
lecturing %÷¥①
Hainan- Sfwmfels

Some remarks :
-

a really want to consider :

k = some base ring ( e.g
: I

, field )
= commutative ring (with l) .

Consider schemes over K
.

( spec Q
,
what is the functor of points ? )

.

Usually consider for fixed k
,
X = k -scheme

.

Hom
,
f-
,
X)

h× : K - alg → Sets

(Comm ! )

R '→ Hom
,
( spec R , X)1 Spec R → X

\ /
J L

Speck

as before h× determines X uniquely .
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• if F

,
G E Fm ( K - alg , sets) Lectwe②

g : G → F : subfunctor

GIR) ↳FIR)

open subfunctor

closed sub functor

fiber products
G( ÷

" :/
H → F

F ''

Zariski sheaf
"

( h× is a Zariski
. sheaf )

.

-

Hainan - Stwmfels setup t main thins

k = commutative ring
S = k[x. . . . . ,Xn]

X
"
t n E IN

" monomials
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gr-ad.mg : Lectnre③
A = any Abelian group .

deg : IN
"

→A semigroup homom .

S = ④ Sa Sas E Satb .

a C- A

Sa = K- span ( x
"

: deg u = a)

( A -- Z ow usual case
, deglxi) - l )

Let a ÷ degcxi) c- A

WLOG : A is generated by a
, , . - r,

an
.

let A+ ' = deg ( IN
") EA

Def deg is called positive if so = spankIt ) .

( in this case A+ NC -A+) = O ) .

Def A homog . ideal I ES is admissible "f
-

i

(⇒
a

= Safe
,

is a locally free K -module

of finite rank t of A ( constant on Speck)
.



Its Hilbert function %¥¥④
he '

.
A → IN

a 1- rank
,
( FI)a

.

goI#1_ Given h : A → IN supported on A+
construct a K - scheme which parametrizes
all admissible ideals ICS with h =h±

functor of points
-

Given S as above
,
k

,
h : A → IN

olefin

pkg ; k - a)
g → sets

R↳{ I ERQ.si
I homog
R ④Ksa
% is locally free

of rank hla) over R}
define Hksff. :B

,

-' Re)
.
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G2 ( gives goal # t) Lectwe⑤
construct the K - scheme which

represents this functor .

theorem
F quasi - projective scheme Z over K sit .

Hong! - , Z) t Hhg .

Denote this Z by Hills} .

theorem If the grading is positive
then Hilbhs is projective over K

.

( in fact
,
will be contained in a finite product

of Grassmannians) .

exam
① If A-=L , deg Kiki Vi . S =k[x. . . . ,xn)

h = I → IN a Hilbert function

Hilbhs = { IC S : SI admissible , HF s h }
this is a projective scheme over K .



see
,
descxiti ti Ekka

. . . .in) 2ucggt¥⑥⑦ Given plz) ,
HP for P

"

with its mo .

pcd) IZ mo
Wd) : {qntnd ) d <mo

note :
I ha, HP plz) , then
FS

I
>m .

has Hilbert function h
.

= Hills
"

= Hills (pm )
.S

③ A = 'd n =3 k[xizzJ.sk = field -
deg x = ( 1,0)

des y = ( $1 )

des Z = lo
, i)

" h 33
Consider 9 points in IA ( dims.SI =9 )
bivariate Hilbert series is :

s't
'
t s't t St't 5+2 St t s t t t I

xe : construct all such
" admissible" ideal,

parametrize them : p
'
n p

'
= pt .
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( T
,
F ) graded K -module with

Lecthre⑦
operators

k = comm ring
A = arbitrary set of indices

,
called " degree ,

"

T = ④ Ta graded K -module
one. A

equipped with a collection of operators

f- = U Fab Fab E Hom
,
(Ta
,
Tb)

a.be A

assume F is closed under composition .

ie : IT
,
F ) is a small category of K - modules

objects : Ta

Hom : elemi of F .

" ( S
, F) Fab = set of monomials

"

( a

Sa
of degree b-a .

( A Abelian gp) .
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ie Define , given F)
,
h Lectwe⑧

h
H
,

: K-alg → Sets
T

R '→ HEIR) = ??


