what follows, we assume that G is. locally
compact, compactly generated, and has polynomial volume growth (hence, G is
unimodular). Also, we assume that H is a closed subgroup of G. Note that H
is unimodular. Indeed, H is a sum of its open compactly generated subgroups,
each of which is of polynomial growth, hence unimodular. This easily implies
that H is unimodular. Consequently (see [19] for instance)) M = H\ G
admits an invariant measure. Under these hypotheses, the Haar measures on
G and H and the invariant measure on M = H\ G can be chosen so that

(25) [f@ds= [ [ fihe)an)de

for any continuous function f with compact support: see [19].
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Now, let p be a bounded probability density on G with associated Markov
operator Pf(x) = [p(y %) f(y)dy = [p(y) f(x~y) dy. Using (25), we see that
p induces a Markov operator and a Markov kernel 2 on M defined by

Kf(%) = [ k(Z.3) f(3) 7 = [ p(y™%) F(7) dy,
where
k(%,5) = p(x~'Hy) = /Hp(x—lhy)dh.

In another language, the projection of the random walk on G associated with
p is the Markov chain on M associated with k. If p is symmetric, then & is
symmetric as well. In what follows, we assume that p is a bounded symmetric
probability density on G which satisfies the hypotheses (12) and (6) introduced
in Section 5. Namely, we assume that there is r, > 0 such that p is supported
in B(e, ry), and that there exists a generating open neighborhood U of e such
that inf,{p} > 0.

Recall that G is compactly generated and let p be the distance function on
G introduced in Section 3 and associated with a fixed open symmetric rela-
tively compact neighbourhood Q of e € G which generates G. The induced
distance on M is also denoted by p and is given by

p(%,%) = inf{p(x~'hy), h € H}.
For ¢ € M, define the distance ball B(¢£,r) c M by

B(f,r) ={§EM;P(§;§) Sr}’

and set 17§(r) = |B(¢, r)|. It follows from Lemma 1.1 in [14] that the volume
function satisfies the doubling property

V,(2r) < CV,(r)

for all £ M and r > 1. Given a bounded function f on M, define the
gradient Vf by

VI(€) = sup{lf(£) — f(O, p(£,¢) < 1}.

When taking the gradient of a function of two variables ¢&,¢{, we use the
notation V¢ and V¥.

In general, it is difficult to transfer information from p to k. However there
are certain properties that pass easily to the quotient. Here is a powerful
example.

THEOREM 10.1. Let G, H, M and p, k be as above. There exists an integer a
and a constant C > 0 such that, for any ¢ € M, any integer j and for any
sequence of nonnegative functions u;, k = 1,2, ... on M satisfying u,; ., = Ku;,
we have

sup {u;} <C inf {u,;}
B, ) B(¢, )
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and

sup {Vu;} <CG~Y? inf {u,;}.
B, B, VD)

Proor. Given u; as in the theorem, set @,(x) = u/(%). Then, &, is a
sequence of nonnegative functions on G and, using (25), we check that

it;,, = Pii;. Hence, the above theorem follows from Theorem 6.3 and the
(easy) fact that the canonical projection of the ball B(x,r) c G is equal to the
ball B(%,r) c M. As a corollary to Theorem 10.1, we obtain: )

THEOREM 10.2. There exist an integer a and two positive constants C,C’
such that for any £, € M and any integer n the iterated kernel k, satisfies:

(1) SUP g, gyn){kn(fly {I)} <C infE(g’, {,n){kan(?, {:)}
where E(¢,{,n) = B(¢,Vn) X B(Z,Vn).
(i) k(& ¢ < C min{V,(/n)~L, V,(Vn) Y.

(i) max{k (¢, &), k (£, O} < Ck,, (¢, Dexp(Cp(£, £)?/n),
for p(¢,0) <n/C'.

(v) Vék,(£,0) < Cn= 2k, (£, ).

Proor. The assertions (i) and (iv) follow easily from Theorem 10.1 applied
to u;({) = k(£ (), together with the symmetry of &;. The assertion (ii) follows
from (i) and the fact that [, k,(&, ) d{ = 1. Assertion (iii) also follows from (i)
and a well-known chaining argument. Note that (ii) implies in particular that

ko(£,€) <CV,(/n) ', feMn=12,....

In order to obtain a converse inequality, we first claim that there exists a
constant A > 0 such that

26 k
(26) [ NP CTILIES V.

for all ¢ €M and all integers n. Indeed, setting ¢ =%, { =%, we have
k(&) = [gp™(x~*hy) dh and

k (&0)d
/p@,:»m (& 0)dL

I

/Ml(p(f,y»,/H)fHP(”)(x_lhy) dhdy

A
E'\‘

le(p(x‘lhy)>W;p(n)(x_lhy) dhdy

™(x,y)dy.
‘/;(xy)>1/ﬂp ( y)

Hence, the claim follows from the similar statement on G which has been
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proved in Section 5. From (26), it follows that

k , dl>=1/2,
/p@,nsm (&) dL =1/

which together with Theorem 10.2 and the doubling property of the volume,
implies )

(27) (CVi(Vn)) " < ku(£,6)
for some constant C > 0. O

We now state the main result of this section, which generalizes Theo-
rem 5.1.

THEOREM 10.3. Let G, H, M and p, k be as above. Then, there exist three
positive constants C,C’,C" such that, for any ¢, { € M and any integer n, we
have

(28) kal€,0) < CV(Yr) " exp(=p(£,0)%/C'n),
(20)  Vki(£0) < Cn 2V,(Vn) exp(—p(£,0)*/C'n),

(30) En(£,¢) 2 CTW,(Yn) "exp(~C'p(£,0)*/n) if p(£,4) <n/C".

In the above estimates, Vg(\/l—‘l,_ ) can be replaced by Vg(\/; ) or by
(‘Q(\/;)V{(l/z))l/z.

Proor. First, we note that (30) follows from Theorem 10.2 and (27). Also,
(29) follows from (28) and Theorem 10.2. Hence, we are left with the task of
proving (28). Note that the method of Section 2 does not apply directly here.
This is because the behavior of the function n — V/(n) is not uniform in
£ € M. However, there are at least two ways of proving (28). We choose to
present in some detail an approach which combines a technique introduced by
Carne in [6] with assertion (i) of Theorem 10.2 (i.e., a Harnack inequality).
Carne’s idea is to obtain a ‘Hadamard’s transmutation formula” for Markov
chains. Namely, let X, be the symmetric random walk on Z which starts from
X,=0l[ie, AX,,,—X,=+1) =1/2] Also, let

2.(z) = %((z + (22 - 1)1/2)n + (z - (2% - 1)1/2)”)

be the Chebyshev polynomials with n =0,1,.... Then, we have K" =
Y70 2(X,| = i)2/(K); see [6], Theorem 2, page 400. Fix ¢,{ € M, two inte-
gers n,v, and set r = p(¢, {). Also, set B = B(£,v), B’ = B({,v). Remark that
the function K'ly is supported in B({, ir, + v), which implies that 2,(K)1p
is also supported in B({, iry + v). Hence, with this notation and for 2v < r, we
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can write

(K™Mp,15) = ¥ P(X,]| = i) 2(K)1p,15)
i=0

V) T (X =i).

i>(r—2v)/ry

IA

By a classical estimate (see [6]), we have #(X,>s)=L,, P(X,=1i) <
e~ % /2" Hence, we obtain

(1) (K", 1p) < 2(Ve(»)Vy(»))" exp(—(r — 2v)*/2r8n).

Assume now that r > 4V/n [otherwise (28) follows directly from Theorem
10.2]. Choose v = Vn and apply the above with n replaced by an where a is as
in Theorem 10.2. Using assertion (i) of Theorem 10.2 to estimate the left-hand
side of (31) from below, we obtain

kn(é—,{) < C(V‘s’(‘/;)V{(\/;))_l/z exp(—rz/C'n),

where C’' = 2r,a. This ends the proof of Theorem 10.3. O

An alternative proof of (28) can be outlined as follows: Use Lemma 2.4 to
estimate (K'lg,15), where K is as in Section 2 and B, B’ as above. Then,
use assertion (i) of Theorem 10.2 to obtain a pointwise estimate, and choose s

as at the end of Section 2.
Recall that the (modified) Green kernel ©® is defined by O(¢,¢) =

Z?= 1ki(§7 {)

THEOREM 10.4. Let G, H, M and p, k be as above. There exists a positive
constant C such that Green kernel © satisfies

ct T V(i) '<ens<c ¥ V(i)

izp(£,0)? i>p(£,0)*

VEO(£,0) <C Y iTVRV(V) .
i>p(£,0)?
Moreover, V,(Yi) can be replaced by V,(Vi) or by (Vg(\/lT W (Vi M2,

Proor. The lower bound follows immediately from the lower bound in
Theorem 10.3. The upper estimate of ® follows from (28) and the claim that

Y k(60 <C T V()

1<i<r? i>r
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when r = p(&, {). To prove this claim, note that a repeated use of the doubling
property of the volume yields

r2+j
J

V.(j%) " < cv((r +.f)”2)_1""p(

(in fact exp(y/(r2 +j) /j) can even be replaced by a power of /(r? +j) /j).

Hence, by Theorem 10.3, we have

Eren=c,m o7 g5)) 2
<C" Y V(i)

i>r?

The bound on the gradient is obtained similarly. This ends the proof of
Theorem 10.4. O

REMARK 1. Assume that % is a left H-invariant kernel on G, that is
k(hx, ky) = k(x, y) for all h € H, and that k satisfies assumptions of Theorem
5.3. Then, consider the kernel k(Hx, Hy) = [;k(x, hy)dh. By Theorem 5.3
and Theorem 5.1, we can find a convolution kernel p on G satisfying the
hypotheses of Theorem 5.1 and such that %, (x, hy) < Cp*"(x~'hy) on G for
some constants a,C. Integrating this inequality over H, we deduce from
Theorem 10.3 a Gaussian upper bound for the kernel 2 on M.

REMARK 2. The study of harmonic functions on M follows easily from the
results on G. The same is true for the study of Riesz transforms. Theorem
10.3 and the technique of Section 7 yield some Sobolev and isoperimetric
inequalities if we assume that V,(n) > cn® for some positive constants ¢ and
D. Also, Theorem 10.3 can be used to prove the statement analogous to the
upper bound in Theorem 9.1 (law of the iterated logarithm). However, it is not
clear what the statement analogous to Theorem 9.2 should be in the present
setting.

REMARK 3. There are various interesting questions concerning Markov
chains on homogeneous spaces which are still open. For instance, let I" be a
finitely generated solvable group (even polycyclic) which is not almost nilpo-
tent. What can be said about the Markov chains on the homogeneous spaces of
I'? The above is no help since I' has exponential volume growth. Even the
basic question of the recurrence or transience of such a homogeneous space
has: yet to be understood.

REMARK 4. Some of the techniques used above are similar to the one used
by Maheux in [17] where he studies subelliptic heat kernels on nilmanifolds.
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