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Multi-dimensional LDP for RWRE

RWRE in Zd

An environment : ω = {ωx (·)}x∈Z
ωx (·) is a measure on Zd for each x .
ωx are i.i.d. with distribution P.

Quenched law Pω: fix an environment.
Xn a random walk: X0 = 0, and

Pω(Xn+1 = y + e|Xn = y) := ωy (e)

Annealed law P: average over environments.

P(G) :=

∫
Ω

Pω(G)dP(ω)
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Multi-dimensional LDP for RWRE

Annealed Large Deviations

Theorem (Varadhan ’03)

There exists a convex function H(v) such that:
for all closed sets F ⊂ Rd

lim sup
n→∞

1
n

log P
(

Xn

n
∈ F

)
≤ − inf

v∈F
H(v),

and for all open sets G ⊂ Rd

lim inf
n→∞

1
n

log P
(

Xn

n
∈ G

)
≥ − inf

v∈G
H(v).

That is
P(Xn ≈ nv) = e−nH(v)+o(n).
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Multi-dimensional LDP for RWRE

Zero Set of the Rate Function

Possible drifts: K := conv
(
supp{

∑
e ω0(e)e}

)
.

Nestling: 0 ∈ K.
Non-nestling: 0 /∈ K.

Theorem (Varadhan ’03)

The set Z := {v : H(v) = 0} is either a single point or an interval
containing the origin.
Moreover, H(0) = 0 if and only if the environment is nestling.
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Multi-dimensional LDP for RWRE

Varadhan’s proof

Xn is not a Markov chain (long term memory).
Study the comets of the random walk:

Wn := (−Xn,−Xn + X1, . . . ,−Xn + Xn−1,0)

Wn is a Markov chain (on a horrible state space W ).
Obtain a LDP for the empirical distribution process

Rn :=
1
n

n∑
j=1

δWn

with rate function J (µ).
Contract for LDP for Xn

n : H(v) = infm(µ)=v J (µ).
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Multi-dimensional LDP for RWRE

Regeneration Times

Let ` ∈ Rd with ‖`‖2 = 1.
Regeneration times (in direction `):

t

τ4
τ3

τ2

τ1

Xt · `Xτ1 · ` Xτ2 · ` Xτ3 · ` Xτ4 · `

Jonathon Peterson 5/3/2008 6 / 16



Multi-dimensional LDP for RWRE

Regeneration Times

{(
Xτk − Xτk−1 , τk − τk−1

)}∞
k=1 is an independent sequence.

{(
Xτk − Xτk−1 , τk − τk−1

)}∞
k=2 is i.i.d.

Define P(·) := P (·|Xn · ` ≥ 0, ∀n)
Expectations under P are E.

Note that

vP := lim
n→∞

Xn

n
=

EXτ1

Eτ1
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Multi-dimensional LDP for RWRE

The function I
Define for λ ∈ Rd+1

Λ(λ) := log Eeλ·(Xτ1 ,τ1),

and
I(x , t) := sup

λ∈Rd+1
λ · (x , t)− Λ(λ).

Cramér’s Theorem:
(

Xτk
k , τk

k

)
satisfies a LDP under P with rate

function I.

I(x , t) is convex.
I(Eτ1vP ,Eτ1) = 0.
Λ(λ) is analytic in the interior of its domain and I(x , t) is convex
and analytic in a neighborhood of (Eτ1vP ,Eτ1).
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Multi-dimensional LDP for RWRE

The function J

Define

J(v) := inf
s∈(0,1]

s I
(

v
s
,
1
s

)
.

J(v) is convex.
J(v) is analytic in a neighborhood of vP .

Theorem (P., Zeitouni ’08)

Assume the law P is non-nestling. Then H(v) = J(v) for all v in a
neighborhood of vP .
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Multi-dimensional LDP for RWRE

Idea of the proof

It is enough to prove

lim
δ→∞

lim sup
n→∞

1
n

log P
(
‖Xn

n
− v‖ < δ

)
≤ −J(v),

and

lim
δ→∞

lim inf
n→∞

1
n

log P
(
‖Xn

n
− v‖ < δ

)
≥ −J(v).

For convenience we’ll work with P instead of P.
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Multi-dimensional LDP for RWRE

Lower bound

Fix s ∈ (0,1], and let k = sn.

1
n

log P(‖Xn − nv‖ < 2δn)

≥ 1
n

log P(‖Xτk − nv‖ < δn, |τk − n| < δn)

=
s
k

log P
(
‖

Xτk

k
− v

s
‖ < δ

s
, |τk

k
− 1

s
| < δ

s

)
Limit as k →∞ and then δ → 0 : s I

(v
s ,

1
s

)
.

This lower bound is true for all s ∈ (0,1] and so

lim
δ→∞

lim inf
n→∞

1
n

log P
(
‖Xn

n
− v‖ < δ

)
≥ − inf

s∈(0,1]
s I

(
v
s
,
1
s

)
.

Note: Lower bound holds for any v · ` > 0.
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Multi-dimensional LDP for RWRE

Upper bound

First, note that by Chebychev’s inequality

P(Xτk = x , τk = t) ≤ e−λ·(x ,t)Eeλ·(Xτk ,τk )

= e−λ·(x ,t)+kΛ(λ) = e−k(λ·( x
k ,

t
k )−Λ(λ)).

True for any λ ∈ Rd+1 thus

P(Xτk = x , τk = t) ≤ e−kI( x
k ,

t
k ) = e−t k

t I( x
t

t
k ,

t
k ) ≤ e−tJ( x

t ).

Note: The final bound does not depend on k .

Would like to say that

P(Xn ≈ nv) ≤ C P(∃k : Xτk ≈ nv , τk ≈ n).
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Multi-dimensional LDP for RWRE

Upper bound

Since P is non-nestling, τ1 has exponential tails:

P(τ1 ≥ εn) ≤ Ce−Cεn.

Fix ε small.
Since J(vP) = 0, J(v) < Cε in a neighborhood of vP .

Thus we may assume τk − τk−1 < εn for all k ≤ n.
Need an upper bound for

P(∃k : τk ∈ (n − εn,n], ‖Xn − nv‖ < nδ, τk+1 > n).
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Multi-dimensional LDP for RWRE

P(∃k : τk ∈ (n − εn,n], ‖Xn − nv‖ < nδ, τk+1 > n)

≤
∑
k≤n

∑
s∈[0,ε)

P(τk = (1− s)n, ‖Xτk − nv‖ < n(δ + s))P(τ1 > ns)

=
∑
k≤n

∑
s∈[0,ε)

∑
‖x−v‖<δ+s

P(τk = (1− s)n, Xτk = xn)Ce−Csn

≤ Cnd+2 sup
s∈[0,ε)

sup
‖x−v‖<δ+s

e−n(1−s)J( x
1−s )e−Csn

Claim: Since J(v) is quadratic near vP , for v near vP

inf
s∈[0,ε)

inf
‖x−v‖<δ+s

(1− s)J
(

x
1− s

)
+ Cs = inf

‖x−v‖<δ
J(x).
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Multi-dimensional LDP for RWRE
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Multi-dimensional LDP for RWRE

Large Deviations in One Dimension

Theorem (P., Zeitouni ’08)
For any RWRE on Z in i.i.d. environment that is transient to +∞ we
have H(v) = J(v) for all v > 0.
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