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RWRE in Z with i.i.d. environment

An environment w = {wx}xez € Q = [0,1]Z.
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RWRE Current Process Introduction

RWRE in Z with i.i.d. environment
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RWRE in Z with i.i.d. environment

An environment w = {wx}xez € Q = [0,1]Z.
P an i.i.d. product measure on €.

Quenched law P,,: fix an environment.
Xp arandom walk: Xp = x, and

Po(Xnt1 =y +1[Xn=y) = wy

Averaged law P: average over environments.

P(G) = /Q P.(G)dP(w)
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Recurrence / Transience

A crucial statistic is:

Theorem (Solomon ’75)
© IfEp(log pg) < O then, lim,_.oo Xp = +o0, P — a.s.
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Recurrence / Transience

A crucial statistic is:
1 — wy

Px =
Wx

Theorem (Solomon ’75)

@ /fEp(log pg) < 0 then, lim,_ X, = +oo, P — a.s.
©Q LetEp(logpg) < 0. Then, P — a.s.
(@ Eppo<1 = lmy % =172 >0
(b) Eppo>1 = limp_o 22 =0.

Denote lim, o0 22 =: vp.
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_ RWRECurentProcess  ntoduction
Central Limit Theorems

Theorem (Kesten, Kozlov, Spitzer '75, Iglehart 08, P. ’08)

Let Eppg < 1. Then, there exists constants o, o1 > 0 such that
@ Averaged CLT: Forallt € R,

. Xn — an
im P —— <t] =®(1).
n—oo ( O‘ﬁ B ) ( )
@ Quenched CLT: For allt € R, and P — a.e. environment w,

(Xn - an + Zn(W)
o1vn

lim P,

n—oo

gQ:uu
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_ RWRECurentProcess  ntoduction
Central Limit Theorems

Theorem (Kesten, Kozlov, Spitzer '75, Iglehart 08, P. ’08)

Let Eppg < 1. Then, there exists constants o, o1 > 0 such that
@ Averaged CLT: Forallt € R,

Xn - nVP

im P ——— <t] =®(1).
im e (S8 <) et
© Quenched CLT: For allt € R, and P — a.e. environment w,

(Xn —nvp + Zp(w)
a1v/n
Remark: If Eplog po < 0 and Epp3 > 1

@ Averaged limiting distribution is non-Gaussian.

lim P,

n—oo

gQ:uu
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_ RWRECurentProcess  ntoduction
Central Limit Theorems

Theorem (Kesten, Kozlov, Spitzer '75, Iglehart 08, P. ’08)

Let Epp% < 1. Then, there exists constants o, o1 > 0 such that
@ Averaged CLT: Forallt € R,

Xn - nVP

im P ——— <t] =®(1).
im e (S8 <) et
© Quenched CLT: For allt € R, and P — a.e. environment w,

(Xn - an + Zn(W)
o1vn

Remark: If Eplog po < 0 and Epp3 > 1

@ Averaged limiting distribution is non-Gaussian.
@ No quenched limiting distribution possible.

lim P,

n—oo

gQ:wu
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Remarks on Quenched and Averaged CLT

Let Ty :=inf{n > 0 : X, = x}. (Hitting time of x).
@ Random centering term Zy(w) := vp(E, Tovy — EThy,), and
. Zn(w) >
im P t t
oo (@\f *()

@ Scaling factors known explicitly:

Quenched CLT scaling ¢% = v3,Ep[Var,, T1]
Z, scaling o2 =v& Var(E, Th)

Averaged CLT scaling 02 = 0% + 03
@ Quenched CLT: Convergence uniform over t € R.
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RWRE Current Process System of RWRE

System of Independent Walkers

no(x) = Number of walkers starting at x € Z.

For x € Z and i < no(x), let X' be a RWRE starting at x.

All random walks evolve independently in the same environment.
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System of Independent Walkers

no(x) = Number of walkers starting at x € Z.
For x € Z and i < no(x), let X,),(’i be a RWRE starting at x.

All random walks evolve independently in the same environment.

Assumptions on the initial conditions:
no may depend on the environment w.

® Pu(no(x) = k) = Pprus(n0(0) = k).
@ Given w, the no(x) are independent (and independent of the RW)
® Ep [E,(n0(0))2"¢ + Var,,(n(0))**¢] < oo for some & > 0.

Jonathon Peterson 4/16/2009 6/22



Uniform LLN

Recall: limp_s

X _
#—VP‘ =0,P-—a.s.

Theorem (P. ’09)

Assume vp > 0 and Eng < co. Then, forany A < B,

im max max |——— —vp| =0, P-—as.
N—o0 xe(An,Bn] i<no(x) n
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RWRE Current Process System of RWRE

Uniform LLN

X, _
#—VP‘ =0,P-as.

Recall: limp_s

Theorem (P. ’09)
Assume vp > 0 and Eng < co. Then, forany A < B,

im max max |——— —vp| =0, P-—as.
N—o0 xe(An,Bn] i<no(x) n

There exists an s > 1 such that

P(| Xy — nvp| > en) ~ n'~S.

P.(|Xy— nve| >en)~ e "

4/16/2009
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Uniform LLN

Recall: lim,_o | %0 — VP‘ =0,P-as.

Theorem (P. ’09)
Assume vp > 0 and Eng < co. Then, forany A < B,

im max max |——— —vp| =0, P-—as.
N—o0 xe(An,Bn] i<no(x) n

There exists an s > 1 such that

P(| Xy — nvp| > en) ~ n'~S.

P.(|Xy— nve| >en)~ e "

Need uniform quenched large deviations.
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Current Process

no(m) ) no(m) )
Ya(t,0):= > > 11X <nvey = > > X > nvp}
m>0 i=1 m<0 =1
time
A
ntvp
nt— -
- sp?ce
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Space-Time Current Process

no(m) no(m)
Ya(t,r):= > > WX <nve+rv/np = > X' > nve + rv/n}
m>0 =1 m<0 i=1
ryn
nt A 7|
- sp?ce
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RWRE Current Process Current Process

Note that
Yn(t, r) — Yn(0, r) = Current seen by observer starting at rv/n
moving at speed vp.

time

ntvp +ryn

nt /‘ y|

- ~ space
ry/n
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Current Process: Classical Random Walks

Theorem (Kumar ’08)

For classical RW, the current process n—1/4(Y,(t, r) — r\/n) converges
in distribution to the mean-zero Gaussian process V(t, r) with
E[V(s,q)V(t, ] =T((sq),(t,r)), where

r((s; @), (t, 1)

el
= ”/,oo <P[Bo125 <q-— X]P[Ba12r >r—x| — P[BU12s <q-—x, 80121 >r— x]) dx
5 = 0
+ og /0 P[Ba12S <qg- x]P[Ba12t <r—x]dx+ /700 P[Ba125 >q-— x]P[BU12t >r—x]adx »,

with 1 = E[no(0)] and o3 = Var(n(0)).
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RWRE Current Process Current Process

RWRE Current Process: Quenched Mean

First order fluctuations of order v/n due to the environment.

Theorem (P., Seppalainen '09)
Forany T < oo, R< oo,ande > 0,

lim P sup |E,Ya(t,r)— prvn— pZy(w)| >evn| =0.
oo IR t<T

Thus %}7”) converges in distribution to poo, W(t) + ur, where W(-) is
a standard Brownian motion.

.

Jonathon Peterson
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RWRE Current Process Current Process

RWRE Current Process: n'/4 fluctuations

Via(t,r) = Ya(t,r) — E,Yn(t, r).

Theorem (P., Seppalainen '09)
The finite dimensional distributions of the joint process

{ (n’1/4 Va(t, 1), n’VZZm(w)) }

>0, reR

converge to those of the process (V(t, r), Z(t)) defined by
@ Z(:) = oo W(-), where W(-) is a standard Brownian motion.
@ Given Z(-), V(t,r) is the mean-zero Gaussian process with
covariance

E[V(s,q)V(t,nN|Z()] =T ((s,q + Z(s)), (t,r + Z(1)))-
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Proof: Quenched Mean

Let Wn(t) = Ew Yn(t, 0)
Special case: Fix t > 0, r = 0 and inititial condition no(m) = 1.

Wa(t) = > Pu(X < ntvp) = Y Pu(Xi > ntvp)

m>0 m<0
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Proof: Quenched Mean

Let Wn(t) = Ew Yn(t, 0)
Special case: Fix t > 0, r = 0 and inititial condition no(m) = 1.

Wa(t) = > Pu(X < ntvp) = Y Pu(Xi > ntvp)

m>0 m<0
Sequence of approximations:

B Fl 2

m>0

Z¢J1t <W+r) - Z¢U12t <_W_r>

m>0
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RWRE Current Process Proofs

Proof: Quenched Mean

Let Wn(t) = Ew Yn(t, 0)
Special case: Fix t > 0, r = 0 and inititial condition no(m) = 1.

Wa(t) = > Pu(X < ntvp) = Y Pu(Xi > ntvp)

m>0 m<0

Sequence of approximations:

o= S () o ()

m>0 m<0
Znt ) Znt ) m
0= ¥ o (2 M EAOLL
m>0 1 ﬁ m<0 1 \m

Note: We may restrict sums to m € [—a(n)/n, a(n)\/n] for a(n) — oo.
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Riemann sum approximation

B0 (o0 (B) - o (54

m>0 m<0

~ /OOO d>012, (Z'lt/(;}) — x) — d>a12t <—Z'lt/(;)) — x) ax
Znt(w)

T
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RWRE Current Process Proofs

Riemann sum approximation

0 (S () e ()
~ /OO d>a12, (Z'lt/(;}) — x) — d>a12t <—Z'lt/(;)) — x> ax
_ Zont(w)
e

Remains to show

lim P(|Wa(t) — Wa(t)| > ev/n) = 0

n—oo

lim P(|Wa(t) — Wa(t)| > ev/n) = 0

n—oo
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Wa(t) =~ Wp(1)

Xn— nvp + Zp(w) ) ‘
D(n,w) :=sup |P, <t) = ot
() teﬂg ( vn ‘2( )

Quenched CLT implies D(n,w) — 0 for P — a.e. environment w.
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Wa(t) =~ Wp(1)

Xn — nvp + Zp(w) ) ‘
D(n,w) :=sup |P, <t) = ot
() teﬂg ( vn ‘2( )

Quenched CLT implies D(n,w) — 0 for P — a.e. environment w.

PM(X,,,? < nth) = Pgmw(Xnt < ntvp — m)
<Xnt — ntvp + Zm(emw) Znt(gmw) — m)
= P6‘mw <
Vvn vn

o (ZnE) —m
~ 0'12t \/ﬁ :
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Wa(t) =~ Wp(1)

Xn — nvp + Zp(w) ) ‘
D(n,w) :=sup |P, <t) = ot
() teﬂg ( vn ‘2( )

Quenched CLT implies D(n,w) — 0 for P — a.e. environment w.

PM(X,,,? < nth) = Pgmw(Xnt < ntvp — m)
<Xnt — ntvp + Zm(emw) Znt(gmw) — m)
= P6‘mw <
Vvn vn

o (ZnE) —m
~ 0'12t \/ﬁ :

Jonathon Peterson 4/16/2009 16 /22



RWRE Current Process Proofs

—

Wi(t) ~ Wi(t)

(Wa(t) — Wa(t)| < mj%:\:f 2, (Znt(ﬂ\;n) — m) ~ (Znt(C\U/)ﬁ— m) ‘
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RWRE Current Process Proofs

—

Wi(t) ~ Wi(t)

a(n)v/n
—~ — Zn(0™w) — m Zn(w) —m
W -l < Y fou (AT oy (22
m=—a(n)v/n \/B \/ﬁ
Since ’¢J121(X) - ¢0'12f(y)’ < ClX - y|5

W W Ca(n) m
TVt~ W) < ZI max |Z(0") ~ Zu(e)]|.
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RWRE Current Process Proofs

—

Wi(t) ~ Wi(t)

Wa(t) — Wa(t)] < (z)jf ¥,z (W} — b (Zf(%_m)‘
m=—a(n)v/n
Since [®,2,(X) — P,z,(y)| < Clx =y,
T = W) < ZTE max |Zu(07e) — Zu(e)].
Znt(w) is a stationary (ergodic) sum:
ntvp—1
Znt(w) = VP (EsTatve —ETare) =vep Y (Ep,T1 —ETh)
k=0
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RWRE Current Process Proofs

—

Wi(t) ~ Wi(t)

a(n)v/n
— — Zn(0™w) — m Zn(w) —m
W -l < Y fou (AT oy (22
m=—a(n)\/n
Since ’¢J121(X) - ¢0'12f(y)’ < ClX - y|5
— — Ca(n)
— | Wh(t) — Wp(t)| < max |Zy(0Mw) — Z, )
ﬁ\ n(t) — Wh(t)] < R e ! nt(07w) — Zpt(w)]
Znt(w) is a stationary (ergodic) sum:
nthf‘]
Znt((.d) =Vp (Ew Tnth - IE7-I71‘VP) =Vp Z (Eo9ko.) T1 — ET1)
k=0
m+ntvP71
Zn(0"w)=vp > (Ep,T1—ETy)
k=m
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Proof: n'/# fluctuations

Via(t,r) = Ya(t,r) — ELYa(t,r)
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RWRE Current Process Proofs

Proof: n'/4 fluctuations

Via(t,r) = Ya(t,r) — ELYa(t,r)

no(m)
=> { ST AUXD < ntve + rv/n} — Euno(m)P.(Xi < ntve + rﬁ)}

m>0 i=1

m<0 i=1

=Y u(m).

meZ

no(m)
+> { > X" > ntvp + rvn}y — E,no(m)P.(XT > ntvp + rﬁ)}

@ Given w, the u(m) are inedependent and zero-mean.

Jonathon Peterson 4/16/2009 18/22



Proof: n'/# fluctuations

Vn(t7 r) = le(tv r) - Ew Yn(ta f)
m>0 i=1

no(m)
=> { ST AUXD < ntve + rv/n} — Euno(m)P.(Xi < ntve + rﬁ)}

m<0 i=1

=Y u(m).

meZ

no(m)
+> { > X" > ntvp + rvn}y — E,no(m)P.(XT > ntvp + rﬁ)}

@ Given w, the u(m) are inedependent and zero-mean.
@ Use Lindberg-Feller techniques (quenched).
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Proof: n'/# fluctuations

Via(t,r) = Ya(t,r) — ELYa(t,r)

no(m)
=> { ST AUXD < ntve + rv/n} — Euno(m)P.(Xi < ntve + rﬁ)}

m>0 i=1

no(m)
+> { > X" > ntvp + rvn}y — E,no(m)P.(XT > ntvp + rﬁ)}

m<0 i=1

=Y u(m).
meZ
@ Given w, the u(m) are inedependent and zero-mean.

@ Use Lindberg-Feller techniques (quenched).
@ May restrict sum to |m| < a(n)/n.
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Proof: n'/# fluctuations

Via(t,r) = Ya(t,r) — ELYa(t,r)

no(m)
=> { ST AUXD < ntve + rv/n} — Euno(m)P.(Xi < ntve + rﬁ)}

m>0 i=1

no(m)
+> { > X" > ntvp + rvn}y — E,no(m)P.(XT > ntvp + rﬁ)}

m<0 i=1

=Y u(m).

meZ

@ Given w, the u(m) are inedependent and zero-mean.
@ Use Lindberg-Feller techniques (quenched).
@ May restrict sum to |m| < a(n)/n.

Need to calculate Cov,,(Vx(s, q), Va(t,r)).
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Var,(V,(t, r))

Var, (Va(t, r)) = > mez Var,(u(m)).
If m > 0 then,

m0(m) ,
Var,,(u(m)) = Var, (Z 1{X < ntvp + rﬁ})

Jonathon Peterson 4/16/2009 19/22



Var,(V,(t, r))

Var, (Va(t, r)) = > mez Var,(u(m)).
If m > 0 then,

m0(m) ,
Var,,(u(m)) = Var, (Z 1{X < ntvp + rﬁ})

= w770( )Po.)()(,grf7 < ntvp + r\/B)Pw(X,’;? > ntvp + rﬁ)
+ Var,(no(m))P.(X™ < ntvp + rv/n)?

Similar for m < 0.
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Var,(V,(t, r))

Varw(n_v4 Vn(t, r))

= %{ > (Ewno(m))Pu(Xpt < nitvp + rv/n)Pu(Xpt > ntvp + rv/n)
meZ

+ > Varg (no(m)Puw(Xnt < ntvp + 2 + > Vary (no(m)Pu(Xpt > ntvp + rﬁ)z}
m>0 m<0
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Var,(V,(t, r))

Varw(n_v4 Vn(t, r))

W{Z(EMO m))Py,(Xp{ < ntvp + rv/n)Pu, (X7 > ntvp + ry/n)

mezZ

+ 37 Var, (no(m)Pu (X < ntvp + rV/n)2 + 3 Var (no(m)Pu (X > ntvp + rv/) }

m>0 m<0

2
=
I
g 8
©

> (ﬁ_x+r)® 2 ( Znt +x—r>dx
1t \vn SNV

oo Z, Z 2
+ o8 / ¢2(—"tfx+r> dx+/ ¢2(7—m+x7r> dx
o odt t\" n

Similar to the proof of ﬁEw Yo(t,r) ~ pZu(w).
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Var,(V,(t, r))

Varw(n_v4 Vn(t, r))

W{Z(EMO m))Py,(Xp{ < ntvp + rv/n)Pu, (X7 > ntvp + ry/n)

mezZ

+ 37 Var, (no(m)Pu (X < ntvp + rV/n)2 + 3 Var (no(m)Pu (X > ntvp + rv/) }

m>0 m<0
Z, Zp
zu/m®2<—m—x+r)®2( t+x—r>dx
—oo 11\ VN o1t Vn
2 e Znt 2 0 Znt 2
+ ) (—7X+r> dx+/ ) —— +x—r) dx
U“{/o Ft\Vn R LNV
Zm> ( an))
= tr+—),(tr+—
(( vn vn

Similar to the proof of ﬁEw Yo(t,r) ~ pZu(w).
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Special Case |: Stationary Initial Condition

Assume 1 = ao (True in the stationary case).
n=14v,(-,0) = V(.,0).

In the Classical RW case:

® E[V(s,0)V(1,0)] = 22 (Vs + Vi- /s —1])
@ V(-,0)is a fBM with Hurst parameter H = 1/4.
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Special Case |: Stationary Initial Condition

Assume 1 = ao (True in the stationary case).
n=14v,(-,0) = V(.,0).

In the Classical RW case:

® E[V(s,0)V(1,0)] = 22 (Vs + Vi- /s —1])
@ V(-,0)is a fBM with Hurst parameter H = 1/4.

In the Classical RW case:

o B[V(s,0)V(t,0)] = “YI% (Vs + Vi /s — 1)
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Special Case |: Stationary Initial Condition

Assume 1 = ao (True in the stationary case).
n=14v,(-,0) = V(.,0).

In the Classical RW case:

® E[V(s,0)V(1,0)] = 22 (Vs + Vi- /s —1])
@ V(-,0)is a fBM with Hurst parameter H = 1/4.

In the Classical RW case:
0'2 0'2
® E[V(s,0)V(1,0)] = Y= (Vs + V- /s 1])
@ V(-,0) is a Gaussian process given Z(-).
@ V(-,0) is not a Gaussian process???
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Special Case Il: Deterministic Initial Condition

Assume o2 = 0.

In this case, ' ((t,q),(t,r)) =T ((t,|g —r|),(t,0)).
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Special Case Il: Deterministic Initial Condition

Assume o2 = 0.

In this case, ' ((t,q),(t,r)) =T ((t,|g —r|),(t,0)).

E[V(t, q)V(t,)|Z()] =T ((t,g+ Z(1)), (t,r + Z(1)))
= r((ta ’q - I”), (t’ 0))
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Special Case Il: Deterministic Initial Condition

Assume o2 = 0.

In this case, ' ((t,q),(t,r)) =T ((t,|g —r|),(t,0)).

E[V(t, q)V(t,)|Z()] =T ((t,g+ Z(1)), (t,r + Z(1)))
= r((ta ’q - I”), (t’ 0))

For t > 0 fixed and ¢ = 0, the distribution of V(t,) is
@ independent of Z(-).
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Special Case Il: Deterministic Initial Condition

Assume o2 = 0.

In this case, ' ((t,q),(t,r)) =T ((t,|g —r|),(t,0)).

E[V(t, q)V(t,)|Z()] =T ((t,g+ Z(1)), (t,r + Z(1)))
= r((ta ’q - I”), (t’ 0))

For t > 0 fixed and ¢ = 0, the distribution of V(t,) is
@ independent of Z(-).
@ the same as classical RW current.

Jonathon Peterson 4/16/2009
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