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Chapter 1

Introduction

1.1 RWRE: Notation and Terminology

A simple random walk {X,,} in Z¢ is most easily described as the sum of i.i.d. Z%valued random
variables, &;, where Xog = 0 and X,, = & + --- + &,. Alternatively, it can be described as a time-
homogeneous Markov chain on Z? with transition probabilities given by P(X,.1 = z|X, = y) =
P(& = z—y). While random walks have long been studied, a more recent area of research is random
walks in random environments (RWRE). A RWRE consists of two parts: choosing an environment
according to a specified distribution, and then performing a random walk on that environment.
Specifically, let M(Z?) be the collection of all probability distributions on Z?. Then, we define
an environment to be an element w = {w(z,z + ) },eza € M(Zd)zd =: Q. M(Z%) with the weak
topology is a Polish space, and thus € is a Polish space as well (since it is the countable product
of Polish spaces). Let P be a probability distribution on (€2, F), where F is the o—field generated
by the cylinder sets of ). Given an environment w € ), one can define a random walk in the

environment w to be a time-homogeneous Markov chain on Z? with transition probabilities given by
P(Xp11 =z X, =vy) = w(y, z).

Let P? be the law of a random walk in environment w started at the point Xy = x. For each w,
P? is a probability distribution on the space of paths ((Zd’)N , g), where G is the o-field generated
by the cylinder sets of (Z?)N. Now, given any A € G, each P¥(A) : (Q,F) — [0,1] is a measurable
function of w. Thus, we can define a probability measure P* := P ® P* on (2 x (ZY)N, F x G) by
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the formula

P*(F x G) = / PU(@)P(dw), FeF,Geg.
F

Generally, the events that we are interested in concern only the path of the RWRE and not the
specific environment chosen (i.e., events of the form Q x G). Thus, with a slight abuse of notation,
P? can also be used to denote the marginal on (Z?)N. Expectations under P¥ and P* will be denoted
E? and P*, respectively. Also, since generally the RWRE starts at the origin, P, E,,,P and E will
be understood to mean P9, E P? and E°, respectively.

It is important to understand the different probability measures and the differences between

them. Thus we give a quick review:
e P is a probability measure on the space of environments.

e For a fized environment w, P% is a probability distribution of a random walk. However, for
fixed A € G, P%(A) is a random variable. Statements involving P? are called quenched, and

since PZ(A) is a random variable, a statement such as P%(A) = 0 is only true P — a.s.

e P? is the probability of observing an event in the RWRE without first observing the environ-
ment. For A € G, P*(A) is deterministic and not a random variable. Probabilistic statements

involving P* are called annealed.

e The random walk {X,,} is a Markov chain under the measure P% but not under P*, and it is

stationary (in space) under P* but not under PZ.
o The relationship between P? and P* is given by P*(A) = Ep(P%(A)) for A€ G.
We end this section with a few further definitions of types of commonly studied RWRE.
1. Nearest neighbor: A nearest neighbor RWRE is such that w(x,y) = 0 whenever |z—y]||; # 1.

2. ii.d. environment: The collection of vectors w(z,z + -) are independent and identically
distributed under the distribution P. This assumption generally simplifies the analysis of
RWRE because the independence of disjoint portions of the environment makes random walks

restricted to disjoint subsets of Z¢ independent.

3. Elliptic / uniformly elliptic: A nearest neighbor RWRE is called elliptic if P(w(0,¢e) > 0) =
1 for all |le|ly = 1, and uniformly elliptic if there exists a x > 0 such that P(w(0,e) > k) =1
for all |le]|; = 1.
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1.2 Structure of the Thesis

The thesis is divided into two major parts:
Part I: Chapters 2-5 — Limiting Distributions for RWRE on Z.

Chapter 2 begins with a review of some of the standard results for RWRE on Z, such as criteria
for recurrence/transience and a law of large numbers. This review affords us the opportunity to
introduce some of the notation and methods that will be used in later chapters. In particular,
formulas for hitting probabilities and formulas for the expectation and variance of hitting times are
all provided in Section 2.1.

Section 2.2 is a review of known annealed limiting distribution results for transient RWRE on Z.
In contrast with random walks in constant environments, random walks in random environments do
not always satisfy a central limit theorem. Theorem 2.2.1 is a classical result of Kesten, Kozlov, and
Spitzer [KKS75], which classifies the annealed limiting distribution of a transient RWRE according
to a parameter s of the distribution P on environments. If s > 2, then a central limit theorem holds,
but if s < 2, the limiting distributions are related to a stable distribution of index s. In Section 2.2,
we give a brief overview of the different approaches used in proving variations of Theorem 2.2.1. We
give particular attention to the approach used by Enriquez, Sabot, and Zindy [ESZ08] in providing
a new proof of Theorem 2.2.1 when s < 1, since, in Chapters 4 and 5, we use similar methods to
analyze the quenched limiting distributions.

The main results of the first part of the thesis, concerning quenched limiting distributions for
transient RWRE, are stated in Section 2.3. When s > 2, we obtain a quenched functional central
limit theorem with a random (depending on the environment) centering. When s < 2, however,
there is no quenched limiting distribution for the RWRE. In fact, with probability one, there exist
two different sequences (depending on the environment) along which different limiting distributions
hold. In Section 2.3 we provide a sketch of these results on quenched limiting distributions, but the
full proofs are given in Chapters 3-5.

In Chapter 3, we give the full proof of the quenched functional central limit theorem when s > 2.
We first prove a quenched functional central limit for the hitting times of the random walk using the
Lindberg-Feller condition for triangular arrays of random variables. Then, we transfer this result to
a quenched functional central limit theorem for the random walk. The main difficulty in Chapter 3
is to obtain a centering term for the random walk which only depends only on the environment.

Chapters 4 and 5 consist of two recent articles which contain the proofs of the quenched results for

s < 2 that were stated in Chapter 2. In order to keep Chapters 4 and 5 consistent and self-contained,
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these articles are left relatively unchanged from their original format. Thus, the introductory sections
of Chapters 4 and 5 repeat some of the material from Chapter 2.

Chapter 4 concerns the case s < 1, which is the zero-speed regime (i.e., lim,_ % = 0).
Our main result for s < 1 is that, with probability one, there exist two different sequences t;, and ¢},
(depending on the environment) along which the quenched limiting distributions of the random walk
are different. Along the sequence t;, the random walk is localized in an interval of size (logt)?, and
along the sequence t), the random walk has scaling of order (¢})® (which is the annealed scaling in
Theorem 2.2.1 when s < 1).

In Chapter 5, we consider the case s € (1,2). In this regime, the random walk is ballistic:
That is, lim, s % =: vp > 0. As in the case s < 1, our main result in Chapter 5 is that there
exist two different sequences t; and ¢}, (depending on the environment) along which the quenched
limiting distributions of the random walk are different. However, when s € (1,2), the existence of
a positive speed for the random walk allows for a more precise description of the quenched limiting
distributions along the sequences t, and tj. Along the sequence ¢y, the limiting distribution is the
negative of a centered exponential distribution, and along the sequence ¢}, the limiting distribution
is Gaussian.

Part II: Chapter 6 — Large Deviations for RWRE on Z<.

After reviewing some of the basics of multidimensional RWRE in Section 6.1, in Section 6.2 we
review the known large deviation results for RWRE. In particular, Theorems 6.2.1 and 6.2.2 are
large deviation results of Varadhan for multidimensional RWRE, but these results provide much less
information about the quenched and annealed rate functions than is known for the rate functions
of one-dimensional RWRE. In Section 6.3, we study properties of the annealed rate function H(v).
Our main result is that, when the distribution on environments P is non-nestling, the rate function
is analytic in a neighborhood of the limiting velocity vp = lim,_, % Our strategy is to first
define a function J(v) as a possible alternative formulation of H(v). Then, we show that J(v) is
analytic in a neighborhood of vp and that J(v) = H(v) in a neighborhood of vp. We end Section
6.3 by showing that when d = 1, H(v) = J(v) wherever J(v) is defined.
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Limiting Distributions for

Transient RWRE on 7Z

2.1 Preliminaries for RWRE on Z

In this section, we will review some of the standard results for nearest neighbor RWRE on Z. This
will also serve as an introduction to some of the notation and techniques that will be used in proving
our main results. In particular, the main results depend heavily on a few explicit formulas that we
will derive in this section.

For a nearest neighbor RWRE on Z, w(z,z — 1) = 1 — w(z,z + 1), and so we can define an
environment by only specifying the probability of moving to the right at each location. For ease of
notation, let w, := w(z,z + 1) so that 1 — w, = w(z,z — 1). Unless we specifically state that the
environments are i.i.d., we will only be assuming that the distribution P on [0,1]% is ergodic with

respect to the spatial shift (6w), = wpi1.

2.1.1 Hitting Probabilities and Recurrence / Transience

The feature of RWRE in one dimension that makes them much easier to analyze than in higher
dimensions is the fact that, for any elliptic environment (i.e., for environments with w; € (0,1) for
all i € Z), the random walk is a reversible Markov chain. In fact, any irreducible Markov chain on a
tree is reversible. The fact that the quenched law of the RWRE is reversible allows us to represent

certain quenched probabilities and expectations with explicit formulas in terms of the environment.
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To make these formulas more compact, we introduce the following notation:

1-— Wws J
i = ) Hl j = )
p 5 J gpk

j
Wigi=Y Ty, W= Ty,
k=i k<j

and
k (e%S)
Ri7k = ZHi’j7 Ri = ZHivj'
j=i j=i
Using this notation, we have for any ¢ < x < j that

Ri T— T Hll— RJ, j —
PY(T; < T) = 25, and  PI(T; < Ty) = —Hi=ed=t,
4, —1 1,5 —1

(2.4)

where T := inf{n > 0: X,, = j} is the hitting time of site j. These formulas also appear in [Zei04,

formula (2.1.4)], but with different notation. To see that (2.4) holds, note that for any fixed ¢ < j,
letting h(z) := P%(T; < T;), we have that h(i) = 0, h(j) = 1 and h(z) = woh(z+1)+ (1 —wg)h(z—1)

for i < x < j. It is easy to check that the first formula in (2.4) satisfies these relations and that this

solution is unique (since any such h(z) is a discrete harmonic function with prescribed boundary

values).

The following criterion for recurrence/transience follows from (2.4):

Theorem 2.1.1 (Solomon [Sol75]). Ep(logpg) determines the recurrence/transience of the RWRE:

1. Ep(logpo) <0 = lim, 0o Xp =400, P—a.s.

2. Ep(logpp) >0 = lim, o X, =—00, P—a.s.

3. Ep(logpy) =0 = liminf,, . X, = —o0, limsup,,_, . X, = o0, P —a.s.

2.1.2 Recursions for Hitting Times and a Law of Large Numbers.

For each ¢ > 1, define

7i=T; — T

to be the amount of time it takes for the random walk to reach 4 after first reaching ¢ — 1. In this

section, we will show how simple recursions allow us to compute an explicit formula (depending on

the environment) for the quenched mean E,7;. To this end, note that

=1+ 1x,=1(r+ 1),

(2.5)
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where 7 is the time it takes to reach 0 after first hitting —1, and 74 is the time it takes to go from 0
to 1 after first hitting —1. Taking quenched expectations of both sides in (2.5) and using the strong
Markov property, we have that

E,mi =141 -wy) (E;'To+ EJT) =1+ (1 —wo) (Eg-1,71 + Eut1) -

Assuming for the moment that the environment is elliptic (i.e., w; € (0,1) for all 4) and that
E, 7 < oo (which by ellipticity implies that Ey-1,7 < 0o as well), we can solve the above equation
for E,11 to get

1
Eym = — + poEg-1,T1.
wo

Iterating this equation, we get that for any m > 1,

1 1 1
Ele = — 4 7[)0 + -+ 7H,m+1’0 —+ H,m’oEQ—m—lel. (26)
wo W—1 m

From this it is not hard to see that

)
E,m = Sw) := x +) 1 TT_i41,0 = 14 2W, (2.7)
“Wo o D Wi

where Wy is defined in (2.2). In fact, it can be shown that (2.7) holds even if E,7 = oo or if
the environment is allowed to have w; = 1 for some ¢ < 0 (in which case the last term in (2.6) is
eventually zero). We will omit the details of this argument since they can be found in [Zei04], and
since the details of a similar argument are provided in the computation of the quenched variance of
71 in Appendix A.

If limsup,,_,.. Xn = 400, the ergodicity of the law P on the environments implies that the

sequence {7;}5°, is ergodic under P (see [Sol75] or [Zei04, Lemma 2.1.10]). Then, Birkoff’s ergodic

theorem yields

T, 1 _
— = ; Ern =FE : 2.
oo B = Ee(S(e) (28)
Moreover, a standard argument changing the index from space to time shows that the convergence
% — % implies % — v. Therefore, one obtains the following theorem:
n—oo n—oo

Theorem 2.1.2 (Solomon [Sol75]). Assume that Eplogpy < 0. Then

_ . Xn 1
Ep(5W)) <oo = lim == = 750y

and

Ep(S(w)) = o0 = lim Xn _ 0.

n—oo N
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For general ergodic distributions on environments, EpS(w) is difficult to calculate. However, if

the environment is i.i.d, recalling the definition of Wy in (2.2), we have that

Ep(S(w)) =1+2EpWo =1+2) Epllo=1+2) (Eppo).
k<0 k=1

Thus, if P is i.i.d., the condition Ep(S(w)) < oo is equivalent to Eppg < 1. We therefore obtain the

following corollary:

Corollary 2.1.3 (Solomon [Sol75]). If P is an i.i.d. product measure on Q and Eplogpg < 0, then

a) E <1 =  lim — = ——F7"—"-+5>0, P—a.s.
( ) P(p()) nSoo N 1 +EP([)0)

Xn
(b) Ep(po) >1 = lim — =0, P—a.s.

For the remainder of the thesis we will denote vp := lim,, XT" whenever the limit exists and is

constant P — a.s.
Variances under the law P, will be denoted by Var,. That is, Var,m = E, (11 — Ele)Q. In a

manner similar to the derivation (2.6) of E, 71, one obtains
Varym = Sw)? = S(w) +2) T_p1,08(07"w)? = 4(Wo + W3) + 8> i1 o(Wi + W7). (2.9)
n=1 <0
This formula also appears (with different notation) in [Ali99] and [Gol07], but for completeness, we

will provide a proof in Appendix A.

2.2 Review of Annealed Limit Laws for Transient RWRE on
7

In this section, we review known results on annealed limiting distributions for transient RWRE. This
will also serve as an introduction to some of the techniques we will use later in deriving quenched
limiting distributions. The following theorem of Kesten, Kozlov, and Spitzer was the first result on

annealed limiting distributions of transient RWRE in Z.

Theorem 2.2.1 (Kesten, Kozlov, and Spitzer [KKS75]). Let X, be a nearest neighbor, one-
dimensional RWRE with an i.i.d. measure P on environments such that Eplogpg < 0. Further,

assume that there exists an s > 0 such that Eppg =1 and Epp§log py < oo and that the distribution
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of log po is non-lattice (i.e., the support of log po is not contained in a+ GZ for any o, f € R). Then,

there exists a constant b > 0 such that

(@) s€(0,1) = lim, P (32 <2) = 1—Lgy(z71/9)
() s€(1,2) = lim,_ooP (e <z) = 1-Lgy(-2) (2.10)
() s>2 = lim, o P (X"b_i\/%’”’ < x) = ®(z),

where Lgp is the distribution function for the stable law of index s with characteristic function

[ et tstda) = exp { bt (1 i an(rs/2)) |

and ®(x) is the cumulative distribution function for a standard Gaussian distribution.

Remarks:
1. Annealed limiting distributions were also obtained in [KKS75] for the borderline cases s = 1
and s = 2. For simplicity, we will not discuss those results since we will only obtain quenched results
when s € (0,1) U (1,2) U (2,00).
2. The significance of the parameter s is that ET} and Ep(E,T1)? are finite if v < s. The fact
that Ep(E,T1)Y < oo follows from the explicit formula for E,7T) given in (2.7) and the fact that
Epp? < 1 for v < s. The proof that ET} < oo is more difficult and is based on a representation
of Ty as a branching process in a random environment (see [DPZ96, Lemma 2.4] for details). Also,
note that Eppy < 1 if and only if s > 1. Therefore, from Corollary 2.1.3, we have that s < 1 implies
that vp = 0 (the zero-speed regime) and s > 1 implies vp > 0 (the ballistic regime).

The approach of Kesten, Kozlov, and Spitzer was to first obtain annealed stable limit laws for
the hitting times T, and then to transfer the results to X,,. For instance, the first line in (2.10)

follows from

T,
s€(0,1) = lmP ( < x> = L p(x).

n—oo nl/s
The approach used in [KKS75] to derive stable limit laws for T,, was to relate T;, to a branching
process in a random environment, and then to prove stable limit laws for the related branching
process. The same approach was used in [MWRZ04] to extend Theorem 2.2.1 to certain mixing
environments that are generated by a Markov chain.
Recently, Enriquez, Sabot, and Zindy [ESZ08| provided a new proof of part (a) of Theorem 2.2.1
which allowed for a probabilistic representation of the constant b (and in fact an exact calculation for

b when the environment is i.i.d. with Dirichlet distribution). We will provide here a brief discussion
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of their techniques since we will use similar methods in analyzing the quenched distributions later!.
Their approach differs from that of [KKS75] in that they prove the annealed stable limit laws for
T, by analyzing the potential V(x) of the environment as it was defined by Sinai in his analysis of

recurrent RWRE [Sin83]. That is,

St logp,  ifx>1,
Viz):=40 if z =0, (2.11)
— S logp ifar < -1

Since Eplogp < 0, V(z) is decreasing “on average”. However, there are sections of the environment
(traps) where the potential is increasing (which means the random walk is more likely to move left
than right). It turns out that the key to analyzing the hitting times T;, is understanding the amount
of time it takes to cross the longest sections of the environment where the potential is increasing.

To this end, define the “ladder locations” v; of the environment by
=0, and vy, =inf{n>vy,_;:V(n) <V(y_1)} foralli>1. (2.12)

We will refer to the sections of the environment between v;_1 and v; — 1 as the “blocks” of the

environment. The exponential height of a block is given by
My =max{Il,, ,;:vp_1 <j <y} =max {ev(j)*v(”’”"*l) 1 < j < I/k}. (2.13)

Note that the M}, are i.i.d. since the environment is i.i.d. Since P is i.i.d. and Eplogpy < 0, the
potential V is a random walk with negative drift. Thus, a result of Iglehart on excursions of random

walks with negative drift [Igl72, Theorem 1] implies that there exists a constant Cs > 0 such that
Q(My > z) ~ Csz™%, as x — 0o, (2.14)

where, as usual, f(z) ~ g(x) as  — oo means that lim, . f(z)/g(xz) = 1. Therefore, the largest
exponential height amongst the first n blocks will be roughly of order n'/*. Enriquez, Sabot, and
Zindy show in [ESZ08] that in analyzing T, only the crossing times of the blocks in [0,n] with

M}, > == are relevant (the sum of the crossing times of all “small blocks” is o(n)). The limiting
distribution for 7, is then obtained by analyzing the annealed Laplace transform of the time to
cross a “large block.” The analysis of the latter is accomplished in two steps: first by showing that

the quenched Laplace transform is approximately the Laplace transform of an exponential random

IWith the exception of the method for analyzing the quenched Laplace transform of the crossing time of a large

block, our work and [ESZ08] were developed independently.
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variable with a random (depending on the environment) parameter, and then by analyzing the tails
of this random parameter. We will use this analysis of the crossing time of a large block later in
our analysis of the quenched distribution of 7;,. Corollary 2.3.10 contains a precise statement of our
approximation of the quenched Laplace transform.

There have been a number other approaches to proving an annealed central limit theorem (i.e.,
part (c) of Theorem 2.2.1) under different assumptions, such as non-i.i.d. environments. Zeitouni
[Zei04, Theorem 2.2.1] gives an annealed central limit theorem for certain non-i.i.d. environments.
Following an approach of Kozlov [Koz85] and Molchanov [Mol94], Zeitouni uses homogenization, i.e.,
the point of view of the particle, to first derive a quenched central limit theorem for the martingale

M, := X, — nvp + h(X,,w) where

S (wpS(Iw) — 1) if x>0,
0

if =0,
— it wpS(iw) — 1) ifz < 0.

An annealed CLT is then obtained by analyzing the fluctuations of the harmonic correction h(X,,,w).

In particular, writing

|nvp |
Zn = Zn(w) =Y (vpS(0Pw) - 1), (2.15)
j=1
he shows that ﬁ(Zn — h(X,,w)) tends to zero in P-probability, and that Z, satisfies a central

limit theorem. Since Z,, depends only on the environment, this can be combined with the quenched
central limit theorem for the martingale M, to derive an annealed central limit theorem for X,, with
deterministic centering nvp.

The argument in [Zei04] gives a quenched CLT for M,, in which X, is centered by a function of
both the environment and the position of the random walk. One would like to replace h(X,,,w) by
Z,(w) to get a quenched CLT with random centering depending only on the environment. However,
the argument of the proof in [Zei04] only shows that

P, <W > x) 2 ®(—z), in P — probability. (2.16)
A second approach to proving an annealed CLT was given by Alili in [Ali99]. Alili’s approach was
to first use the Lindberg-Feller condition for triangular arrays to prove a quenched CLT for the
hitting times T,,. However, in order to translate this result to X,, Alili needed to make restrictive
assumptions which essentially forced Z,(w) to be bounded (which can only happen for certain non-

i.i.d. environments) so that the quenched (and therefore annealed) central limit theorem holds with
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deterministic centering nvp. In Section 2.3.1, we extend this approach to prove a quenched central
limit theorem (with random centering) for i.i.d. and strongly mixing environments. That is, we
show that the convergence in (2.16) holds for P—almost every environment w.

It should be noted that the random centering necessary for a quenched central limit theorem is
unique to one-dimensional RWRE. Recent results by Berger and Zeitouni [BZ08] and Rassoul-Agha
and Seppiliinen [RAS08] show that, for RWRE in i.i.d. environments on Z¢ with d > 2, if the
random walk has non-zero limiting velocity (i.e. vp # 0) and an annealed central limit theorem
holds (and some other mild assumptions), a quenched central limit theorem also holds with the same
(deterministic) centering.

Limiting distributions have also been studied for RWRE on a strip Z x {1,2,...,m} which is a
generalization of RWRE on Z with bounded jump size (identify elements (x,i) € Z x {1,2,...,m}
with zm+i € Z). Roitershtein [Roi06] has used homogenization methods to give sufficient conditions
for an annealed central limit theorem for transient RWRE on the strip for environments with certain
mixing properties. A recent result of Bolthausen and Goldsheid [BG08] shows that recurrent RWRE
on Z with bounded jump size either has scaling of order (logt)? (as was shown by Sinai in the
nearest neighbor case [Sin83]) or satisfies a central limit theorem. The latter is shown to hold if
and only if the random walk is a martingale (i.e. the environment has zero drift at each location).
Also, Goldsheid [Gol07, Gol08] has given quenched central limit theorems for RWRE on Z and on

a strip?.

2.3 Quenched Limits for Transient RWRE on Z

In this section, we consider the quenched limiting distributions of transient RWRE on Z. As the pre-
vious section showed, there are many results for annealed limiting distributions of transient RWRE
on Z. Until now, however, there have been very few results on quenched limiting distributions. Alili
[Ali99] and Rassoul-Agha and Seppéldinen [RAS06] have obtained quenched central limit theorems,
but under assumptions on the environment which do not include the case of nearest neighbor RWRE
on Z in i.i.d. environments. In this section, we will state our main results on quenched limits for
transient nearest neighbor RWRE on Z, and we will also give brief sketches of the proofs. The

full proofs of the main results are contained in the Chapters 3-5. Previously, no quenched limiting

2Goldsheid’s results were obtained independently from ours below. However, while Goldsheid is able to prove a
quenched central limit theorem for ergodic environments, we are restricted to strongly mixing environments but are

able to prove a functional central limit theorem.
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distribution results were known for nearest neighbor RWRE in i.i.d. environments®.

Our analysis of the quenched limits for transient, nearest neighbor RWRE is divided into the
three different cases that appear in Theorem 2.2.1, depending on the value of the parameter s. These
are respectively, the Gaussian regime (s > 2), the ballistic, sub-Gaussian regime (s € (1,2)), and
the zero-speed regime (s € (0,1)). The case s > 2 is handled in Subsection 2.3.1, while the cases
s € (0,1) and s € (1,2) are handled in Subsection 2.3.2.

2.3.1 s> 2: Quenched Central Limit Theorem

In this section we will give an outline of the proof of a quenched functional central limit theorem
for certain nearest neighbor, one-dimensional RWRE. The full proof is contained in Chapter 3. To
prove a functional CLT for the RWRE we will make the following assumptions:

Assumption 1. The environment is uniformly elliptic. That is, 3k > 0 such that w € [k, 1 — K%,

P-a.s.
Assumption 2. Eplogpg < 0. That is, the RWRE is transient to the right.

Assumption 3. P is a-mizing, with a(n) = e~nlog(m)" " for some n > 0. That is, for any l-

separated measurable functions f1, fo € {f : | flloo < 1},

Ep(fiw)fa(w)) < Ep(fi(w))Ep(f2(w)) + a(l).

Assumption 3 was also made in [Zei04, Section 2.4] in the context of studying certain large
deviations of one-dimensional RWRE. As noted in [Zei04, Section 2.4], the above assumptions imply
that L "% log p; satisfies a large deviation principle with a rate function J(z) (see [BD96]).

For our final assumption, we wish to restrict our attention to the regime where there is an
annealed CLT. When the environment is i.i.d., Theorem 2.2.1 shows that this is the case when
s > 2, where s is the unique positive solution to Eppf = 1. Since we are not assuming i.i.d.

environments, we need to define the parameter s differently.

Assumption 4. J(0) > 0 and s := miny>o %J(y) > 2, where J(x) is the large deviation rate
function for ZZ—ZOI log p;.

Note that Varadhan’s Lemma [DZ98, Theorem 4.3.1] implies that the parameter s defined in As-

sumption 4 is also the smallest non-negative solution of lim,, % log EplI§ ,,_y = 0. Therefore, the

3 As mentioned above, Goldsheid [Gol07] has obtained a quenched central limit theorem similar to ours below, but

this work was done independently and at the same time as our results.
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above definition of s is consistent with the previous definition of s in the case of i.i.d. environments.
Assumption 4 is the crucial assumption that we need for a central limit theorem, since it implies
that E7] < oo for some v > 2. In fact, Ery’ < oo for all v < s (see [Zei04, Lemma 2.4.16]).

Let DJ0, 00) be the space of real valued functions on [0, c0) which are right continuous and which
have limits from the left, equipped with the Skorohod topology. Our main result in this Subsection

is the following theorem:

Theorem 2.3.1. Assume that Assumptions 1-4 hold, and let
X\nt) — ntvp + Zns(w)
’U?J/QU\/E

where 02 = Bt} — EpS(w)? < 00 and Z,; is defined as in (2.15). Then, for P — a.e. environment

Bl =

)

w, the random variables B™ € DI[0,00) converge in quenched distribution as n — oo to a standard

Brownian motion.

Sketch of proof. Since the hitting times are the sum of independent (quenched) random variables,
we can use the Lindberg-Feller condition to prove a quenched functional CLT for the hitting times.

In particular, as elements of D[0, c0),

1 [nt]
Z Tk: —> Wta

ovn &=
where 02 = EpVar,n = Er? — Ep(S(w)?), W, is standard Brownian motion, and Do, signifies
convergence in distribution (in the space D[0,00)) as n — oo of the quenched law for P — a.e.
environment w. (Note: although Do, signifies convergence in distributin of random functions of ¢,
in the above and subsequent uses of Do, we will keep the index t of the functions for clarity). To
transfer the CLT to the random walk, we first introduce the random variable X; := max<; X}
which is the farthest to the right the random walker has gone by time ¢. The mixing properties of P
and the fact that X,, — +oo with positive speed vp, are enough to show that X is very close to X,

(in particular, eventually X — X,, < log®(n) for all n large enough). Then, a standard random time

change argument (¢ — ’”) implies that f Zk ”i(’]’k E, 1) KN vp-t- Next, the definition of
X} implies that

77.t

X
1 = TX* 41

—E | wt=S"E,n| < — B my) + et
MZ < i (= DB ) < S B+ P
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Therefore, since we can prove that ’”+ is negligible, we obtain that
Xz, 1 Xr,
_ D,
7 nt — E EwTk = W X:Lt —ntvp + E UPEwTk - 1) — vp-t - (217)

k=1
All that remains in order to obtain a quenched CLT for X,, is to replace X}, by X,: (which is
easy since the difference is of order log?(n)) and then replace the centering Zk t(vpEymi — 1) by
Zt:”lp (vpE,mx — 1) = Zp(w) which depends only on the environment. (This is the same Z,, as
defined above in (2.15).) This replacement is the hardest part of the proof, and is accomplished by
first proving that for a@ < 1,

k
1 1
ke n Ti— — — Oa P—a.s.

and then, using this, to showing for any % < ay
P, ( sup |X,, —ntup| > n°‘> — 0, P—a.s.
0<t<1 n— oo

Finally, since

Xt ntvp
1
P,| sup — E E,m,— —) — E E,m,——)| >0
0<t<1 k:l( 'UP) st ( UP)

o<t
k
1 1 1)
+ P, ma — — =
Joke[Lnli [hej] <ne \/ﬁ;( vp 2)
max Z — E,mi)| > é
Jke[Ln]; k—j|<ne f ! 2

for any o € (%, 1), the above estimates imply that the first two terms on the right go to zero, and
the quenched functional CLT for hitting times implies that the third term goes to zero also. Thus,
all the replacements in (2.17) discussed above are valid, and we get the quenched functional CLT

for the random walk:
X\ — ntvp + Z,
Lnt] S/va t&Wt, P —a.s.
vp toyn
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2.3.2 Quenched Limits when s < 2

In this section we will give an outline of our results on the quenched limiting distributions of transient
nearest neighbor RWRE on Z in the annealed sub-Gaussian regime (i.e., s < 2). The full proofs are
contained in Chapters 4 and 5.

For our main results in this section, we will make the following assumptions:

Assumption 5. P is an i.i.d. product measure on ) such that
Eplogp <0 and Epp® =1 for some s > 0. (2.18)

Assumption 6. The distribution of log p is non-lattice under P and Epp®logp < co.

Assumption 5 contains the essential assumption necessary for the walk to be transient. Note
that Epp? is a convex function of v, and thus Epp? < 1 for all v € (0,s). Corollary 2.1.3 then
gives that s < 1 if and only if vp = 0. Assumption 6 is a technical condition that was also invoked
in [KKS75] for the proof of the annealed limit laws and is used here to give that certain random
variables have regularly varying tails. Our main results, however, seem to depend only on much
rougher tail asymptotics. Thus, we suspect that in fact Assumption 6 is not needed for Theorems
2.3.2 - 2.3.5. However, Assumption 6 is probably necessary for Theorem 2.3.6 which is interesting
in its own right and which greatly simplifies the proofs of Theorems 2.3.2 - 2.3.5.

As was shown above, when s > 2, the limiting distribution for X, is Gaussian in both the
annealed and quenched cases (with a random centering in the quenched case). Therefore, when
s < 2, one could possibly expect the quenched limiting distributions to also be of the same type as
in Theorem 2.2.1. Somewhat surprisingly, this turns out not to be the case. In fact, when s < 2,
there are no quenched limiting distributions for X,, (or for its hitting times T;,). Moreover, we are
able to prove that for almost any environment w there exist two different random (depending on
the environment) sequences along which different quenched limiting distributions hold. We divide
our analysis of the quenched limiting distributions when s < 2 into two subcases: s € (0,1) and
s € (1,2).

When s € (0,1) our main results are the following:

Theorem 2.3.2. Let Assumptions 5 and 6 hold, and let s < 1. Then, P-a.s., there exist random
subsequences ty, = tm(w) and wy, = um(w) such that,

Xt,, — Um

lim (log )2 =0, in P, -probability.
m— 00 m
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Theorem 2.3.3. Let Assumptions 5 and 6 hold, and let s < 1. Then, P-a.s., there exists a random

subsequence ng, = ny, (W) of ng = 22" and a random sequence t,, = ty,(w) such that,

1
iy J08tm 1 (2.19)
mitse logny,, s
and
X 0 if © <0,

lim Pw< b gx) =

e R 3 if 0 < x < c0.
Remarks:

1. Theorem 2.3.2 is a strong localization result. Recall the definition of the ladder locations v; in
(2.12). In the proof of Theorem 2.3.2, we prove that, with probability tending to 1, the distribution
of the random walk at time ¢,, is concentrated near a single block. Since the block lengths v; — ;1
are i.i.d. with exponential tails, the longest of the first n blocks is on the order of logn.

2. Theorem 2.3.3 shows that the strong localization in Theorem 2.3.2 does not always occur. Note

s
m>

that (2.19) implies that the scaling is roughly of order ¢
when s € (0,1) in Theorem 2.2.1.

which is what the annealed scaling is

We now state our main results in the case where s € (1,2). When s € (1,2), the existence
of a positive speed for the random walk allows us to get a more straightforward description of
two different limiting distributions along different random sequences. Let ®(z) and ¥(z) be the

distribution functions for a Gaussian and exponential random variable, respectively. That is,

0 x <0,

O(x) = /f” 1 67y2/2dy and U(z):=
—o0 V2T l—e™ x>0.
Theorem 2.3.4. Let Assumptions 5 and 6 hold, and let s € (1,2). Then, P — a.s., there exists a
random subsequence ng, = ng, (w) of ng = 22" and non-deterministic random variables Uk, o SUCH
that
lim P,

m—00

T, —E,T,
(k’"km Sx) = ®(x), Ve € R,
v

and

where tm, = tm (W) = |E Ty, |-

Theorem 2.3.5. Let Assumptions 5 and 6 hold, and let s € (1,2). Then, P — a.s., there exists a

random subsequence ny, = ng, (W) of ni, = 2% and non-deterministic random variables vy, ., such
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that
. Tnk - Eank
lim P, | —————=<z|=9(z+1), Vo € R,
m—00 /vkm,w
and

X _
lim P, (t”’“ gx> =1-U(—z+1), VzekR,
VP+/Vk,, w

where tm, = tm (W) = |E Ty, |-

Remarks:

1. The choice of Gaussian and exponential distributions in Theorems 2.3.4 and 2.3.5 represent the
two extremes of the quenched limiting distributions that can be found along random subsequences.
In fact, it will be shown in Corollary 2.3.10 that T;, is approximately the sum of a finite number
of exponential random variables with random (depending on the environment) parameters. The
exponential limits in Theorem 2.3.5 are obtained when one of the exponential random variables has
a much larger parameter than all the others. The Gaussian limits in Theorem 2.3.4 are obtained
when the exponential random variables with the largest parameters all have roughly the same size.
We expect, in fact, that any distribution which is the sum of (or limit of sums of) exponential random
variables can be obtained as a quenched limiting distribution of T}, along a random subsequence.
2. The sequence nj; = 22" in Theorems 2.3.4 and 2.3.5 is chosen only for convenience. In fact, for
any sequence ny, growing sufficiently fast, P — a.s. there will be a random subsequence ny, (w) such
that the conclusions of Theorems 2.3.4 and 2.3.5 hold.

3. The definition of vy, , is given below in (2.25), and it can be shown in a manner similar to the

W
proof of Theorem 2.3.6 below that lim,,_, o, P (nlzz/svk,w < x) = L%J)(m) for some b > 0. Also, from
(2.8) we have that t,, ~ ETiny, . Thus, the scaling in Theorems 2.3.4 and 2.3.5 is of the same order
as the annealed scaling, but cannot be replaced by a deterministic scaling.

Before turning to the proofs of Theorems 2.3.2 - 2.3.5, we need to introduce some notation and
state some preliminary results that will be used the the proofs of Theorems 2.3.2 - 2.3.5. As was the
case when s > 2, we study the quenched distributions of the location of the random walk by first
studying the quenched distributions for the hitting times. The hitting times are then studied by

examining the crossing times of the blocks of the environment 7,, — T, ,, where the ladder locations

i—17
v; are defined in (2.12). We now introduce some more notation that will help us deal with a couple
of difficulties that arise in the analysis of T}, .

A major difficulty in analyzing T), is that the crossing time from v;_; to v; depends on the

entire environment to the left of v;. Thus E,''T,, and E./ 71Tyj (and similarly Var,(T,, — Ty,_,)

and Var, (T,

; — T,,_,)) are not independent even if |[i — j| is large. However, it can be shown
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that the RWRE generally will not backtrack too far (in fact, Lemma 3.2.1 implies that X* — X, =
o(log’n), P — a.s.). Thus, the dependence of E~'T,, and EJ'T,, is quite weak when |i — j|
is large. (The explicit formulas for the quenched mean and variance of hitting times (2.7) and
(2.9) make this dependence precise.) Thus, with minimal probabilistic cost, we can modify the
environment of the RWRE to make crossing times of blocks that are far apart independent. For
n=1,2,..., let b, := [log*(n)]. Let Xt(”) be the random walk that is the same as X; with the
added condition that after reaching vy the environment is modified by setting w,, , =1, i.e., never
allow the walk to backtrack more than log?(n) ladder times (that is, we deal with a dynamically
changing environment). We couple )_(t(n) with the random walk X; in such a way that )_(t(n) > X,
with equality holding until the first time ¢ when the walk Xt(") reaches a modified environment
location. Denote by ngn) the corresponding hitting times for the walk Xt("). It will be shown below
in Chapter 4 that lim, . P,(T,, # Ty(:)) =0, P — a.s., so that the added reflections don’t affect
the quenched limiting distribution.

A second difficulty is that, under P, the environment is not stationary under shifts by the ladder
locations. However, if we define a new measure on environments by Q(-) = P(- |V (z) > 0, Vz < 0),
then under @ the environment is stationary under those shifts. In particular, {E. ~'T,,}2, and
{Var,(Ty, —Ty,_,)}52, are stationary under @Q. It should be noted that events only depending on
the environment to the right of the origin have the same probability under @) and P. In particular,
if we let

im0 Vi1

Winw = EZi*TV(?), and o2 = Var, (Tlsi") — T ) ,

2

then ;. and o7, , have the same distribution under P and ) when i > log? n.

One of the main preliminary results that we obtain is the following annealed stable limit law:

Theorem 2.3.6. If s < 1, there exists a constant b’ > 0 such that

E,T,
lim Q ( nl/sn S QI,') = Ls’b/(.’IJ).

n—oo
If s < 2, then there exists a constant b” > 0 such that

( Var,T,

lim Q n2/s’/n S 13) = Ls/2,b”(m)'

Sketch of proof: We first derive the tail asymptotics of E, T, and Var,T, under (. In particular,

we prove that there exists a constant K., € (0,00) such that

lim 2*Q(E,T, > 1) = Ky, and lim z%2Q(Var,T, > ) = Ku. (2.20)

xr—00 xr— 00
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The proof of the tail asymptotics of E, T, is similar to the proof of tail asymptotics in [KKS75] and
is based on the explicit formula E, T, = v + 2 E]”;é W, from (2.7) and a result of Kesten [Kes73]
stating that there exists a constant K such that P(W; > z) = P(R; > z) ~ Kz~*°. The tail
asymptotics of Var,T, are then derived by using the explicit formulas in (2.7) and (2.9) to compare
Var,T, to (E,T,)%.

Now, if {ES'T,,}2, and {Var,T,, — T,, ,}2, were ii.d. sequences, then (2.20) would be
enough to prove the stable limit laws. Instead, we introduce some independence by adding reflections
and restricting ourselves to large blocks. Recall the definition of M; in (2.13). Then, for any € > 0,
we may re-write

1 1

1 B n 1 n
[ e —_— (n) . [ .
178 BT, = /s EW(TV" Tu,,, )+n1/s E 1 u27n1w1Mi<n(1_€)/s+n1/s E 1 ,ul’n’wlMi>n(1—e)/s. (2.21)

The explicit representation of E,T} in (2.7) can be used to show that n=/*E, (T, — TV(:)) converges
to zero in Q-probability. Also, (2.7) can be used to show that p; ,, ., cannot be too much larger than
M;, and then, since the M; are i.i.d., (2.14) can be used to approximate the number of i < n with
M; € (n(1=<0/s n(=<")/5] for any ¢,e” > 0. Therefore, the second term on the right in (2.21) also
converges to zero in (Q-probability. Finally, it can be shown that the tails of E,T, are not affected
by the added reflections and restrictions to “large blocks” with M; > n(!=¢)/$_ That is, we can show
limy, 0o nQ (Wi n,w > anl/s. M, > n(lfs)/s) = Kz~ 5. Then, (2.14) implies that the “large blocks”
are far enough apart so that {(;n,wlys,~n,a-e/s }52; is mixing enough to be able to apply a result

of Kobus [Kob95] to prove a stable limit law for the last term in (2.21). O

We now turn to a brief discussion of the proofs of our main results, Theorems 2.3.2 - 2.3.5.

Proofs of the Main Results when s < 1

Sketch of proof of Theorem 2.3.2:

The idea of the proof of Theorem 2.3.2 is to find a subsequence of the ladder locations v;,, such that
the expected time to cross from v; 1 to v;, is much larger than the expected time to first reach
vj,.—1. From this, we can then find a sequence of times t,, such that, with probability tending to
one, X;,, € [v},.—1,Vj,.). The main result needed to find this subsequence is given by the following

lemma:

Lemma 2.3.7. Assume s < 1. Then, for any C > 1,

liminf @ | 3k € [1,n/2] : My, > C Z Evi—T(M | > 0.
n—00 7
Jell,n]\{k}
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Sketch of proof: Note that, since C' > 1 and EZ’“’ITlE:) > My, there can only be at most one k < n
with M, > C’Z,#Kn EZj’IT,S?). Therefore,

n/2
Q3keln2:Mc>C > ET|=> QM. >C > EyTM|. (2.22)
Jeln\{k} k=1 JEMn\{k}

Now, E 71:,—1”(?) depends on the environment between vi_; and vy for k < j < k + b,,. However, it
can be shown that Zfi,gj_l Ezj’IT,S?) = o(n~'/*) with Q—probability tending to one. Then, since

EZJ’IT,Ef) is independent of My, for all j < k or j > k + by,

QM.>c > Ey-T{M

Jelal\ (k)
> (Q(Mk > On'/%) + 0(1/n)> (Q (EWT,EI’:L +EST, < (14 0(1))711/8) + 0(1))
> (Q(Mk > Cnl/®) + 0(1/n)> (Q (wagy <1+ 0(1))n1/5> + 0(1)) . (2.23)

Now, (2.14) implies that Q(My > Cn'/*) = P(M; > Cn'/*) ~ C5C~*L as n — oo, and Theorem
2.3.6 implies that lim, . @ (EwTIEZ) < —i—o(l))nl/s) = Lg;p(1). Therefore, (2.22) and (2.23)
imply that

liminf @ ( 3k € [1,n/2]: My > C Y EZTM | >

1
n—oo 2

jell,n]\{k}

C5CiSLs’b/ (1) > 0.

O

Lemma 2.3.7 can then be used to prove that, for P—almost every environment w, there exists

a sequence j, = jm(w) such that M; > m?u;, ;. .. Now, let t,, = ty(w) := LM; and
U, = U (w) == v, —1. Since X} — X; = o(log2 t) and max;<;v; — vi—1 = o(log2 t), it is enough to
show that

lim P, (X, € [vj,-1,7,)) =1

m—00

However,
P, (X; <wv; 1) =P, (T, >tn) < P, (T, £ Tm) ) 4 p, (TG >¢,.) .
w tm Jm—1 w \tvj, -1 m) = +w\ty, Vi —1 WA\ T Vi, -1 m

The first term on the right tends to zero, and, by Chebychev’s inequality and the definition of ¢,,,

the second term is bounded above by

i . _ T G s i
t M]Vn;]nl)w - M. S
J

1
m m’
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On the other hand

1 %Mjm

Py (X7, <vj,.) = Puo(Ty,, >tm) =PI (Twm > mMjm) > P (T:}mfl N Tl’jm) -
where T, := min{n > 0 : X,, = z} is the first return time to z. Then, (2.4) can be used to show

that this last term is larger than (1 — 1/Mjm)iMjm which tends to 1 as m — oo. O

Sketch of proof of Theorem 2.3.3:

Theorem 2.3.3 represents the opposite extreme of Theorem 2.3.2. Therefore, in contrast to the proof
of Theorem 2.3.2, the key to proving Theorem 2.3.3 is to find sections of the environment where
none of crossing times of a block is much larger than all the others.

To this end, let

Svem U (Mo cbimz) O i<}

IC[1,6n] \i€l j€E[1,6n]\T
#(I)=2a

and

Usn.c = { D Himw < 2n1/5} : (2.24)

i=dn+1
On the event S5, 4, 2a of the first dn blocks have roughly the same size crossing times and the rest
are all smaller. On the event S5, o N Usn,c, we have additionally that the total expected crossing
time from vy, to v, is smaller than the large expected crossing times in the first én blocks. By
Theorem 2.3.6, Us ¢ is a typical event in the sense that Q(Us ) tends to a non-zero constant as
n — oo. If the p; ., were independent, an easy lower bound for Q(Ss.,,¢) would be

(ZZ)Q (M%,n,w € [nQ/S’ 2n2/5)>2a Q (EUJTV‘;" = nl/s> ’

(In Chapter 4, we account for the dependence of the p; ., to get a slightly different lower bound.
However, the difference between the true lower bound and the lower bound given above is negligible
for the purposes of our argument here.) Now @ (EwTugn < nl/s) has a non-zero limit as n — oo by
Theorem 2.3.6 and for J small and a and n large, we have that (gZ)Q (M%n,w € [n2/s,2n2/5))2a is
approximately

(5n)2a —1\2a __ (5K00)2a
T (Foon™ )™ = =505

This lower bound is good enough to ensure that events like S5, o N Usp,c happen infinitely often

along a sparse enough subsequence. The definitions of S5, and Us,, . imply that, along this

subsequence, there are many large blocks whose expected crossing times are approximately the



CHAPTER 2. LIMITING DISTRIBUTIONS FOR TRANSIENT RWRE ON Z 23

same, and all the other blocks have smaller expected crossing times. We then apply the Lindberg-
Feller condition for triangular arrays to show that the limiting distribution of hitting times along
this subsequence is Gaussian. In particular, let ny := 22" and di :=ng —ng_1. Then, for P—almost
every environment w, there exists a random sequence ng, = ng, (w) and o, < B < Y with

O, = N,y —1, B = 0(ng,, ) and lim,— o0 Ym /M, = 00, such that for any x,, € [vg,,,Vy,,],

Bm
) T, —E,T, > 9
lim P, (| ——— <y | =®(y), where v = E 10 .
m—oo  * < VOmw () maw B iy 0

Moreover, the subsequence is chosen so that lim,, e Vs, w/ di{j = oo and lim,,_,o, ES™ T,,. / dllc{j <

2. Finally, letting t,, =t (w) := E,Ty,, , we have for any > 0,

X*
P, <n; < :c) =P, (Ton,, >tm) =P (

Tznkm - Emenkm > Eankm - Ewankm)
VOmw U ’

Then, since for all m large enough vg , < ng, < ang, <V, ,

Ta:n - EwT:nn Ean N EwT:cn X Ezﬁ’" Tl/
= tm Pe. 7 ~ N(0,1) and = k< ),

vV Um,w vV Um,w N VUmw M0
Therefore, lim,, .o P, (X;” < x) = % for any = > 0. The proof of Theorem 2.3.3 is then finished

Nk
log BT, .
by first showing that lim,, . ogni= = lim,,, o0 % = %, and then recalling that X; — X; =

o(log?t). O

log tm

Proofs of the Main Results when s € (1,2)

It turns out to be much easier to transfer limiting distributions from 7;, to X,, when s > 1 than it
was when s < 1. This is due to the fact that, first, the walk moves with a linear speed nvp, and,
second, the fluctuations of the variance are of order n'/* = o(n). A key to proving Theorems 2.3.4

and 2.3.5 is the following proposition:

Proposition 2.3.8. Let Assumptions 5 and 6 hold, and let s € (1,2). Also, let ny, be a sequence of

integers growing fast enough so that limy_ o n?ﬁ = oo for some § > 0, and let
k—1

nk

dk =g — Ng—1, and V,w = Z o-iz,dk,w = V(L?"w (Tlgi:) — T(dk) ) . (225)

Vnp_q
i=ng_1+1

Assume that F' is a continuous distribution function for which P — a.s. there exists a subsequence

ng,, = Nk, (W) such that, for am, :=nyg, 1,

7(dk ) Vo 7(dk )
T, ™ — BTy ™™
m m S y — F(y), vy 6 R,
v Vko ,w

. v
lim P,™

m—0o0
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for any sequence xp, ~ ng,, . Then, P —a.s., for all y € R,

T. —E,T,
lim P, (’"’" < y) = F(y), (2.26)
m—oo V ’Uk'maw
for any xpm, ~ nyg,,, and
X, —
lim P, (tm”’“m < y) =1- F(-y), (2.27)
m—oo vp V Uk yw

where t,, = LEanka.

Sketch of proof. As mentioned previously, there is not much difference between the distributions of

Téi’“’") and T, . In particular, we can show that

lim Pl (sz 4 Téi&m) —0 and lim ESm (TM - Tgﬁfffm)) —0, P—as.

m— 00 m—00
Thus, to prove (2.26), it is enough to show that

(‘ Tvam - EwTy

am

v Vko ,w
1/s

However, T,,, — E,T,, is roughly of the order ay” ~ (E pyl)ni{j _, whereas /vy, is roughly

lim P,

m—0o0

> s) =0, P-a.s. (2.28)

of the order ni{: . The conditions on the rate of growth of nj are enough to show that (2.28) holds.

Also, note that the convergence in (2.26) must be uniform in y since F' is continuous.

Since X; — X; = o(log?t), it is enough to prove (2.27) for X7 in place of Xy, . For any y € R,
let @y (y) := [Nk, + Yy vP\/Vky,w]|- Then,
X/ — Nk
P, tm'"<y) =P, (X <zm(y)) =Py (Ty () > tm
< vp\/m ( tm ( )) ( m(y) )
Ty () — BT, ton — BT,
— Pw ( m () W Tm (y) > m w m(?/)) (229)
V Vkm,w VVkm,w

Since the scaling /g, o is roughly of the order n,lc/s = o(ng,, ), we have that z,(y) ~ ng, . There-

m

fore, recalling that the convergence in (2.26) is uniform in y, it is enough to show that

tm — BT,
lim ) (2.30)

m— oo Vkyy ,w

Assuming that y > 0 (a similar argument works for y < 0), we may re-write

Ny TY VPV 0
tm - EWTfm(y) _ -1 Z Ei—lT_
= L.
ko w Uk ,w i 1 w
Since s > 1, this should be close to —yvpET; = —y. In fact, it can be shown that the sequence ny

grows fast enough to ensure that (2.30) holds for any y € R. O
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Sketch of proof of Theorem 2.3.):

As in the proof of Theorem 2.3.3, the key is to first find a random sequence along which the
hitting times have Gaussian limiting distribution. The sequence can be chosen in such a way so
that Proposition 2.3.8 can be used to give Gaussian limits for the random walk along a random
subsequence. The proof of the existence of Gaussian limits for hitting times is almost identical to its
analogue in the proof of Theorem 2.3.3. The main difference is that, instead of using the set Us .

from (2.24), we instead use

n

2 2
Usn = Z 0w <21 /s
i=|nn|+1

Sketch of proof of Theorem 2.3.5:

First, we need to show that the crossing time of a large block is approximately exponentially dis-
tributed. As mentioned above, we follow an idea from [ESZ08] in computing the quenched Laplace
transform of T,S"). The strategy is to decompose 7, IE") into a series of excursions away from O.
An excursion is considered a “failure” if the random walk returns to zero before hitting v (i.e., if
T, > Ty := min{k > 0 : X;, = 0}) and a “success” if the random walk reaches v before returning
to zero. Let p, := P,(T, < T;"), and let N be a geometric random variable with parameter p,
(ie., P(N = k) = p,(1 — p,)* for k € N). Also, let {F;}$2, be an i.i.d. sequence (also independent
of N), with F; having the same distribution as T,,(") conditioned on {Tyn) > TOJF}7 and let S be a

random variable with the same distribution as 7T}, conditioned on {T,En) < T(;r } and independent of

everything else. Thus,

N
T Law g o Z F; (quenched). (2.31)
i=1
Consequently,
B e M _ B e R, [ B, e M N} = E,e s Be
e e (Eoe ) e 1= (1 —po) (e P
1

= Ewe*)‘s

VA >
1+ E,N(1 — Ege 1)’ 20,

where, in the last equality, we used E,N = %. Therefore, since 1 —z <e * <1A(1—2+ ”32—2)
for any = > 0,

1— )\EwS e_)\TLEn) < 1
1+ ANELN)(E F) — ¢ T 1+ ANELN)(ELF) + A (ELN)(ELF?)
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Then, replacing A by mA and noting that py nw = (E,N)(E,F1) + E,S,

1— )\LS _ T,E’” 1
M1,n,w S Ewe Wl S ]
1+ (1- 2 1A (1= 25 4 2 (B, N)(BF?)

Hi,n,w H1,n,w
Now, the failures and excursions F; and S can be represented as random walks in certain modified
environments, and therefore we can use the formulas (2.7) and (2.9) (which hold for any environment)
to get bounds on E,S and E, FZ when M is large. Thus, we can show that, with probability close

B 7
to one, F,e "~ *1nw is approximately IJ%)\ when M; is large. In particular, letting ¢; ,(A) =

7(n)

. T
EJ'exp {—)\#,”i } be the scaled, quenched Laplace transforms, we are able to show:

Lemma 2.3.9. Assume e < %, and let ' := % > 0. Then,

1—An~¢/s 1
T N B

Q <E|A Z 0 : ¢1,n()\) ¢

,A11>>nﬂsﬂs> ::O<n7175).

1

Corollary 2.3.10. Assume ¢ < g, and let ny, := 22" Then, P — a.s., for any sequence iy = i (w)

such that iy, € (ng—1,ni] and M;, > d,(clfe)/s, we have
lim i, q,(\) = ——, VA >0, (2.32)
k—oo * 1+A
and thus
Jlim PU% (Tﬁjl:) > xmk,dw) — U(z), VreR (2.33)

Assuming Corollary 2.3.10, we can then complete the proof of Theorem 2.3.5. In a manner similar
to the proof of Theorem 2.3.2, we find random subsequences ny, = ng,, (w) and i, = i,(w) €
(nk,, —1,nk,, ], such that the time to cross the first ny  blocks is dominated by Tu(fi:m) — T,Ei’;'fl),

which by Corollary 2.3.10 is approximately exponentially distributed. The proof of Theorem 2.3.5
is then completed by an application of Proposition 2.3.8.



Chapter 3

Quenched Functional CLT

In this chapter, we provide a full proof of the quenched functional central limit theorem (CLT) stated
in Chapter 2. To keep the chapter self-contained, we repeat the assumptions that were stated in

Subsection 2.3.1:

Assumption 7. The environment is uniformly elliptic. That is, Ik > 0 such that w € [k, 1 — k|Z,

P-a.s.

Assumption 8. Ep(S(w)) < co. Thus, the random walk is transient to the right with positive speed

Xn _

vp = limy, o 57 > 0.

I S
Ep(S(w))

Assumption 9. P is a-mizing, with a(n) = e "™ for some n > 0. That is, for any I-

separated measurable functions f1, fo € {f : || flleo < 1},

Ep(fi(w)fa(w)) < Ep(fi(w))Ep(f2(w)) + a(l).

As noted in [Zei04, Section 2.4], the above assumptions imply that % Z?:o log p; satisfies a large
deviation principle with a good rate function J(x). (Recall that a non-negative function J(z) is a
good rate function if J(z) is lower semi-continuous and {z : J(x) < M} is compact for all M.) The

final critical assumption is then

Assumption 10. J(0) > 0 and s := minysg %J(y) > 2, where J(x) is the large deviation rate

function for Z?;Ol log p;.

Recall that when P is i.i.d., the parameter s can also be defined as the smallest positive solution

to Eppf = 1 (as in Theorem 2.2.1). Assumption 10 is the crucial assumption needed for a central

27
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limit theorem, since it implies that E7;' < oo for some v > 2. In fact, that E7]' < oo for all v < s (see
[Zei04, Lemma 2.4.16]). Since we will use this repeatedly, we fix such a v € (2, s) for the remainder
of the Chapter.

3.1 Quenched CLT for Hitting Times

The first step in proving a quenched functional CLT for the RWRE is to prove a quenched functional
CLT for the hitting times. Recall that D0, c0) is the space of real valued functions on [0, c0) which
are right continuous and which have limits from the left, equipped with the Skorohod topology. For
any environment w, let Z™ € DI[0, 00) be defined by

[nt]

1 Tint) — EoTne)
Zr = —— (1 — Eyr) =t — Zerlnt]
t O’\/ﬁ ;(T T) U\/ﬁ

where 0% = E(7f) — Ep (S(w)?).

Theorem 3.1.1. The hitting times 1T, satisfy a quenched functional CLT. That is, for P — a.e.
environment w, the random variables Z™ € D0, 00) converge in quenched distribution as n — oo to

a standard Brownian motion.

Proof. Alili proves a quenched CLT for the hitting times 7}, in [Ali99, Theorem 5.1]. The proof here
is a minor modification of Alili’s proof that implies a functional CLT. First, note that by the remarks
after Assumption 10, 02 < co. Then, a version of the Lindberg-Feller condition for triangular arrays

of random functions [Bil99, Theorem 18.2] implies that it is enough to show the following:

[nt]

1
lim sup | — Z E, (1% — Ewrk)2 —o’t| =0, VI'<oo, P—a.s., (3.1)
n—0ot<T \ 1
and

[T ]

.1 9

HILH;O - Z Ey ((Th = Eoi)* 1|y —pyry|>eymy) =0, VT <00, P —a.s. (3.2)

k=1

The proof of (3.2) can be found in the proof of Theorem 5.1 in [Ali99] and depends on the er-
godic theorem and the fact that Ep [Ew(ﬁ — Ewﬁ)ﬂ = 02 < oco. To prove (3.1) we re-write
Ey (tk — Eu(m))” = Eut? — (Buth)? = Egio1,72 — (Egr-1,71)% Then, since P is an ergodic
distribution on environments, we have that for any ¢,

[nt]
lim =" (Bge-1,71 — (Bge-1,m)?) = Ep(Ey1i — (BEom)?)t = 0%, P —a.s.
n—oo N

k=1
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t o . .
Thus, + ELn J E, (1 — E,m1)? converges pointwise to o%t. However, since both functions are mono-
tone in ¢ and the limit function is continuous, convergence is therefore uniform on compact intervals.

Thus, we have finished the proof of (3.1) and, therefore, the proof of the theorem. O

3.2 A Random Time Change

In this section we will use a random time change argument to convert the quenched CLT for the
hitting times into one for the position of the RWRE. We begin with a few definitions, with ¢ defined

as in Theorem 3.1.1:

X*

-+

l
=max{X, :n <t} :max{l : Zn < t}

i=1
Xin
n .
l/t . Z sz
Uf
X

1
R} = —— t— E,7
¢ ovn " Z T

i=1

The following lemma shows that we do not lose much by working with X instead of X,,:
Lemma 3.2.1. For all § > 0, P (supg< i<y Xy — X |nt) > §log?(n) i.0.) =0.
Proof. First, note that the formulas for hitting times (2.4) imply that

H_M _1Ro H_M+1 0(1+R1)
Po(T_py < 00) = ’ = : <TI_ Ry) m_
(T < o0) R_y 1+ R_pms SToa+ro(l+B) Z ML

Therefore, by the shift invariance of P,

P(T_y <o00) < Y Ep(Iyyg). (3.3)
k=M-1

Now, since py is bounded (by Assumption 7), and since J is a good rate function we may apply
Varadhan’s Lemma [DZ98, Lemma 4.3.6] to get that

1 1 i
klim z log Eplly j—1 = klim z log Epek(i EiZ log i) — sup(z — J(x)) <0,

x
where the last inequality is due to Assumption 10 and the fact that J(z) is non-negative and lower
semi-continuous. Thus, there exists an ng such that Ep (Il 5—1) < e%“pw(z*](x)), for all n > ng.

Then, (3.3) implies that there exists a constant d; > 0 such that P(T_5; < 00) < =M for all M
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large enough. Therefore, for all n large enough,

n—1
P ( sup X,y — X{pnt) > 510g2(n)) < ZIP” (Xp <z - dlog?(n), for some k < n)

0<t<1 =

< ’I'LIP)(T_ [51log2(n)] < OO)

< ne—élélogz(n).

This last term is summable, and thus the lemma holds by the Borel-Cantelli Lemma. O

An immediate consequence of this last lemma is that lim,, . = = limy oo )i =vp, P—a.s.

Letting ¢™(t) := XTT*” and ¢(t) :=t-vp for t > 0, this implies that ¢™(¢) converges to ¢(t) pointwise.
However, since each ¢™ is monotone in ¢ and ¢ is monotone and continuous, the convergence is

uniform on compact subsets.

Lemma 3.2.2. For P — a.e. environment w, the random variables R € DJ0,00) converge in

quenched distribution as n — oo to W,,,., where W. is a standard Brownian motion.

Proof. For any T € (0,00), let D[0,T] be the space of all real valued funtions on [0, 7] which are
right continous and which have limits from the left, equipped with the Skorohod topology. Then, it
is enough to show that R™ € D[0,T] converges in quenched distribution to W,,. in the space D|0, T
for all T' < oo.

For the remainder of the chapter, we will use 7, Do, 1 to mean that 7, converges in quenched
distribution to n as n — oco. Note that the remarks preceeding the theorem imply that ¢™ L., ¢ in
DI0,T] for any T < oo. Also, recall that Theorem 3.1.1 implies that Z" Doy, Also, note that
Y™ = Z" o ¢" by definition. Therefore, by [Bil99, lemma on p. 151], Y™ € D[0,T] converges in
distribution to W o ¢. (This is just a consequence of the continuous mapping theorem for Polish
spaces and the fact that the mapping (z,%) — x o % is a continuous mapping from DI[0,T] x Dg to
DI0,T], where Dy C D[0,T] is the subset non-decreasing functions with values between 0 and 1.)

It follows from the definition of X,, that z;X:"f 7 <nt < ij{“ 7;. Thus,

nt»

1
Y;n < R? < Y;n + ﬁTX:“H'

For any € > 0, Chebychev’s inequality implies that P(7, > evk) < e "Erk~7/2. Since v/2 > 1,
the Borel-Cantelli Lemma implies that limg_, % = 0, P — a.s. This can be used to show that
max;<p % converges almost surely to 0, and thus %\MTX:MH converges uniformly to 0 for ¢ € [0, 1] as

n — oco. Thus, R" is squeezed between two sequences of functions that both converge in distribution

to Wyp.. O
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While it may not be immediately apparent, Lemma 3.2.2 is not far from a quenched functional

CLT for the random walk. To see this, note that

X X
1 nt 1 nt
Rt ﬁ e k=1 “ W Xnt ntor k*l(vPEwTk 1)

By Lemma 3.2.1, we may replace X, above by X|,; without changing the limiting distribu-
tion. Thus, to obtain a quenched functional CLT for the random walk, we only need to replace
fji(vawTk — 1) by something that only depends on the environment. In order to accomplish

this, we first need to make a few technical estimates.

3.3 A Few Technical Estimates

For the following Lemmas we will need to define a few additional random variables in order to
take advantage of the mixing properties of the environment. Consider a RWRE modified by never
allowing it to backtrack a distance of logQ(n) from its farthest excursion to the right. That is, after

first hitting ¢ the environment is changed so that w;_fjog2, = 1. Let Ti(") be the hitting time of the

7 j—

point ¢ for such a walk, and then let 7= Ti(n) — Tl(ni Also let ETl(n) =: (1n) . Note, the argument
7)P
given in Lemma 3.2.1 shows that P(7\™ # r) < P(T_ Mog2(n)] < 00) < e~ log?(n) — =31 log(n) for

all n large enough. Using this and the Cauchy-Schwartz inequality, it follows that that
(n) (n)y2 (my) S
E(r — ") < (Bl — 0)2(r # 7)) < \flrn 5t s

Thus, there exist positive constants A and B depending only on the law of the environment P, such
that E(r; — Tl(n)) < An~B18(") for all n. These constants A and B appear in the statement of the

following lemma, which provides a crucial estimate:

Lemma 3.3.1. For any x > 0 and any integers k and n,

Z(Ti - i) > x)

P | max
1<j<k

i1 vp
352 ploas K+ [k 772 Er)
< 7an Blogn + Dry = ’V[(n—‘ + (k + 2Kn) (n’: + TLCY(Kn)> + 1{An—Blug(n)231k},
where K, := [log?(n)], A and B are positive constants depending only on the distribution P, and

D, is a positive constant depending only on P and .
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Proof. First, note that the probability in the statement of the lemma is less than

) P (lrgjaé(k ;( (”) (1n)) > g) (3.4)

+P<max
1<5<k

By Chebychev’s inequality, the first probability in (3.4) is less than

J

Z(Ti - Ti(n))

P | max
1<5<k |4
i=

W&

n 3k2 n 3k2
kP (7—1 - Tl( ) 2 3%) S 7E|7—1 — Tf )| S TAn—BIOg(TL).

The third probability in (3.4) is either 0 or 1, since it involves no random variables. Also, 7-( ") <7

for any n, and so i < % Thus, the maximum in the third term is obtained when j = k. Since,
Up

k
1 1 (n) (n)y < & —Blog(n) »
Z(—M)>3:>]E<Zn—7'l > 3:>kIE(7'1—7’1 )> - = An 8 Zﬁ’

=1

w

it follows that P (

25:1(1;1 (m)' > ) S Lian-Brosm> 2y

To get an upper bound on the second probability in (3.4), we will break the sum inside the
probability into “blocks” of exponentially mixing random variables. Let K, := [log*(n)]. Now,
Ti(n) and T;n)
2[log®(n)] blocks: By = {...,0,2K,,4K,,,...}, By = {...,1,142K,, 1+4K,,,...}, By = {..., 2,2+

2K,,2+4K,, ...}, and so on. Then,

are K,-separated if |i — j| > 2log?(n). We will break the set of integers into 2K,, =

J 2Ky,
(f?f‘é‘k > . 3> SPlms | D 075 2y
m=1 |i€B,,N[1,5] P
<2K,P | max | > (Tﬁ”)fi) > 2 1. (35)
=T i<k | o 27 T 6K,
i€B1N[1,j] P

Now, let 7; ™ he i.i.d. random variables that are independent of 7' but with the same distribution.

(n)

Then, the mixing properties of Assumption 9 allow us to substitute 7; ™ for 7,/ with a small

probabilistic cost. In particular:

m_ 1S
Pl 2 0 )R
i€B1N[1,5] P
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To see this, we first substitute in ?1(”) for Tl(n). For ease of notation, let & = 7

& = 7_'1‘(”) - i Then,

P | max Z &l >x | =Ep | P, | max Z &l >z

1<5<k | ) 1<ji<k|. .
ieB1N[1,5] i€B1N[1,5]
o n 1
=Ep E Pw(Tl( ) = m)P, max, (m——)+ E G|z
=1 SJ= UP BNk, 1]
n 1 n
< E Ep Pw(Tl( ):m)Pw max |(m——)+ E : i 2w +P(T1( )>n)
— 1<j<k vp , .
m<n 1€B1N[2K,,+1,j]
_(n) _ 1 , (m)
< E P(7," =m)P pax (m — UP) + | g | §i| > x| +na(Ky) + P >n)
m<n i€B1N[2K,,+1,5]

~ Er/

< > —_—.

Pl et 2 G|z | +nalla)+ 20
i€B1N[2K,+1,j5]

Iterating this argument proves (3.6). Then, (3.6) and (3.5) imply

J (n) 1 x
n
E (Ti —W) >§
1 Up

< (k +2K,) E—Tg+na(K) +2K,P [ max | Y 7Lyl 2
= "\ v " i<k o oM T 6K,
i€B1N[1,j] P
|
Er) 2. 67K+ 1
< (k+2K,) (m+na(Kn)) +——"—E | > & fw) . (3.7)
1€B1N[1,k] P

The second inequality above follows from the Kolmogorov inequality for martingales, since the

—\n ..
Ti( ) _ —£5) are i.i.d. and have zero mean.
vp

random variables (

The Zygmund-Marcinkiewicz inequality [CT78, Theorem 2] says that for any p > 1, there exists
a universal constant C, such that E|YF &P < C,E| Y5, €2|P/?, for any independent, zero-
mean random variables &. If, in addition, p > 2, then by Jensen’s inequality |Zf:1 §§|p/2 <
kp/2—1 Zle |€:|P, which implies F| Z?Zl &|P < O kP/271E <Z?:1 |§i\p). Furthermore, if the &; are

also identically distributed then this last term equals Cpk”/ 2E|&1]P. Thus, since the random variables

=(n) 1
FN

(n)

! vp'

are i.i.d., we can apply the Zygmund-Marcinkiewicz inequality to obtain

v/2
_(m) _ 1 < k y—1 v, b
_Cry ’VQKH 2 E ‘Tl| +v,1); .

_(n) 1 k /2
El Y &"V- )| =G| | En o
i€B1N[1,k] Up "
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Combining this with (3.7) gives

x Er) K1+ ko172
(n) e < 1 n
(1%&2% Z (7 3) < (k +2K,) ( ny —|—na(Kn)> * il Dy {QKTL-‘ ’
where D, is a constant depending only on P and . O

The following lemma is the essential step in proving a quenched CLT:

Lemma 3.3.2. For any a < < v,

1 1
max 75 E (i ——) — 0, P—a.s.
gokelns); lk—jl<ne |nf/2 L0 wp”| noo

Proof. By dividing the interval [1,7”] into blocks of length n®, we get that for any & > 0,

7 Z

)3

Now, choose an integer m large enough so that min{(y—03), (3 —1)(8—a)} > —. Then, letting N™

P ; Z e EL anﬂ—am<

j,kell, nB] |k jl<ne nﬁ/z y vp

1<k<n“‘

take the place of n above and applying Lemma 3.3.1 (with k = N™* x = gNm5/2 and n = N™),

1 1
P —_— i ——)| >4
(j,ke[l,zvmrﬁ‘r}l?}iij|<1vma NmB/2 ZZ:;(T vp) - )

< me(ﬁ_a)]P< max
1<k<Nme

k

> (ni - i)

i=1

v

O NmB/2
3

= [N™(B=)] (0 ( N™@=B)/2|60( N)2+'v) o) ( Nm(a—v)))

=0 (NM(%—l)(a—ﬂ) log(N)2+’Y> +0O (Nm(ﬂ—'v)) )

Our choice of m makes both of the exponents of NV in the last line less than —1 so that the last line

is summable. Thus, the Borel-Cantelli Lemma implies that

4 0, P—as. 3.8
j’ke[l’ng]li‘)kifj|<Nm"‘ Nmﬁ/QZ 'UP Ngroo a.s ( )

This essentially says that the limit in the statement of the lemma converges to 0 along the subse-

quence n™. It turns out this subsequence is dense enough to get convergence of the original sequence.
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We re-write the original sequence to be able to apply (3.8):
k
1 1
ma — ,— —
4,k€(1,nP]; I)li—j\<na np/2 ;(TZ UP)

< X — —
k€L, [nt/m]mB]; [k—j|< [n1/m]ma | nf/2 4 vp

1 & 1
< ma. E (Ti - )
=]

k
B I’nl/m‘lmﬂ/2 1 1
T kel [l gl e | AT ;(n |

Since [n!/™]™8/2 ~ nB/2 we may apply (3.8), with N = [n'/™], to finish the proof of the lemma.
O

Corollary 3.3.3. For any 8 > 1 and any § > 0,

lim P, ( sup | X, —ntup| > énﬁ/z) =0, P-—as.
n—00 0<t<1
Proof. We may assume without loss of generality that 5 < 2. It follows that
P, < sup | X}, —ntvp| > 5n'8/2>

0<t<1

<P, (Ht €1[0,1]: X, > ntvp + 5n5/2) + P, (Elt €10,1]: X, < ntvp — 5nﬂ/2>

[ntvp+6nS/?] [ntvp—6nP/?]
<P, |3tef0,1]: Y m<nt|+P, |3te01]: DY m>nt
i=1 1=1
[ntvp4+6n”/?]
1 —onP/?
<P inf ;= —
- ogslg Z (7i vp) < vp

i=1

[ntvp—nP/?) 1 5nﬁ/2 1
> _

+ P, | sup Z (i — —)

0<t<1 .7 vp vp
1=1

1 & 1 5
<2P — S-S >,
- <1<mkzgfzﬁ np/2 ;(T vp) - 2’UP>

for all n sufficiently large. Then, Lemma 3.3.2 implies that the last line tends to zero as n — oo. [

Corollary 3.3.4. For any 8 >1 and § > 0,

lim P, < sup | Xy — ntvy| > 5nﬁ/2> =0, P-—a.s.
n—00 0<t<1
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Proof. First, note that

P, ( sup | Xnt — ntvp| > 5n5/2>
0<t<1

SnB/2 SnB/2
<Pw<SUP | Xt — Xyt > n >+Pw(SUp | X e — ntvp| > " )
0<t<1 2 0<t<1 2

Then, the proof of the corollary follows from Lemma 3.2.1 and Corollary 3.3.3. O

3.4 Quenched CLT for the Random Walk

For t > 0, let

[ntvp ]

Znt(w) = Z (vpE,7; — 1).

i=1
Zpnt will be the random centering that appears in the quenched CLT for the random walk. The

following lemma is a consequence of the technical estimates of the last section:

Lemma 3.4.1. For any 6 > 0 and any t,

X+
1 a4 1 1
lim P, [ sup — Z(E“’Ti ——)——Zp| 20| =0, P—as.
n—00 0<t<1 VI | vp vp
Proof. Let % < a < 1. Then,
x*
1 i 1 Dt
P,| sup —= E,;i——)——| >
OStrg)l n ;( UP) vp
1 X;,t 1 nt'l)p 1
:Pw su — EwTi—f — EwTi—f 25
ogtIg)l n ;( UP) ;( UP)
1 < 1
<P, | sup |X}, —ntvp| >n* |+ P, max — E, ——)|>6]. (3.9
<0<t1<)1| ¢ l ) jk€[Ln]; [j—kl<ne | /10 ;( 'UP) (39)

By Corollary 3.2.1, the first term in (3.9) tends to 0 as n — 0o, P — a.s. The second term in (3.9)

is bounded above by

1 <& 1 5

ol srenh i b1<ne ﬁ;(ﬁ—g) =
1 <& 5
e j,ke[l,ﬁ;l%x_kkna %Z(Ti_EwTi> 25
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Since o < 1, Lemma 3.3.2 shows that, P — a.s., the first term above goes to 0 as n — oco. Also, the
quenched functional CLT for hitting times, Theorem 3.1.1, shows that, P — a.s., the second term

above goes to 0 as n — oco. Therefore, P — a.s., the second term in (3.9) tends to zero asn — 0. O

We can now prove a quenched functional CLT for the random walk.

Theorem 3.4.2. Assume that Assumptions 7-10 hold, and let
g . Klnt) — ntop + Zn(w)
t 3/2
vp Toyn

where o s defined in Theorem 3.1.1. Then, for P — a.e. environment w, the random variables

)

B € D[0,00) converge in quenched distribution as n — oo to a standard Brownian motion.

Proof. As noted in the proof of Lemma 3.2.2, it is enough to prove convergence in quenched distri-
bution in the space D[0, T for all T' < co. We will handle the case when T' = 1 since the proof is the
same for any T' < co. For the remainder of the proof, when denoting convergence in distribution of
random functions in D[0, 1], we will keep the index ¢ for clarity. That is, we will write Z}* L., opt

instead of Z" 22 Wep..

Recall that Lemma 3.2.2 implies

o P X Bur o S - M (B = 5 b (3.10)
t ovn B ovn tor: '

Also, Lemma 3.4.1 shows that, as elements of DJ0, 1],

x5 1 1
X (Bori — 1) — L 7 (w

it \;5) w2l (3.11)
n

Combining (3.10) and (3.11),

Xat 1
nt — nt — Znt(W) p, W,
vp>

ovn

or equivalently (since W; is symmetric),

e 2
vp Toyn

in the space D[0,1]. Finally, Lemma 3.2.1 implies that % Lo, So,
Xt — ntvp + Zpi(w) Do, W,

vf;/za\/ﬁ
in the space D[0,1]. O



Chapter 4

Quenched Limits: Zero Speed

Regime

This chapter consists of the article Quenched Limits for Transient, Zero Speed One-Dimensional
Random Walk in Random Environment, by Jonathon Peterson and Ofer Zeitouni, which was re-
cently accepted for publication by the Annals of Probability. This article contains the full proofs of
Theorems 2.3.2 and 2.3.3 and the first part of Theorem 2.3.6 (sketches of these proofs were provided
in Chapter 2).

In order to keep this chapter self-contained, the above mentioned article has been left relatively
unchanged. Therefore, much of the introductory material in Section 4.1 has already appeared in
Chapters 1 and 2. The notation used in this chapter is consistent with the notation in Chapters 1
and 2.

While the main results of this chapter are for the case when the parameter s € (0,1), many of
the preliminary results are true in greater generality. Since some of these preliminary results will be
referenced in Chapter 5, which concerns the case s € (1,2), if no mention is made of bounds on s,

then it is to be understood that the statement holds for all s > 0.

38
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4.1 Introduction and Statement of Main Results

Let © = [0,1]% and let F be the Borel o—algebra on 2. A random environment is an Q-valued
random variable w = {w;}icz with distribution P. We will assume that the w; are i.i.d. The
quenched law P? for a random walk X,, in the environment w is defined by

: ; wj if j=i+1,
P’ Xo=2)=1 and P’ (X, =j|X,=1)=

1—w ifj=14i—1.
7N is the space for the paths of the random walk {X,, },en, and G denotes the o—algebra generated
by the cylinder sets. Note that for each w € Q, P, is a probability measure on G, and for each
G e g, P2(G): (2, F) — [0,1] is a measurable function of w. Expectations under the law PZ are
denoted EZ. The annealed law for the random walk in random environment X,, is defined by
P*(F x G) = / P*(G)P(dw), FeF,Geg
F

For ease of notation, we will use P, and P in place of P and PV respectively. We will also use P*
to refer to the marginal on the space of paths, i.e., P*(G) = P*(Q2 x G) = Ep [P%(G)] for G € G.
Expectations under the law P will be written E.

A simple criterion for recurrence and a formula for the speed of transience was given by Solomon

in [Sol75]. For any integers i < j, let

1— W J
pi = , and II;; := Hpk, (4.1)

W
v k=i

and for x € Z, define the hitting times
T, :=min{n >0: X, =x}.

Then, X,, is transient to the right (resp. to the left) if Ep(logpg) < 0 (resp. Eplogpo > 0) and
recurrent if Ep(logpg) = 0. (henceforth we will write p instead of pg in expectations involving only
po.) In the case where Eplogp < 0 (transience to the right), Solomon established the following law
of large numbers

n 1

. n
vp:= lim — = lim — = —, P—a.s.
n—oo N n—00 Tn ETl

For any integers i < j, let

J
Wij=> Ty, and Wj:=> T;. (4.2)
k=1 k<j
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When Eplogp < 0, it was shown in [Sol75],[Zei04, remark following Lemma 2.1.12] that
EiTj1=1+2W,; <oco, P—a.s., (4.3)

and thus vp = 1/(1+2EpW;). Since P is a product measure, EpWo = > 77 | (Epp)*. In particular,
vp=0if Epp > 1.

Kesten, Kozlov, and Spitzer [KKS75] determined the annealed limiting distribution of a RWRE
with Eplogp < 0, i.e., transient to the right. They derived the limiting distributions for the walk
by first establishing a stable limit law of index s for T,,, where s is defined by the equation

E’ppS =1.

In particular, they showed that when s < 1, there exists a b > 0 such that

T,
lim P —~ <x) = Lyy(z),
n—oo n1/5 ?
and

X
lim P (: < x) =1— Lyy(zY*), (4.4)

n— o0 n

where L, is the distribution function for a stable random variable with characteristic function

Lon(t) = exp {—bt|5 (1 - i;tan(ws/2)> } . (4.5)

The value of b was recently identified [ESZ08]. While the annealed limiting distributions for transient
one-dimensional RWRE have been known for quite a while, the corresponding quenched limiting
distributions have remained largely unstudied until recently. In Chapter 3 we proved that when
s > 2 a quenched CLT holds with a random (depending on the environment) centering. A similar
result was given by Rassoul-Agha and Seppéldinen in [RAS06] under different assumptions on the
environment. Previously, in [KM84] and [Zei04], it was shown that the limiting statement for the
quenched CLT with random centering holds in probability rather than almost surely. No other
results of quenched limiting distributions are known when s < 2.

In this chapter, we analyze the quenched limiting distributions of a one-dimensional transient
RWRE in the case s < 1. One could expect that the quenched limiting distributions are of the same
type as the annealed limiting distributions since annealed probabilities are averages of quenched
probabilities. However, this turns out not to be the case. In fact, a consequence of our main
results, Theorems 4.1.1, 4.1.2, and 4.1.3 below, is that the annealed stable behavior of T,, comes
from fluctuations in the environment.

Throughout the chapter, we will make the following assumptions:
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Assumption 11. P is an i.i.d. product measure on £ such that
Eplogp <0 and Epp® =1 for some s > 0. (4.6)
Assumption 12. The distribution of log p is non-lattice under P and Epp®logp < oo.

Note: Since Epp” is a convex function of 7, the two statements in (4.6) give that Epp? < 1 for
all v < s and Epp? > 1 for all v > s. Assumption 11 contains the essential assumption necessary
for the walk to be transient. The main results of this chapter are for s < 1 (the zero-speed regime),
but many statements hold for s € (0,2) or even s € (0,00). If no mention is made of bounds on s,
then it is assumed that the statement holds for all s > 0. We recall that the technical conditions
contained in Assumption 12 were also invoked in [KKS75].

Define the “ladder locations” v; of the environment by

mf{n > Vi—q - Hl,i7 n—1 < 1}, 1> 1,
=0, and v, = ' (4.7)

sup{j < viy1: g ;-1 <1, Vk<j}, 1< —1.
Throughout the remainder of the chapter, we will let v = v;. We will sometimes refer to sections
of the environment between v;_; and v; — 1 as “blocks” of the environment. Note that the block
between v_1 and vy — 1 is different from all the other blocks between consecutive ladder locations.

Define the measure @ on environments by Q(-) = P(-|R), where the event
R = {w cQ: H_k,_1 <1, Vk > 1}.

Note that P(R) > 0 since Eplogp < 0. @ is defined so that the blocks of the environment between
ladder locations are i.i.d. under @, all with distribution the same as that of the block from 0 to

v — 1 under P. In Section 4.3, we prove the following annealed theorem:

Theorem 4.1.1. Let Assumptions 11 and 12 hold, and let s < 1. Then, there exists a b’ > 0 such

that
E,T,
lim Q( 1/ = <:L’> :Ls’b/(x).
nl/s

n—oo

We then use Theorem 4.1.1 to prove the following two theorems which show that P — a.s. there
exist two different random sequences of times (depending on the environment) where the random

walk has different limiting behavior. These are the main results of the chapter.

Theorem 4.1.2. Let Assumptions 11 and 12 hold, and let s < 1. Then, P-a.s., there exist random

subsequences ty, = tm(w) and Uy = um (w) such that, for any § > 0,

X, _
lim P, (t“m e [0, 6}) =1

m—oo (log tm)2
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Theorem 4.1.3. Let Assumptions 11 and 12 hold, and let s < 1. Then, P-a.s., there ezists a

k
random subsequence ny, = ny, (W) of ng =22 and a random sequence t,, = t,,(w) such that

logt, 1

1m
miveo logny, s

and

lim P, <Xt’" <z

m— oo -

’I’L;~cm

) 0 ifx<0,
if 0 <o < oo.

Note that Theorems 4.1.2 and 4.1.3 preclude the possibility of a quenched analogue of the an-
nealed statement (4.4). It should be noted that in [GS02], Gantert and Shi prove that when s < 1,
there exists a random sequence of times t,, at which the local time of the random walk at a single
site is a positive fraction of ¢,,. This is related to the statement of Theorem 4.1.2, but we do not
see a simple argument which directly implies Theorem 4.1.2 from the results of [GS02].

As in [KKS75], limiting distributions for X,, arise from first studying limiting distributions for
T,,. Thus, to prove Theorem 4.1.3, we first prove that there exists random subsequences z,, = &, (w)
and v, ., in which

lim P, (T”” — BT, < y) = /y L gy —. B(y).

e N o Var
We actually prove a stronger statement than this in Theorem 4.5.10 below, where we prove that all
T, “near” a subsequence ny,, of ny = 22" have the same Gaussian behavior (What we mean by
“near” the subsequence ny, is made precise in the statement of the theorem.)

The structure of the chapter is as follows: In Section 4.2 we prove some introductory lemmas
which will be used throughout the chapter. Section 4.3 is devoted to proving Theorem 4.1.1. In
Section 4.4, we use the latter to prove Theorem 4.1.2. In Section 4.5, we prove the existence of
random subsequences {ny} where T,,, is approximately Gaussian, and use this fact to prove Theorem
4.1.3. Section 4.6 contains the proof of the following technical theorem which is used throughout

the chapter:

Theorem 4.1.4. Let Assumptions 11 and 12 hold. Then, there exists a constant Ko, € (0,00) such
that
Q(E,T, > x) ~ Kooz~ °.

The proof of Theorem 4.1.4 is based on results from [Kes73] and mimics the proof of tail asymptotics

in [KKST75).
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4.2 Introductory Lemmas
Before proceeding with the proofs of the main theorems we mention a few easy lemmas which will
be used throughout the rest of the chapter. Recall the definitions of II; , and W; in (4.1) and (4.2).

Lemma 4.2.1. For any ¢ < —Eplogp, there exist d., A. > 0 such that
L
—cky _ - 6.k
Pl >e“")=P (k: E_l log p; > c) < A.e . (4.8)

Also, there exist constant Cy,Co > 0 such that P(v > z) < C1e~% for all x > 0.

Proof. First, note that due to Assumption 11, log p has negative mean and finite exponential mo-
ments in a neighborhood of zero. If ¢ < —FEp log p, Cramér’s Theorem [DZ98, Theorem 2.2.3] then
yields (4.8). By the definition of v we have P(v > x) < P(Ily,|;j—1 > 1), which together with (4.8)

completes the proof of the lemma. O
From [Kes73, Theorem 5], there exist constants K, K7 > 0 such that for all ¢

PW;>z)~Kz=°, and P(W;>z) < Kiz~°. (4.9)
The tails of W_1, however, are different (under the measure ), as the following lemma shows.
Lemma 4.2.2. There exist constants C3,Cy > 0 such that Q(W_1 > x) < Cze—Caw for all x > 0.

Proof. Since II; _; <1, @ —a.s. we have W_; <k + ZK_k II; _; for any k > 0. Also, note that
from (4.8) we have Q(II_j, _1 > e~¢) < A.e %% /P(R). Thus,

QW_1>2)<Q g + Z ek >l +Q (H—k,—l > e % for some k > g)

(SIS

oo

—ck —5.

< 1%+1,i—c>$ + Z Q(H—k,—l >e M) < 117;0>% + 0O (6 x/2) .
k=2

O
We also need a few more definitions that will be used throughout the chapter. For any i < k,
k [e%S)
Rig:=Y I, and R;:=) II;. (4.10)
j=i j=i

Note that since P is a product measure, R;; and R; have the same distributions as W, ; and W;

respectively. In particular with K, K the same as in (4.9),

P(R;>z)~Kz™® and P(R; >z) < Kjz™°. (4.11)
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4.3 Stable Behavior of Expected Crossing Time

Recall from Theorem 4.1.4 that there exists K, > 0 such that Q(E,T, > x) ~ Koz~ %. Thus
E_T, is in the domain of attraction of a stable distribution. Also, from the comments after the
definition of @) in the introduction it is evident that under @), the environment w is stationary under
shifts of the ladder times v;. Thus, under @, {E. T, }icz is a stationary sequence of random
variables. Therefore, it is reasonable to expect that n='/*E,T,, =n"1/*3""  EJ~'T,, converge in
distribution to a stable distribution of index s. The main obstacle to proving this is that the random
variables E.’~'T,, are not independent. This dependence, however, is rather weak. The strategy of
the proof of Theorem 4.1.1 is to first show that we need only consider the blocks where the expected
crossing time E.’~'T,, is relatively large. These blocks will then be separated enough to make the
expected crossing times essentially independent.

For every k € Z, define
My -=max{Il,, ,;:vp_1 <j<uvg}. (4.12)
Theorem 1 in [Igl72] gives that there exists a constant C5 > 0 such that
Q(M; > x) ~ Csx™*. (4.13)

Thus M; and E,T, have similar tails under Q. We will now show that E T, cannot be too much

larger than M;. From (4.3) we have that

v—1 v—1

BTy =v+2> Wy=v+2W_ Ry, 142> Ri, 1. (4.14)
j=0 i=0

From the definitions of v and M; we have that R;,—1 < (v — )My < vM; for any 0 < i < v.

Therefore, E,T, < v+ 2W_1vM; + 2v2M;. Thus, given any 0 < a < 8 and 6 > 0 we have
Q(E,T, > onP, M; <n®) < Qv+ 2W_,vn® + 2v°*n™ > 6n) (4.15)

<QW_y >nP=9/2) L Q (Vz > n(ﬁfa)/2> % (e*”(ﬁ‘“”"s) 7

where the second inequality holds for all n large enough and the last equality is a result of Lemmas
4.2.1 and 4.2.2. We now show that only the ladder times with M; > n(!1=%)/% contribute to the

limiting distribution of n='/*E,T,, .

Lemma 4.3.1. Assume s < 1. Then for any ¢ > 0 and any 6 > 0 there exists an 1 > 0 such that

lim Q (Z(EsilTw)lMign(lf)/s > 5”1/'9) = o(nfn) .

n— oo 4
i=1
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Proof. First note that
Q (Z(EZ“Tui)lMignuews > 5711/8) <Q (Z(Euyii1TVi)1E:ilTui§n(l_§>/S > 5"1/8>
i=1 1=1

+n@Q (Ele, >np=3)/s My < n(l_a)/s> .

By (4.15), the last term above decreases faster than any power of n. Thus it is enough to prove that
for any 6, > 0 there exists an 1 > 0 such that
Q (Z(Ezi_lTw)lelTl,.<n(1s)/s > 5”1/5> =o(n™").
i=1 T
Next, pick C' € (1,%) and let Jockn = {z <n: n(1=C*e)/s < E;T'T,, < n(l—C’“’la)/s}' Let
ko = ko(C, ¢) be the smallest integer such that (1 — C¥¢) < 0. Then for any k < ko we have

@ Z E;7 T > ont/* ) < Q (#JC,E,k,n > 5n1/5*(1*0k716)/5)

1€JC e, k,n

nQ(B,T, > n1=C"9/%) K _ceia_e
< snCF1e/s ~—="n s y

where the asymptotics in the last line above is from Theorem 4.1.4. Letting n = £ (1 — C) we have

for any k < kg that

Ql Y. ENT, > | =o(n). (4.16)
1€JC e k,n
Finally, note that
Q (Z(EZiITVi)lEZi1T,,.<n<1—cl”'°15)/5 > 5n1/s> < 1n1+(1_ck0715)/5>6n1/5. (4.17)
i=1 T B

However, since C*e > 1 > Cs we have C*~le > s, which implies that the right side of (4.17)

vanishes for all n large enough. Therefore, combining (4.16) and (4.17) we have

n ko—l
Vi S V; 5 S
Q (E (EG T lgrioig, <pa-aye > on'/ > < E Q E EST, > k;ionl/

i=1 k=1 1€J0 e, k,n

o d _
+Q (Z(EwtlTyi)lE:;ilTuiSn(lCko15)/5 Z konl/3> — O(TL 7])_

i=1

O

In order to make the crossing times of the significant blocks essentially independent, we introduce

some reflections to the RWRE. For n = 1,2,..., define

by = |log?(n)]. (4.18)
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Let )_(t(n) be the random walk that is the same as X; with the added condition that after reaching vy,
the environment is modified by setting w,, , =1, i.e. never allow the walk to backtrack more than
log?(n) ladder times. We couple Xt(") with the random walk X; in such a way that Xt(n) > X; with
equality holding until the first time ¢ when the walk )_(t(n) reaches a modified environment location.

)

Denote by T¢™ the corresponding hitting times for the walk X™. The following lemmas show that

we can add reflections to the random walk without changing the expected crossing time by very

much.

Lemma 4.3.2. There exist B, >0 such that for any x >0
Q (BT, — BT > 2) < Bla™* v1)e .

Proof. First, note that for any n the formula for EWT,SH) is the same as for E,T, in (4.14) except

with Pv_y, =0. Thus E,T, can be written as
E,T, =E, 0™ +2(1+W,_, _1)IL,_, _1Ro,_1. (4.19)

Now, since v_p, < —b,, we have

00 S 1
Q (HV—bn,*l > efd’") < Z Q (ka,fl > efdc) < Z WP (ka,—l > eick) .
k=by, k=by

Applying (4.8), we have that for any 0 < ¢ < —Ep log p there exist A’, . > 0 such that
Q (HV—bny_l > efd’") < AleOebn
Therefore, for any = > 0,

0 (EWTV ~ BT > x) <QQ21+W, , O, , 1Ry, 1>z
<@ (2(1 + Wyibnfl)Ro’,,,l > xed’") + Ale_écb"

=Q (2(1+W_1)Rop—1 > ze) + Ale 0, (4.20)

where the equality in the second line is due to the fact that the blocks of the environment are i.i.d

under Q. Also, from (4.14) and Theorem 4.1.4 we have
Q (2(1 +W_1)Ro -1 > xer’L) <Q (EWT,, > xed’") ~ Koz~ Se e, (4.21)

Combining (4.20) and (4.21) finishes the proof. O
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Lemma 4.3.3. For any x > 0 and € > 0 we have that

lim n@ (EleE") > an'/s M, > n(l_a)/s) = Kooz ™%, (4.22)

n—oo

Proof. Since adding reflections only decreases the crossing times, we can get an upper bound using

Theorem 4.1.4, that is

lim sup n@Q (EWTLE") > xnl/s, M; > n(lfe)/s) <limsupnQ(E,T, > xnl/s) =Koz °. (4.23)

n—oo n—0oo

To get a lower bound we first note that for any ¢ > 0,

@ (E“JTV > (1+ 6)$n1/s) <Q (EwT,Sn) > xnl/s, My > n(l_f)/3> +Q (EwTy _ EleEn) > (anl/s)
+Q (EwTV > (1+ 8)znt/*, M, < n(l—s)/s)

<Q (EwT,S") > nl/*, My > n“*)/S) +o(1/n), (4.24)
where the second inequality is from (4.15) and Lemma 4.3.2. Again using Theorem 4.1.4 we have

lim inf n@ (EMT,S") > aznl/ M > n(l_e)/s) > liminf n@ (EWT,, > (14 6)xn1/s> —o(1)

= Koo(146)" %277, (4.25)
Thus, by applying (4.23) and (4.25) and then letting 6 — 0 we get (4.22). O

Our general strategy is to show that the partial sums

1
nl/s

n

Vi —1 7(’!7,)
E Ew T’/k ]_Mk>n(1—s)/s
k=1

converge in distribution to a stable law of parameter s. To establish this, we will need bounds on
the mixing properties of the sequence EZ'“’ITLE,?)l My>n(—2/s- As in [Kob95], we say that an array
{&wk + k € Z,n € N} which is stationary in rows is a—mixing if limy_, limsup,,_, . a,(k) = 0,

where

an (k) :=sup{|P(ANB) = P(A)P(B)| : A€ o (..., 6n,-1,&n0) s B € 0 (§n ks Snkt1s-- )} -

1

Lemma 4.3.4. For any 0 <e < 3,

under the measure @Q, the array of random variables

Vi—1(n) . .. .
{ES T T0, 1y, s n-o)/s Jkeznen 5 a-mizing, with

sup  an(k) =o(n7 %), a,(k) =0, Vk>log’n.
ke[1,log? n]
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Proof. Fix £ € (0, 3). For ease of notation, define &, := Ezk’ITlE:)lMPn(lfs)/s. As we mentioned
before, under () the environment is stationary under shifts of the sequence of ladder locations and
thus &, is stationary in rows under Q.

If k> 1og2(n)7 then because of the reflections, o (...,&,,-1,&n0) and o (&, k,&n kt+1,--.) are
independent and so v, (k) = 0. To handle the case when k < log®(n), fix A € o (...,&,_1,&n0) and
B € o (& iy &n k1, - - ), and define the event

Cpe={M; < n1=9)/s for 1 <j<by}={&,,;=0,for 1 <j<b,}.
For any j > b,, we have that &, ; only depends on the environment to the right of zero. Thus,
Q(A nBN On,s) = Q(A)Q(B N Cn,e)

since BN Cy e € 0(wp,w1,...). Also, note that by (4.13) we have Q(C§ ) < b,Q(My > nl1=9)/%) =

o(n=1+2¢). Therefore,

QAN B) - QA)Q(B)| < |Q(ANB) = QAN BNCy.c)|
+1QUNBNCye) = QA)QBNCy )l
+QAQ(BNCre) = QB < 2Q(Cr, ) = o(n™ %)

Proof of Theorem 4.1.1.

First, we show that the partial sums

1 _
ni/s D EBS T Ly s na-ars

k=1
converge in distribution to a stable random variable of parameter s. To this end, we will apply
[Kob95, Theorem 5.1(IIT)]. We now verify the conditions of that theorem. The first condition that

needs to be satisfied is:

lim nQ (nfl/szT,S”)lMQn(l_s)/s > :c) = Koo °.

n—oo

However, this is exactly the content of Lemma 4.3.3.

Secondly, we need a sequence m,, such that m,, — oo, m, = o(n) and na,(m,) — 0 and such that

for any § > 0,
My,
nh_)H;oZnQ (-ij—‘lgn)1M1>n(1*5)/S > 5n1/s’ EZkTIE:-;)-lle+1>n(1*E)/s > 5711/5) = 0. (4.26)

k=1
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However, by the independence of M; and My for any k > 1, the probability inside the sum is less
than Q(M; > n(1=9)/#)2. By (4.13) this last expression is ~ Csn~2t2¢. Thus letting m,, = n'/?>~¢
yields (4.26). (Note that by Lemma 4.3.4, no, (m,,) = 0 for all n large enough.)

Finally, we need to show that

lim lim sup nEg [n’l/szTlE”)1M1>n<1—s>/s1 = 0. (4.27)

—0 n—ooo

Ewﬂ")ga]
Now, by (4.23) there exists a constant Cg > 0 such that for any = > 0,

Q (EwT,S") > zn'/*, M, > n(l_e)/s) < C’Gx_‘g%.
Then using this we have

5
nEqg {nfl/szT,E")1M1>n(175)/3lE T(n)<6} = n/ Q (EleEn) > xnl/S,Ml > n(lfa)/s) dx
wrv = 0

0661—3
1—-s5 "’

5
< Cg/ z %dx =
0

where the last integral is finite since s < 1. (4.27) follows.
Having checked all its hypotheses, [Kob95, Theorem 5.1(I1I)] applies and yields that there exists
a b’ > 0 such that

I _
“ (w > BT Ly sa-ors < ) = Loy(a), (4.28)
k=1

where the characteristic function for the distribution Ly is given in (4.5). To get the limiting

distribution of —~E,T), we use (4.19) and re-write this as

nt
1 1 <&
eyl e VE I;EZ’“TV(Z)lMDn(st (4.29)
1 = e
+ ni/s Z EWkilTIE;:L)]‘MkSnU*E)/S (4.30)
k=1
1 _
i _ (n)

+ nl/s (E“’Tyn EWTI/,,, ) . (431)

Lemma 4.3.1 gives that (4.30) converges in distribution (under Q) to 0. Also, we can use Lemma

4.3.2 to show that (4.31) converges in distribution to 0 as well. Indeed, for any § > 0
0 (EwTyn — BT > 5n1/5) <nQ (EwTy _ETM > 5n1/5*1) —0 (nse*”n) .

Therefore n='/*E,T,, has the same limiting distribution (under Q) as the right side of (4.29), which
by (4.28) is an s-stable distribution with distribution function Lg . O
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4.4 Localization along a subsequence

The goal of this section is to show when s < 1 that P-a.s. there exists a subsequence t,, = t,,(w) of
times such that the RWRE is essentially located in a section of the environment of length log?(t,,).
This will essentially be done by finding a ladder time whose crossing time is much larger than all
the other ladder times before it. As a first step in this direction we prove that with strictly positive

probability this happens in the first n ladder locations. Recall the definition of My, c.f. (4.12).

Lemma 4.4.1. Assume s < 1. Then for any C > 1 we have

liminf @ | 3k € [1,0/2]: My >C Y EF-TV | > 0.
J€ll,n]\{k}
Proof. Recall that Tén) is the hitting time of = by the RWRE modified so that it never backtracks
b, = |log?(n)| ladder locations.
To prove the lemma, first note that since C' > 1 and ES~*T\") > M, there can only be at most one
k <n with M, > CZk;éjgn EZj’ITIEJ?’). Therefore
n/2
Q|Ikeln/2:M>C Y EZ T | =3 Q(Mc.>C Y EZ T (4.32)
Jell,n]\{k} k=1 Jell,n]\{k}

Now, define the events
Fpi={vj—vj1 <bn, Yj€(=bp,nl}, Grme:={M; <nI=9/5  Vjec (kk+b,]}. (433)

F, and Gy, are both typical events. Indeed, from Lemma 4.2.1 Q(F¢) < (b, +n)Q(v > b,) =
O(ne=%%) and from (4.13) we have QG pc) < baQ(My > n(1=e)/s) = o(n='*+%¢). Now, from

(4.3) adjusted for reflections we have for any j € [1,n] that

l/j*l
vi—1m(n)
EYi 1Tlgj) = (v; —vj—1)+2 Z Wy iy
l=v;_4
=(vj—vj1)+2 E I +2 E Wiy, 11l 0
Vj,1§i§l<l/j Vi 1—by, <i<1/j,1§l<1/j

< (v —vjm1) +2(vj — vj1)? My +2(v5 — vj-1) (Vj—1 — vj—1-b,) M

where in the last inequality we used the facts that M, _,i-12>1 for v;_1 <i<wv; and I, -1 <1
for all i < v;_1. Then, on the event F,, N G}, we have for k +1 < j < k + b, that

BT < by + 2020079 20309/ < 5 me)/s,
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where for the first inequality we used that on the event F,, N Gj . wWe have v; —v;_1 < b, and

M; < n1=4)/s_ Then, using this we get

Q| M,>C Z EijlTlE?) >Q <Mk >C (EWTV(:E1 + 5biiln(1fa)/s + EZkernTV(:)) 7Fn;Gk,n,e)
Jelln\{k}

>Q (Mk >Cn'®, v < bn)
X Q (Ewi;(gjl + 5ban(1=9/s L BT < e B Gk,mE) :
where F, := {v; —v;_1 < by, Vj € (=bp,n]\{k}} D F,. In the last inequality we used the fact
that E.7 ’1T$) is independent of Mj, for j < k or j > k + b,,. Note that we can replace F, by F,

in the last line above because it will only make the probability smaller. Then, using the above and

the fact that EWTV(,?ZI + EJFtn TV(:) < E,T,, we have

Q| My,>cC > By T
JE[L,n]\{k}

> Q (Mk > Cnl/s’ Vg — Vg1 < bn) Q (Ele/n < nl/s - 5bin(175)/s,Fn, Gk,n,a)
> (QUM1 = Cn'/) = Qv > b)) (QUELT,, < n'/*(1=56in=*/") = Q) - Q(GS,,..))

1
~ CsC ™ *Lgy (1)E ,

where the asymptotics in the last line are from (4.13) and Theorem 4.1.1. Combining the last display
and (4.32) proves the lemma. O

In Section 4.3, we showed that the proper scaling for E,,T,, (or EWT,S:)) was n~'/%. The following

lemma gives a bound on the moderate deviations, under the measure P.
Lemma 4.4.2. Assume s < 1. Then for any 6 > 0,
P (BT, 2 n/*40) = o(n~0°/?).
Proof. First, note that
P(E,T, >n'*%t%) < P(E, Topm > n***%) + P(v, > 20n), (4.34)

where 7 := Epv. To handle the second term on the right hand side of (4.34) we note that v, is the
sum of n i.i.d. copies of v, and that v has exponential tails (by Lemma 4.2.1). Therefore, Cramér’s
Theorem [DZ98, Theorem 2.2.3] gives that P (v, /n > 20) = O(e~%") for some &’ > 0.

To handle the first term on the right hand side of (4.34) we note that for any v < s we have
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Ep(E,T1)Y < oo This follows from the fact that P(E,Ty > x) = P(1 + 2Wy > z) ~ K2%¢~° by
(4.3) and (4.9). Then, by Chebychev’s inequality and the fact that v < s < 1 we have

- v
Bp (S ES'T) opnBp(BTy)
B 1/s+6 = w vn P( w 1)
P (EwTQVn Z n ) S n’y(l/s+6) S n’y(l/3+5) (435)
Then, choosing ~ arbitrarily close to s we can have that this last term is o(n"gs/Z). O

Throughout the remainder of the chapter we will use the following subsequences of integers:
2k
ng = 2 s dk =N — Nk—1 (436)
Note that ny_1 = «/n; and so d, ~ n as k — oo.
Corollary 4.4.3. For any k define

L = maX{EZJ’*TV(;Z’“) np—1 <J < nk}

If s <1, then
Vng—1 (dk)
— 75”;% M, P—as
k—o0 EU_)TV.,L: — Uk

Proof. Let ¢ > 0. Then,

BT B,
P =(dr) Sl-e)|=P| ——gy—— 2¢ o
Ele/n: — Kk Esz/n: A

< P (BT = m/50) 4 P (BT =y <7/

-1

Lemma 4.4.2 gives that P (EWT,%:) > n,lc/_sfr6> <P (Ele,n > nllﬁfl""s) = o(n;ﬁﬂ). To handle
— k—1

the second term in the right side of (4.37), note that if 6 < é, then the subsequence n; grows fast

/70 > e=1p, /5% Therefore, for k sufficiently large and

enough such that for all k large enough ni
o< % we have
P (EWT,%:) — i < sflni/_?_é) <P (EleEf:) — i < ni/s_6> .
However, EWT:SZI:) — g < n,lﬁ/s_(s implies that M; < EZj_lTIEfk) < n,lc/s_a for at least ny — 1 of the
J < ng. Thus, since P(M; > n,lc/sfd) ~ C’5n,:1+55, we have that
_ nE—1 s
P (EwTV(f’;) — i < 6‘1n,1f1+5) < ny, (1 - P (Ml > n,lc/s"s)) e . (4.38)

Therefore, for any € > 0 and § < 3—18 we have that

El:"k—l Tlgdk) —
P( —t ngl—s :o<n,:fi/2).
' k
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8s/2

By our choice of ny, the sequence n,_7'" is summable in k. Applying the Borel-Cantelli lemma

completes the proof. O

Corollary 4.4.4. Assume s < 1. Then P—a.s. there exists a random subsequence j, = jm(w) such
that
M, > m2EleSjm)

m—1"

Proof. Recall the definitions of ny and dj in (4.36). Then for any C' > 1, define the event
Dy.c = {3] € (nkfl,nk,l + dk/2] My > C (Eznkflflxifi + EZJTISg:))} .

Note that due to the reflections, the event Dy ¢ depends only on the environment from v, ,_p i
to vy, — 1. Then, since ni_1 — bg, > np—o for all k > 4, we have that the events {Day c}72, are
all independent. Also, since the events do not involve the environment to the left of 0 they have the
same probability under @) as under P. Then since @ is stationary under shifts of v; we have that

for k > 4,
P(Dyc) = QDrc) = Q (37 € [1.di/2): My > C (BT + EZT)).

Thus for any C' > 1, we have by Lemma 4.4.1 that liminfy_,., P(Dy ¢) > 0. This combined with
the fact that the events {Day ¢ }72 5 are independent gives that for any C' > 1 infinitely many of the
events Doy, ¢ occur P — a.s. Therefore, there exists a subsequence k,, of integers such that for each
m, there exists jn, € (ng,,—1,Mk,,—1 + dk,, /2] such that

My, > om® (B i) 4 B Tl ) = 2m? (B2 1) — )

Vg

where the second equality holds due to our choice of j,,, which implies that uy, A = EYm =t Tidem)

Vim

Then, by Corollary 4.4.3 we have that for all m large enough,

Mjm > 2m>2 (EZk,m—lT(dkm) N ,Ukm) > m2 (wa(dkm) _ Nkm> > m2EwT(dkm)

Vngm Yng,, Vim—17

where the last inequality is because i, = Ef,jm’lT,Efj"‘). Now, for all k£ large enough we have
ng—1+di/2 < dj. Thus, we may assume (by possibly choosing a further subsequence) that j,, < d,,

as well, and since allowing less backtracking only decreases the crossing time we have

M;,, > m2E T ) > m2 BT

Vim—1
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The following lemma shows that the reflections that we have been using this whole time really

do not affect the random walk. Recall the coupling of X; and Xt(n) introduced after (4.18).

Lemma 4.4.5.
lim P, (Tl,n_1 # T(”)l) =0, P-a.s.

Vp—
n— 00 "

Proof. Let ¢ > 0. By Chebychev’s inequality,
P (Pw (Tun_l ” Tﬁ:}l) > 5) <elp (T,,n_l 4 Tﬁj}l) .

Thus by the Borel-Cantelli lemma it is enough to prove that P (T V1 F TIEZL) is summable. Now,

the event T, =+ TLE:L implies that there is an ¢ < v,_1 such that after reaching i for the first

VUn—1
time, the random walk then backtracks a distance of b,,. Thus, again letting 7 = Epv we have
20(n—1)

P (T, #T0) S Pva1 2 20(n—1))+ Y. P'(Tiy, <)

VUn—1
i=0
= P(vp—1 > 20(n—1)) 4+ 20(n — 1)P(T_s, < o0)

As noted in Lemma 4.4.2, P(v,_1 > 20(n—1)) = O(e~9"), so we need only to show that nP(T_,, <
00) is summable. However, [GS02, Lemma 3.3] gives that there exists a constant C7 such that for
any k> 1,

P(T_ < 00) < e “7F. (4.39)

Thus nP(T_p, < 00) < ne~“"b» which is summable by the definition of b,,. O

We define the random variable Ny := max{k : In < ¢, X,, = 14} to be the maximum number of
ladder locations crossed by the random walk by time t.

Lemma 4.4.6.
VNt — Xt

lim 5 =0, P-—a.s.

t—o00 log (t)

Proof. Let § > 0. If we can show that > ;2 P(|N; — X;| > §log®t) < oo, then by the Borel-Cantelli
lemma we will be done. Now, the only way that N, and X, can differ by more than §log®¢t is if

either one of the gaps between the first ¢ ladder times is larger than ¢ log? ¢ or if for some i < t the

random walk backtracks dlog® ¢ steps after first reaching i. Thus,

P(|N; — X¢| > 6log?t) < P (3j € [Lit+ 1] 1 vj —vj_y > dlog”t) + tP(T (51024 < T1)  (4.40)
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So we need only to show that the two terms on the right hand side are summable. For the first term

we use Lemma 4.2.1 we note that
P(3j e, t+1]: v — vy >blog?t) < (t+ 1)P(v > dlog?t) < (t+ 1)CreC20008"
which is summable in ¢. By (4.39) the second term on the right side of (4.40) is also summable. O

Proof of Theorem 4.1.2:
By Corollary 4.4.4, P-a.s there exists a subsequence j,,(w) such that M; > mQEwTu(f;‘zl. Define
bt =t (w) = %Mjm and U, = um(w) =v;,,—1. Then,
tht — Um . 2
P, W ¢ [=6,0] | < Pu(Ne,, # Jm — 1) + Pw(|VN¢,,,L - X, | > dlog” t,) .
0g" lm
From Lemma 4.4.6 the second term goes to zero as m — oo. Thus, we only need to show that

lim P,(Ny,, = jm—1)=1. (4.41)

m—0o0

To see this first note that

Py (Nuy, < jm = 1) = Po (T, > t) < P (Toy, -, AT ) 4+ P (T, > 1) -

Vjm—1
By Lemma 4.4.5, P, (Tl,],wﬁ1 =+ T,Sj;:‘ll) — 0 as m — oo, P — a.s. Also, by our definition of ¢,, and
our choice of the subsequence j,, we have
B, mBEIYT 1

P, (Tlgf,':zl > tm) < P = M, e < % m:o 0.
m Jm

It still remains to show lim,, o, P, (NVt,, < jm) = 1. To prove this, first define the stopping times
T.f :=min{n > 0: X,, = z}. Then,

P, (N, < jm) = P,(T,

Vim

U %Mj'm
> ty,) > Bt (T ) )

Vim

1 o
> Mjm) > plim- (T+ <T
m

Vi —1 Vim

Then, using the hitting time calculations given in [Zei04, (2.1.4)], we have that

Vim—1 Vim

) R

plim— (T+ <T,
R

Vi —15Vjm —1

Therefore, since M: < R,. ., _1 we have
’ Jm Jm —1Vim

1 — Wy, #Mﬂn 1 %M‘irn
Pw(Ntm<jm)2<1—“”l> 2(1—M ) — 1,

Rujm—l’l’jm -1

thus proving (4.41) and therefore the theorem. O
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4.5 Non-local behavior on a Random Subsequence

There are two main goals of this section. The first is to prove the existence of random subsequences
Zm where the hitting times T, , are approximately gaussian random variables. This result is then
used to prove the existence of random times t,,(w) in which the scaling for the random walk is of the
order t7, instead of log2 tm as in Theorem 4.1.2. However, before we can begin proving a quenched
CLT for the hitting times T, (at least along a random subsequence), we first need to understand

the tail asymptotics of Var,T, := E,((T, — E,T,)?), the quenched variance of T},.

4.5.1 Tail Asymptotics of Q(Var,T, > z)
The goal of this subsection is to prove the following theorem:

Theorem 4.5.1. Let Assumptions 11 and 12 hold. Then with K., > 0 the same as in Theorem
4.1.4, we have

Q (Var,T, > z) ~ Q (E,T,)* > z) ~ Koz *?  asx — oo, (4.42)
and for any e > 0 and x > 0,
_ 1
Q (Vaery(") >an?*, M > n<175)/5> ~ Koz 2= asn — co. (4.43)
n

Consequently,

Q (Vaery > ont/*, My < n(lfe)/s) =o(n7h). (4.44)

A formula for the quenched variance of crossing times is given in [Gol07, (2.2)]. Translating to
our notation and simplifying we have the formula
Var,Ty = By(Ty — E,T1)* = 4(Wo + W) +8 i1 o(W; + W), (4.45)
i<0
Now, given the environment the crossing times 7; — 7;_; are independent. Thus we get the formula

— v—1

v—1
Var,T, =4 Z(Wj + sz) +8 Z Z iy (Wi + W7)

=0 i<j

NS
Il
= o

=4 (W; +W})+8Ro—1 (W_1 FW2 4+ > My (Wi + Wf)) (4.46)
Jj=0 i<—1

+8 > Mg (Wi + WD),

0<i<g<v
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We want to analyze the tails of Vaar,T, by comparison with (E,T,)?. Using (4.14) we have

2

v—1 v—1 v—1
(BT, = [v+2) Wi | =0 +40> W;+4Y WP +8 > W,W;.
j=0 j=0

=0 0<i<j<y

Thus, we have

v—1
(BE,T,)* = Var,T, =0 + 4 —1)Y Wi +8 > Wi(W; =Ty, — iy ;Wi)  (447)
=0 0<i<j<y
— 8R07V71 <W1 + WEl + Z Hi+1771(Wi + Wf)) (448)
i<—1
=: D" (w) —8Rp,— 1D (w). (4.49)

Note that D~ (w) and DT (w) are non-negative random variables. The next few lemmas show that
the tails of DT (w) and Ry, 1D~ (w) are much smaller than the tails of (E,T),)?.
Lemma 4.5.2. For any € > 0, we have Q (D" (w) > z) = o(z~51¢).
Proof. Notice first that from (4.14) we have v +4(v —1) Z;’;& W; < 2vE,T,. Also we can re-write
Wi — i1, — i1 ;W = Wigae ; when @ < j — 1 (this term is zero when i = j — 1). Therefore,
v—3 v—1
Q (DT (w) > ) <QRVELT, >x/2)+Q 8) " > WilWiya; > z/2
i=0 j=i+2

Lemma 4.2.1 and Theorem 4.1.4 give that, for any € > 0,

Q (2vE,T, > z) < Q(2v > log*(x)) + Q (EWT,, > f) =o(z~°").
log™(x)
Thus we need only prove that Q (ngg’ s WilWiga > :z:) = o(x %) for any € > 0. Note
that for ¢ < v we have W; = Wy ; + I ;W_1 <Tlp;(i + 1+ W_y), thus
v—3 v—1 v—3 v—1
Q Z Z WiWi+27j >x | < Q (Z/ + W_l) Z Z H07iWi+27j >
i=0 j=i+2 i=0 j=i+2
< Qv > log?()/2) + QUW_; > log(x)/2) (4.50)
log?(x)—3 log?(x)—1 "
+ >or (HOJWMJ > 6) , (4.51)
i=0 j=i+2 log”(x)

where we were able to switch to P instead of @) in the last line because the event inside the probability

only concerns the environment to the right of 0. Now, Lemmas 4.2.1 and 4.2.2 give that (4.50) is
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o(x~51¢) for any € > 0, so we need only to consider (4.51). Under the measure P we have that Il ;

and W;io ; are independent, and by (4.9) we have P(Wi42; > z) < P(W; > z) < Kyz~*. Thus,

HO,i)

Then because Epllj; = (Epp®)i™t =1 by Assumption 11, we have

< K; IOgGS(I)Z‘_SEP[HS)i] .

x
P (HO,iWi+2,j > 6) =Fp |P Wi+27j >
log” ()

IOgG (I)Ho,i

log?(z)—3 log?(z)—1

Z Z r (HOJWHQ’J' > Z) < K log*™% (2)2=% = o(x—*t°) .
i=0 log”(x)

j=i+2
O
Lemma 4.5.3. For anye > 0,
Q (D™ (w) > z) = o(z™*1*), (4.52)
and thus for any v < s,
EgD™ (w)” < 0. (4.53)

Proof. Tt is obvious that (4.52) implies (4.53) and so we will only prove the former. For any ¢ we

may expand W; + W7 as

2
Wit W2 = T+ | D M | = i+ > TF,+2) 0 I ,00,

k<i k<i k<i k<i k<i i<k
= Z Hk,i (1 —+ Hkﬂ' +2 Z Hl,i) .
h<i I<k

Therefore, we may re-write
D7 (w) =Wy + W2, + > My (Wi + W) = > > Ty (1 + 10, + 221@) . (4.54)
i<—1 i<—1k<i 1<k
Next, for any ¢ > 0 and n € N define the event
Eep = {Hj,i < e_c(i_j“), Von<i<-—1,Vj<i— n} — ﬂ ﬂ {11, < B_C(i_j+1)}-
—n<i<—1j5<i—n

Now, under the measure () we have that Il _; < 1 for all £ < —1, and thus on the event E., we
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have using the representation in (4.54) that

D (w)= > Y M (1 + g + 22%)

i<—1k<i i<k

< Z an,i(HH—l,—l + 10y —1) 42 Z Zﬂl,i +2 Z M ;
n<i<—1 \k<i i—n<k<i l<k I<k<i—n
Y (STt ¥ e,
i<—n \ k<i k<i 1<k<i
< > Q+n)Wi+2 Y kel
—n<i<—1 I<k<i—n
ec(i+1) o 260(i+1)
+‘Z <ec_1+€ W; + o 1 ZHM
1<—n I<i

2€7c(2n71) efc(nfl) o 2¢¢
<(2+n) Z Wi—|—( )—|- _1)2+Ze Wi(l—i- 1)

—n<i<-1 €= 1)3(65 +1 (ec i<—n e =
e(1 + %) 3e¢—1 ;
< (2 W; W 4.55
<( +n)_n<§;<_1 t e e @C—li;ne (4.55)
Then, using (4.55) with n replaced by |log? z| = b, we have
x
n < ¢ c(14e2¢ g > .
QD7) > 2) < Q(EL,) + 1 i ) +Q > Wi 3T (4.56)
b, <i<—1

i<—1

ci (ec_]')x

Now, for any 0 < ¢ < —Ep log p Lemma 4.2.1 gives that Q(II; ; > e °U—+1)) < P‘?fz)e"sc(j’”l) for

some ., A, > 0. Therefore,

o A 6*5971
EC,) < I, > e~li=iHD)y < 1€ °  _ p=den/2), 4.
Q( c,n) — Z Z Q( Js > e )— P(R)(@éc _ 1) 0(6 ) ( 57)
—n<i<—-1j5<i—n
Thus, for any 0 < ¢ < —FEplog p we have that the first two terms on the right hand side of (4.56)

are decreasing in z of order o(e=%+/2) = o(2~5*¢). To handle last two terms in the right side of

(4.56), note first that from (4.9), Q (W; > z) < 54~ P(W; > 2) < 224275 for any = > 0 and any

P(R) P(R)
i. Thus,
£ T
Q Z Wi>———]< Q <W,- > ) = o(2757%),
i 3(2 +by) L5 3(2 4 by)bs
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and since > 00, e /2 = (/2 — 1)71, we have

. c_1 > ) c_1 > .
o5 i 1) <o b o)

i<—1 i=1 =1

30 = G D e
=1

9ec — 3
Kl(gec — 3)5 —s = —csif2 __ —s
S TCIEE I D DU

i=1

Corollary 4.5.4. For anye >0, Q (Ry,—1D~ (w) > x) = o(xz~5¢).

Proof. From (4.11) it is easy to see that for any v < s there exists a K, > 0 such that P(Ry,—1 >
x) < P(Ryp > x) < Kyx™7. Then, letting 7_1 = o(...,w_2,w_1) we have that

Q (Roy—1D~ (w) > z) = Eq [Q (R07D_1 > D_‘”M‘f_lﬂ < K,x "Eq (D™ (w))".

Since v < s, the expectation in the last expression is finite by (4.53). Choosing v = s — § finishes

the proof. O

Proof of Theorem 4.5.1:
Recall from (4.49) that

(E,T,)* — DY (w) < Var,T, < (E,T,)* +8Ry,_1 D~ (w). (4.58)
The lower bound in (4.58) gives that for any § > 0,
QVar,T, >z) > Q ((E,T,)* > (1+ §)z) —Q(DF(w) > dz) .
Thus, from Lemma 4.5.2 and Theorem 4.1.4 we have that
liwrr_l)gf:rs/QQ(Vaer,, >x) > Koo(1+06)7%/2. (4.59)
Similarly, the upper bound in (4.58) and Corollary 4.5.4 give that for any § > 0,
QWVar,T, >z) <Q ((EwTy)2 > (1-— 5)3:) +Q (SROJ,_lD*(w) > 6:B) ,

and then Corollary 4.5.4 and Theorem 4.1.4 give

limsup 2°/2Q(Var,T, > x) < Koo(1 — 8)7%/2. (4.60)

r—00
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Letting 6 — 0 in (4.59) and (4.60) finishes the proof of (4.42).

Essentially the same proof works for (4.43). The difference is that when evaluating the difference
(EWT,E"))2 —Var,T'™ the upper and lower bounds in (4.47) and (4.48) are smaller in absolute value.
This is because every instance of W; is replaced by W,_, 11; < W; and the sum in (4.48) is taken
only over v_p, <14 < —1. Therefore, the following bounds still hold:

_ 2 _ _ 2
(EwTVW) ~ D¥(w) < Var, T < (EWTIE”)) +8Ry, 1D (w). (4.61)

The rest of the proof then follows in the same manner, noting that from Lemma 4.3.3 we have

_ 2
Q ((Elegn)> > an?/s, M > n(ls)/s) ~ Kooac’s/2%7 as n — oo. O

4.5.2 Existence of Random Subsequence of Non-localized Behavior

Introduce the notation:

_ _ 2 _ _
Pinw = EGVT | o2, o= BV (Tygn) _ MW) =Var, (TD(:‘) — ngl) . (4.62)
It is obvious (from the coupling of )_(t(n) and X;) that w; .. EZ'“ITW as n — oo. It is also true,

although not as obvious, that o7,

. Is increasing in n to Var, (T, —T,,_,). Therefore, we will use

the notation ;o = Eo ‘T, and O’ﬁoo’w = Var, (Tui — T,,i_l). To see that O’in)w is increasing
in n, note that the expansion for Vaer,Sn) is the same as the expansion for Var,T, given in (4.46)
but with each W; replaced by W,_, +1; and with the final sum in the second line restricted to
vy, <1< -1

The first goal of this subsection is to prove a CLT (along random subsequences) for the hitting

times T,,. We begin by showing that for any £ > 0 only the crossing times of ladder times with

M, > n1=9)/5 are relevant in the limiting distribution, at least along a sparse enough subsequence.

Lemma 4.5.5. Assume s < 2. Then for any €,0 > 0 there exists an n > 0 and a sequence

cn = o(n™") such that for any m < co

n
2 2
Q (Z Osmwln<nt-o/s > 0n /S> < cp.

i=1

Proof. Since 0?, maw < 0?, o 1t is enough to consider only the case m = oo (that is, the walk without
reflections). First, we need a bound on the probability of o7, , = Vary(T,, — T,,_,) being much

larger than M?. Note that from (4.58) we have Var,T, < (E,T,)? + 8Ro,,—1 D~ (w). Then, since
Ry,,—1 < vM; we have for any o, 3 > 0 that

nP

7’

Q (Var,T, > n* M; <n®) <Q (Ele, > 5

My < n“) +Q (SVD—(W) > ”%_Q) .
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By (4.15), the first term on the right is o(e=™"~""")

. To bound the second term on the right we
use Lemma 4.2.1 and Lemma 4.5.3 to get that for any o < 3

20—«

) < Qv >1log’n) +Q (D<w) W) = o(n~33079).

n
SvD™ > >
@ < ) 161og®n

Therefore, similarly to (4.15) we have the bound
Q (Var,T, > n?? My < n®) = o(n~ 3G (4.63)

The rest of the proof is similar to the proof of Lemma 4.3.1. First, from (4.63),

n n
2 2 2 2
Q (Z Ti 0wl M <n(i-21/s > 0N /S> <@ <Z Tioowlyr  cp20-517s > 00 /S>

- i,00,
=1 =1

+n@ (Vaerl, > n20=9/s < n(lfs)/s)

n
2 2 —e/8
=Q ( Tisowlys  cpra-gis >0 /S> +o(n~/%).

=1

Therefore, it is enough to prove that for any d,e > 0 there exists n > 0 such that

n
2 2/s _ —
Q <§ O—i,oo,wlgz <np2-9)/s > on / ) - O(TL 77)‘
i=1 e

We prove the above statement by choosing C' € (1, %)7 since s > 2, and then using Theorem 4.5.1
to get bounds on the size of the set {z <n:Var, (T, = T,,_,) € (nz(l_sck)/s, n2(1_sck71)/s]} for
all k small enough so that eC* < 1. This portion of the proof is similar to that of Lemma 4.3.1 and
thus will be omitted. O

Corollary 4.5.6. Assume s < 2. Then for any 6 > 0 there exists an ' > 0 and a sequence

¢ =o(n=") such that for any m < oo
Q <

2 2
>én /5> <Q (Z O mwln<n-o/s >
Q

n

Z (Uz'z,m,w - M?,m,w)

i=1

/
n -

> (5n2/5> <c

Proof. For any € > 0

Q ( Z (Uzz,m,w - /J‘zg,m,w)

3
Wl ™

i=1 i=1

n?/ ) (4.64)

+

& b
:uzz,m,wljwign(lfs)/s > 3n2/3> (4.65)

i

< 1
- 1)
+Q (Z |Ui2,m,w - /Jim,w} ].Mi>n(175)/s > 3n2/s> . (4.66)
=1

1=
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Lemma 4.5.5 gives that (4.64) decreases polynomially in n (with a bound not depending on m).
Also, essentially the same proof as in Lemmas 4.5.5 and 4.3.1 can be used to show that (4.65) also
decreases polynomially in n (again with a bound not depending on m). Finally (4.66) is bounded

above by
_ _ 0
Q (# {z <n:M;> n(lfs)/s} > n25> +nQ <’Vaer,Sm) - (EwTu(m))2‘ > 3712/525) ,

(1-e)/s
and since by (4.13), @ (#{i < n: M; > n(1=9)/s} > n%¥) < % ~ Csn~¢ we need only
show that for some € > 0 the second term above is decreasing faster than a power of n. However,

from (4.61) we have ‘VaerV(m) - (EWTV(m))2’ < Dt(w) +8Rp,—1 D (w). Thus

nQ (\Vamfu"”) ~ (BT 2 gn” HE) <nQ <D+<w) +8Ro,_1D” (w) > §n2/3_25> ,

and for any € < i Lemma 4.5.2 and Corollary 4.5.4 give that the last term above decreases faster

than some power of n. O

Since T,,, = > (T,, —T,, ,) is the sum of independent (quenched) random variables, in order
to prove a CLT we cannot have any of the first n crossing times of blocks dominating all the others
(note this is exactly what happens in the localization behavior we saw in Section 4.4). Thus, we
look for a random subsequence where none of the crossing times of blocks are dominant. Now, for

any d € (0,1] and any positive integer a < n/2 define the event
Ssma = {#{i Sonipd o€ Wm0 =20, 42, <m* Wj<on).

On the event Ss,, 4, 2a of the first én crossings times from v;_; to v; have roughly the same size
expected crossing times p; , ., and the rest are all smaller (we work with ,uinyw instead of ft; .0

2
i,1n,w

so that comparisons with o are slightly easier). We want a lower bound on the probability of
Ssn,a- The difficulty in getting a lower bound is that the sz,mw are not independent. However, we
can force all the large crossing times to be independent by forcing them to be separated by at least
b,, ladder locations.

Let Zs o be the collection of all subsets I of [1,0n] NZ of size 2a with the property that any

two distinct points in I are separated by at least 2b,. Also, define the event

Ain = {N?,n,w € {n2/5,2n2/5>}.
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Then, we begin with a simple lower bound.

Q(Sé,n,a) Z Q U m Ai7n ﬂ {iu’?,n,w < ’I’LQ/S}

I€T5,,0 \i€l  je[l,on]\I
= > Q[N4~ N {uimw < nz/s} . (4.67)
[€Tsna  \i€l  je[lon)\I

Now, recall the definition of the event G, ,, . from (4.33), and define the event
Hipne = {Mj <n17e)/s for all j € [i — bn,i)} .

Also, for any I C Z let d(j,I) := min{|j — ¢| : i € I} be the minimum distance from j to the set I.
Then, with minimal cost, we can assume that for any I € 75, , and any € > 0 that all j ¢ I such

that d(j,I) < b, have M; < n(1=)/s_ Indeed,

@ (mAi,n N s <o)

el jE[L,0n\I
> Q m (Az,n N Gi,n,s N Hi,n,e) ﬂ {/Limw < n2/5}
icl J€[1,6n]:d(4,1)>b,
o U ez <o)

JEIL,d(5,1)<by,

> H Q(AL,TL N Hi,n,a)Q m Gi,n75 ﬂ {/J?’n’w < nz/s}

iel iel FE[,6n]:d(4,T)>bn

— 4ab,Q (EWT,, > pl/s My < n(l_e)/s) . (4.68)

From Theorem 4.1.4 and Lemma 4.3.3 we have Q(A; ,,) ~ Koo(1 —27°/2)n~1. We wish to show the
same asymptotics are true for Q(A; , N H; ) as well. From (4.13) we have Q(ans) < b, Q(M; >
n(1=2)/5) = o(n=1%2¢). Applying this, along with (4.13) and (4.15), gives that for ¢ > 0,

QAin) < QAin N Hi ) +Q (My > n0=9*) QUHE,, ) + Q (BT, > n'/*, My < n1-9)/*)

).

_pe/(59)

=Q(Ajn N Hipne)+o(n 213) +o(e
Thus, for any € < % there exists a C. > 0 such that

Q(Az,n N Hi,n,s) 2 Csn_1~ (469)
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To handle the next probability in (4.68), note that

Q m Gi,n,e ﬂ {M?)mw < n2/s} >Q ﬂ {M?,n,w < n2/s} -Q <U G?,n,e)
icl J€[1,6n]:d(4,1)>b, JE[1,6n] icl
>Q (Ele,n < nl/S) —2aQ(G¢ )
=Q (Ele," < nl/s> —ao(n~112). (4.70)

Finally, from (4.15) we have 4ab,,Q (EwT,, >nl/s My < n(l_a)/s) = ao (e‘"a/(m). This, along with
(4.69) and (4.70) applied to (4.67) gives

Q (Ssna) = #(Tsn.a) [(Canfl)% (Q (E“,T,,n < nl/s) - ao(n*ms)) _ao (e*””“‘”‘))] .

5n) < (6n)3°

o T To get a lower bound on #(Zs,,,,) We note

An obvious upper bound for #(Zs ) is (
that any set I € Zs,, o can be chosen in the following way: first choose an integer i; € [1,0n] (én
ways to do this). Then, choose an integer iz € [1,0n|\{j € Z : |j —i1] < 2b,,} (at least on — 1 — 4b,,
ways to do this). Continue this process until 2a integers have been chosen. When choosing i, there

will be at least dn — (j — 1)(1 + 4b,,) integers available. Then, since there are (2a)! orders in which

to choose each set if 2a integers we have

@) o7 >12a5 i —1)(1+4b,)) >
_#( 5,n,a)_(2a)!j];[1(n7(]7 )( + ﬂ))—

(6n)2a (2a — 1)(1 +4b, )\ **
(2a)! (1 on > '

Therefore, applying the upper and lower bounds on #(Zs,.q) We get

Q (Sé,n,a) > (506;2(1 (1 - (2a — 1>(1 + 4bn)>2a (Q (EwTyn < nl/S) — ao(n*1+25)>

)
(571)2“ (en.e/(fss:; .

Recall the definitions of dj, in (4.36) and define
ar = |loglogk] V1, and J :=a}" . (4.71)

Now, replacing §,n and a in the above by &, dr and ay respectively we have

2a _ 2ay

2ak e/(6s
i, ()
Qg ):
(6kc’s)2ak
(2ak)'

(1+0(1)) (Lspr (1) = 0(1)) = o(1/F). (4.72)
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The last inequality is a result of the definitions of d, ar, and dj (it’s enough to recall that dj >

227" gy ~ loglogk, and &), ~ m) as well as Theorem 4.1.1. Also, since 8§ = a;' we

get from Sterling’s formula that (5’226; )), ~ (CEZ/:L):%. Thus since ap ~ loglogk, we have that

3= (%) This, along with (4.72), gives that Q (Ss,,d,,q,) > 7 for all k large enough.
We now have a good lower bound on the probability of not having any of the crossing times of the
first dxdy blocks dominating all the others. However for the purpose of proving Theorem 4.1.3 we
need a little bit more. We also need that none of the crossing times of succeeding blocks are too

large either. Thus, for any 0 < § < ¢ and n € N define the events
cn cn
Ué,n,c = { Z Hinw < 2n1/s} ) Ué,n,c = { Z Hin,w < nl/s} .
1=0n-+1 1=0n+b,+1

Lemma 4.5.7. Assume s < 1. Then there exists a sequence ¢, — 00, ¢, = o(logay) such that

o0

Z Q (Sémdk,ak N Uék,dk,0k> = 00.
k=1

Proof. For any § < ¢ and a < n/2 we have

Q (Sé,n,a n Ué,n,c) >Q (Sé,n,a) Q (Ué,n,c> -Q <Z Hin,w > n1/5>
=1

nl/s
Z Q (85,n,a) Q (E Tz/pn S n ) - an (EwTV > b )

> Q(Sina) Q (BT, <nlV*) —o(n2), (4.73)

where the last inequality is from Theorem 4.1.4. Now, define ¢; = 1 and for k£ > 1 let

. 1
c%:zmax{cEN Q( Ty, <d1/)210gk}\/1

Note that by Theorem 4.1.1 we have that ¢}, — oo, and so we can define ¢;, = ¢}, Aloglog(ax). Then

applying (4.73) with this choice of ¢ we have

ZQ S6k,dk,ak m Uék,dk,ck 2 Z |: Sék,dk ag Q <EWTVckdk S d]];;/s) - O(dlzl/2>:| = 007
k=1

k=1

and the last sum is infinite because d,;l/ ? is summable and for all k large enough we have

1/s 1
Q<85k,dk,ak)Q (E Tyckdk < dk/ ) 2 klogk
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Corollary 4.5.8. Assume s < 1, and let ¢, be as in Lemma 4.5.7. Then, P-a.s. there exists a
random subsequence ny, = ng, (W) of ng = 22" such that for the sequences Qp, B, and v, defined
by

Q1= N, 1, B = N, -1 + Ok, dk,,, Ym = My =1+ Chy i, (4.74)
we have that for all m

Bm

2 2/s 1 5
max | Hi <2 < — : 475
i€ (am) st = S = i:azzﬂm’dk” w (4.75)
and
Y y
S
Z ui’dknww § Qdkm :
Bm+1

Proof. Define the events

S, = {# {Z € (nk—1,nk—1 + Opdg) : ,uidkw € [di/s,Zdi/s)} = Qak}
N {:U‘?,dk,w < Qdi/s Vj € (ng—1,ng—1 + 5kdk}} ,

nk_1+cpdy

/ 1/s
Uy = Z iy o <= Qdk/
ng—1+0kdr+1

Note that due to the reflections of the random walk, the event S; N Uj, depends on the environment
between ladder locations ng_1 — bg, and ng_1 + cxdy. Thus, for ko large enough {S5, N Uék}?:ko
is an independent sequence of events. Similarly, for k large enough S;, N Uj, does not depend on the

environment to left of the origin. Thus
P(Sllg N UIQ) = Q(Sl/c N Ul,c) =Q (S5k-,dk7ak N Uékvdk,ck)

for all k large enough. Lemma 4.5.7 then gives that Y ;- , P(S5, NUS,) = oo, and the Borel-Cantelli
lemma then implies that infinitely many of the events S5, N Uj, occur P — a.s. Finally, note that

Sy, implies the event in (4.75). O

Before proving a quenched CLT (along a subsequence) for the hitting times T,,, we need one
more lemma that gives us some control on the quenched tails of crossing times of blocks. We can
get this from an application of Kac’s moment formula. Let T, be the hitting time of y when we
add a reflection at the starting point of the random walk. Then Kac’s moment formula [FP99, (6)]
and the Markov property give that E%(T,)? < j! (EjﬁTy)j (note that because of the reflection at x,
E*(T,) > E*(T,) for any 2’ € (z,y)). Thus,

E:Iifl(TlS:l))j < Elicicte (Ty )j <4 (E{Zi—lfbnfui)j <! (EZz‘flfbnTVi71 +Mi,n7w)j- (4.76)

7



CHAPTER 4. QUENCHED LIMITS: ZERO SPEED REGIME 68

Lemma 4.5.9. For any e < %, there exists an n > 0 such that
Q (Eli <n, jeN:M;>nl-o/s Ezifl(TlEi"))j > j!2j,ug7n7w) =o(n™").
Proof. We use (4.76) to get
Q(Fi<n jEN:M>n=s  Ei (T > i, )
<Q (Eli <n:M; > n(lfa)/s, Ejimtmbn Tui,l > ,Uz',n,w)
<nQ (Ml >np=9)/s BT, > n(lfs)/s>

—nQ (Ml > n(lfa)/8> 0 (Ez—bn, T > n(ke)/s) 7

where the second inequality is due to a union bound and the fact that p; .. > M;. Now, by (4.13)
we have n@ (M1 > n(l’e)/s) ~ Csn®, and by Theorem 4.1.4

(1—2)/s
Q(BL Ty >n079/%) <b,Q (EWTV > "b> ~ Koobiton e,
Therefore, @ (3 <n, j€N: My >n(=9/, ESNTPP > j2igl, )=o) O

Theorem 4.5.10. Let Assumptions 11 and 12 hold, and let s < 1. Then P — a.s. there exists a
random subsequence ny, = ng, (w) of ng = 22" such that for am, Bm and v, as in (4.74) and any

sequence T, € [V3,,,Vy,,], we have

Tz - EwT;E
lim P, ( < y) = d(y), (4.77)
m—0oo v Um,w

where

Proof. Let ny,, (w) be the random subsequence specified in Corollary 4.5.8. For ease of notation, set

am = ar. and d,, = di. . We have

m m

Brm Ym
~ 1 ) ~
2 2/s Z 2 _ Umw 2 : B 1/s
ZE(IOIt/la}% ]ui7dm'7w g 2dm S &m Ni,dm7w o am ’ and uiadnnw S 2dm !
o i=am,+1 i=Bm+1

Now, let {x,,}7°_; be any sequence of integers (even depending on w) such that z,, € [vg,,,V,.]-

Then, since (Ty,, — EuTy,,) = (Ty,, — BTy, )+ (Tn,, —T,., — ES™Ty,,), it is enough to prove

am

Tyam - EwTy

xm

VU"HL
Txm - TVam - Ew Txm D

Do, 22 7 ~ N(0,1) (4.78)

, and
Um,w Um,w
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where we use the notation 7, P, 7 to denote quenched convergence in distribution, that is
lim,, o Py(Z, < 2) = P,(Z < z), P— a.s. For the first term in (4.78) note that for any € > 0, we

have from Chebychev’s inequality and v, . > cﬁ,{ ®. that

P, 1., —FET.,, > < VaryT,, < VaryT,, .
N £20m e2d%/¢

Thus, the first claim in (4.78) will be proved if we can show that Var,T,, = o(cﬁn/s). For this we

need the following lemma:
Lemma 4.5.11. Assume s < 2. Then for any > 0,
P (Vaer,jn > n2/8+6) = 0(n‘5$/4) )

Proof. First, we claim that

Ep(Var,T1)" < oo for any v < ; . (4.79)

Indeed, from (4.45), we have that for any v < § <1
Ep(Var,T) < A7Ep(Wo +W5)" + 87 Ep (I}, o(W; + W2)?)
i<0
= 47EP(W0 + WOQ)A/ + 87 Z(Eppg)iEp(Wo + WOQ)W,
i=1
where we used that P is i.i.d. in the last equality. Since Epp] < 1 for any v € (0, s), we have that
(4.79) follows as soon as Ep(Wo+W§g)? < oo. However, from (4.9) we get that Ep(Wo+Wg)7 < oo
when vy < 5.
As in Lemma 4.4.2 let » = Epv. Then,

P (Vaer,,n > n2/3+5) < P(Var,Top, > n2/3+5) + P(v, > 2in).

As in Lemma 4.4.2, the second term is O (e"sl”) for some ¢’ > 0. To handle the first term on the

right side, we note that for any v < 5 <1

20 v
Ep ( oy Var, (Ty, — Tk—1)) _ 2onEp(Var,T;)
n(2/s+96) - n(2/5496)

P(Var,Topn > n?*10) < (4.80)

Then since Ep(Var,T1)Y < oo for any v < 3, we can choose 7 arbitrarily close to § so that the last

term on the right of (4.80) is o(n=9%/4). O

As aresult of Lemma 4.5.11 and the Borel-Cantelli lemma, we have that Var,T,, = O(ni/SH)
= oo ™" = o(n*7) = o(dil")

(in the last equality we use that di ~ ny to grow much faster than exponentially in k).

for any 6 > 0. Therefore, for any & € (0, 2) we have Var,T),

S am
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For the next step in the proof, we show that reflections can be added without changing the
limiting distribution. Specifically, we show that it is enough to prove the following lemma, whose

proof we postpone:

Lemma 4.5.12. With notation as in Theorem 4.5.10, we have

m—00

, Tz(dm) _ EYem Tz(dm)
lim P,*m “ “
vV Um,w

Assuming Lemma 4.5.12, we complete the proof of Theorem 4.5.10. It is enough to show that

< y) = ®(y). (4.81)

lim Py (T4 £ T, )=0, and lim ES (T, —Ti)) =0. (4.82)

m—0o0 m—00 mk"”

Recall that the coupling introduced after (4.18) gives that Ty, — ngif") > 0. Thus,

Pgam (T((im) # Twm) = P:am (Txm - Téi’") 2 1) < Ezam (Ta:m - T(&M))-

Tm Tm

Then, since z,,, < v,,, and vy, = ng,,—1 + Ck,, czm < ny,, +1 for all m large enough, (4.82) will follow
from

Jim B (T,,nHl - TSZL) =0, P-as. (4.83)
To prove (4.83), we argue as follows. From Lemma 4.3.2 we have that for any € > 0

€ s
) =nE10 (”2-1—16 J bdk) .
k41

Unpyr

Q (E:Jnk_l <T - Ty(f:il) > 6) <npy1@ (EWTV — EleEdk) >

Since ny ~ dj, the last term on the right is summable. Therefore, by the Borel-Cantelli lemma,

lim E,"* (Tu,w — Tdw) ) =0, Q-a.s. (4.84)

k—o0 Yrg41

This is almost the same as (4.83), but with @ instead of P. To use this to prove (4.83) note that

for ¢ > b, using (4.19) we can write
EZT,, — EgifszS?) = Ain(w) + Bin(w)W-_1,

where A; ,(w) and B; ,,(w) are non-negative random variables depending only on the environment to
the right of 0. Thus, E., " (T,,n,c+1 — Ty(ff:il) = Ay, (w) + By, (w)W_1 where Ag, (w) and By, (w)
are non-negative and only depend on the environment to the right of zero (so Ag4, and By, have
the same distribution under P as under Q). Therefore (4.83) follows from (4.84), which finishes the

proof of the theorem. O
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Proof of Lemma 4.5.12. Clearly, it suffices to show the following claims:
7(sz) 7(d~m) VBm 7(02771)
Ty, =Ty, — BTy
u o m_ Pe, (4.85)
vV VUm,w

and ) : :
T’Sdm,) . Tlgdm) . EZam, Tlgdm)
) = T P g N(D,1). (4.56)
Um,w
To prove (4.85), we note that
) — ) _ gl i) Varg (T8 — 1)y Y% a0h
Py 2e| < < ;
Um,w EQUmaW 52dm(i27‘r{s

where the last inequality is because x,,, < v, and vy, o, > &mcﬁ,{ *. However, by Corollary 4.5.6 and

the Borel-Cantelli lemma,

Im Tm
2. = 2 7 \2/s
Z o-iad'nuw - Z Mi,dyn,(_u + 0 ((Ck'm dm) ) .
i=Bm+1 i=Bm+1

The application of Corollary 4.5.6 uses the fact that for k large enough the reflections ensure that
the events in question do not involve the environment to the left of zero and thus have the same
probability under P or Q. (This type of argument will be used a few more times in the remainder

of the proof without mention.) By our choice of the subsequence ny, we have

TYm Ym 2 ~
Yooma LS D Mgl | S4ad
1=Fm+1 i=Bm+1
Therefore,
. ngdm) _ Tu(gm) _ EVpm ngcim) ' 4&%5 4o ((Ckmjm)Z/s)
lim P, - m T 1 >e] < lim =73 =0, P—a.s.
m—0o0 /vm’w m— oo 52dmdn{b

where the last limit equals zero because ¢, = o(log ay).

It only remains to prove (4.86). Since re-writing we express

] ] o B
Tl = Tl — B T = 3 (@) = T00) =g )
i=m+1

as the sum of independent, zero-mean random variables (quenched), we need only show the Lindberg-

Feller condition. That is, we need to show

Z U?J ,=1 P-as (4.87)

mMm—00 Uy
B
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and for alle >0

B ) )
Vi P(dm) _ - - — _
Y By [(Tw Hidy o) llTéfm)—ui,gm,pe\/m)] =0, P—as (4.88)

1=, +1

lim
m— 00 vm,w

To prove (4.87) note that

Bom Bm 2 2
1 Z 2 —+ Zi:am+1 (O-ivdmﬂ’-’ /u@dmﬁu

. =1
1y dm ,w

Um,w Um,w

1=am+1
However, another application of Corollary 4.5.6 and the Borel-Cantelli Lemma implies that

Bm

Y (0l L) =0 ((5kmdm)2/s) :

i=m+1
Recalling that vy, o, > &md?,{s, we have that (4.87) is proved.
To prove (4.88) we break the sum up into two parts depending on whether M; is “small” or

“large”. Specifically, for ¢’ € (0, %) we decompose the sum as

Bm
1 o~ 2
EVi-1 |:<T(dm) — 5 ) 1 _ T :| 1 (1—e)/s 4.89
D D (G L B T (459
Brm
1 Vi = (d, 2
+ — Z sz 1 |:(Tlgl m) _ 'U’LJmWJ) 1|T,£fz7")—,uv . >€\/m:| 1Mi>cz£71;5/)/s~ (490)
W ima,+1 ’ e :

We get an upper bound for (4.89) by first omitting the indicator function inside the expectation,
and then expanding the sum to be up to ny,, > 3. Thus (4.89) is bounded above by

Bm Nk,
1 0',2 = 1 s(1—e’)/s < 1 0',2 = 1 s(1—el)/s -
Vmnw Z Gydm,w ™ M;<dp, T Umw Z Gydm,w ™ M;<dp,
T i=ag,+1 i=ng,, —1+1

However, since dj grows exponentially fast, the Borel-Cantelli lemma and Lemma 4.5.5 give that

ng
3 0% oLy, cap—e = o(d2*). (4.91)
i=np_1+1
Therefore, since our choice of the subsequence ny,, gives that v, ., > cfzn{ *, we have that (4.89) tends
to zero as m — oo.
To get an upper bound for (4.90), first note that our choice of the subsequence ng, gives that
E/Umw = 5\/@%’&%“) for any i € (@, Bm]. Thus, for m large enough we can replace the indicators
inside the expectations in (4.90) by the indicators of the events {Ty(fm) > (1 —I—E\/a),uid }. Thus,

m W
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for m large enough and i € (ayy, O], we have

—/F 2
EVi-t | (T(dm) _ - 1 .-
w Vi Mz,dm,w ‘T’S?m)iu’i,d_m‘w‘>€ /7vm,w

~ 2
Vi— T (dm) _ - .
S Ew 1 [(Tyl /’l’i7d7n7w) 1Tz£;lm)>(1+5‘/&m)“i,i,n,w:|

S Iy (ngm >(1+ €~/&m)ui,gm,w) (4.92)
—l—/ PYi-1 (Tlffm) > xuijm’w) 2(x — 1)/1?01"1 Lz
1+eVam o

We want to use Lemma 4.5.9 get an upper bounds on the probabilities in the last line above. Lemma
4.5.9 and the Borel-Cantelli lemma give that for k large enough, E. (Ty(fl’“))J < ij!uidbw, for
all ng_1 < i < ng such that M; > d,(clfsl)/s. Multiplying by (44 4, )7 and summing over j gives
that EZ'i’leﬂii © /(i ay,0) < 2. Therefore, Chebychev’s inequality gives that

. = - oy TR ; -
U (TS > g o) < e AEL T G < geme/i,

Thus, for all m large enough and for all ¢ with «a,, < ¢ < 8, < ny,,, and M; > JQ‘E')/S we have
from (4.92) that

5 2
Vi— (dm) _ ~ .
Ew 1 |:(Tl/7, Mi7d7n7w> 1|T,£;im)_,u.,iy(i"“u>6\/m:|
0o
< iy g, 20TV +/ 212z — V)p?; _da
1+evam ms

= (%Qdm +16(4 + s@)) e~ (I+evam)/4,2

Byl ,w
Recalling the definition of vy, ., = Zf;‘amﬂ ,ufj _» We have that as m — oo, (4.90) is bounded
above by
Bm

lim
m—00 U, w

i=am+1

< lim (26% 4+ 16(4 + /@) ) (VI — 0,
This finishes the proof of (4.88) and thus of Lemma 4.5.12. O

Proof of Theorem 4.1.3:
Note first that from Lemma 4.4.2 and the Borel-Cantelli lemma, we have that for any ¢ > 0,

E.T,,, = o(n,(€1+5)/s), P — a.s. This is equivalent to

) log E,T,, 1
limsup ——* < -, P —a.s. (4.93)
k—oo  l0gmg s
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We can also get bounds on the probability of E,T,, being small. Since EZ"’ITZ,I. > M; we have
P (Ele,n < n<1*€>/5> <p (Mi <n(-9/5 vi< n) < (1 _P (M1 > n<1*5>/5))",

and since P(M; > n(179)/%) ~ Csn=1*¢ see (4.13), we have P (E,T,, < n(179)/%) < e=""*. Thus,

nél—s)/s

by the Borel-Cantelli lemma, for any € > 0 we have that E,T,, > for all £ large enough,

P — a.s., or equivalently
log E,T,, 1
liminf ——* > - P —a.s. (4.94)
k—o0 log Nk S
Let ny,, be the subsequence specified in Theorem 4.5.10, and define t,,, := E,T,, . Then, by (4.93)

and (4.94), lim,, oo p28im —1/s,

log ng,,

For any ¢ define X} := max{X,, : n <t}. Then, for any = € (0,00) we have

X*
B I

nkm
-p (kam - Ewa"km > EwT"km - Emekm)
=P, .
\/’Um,w \/'Um,w

Now, with notation as in Theorem 4.5.10, we have that for all m large enough vg,, < zn

< Yy

m

Do, 7 ~ N(0,1).

Tony —BoTon,

(note that this also uses the fact that v,,/n — Epv, P—a.s.). Thus

SO
Then, we will have proved that lim,, .. P, (f;m < x) = % for any x € (0,00) if we can show
E, T, — E,T.
lim —m T g P _g.s. (4.95)

m— o0 /Um,w

For m large enough we have ny, ,xng, € (vg,,,V, ). Thus, for m large enough,

EoTony, — BoTn, ‘ < EZ%T”W _ 1 Esm (T — T(Jm)) + iﬂ: Mg
NG T Ve Ve \ N ) L P

Since i < B < Y < N, 41 for all m large enough, we can apply (4.83) to get
. Vg, — A(dm) : Vam _ pldm) =
rr}gnoo Ee (TVWm Tum ) = 'rr}gnoo Eo (T”"kmﬂ T”"ka) =0

72

Also, from our choice of ng_ we have that Zz!ﬁmﬂ Hid, w < 2&%5 and vy, > dmdwfs. Thus

(4.95) is proved. Therefore

m

X; 1
lim P, (tm < x) =50 Vo €(0,00),

m— oo Nk,

*

X . . . .
fm < 0) = 0 since X, is transient to the right P —a.s. due to Assump-

and obviously lim,, .. P, (nk

tion 11. Finally, note that

X;—-Xy Xf-vN,  vN —Xi < max;<¢(V; —vi—1)  Un, — Xt

= + +
log?t log?t log?t — log?t log?t
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However, Lemma 4.4.6 and an easy application of Lemma 4.2.1 and the Borel-Cantelli lemma gives

that
X —-X
lim t72t =0, P-a.s.
t—o0o log t
This finishes the proof of the theorem. O

4.6 Asymptotics of the tail of £, T,
Recall that E,T, = v + 22;:& W;=v+ 22i§j70§j<y IL; ;, and for any A > 1 define
oc=o04=inf{n >1:1p,—1 > A}.

Note that o — 1 is a stopping time for the sequence Il ;. For any A > 1, {o > v} = {M; < A}.
Thus we have by (4.15) that for any A > 1,

Q(E,T, > x,0>v)=Q(E,T, >z, M; < A) =o(z™%). (4.96)

Thus, we may focus on the tail estimates Q(E,T, > x,0 < v) in which case we can use the following

expansion of E,T,:

ET, =v+2 Z IT; ; + 2 Z IT; ; + 2 Z IL ; + 2 Z IL; 5

1<0<j<o—1 0<i<j<o—1 o<i<j<v 1<o—1<j<v
o—2 v—1
=v+ 2W71R0’J,2 + 2 Z WO,j +2 Z Ri,ufl + 2W071(1 + Rmufl) . (497)
7=0 =0

We will show that the dominant term in (4.97) is the last term: 2W,_1(1 4+ Ry ,—1). A few easy
consequences of Lemmas 4.2.1 and 4.2.2 are that the tails of the first three terms in the expansion

(4.97) are negligible. The following statements are true for any ¢ > 0 and any A > 1:

Q(v > dx) = P(v > dz) = o(x™?), (4.98)

Q(2W,1R070—,2 > dx,0 < V) < Q(W,1 > \/%) + P(2R070—,2 > \/E,O' < V)

< Q(W_1 > Vox) + P(2vA > Vox) = o(z™*), (4.99)
o—2 o—1
Q12 Z Wy >o0x,o<v ]| <P|2 ZjA > dr,0 <v| < PWPA>éx)=o(x%). (4.100)
Jj=0 j=1

In the first inequality in (4.100), we used the fact that IT; ; < Il ; for any 0 < i < v since I ;1 > 1.
The fourth term in (4.97) is not negligible, but we can make it arbitrarily small by taking A

large enough.
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Lemma 4.6.1. For all 6 > 0, there exists an Ag = Ao(d) < oo such that

P2 Y Ri,1>0z|<dx®, VA= Af).

oa<li<v

Proof. This proof is essentially a copy of the proof of Lemma 3 in [KKS75].

P12 Z Ri,y—l >d0x | <P Z R; > gl‘ =P (Z 10A§i<uRi > gw% ;i—2>

oa<i<v oa<i<v i=1
[eS)
30 ._
S ZP <10'A<i<DRi > l’;'& 2 .
i=1

However, since the event {o4 < i < v} depends only on p; for j <4, and R; depends only on p; for

j > i, we have that

= )
P2 > Riy1>dx gZP(0A§i<y)P(R¢>xi22'2>.

oa<i<v =1

Now, from (4.11) we have that there exists a Ky > 0 such that P(Ry > z) < Kj2~° for all x > 0.
We then conclude that

(S 9

3 —S8 o0
P Z Riy_1 >0z | <Ky (> z*SZP(UA§i<V)i28

=1
35 —s oo .
= Kl (71-2> "IJ_SEP Z 10’A<7;<1/Z25‘|
i=1

30\ °
<Ky (7r2> T Eplv*T1,,..]. (4.101)

3

oa<i<v

Since Epv?**t! < oo and lima_o, P(0a < v) = 0, we have that the right side of (4.101) can be
made less than dxz~* by choosing A large enough. O
We need one more lemma before analyzing the dominant term in (4.97).

Lemma 4.6.2. Eg [WSA_110A<,,] < oo for any A > 1.

Proof. First, note that on the event {c4 < v} we have that I, ,, 1 <1y ,,—1 for any i € [0,04).
Thus,
Wooc1 =Wooao1 + oo Wo1 < (0a+W_1)ps,—1.

Also, note that Iy 5,1 < Aps,—1 by the definition of 4. Therefore

Eq [W(‘TSA—110'A<V} < Eq [(‘TA + W—l)sASlD(STA—l]‘UA<V}
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Therefore, it is enough to prove that both Eg [Wilp§A7110A<y] and Eq [Ujp§A7110A<,,] are finite
(note that this is trivial if we assume that p has bounded support). Since W_; is independent of

Ps —11o4<» We have that
Eq [WilpfrA—lloA<V} = EQ[WE1]EP[P§A—110A<VL

where we may take the second expectation over P instead of @ because the random variable only
depends on the environment to the right of zero. By Lemma 4.2.2 we have that Eg[W?;] < occ.

Also, Epp}, 115,<v] < Ep[05p5, _110,4<v], and so the Lemma will be proved once we prove the

latter is finite. However,

Ep [UixpgA—llaAc»] = ZEP [kspi_llcm:k@] < ZkSEP [PZ—llkéu] )
k=1 k=1

and since the event {k < v} depends only on (pg,p1,...pr—2) we have that Ep [Pi_llkgu] =

Epp*P(v > k) since P is a product measure. Then since Epp® = 1 we have that
oo
Ep [ai‘pZA_llgAQ,] < Zk:SP(V > k).
k=1

This last sum is finite by Lemma 4.2.1. O

Finally, we turn to the asymptotics of the tail of 2W,_; (14 Ry,,—1), which is the dominant term
in (4.97).

Lemma 4.6.3. For any A > 1, there exists a constant K4 € (0,00) such that

lim 2°Q (Wo—1(1+ Rop—1) > 3,0 <v) = Kyu.

r— 00

Proof. The strategy of the proof is as follows. First, note that on the event {o < v} we have
Wo_1(1+ Ry) = Ws_1(1+ Rop—1) + Wo11ls ,—1 R, We will begin by analyzing the asymptotics
of the tails of W,_1(1 + R,) and W,_11I,,_1R,. Next we will show that W,_1(1 + R, —1) and
Wy_11ls,—1 R, are essentially independent in the sense that they cannot both be large. This will
allow us to use the asymptotics of the tails of W,_1(1 + R,) and W,_111,,_1 R, to compute the
asymptotics of the tails of Wy_1(1 + Ry,—1)-

To analyze the asymptotics of the tail of W,_1(1 + R, ), we first recall from (4.11) that there exists
a K > 0 such that P(Ry > z) ~ Kz=*°. Let Fo—1 = 0(...,ws—2,ws—1) be the c—algebra generated

by the environment to the left of o. Then on the event {o < oo}, R, has the same distribution as
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Ry and is independent of F,_1. Thus,

lim 2°Q(Wo—1(1+ R,) > 2,0 <v) = lim Eq [st (1 + Ry > WL,J <v

=)

s—00 z—00 o1
=KEq Wi 11,0]. (4.102)
A similar calculation yields
xh_)H(;lo 2°Q Wo-1llg 1Ry, > z,0 <v) = xh_)rrolo Eq {xSQ (RV > #r[o,u—l7o- <v .7:,,1>}
=Eq [W;_ 115, 11,0 K. (4.103)
Next, we wish to show that
lim 2°Q Wy—1(1+ Rop—1) > ez, Wo_1lly 1R, > ez, 0 <v) =0. (4.104)

Tr—00

Since 11,1 < % on the event {o < v} we have for any ¢ > 0 that

2°Q Wo1(1+ Ro 1) > ez, Wo_11l5 1R, > ex, 0 < v)

<2°Q (Woo1(14+ Rop—1) > ex,Wy_1R, > Acz,0 < V)

ET ET
=a°F, 1 v— Y Y o— v A o— 1<
{70 |:Q ( + Ra, 1> WU,1 |.7: 1) Q (R > ngl |.7: 1> < :|

EX
We_1

< Eo [asSQ (1 + R, > |]-"g_1> Q (R,, > AW” |f(,_1> 1(,@] : (4.105)

-1

where the equality on the third line is because R, ,_; and R, are independent when o < v (note
that {o < v} € F,_1), and the last inequality is because R,,_1 < R,. Now, conditioned on F,_1,
R, and R, have the same distribution as Ry. Then, since by (4.11) for any v < s there exists a
K., > 0 such that P(14+ Ro > z) < K 277, we have that the integrand in (4.105) is bounded above
by K3€_27W31110<,,a:3_27, Q — a.s. Choosing v = § gives that the integrand in (4.105) is @ — a.s.
bounded above by K §6’5W5_110<V which by Lemma 4.6.2 has finite mean. However, if we choose
v = s then we get that the integrand of (4.105) tends to zero @ — a.s. as * — oo. Thus, by the
dominated convergence theorem we have that (4.104) holds.

Now, since Ry = Rs,,—1 + 15,1 R,, we have that for any € > 0

QWo_1(1+Ry) > (1 +e)x,0 <v) <QWo_1(1+ Ry 1) > ex, Wo_1ll, 1R, > ex, 0 < V)
+QWo_1(1+ Rpp—1) > 2,0 < V)

+ Q(Wa—lﬂa,u—lRy >x,0 < I/).
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Applying (4.102), (4.103) and (4.104) we get that for any € > 0

liminf 2°Q(Wo—1 (1 + Ry 1) > 2,0 <v) > KEQW; 115, J(1+¢6)"° = KEQ[W; (115 , 11,2,
(4.106)

Similarly, for a bound in the other direction we have

QWs1(1+ Ro) > x,0 <v) > QWo1(1+ Rp 1) >z, or Wy 11, 1R, > z,0 < V)
=QWyo_1(1+ Ry —1) > 2,0 <V)
+ Q(nglng’l,71Ry >x,0 < V)
— Q(ngl(]. + Ro"yfl) >, nglngﬁyflRy >x,0< V) .
Thus, again applying (4.102),(4.103) and (4.104) we get
limsup 2*Q(Wo_1(14+ Ry 1) > 2,0 <v) < KEQIW; 11,0, ] - KEQIW,; 11T} , 11,<,]. (4.107)

xr— 00

Finally, applying (4.106) and (4.107) and letting ¢ — 0, we get that

lim 2°QWy—1(1+ Rp 1) > 2,0 <v) = KEg[W;_{(1 - Hf,’yfl)lg@,] =: Ky4,

and K4 € (0,00) by Lemma 4.6.2 and the fact that 1 —II,,_; € (1 — §,1). O

Finally, we are ready to analyze the tail of E, 7T, under the measure Q.

Proof of Theorem 4.1.4:
Let § > 0, and choose A > Ay(d) as in Lemma 4.6.1. Then using (4.97) we have

Q(ELT, > z)=Q(E,T, >x,0 >v)+ Q(E,T, >x,0<V)

<QELT, >z,0>v)+ Qv > dzx) + QR2W_1Rp5—2 > dz,0 < V)

o—2
+Q QZWQ,]‘>5JZ,O'<I/ +Q 2 Z Ri,y_1>5x
j=0 o<i<v

+Q2W,_1(14+ Ryp—1) > (1 —40)z,0 < V).

Thus combining equations (4.96), (4.98), (4.99), and (4.100), and Lemmas 4.6.1 and 4.6.3, we get
that
limsup 2°Q(E,T), > ) < 6 + 2°K o(1 — 45)*. (4.108)

xr—00

The lower bound is easier, since Q(E,T, > z) > Q(2W,_1(1 + Ry—1) > x,0 < v). Thus

liminf 2°Q(E,T, > x) > 2°K4 . (4.109)

r—00
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From (4.108) and (4.109) we get that K := limsup,_, . 2°K4 < oo. Therefore, letting K :=
liminf 4o 2° K4 we have from (4.108) and (4.109) that

K <liminf 2°Q(E,T, > z) < limsupz*Q(E,T, > x) <+ K(1 —45)~°

T—00 T—00

Then, letting § — 0 completes the proof of the theorem with K, = K = K. O



Chapter 5

Quenched Limits: Ballistic Regime

This chapter consists of the article Quenched Limits for Transient, Ballistic, Sub-Gaussian One-
Dimensional Random Walk in Random FEnvironment, by Jonathon Peterson, which was recently
accepted for publication by the Annales de I'Institut Henri Poincaré - Probabilités et Statistiques.
This article contains the full proofs of Theorem 2.3.4, Theorem 2.3.5, Proposition 2.3.8, and the first
part of Theorem 2.3.6 (sketches of these proofs were provided in Chapter 2).

In order to keep this chapter relatively self-contained, the above mentioned article has been left
mostly unchanged. Therefore, much of the introductory material in Section 4.1 has already appeared
in Chapters 1 and 2. Also, many of the results of this chapter build on the previous results of Chapter

4. The notation used in this chapter is consistent with the notation in the previous chapters.

81
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5.1 Introduction, Notation, and Statement of Main Results

Let © = [0,1]% and let F be the Borel o—algebra on 2. A random environment is an Q-valued
random variable w = {w;};ez with distribution P. We will assume that P is an i.i.d. product
measure on 2. The quenched law P? for a random walk X, in the environment w is defined by

w; if j=i+1,

Pj(X():{L'):]. and P(f (Xn+1 :]|Xn:Z):

1—w; if j=14i—1.
7N is the space for the paths of the random walk {X,,},en and G denotes the o—algebra generated
by the cylinder sets. Note that for each w € Q, P, is a probability measure on (ZN,G), and for each
G e G, PE(G): (2, F) — [0,1] is a measurable function of w. Expectations under the law PZ are
denoted EZ. The annealed law for the random walk in random environment X, is defined by

PY(F x G) = / P(@)P(dw), FeF,GeG
F
For ease of notation, we will use P, and P in place of P and PV respectively. We will also use P®
to refer to the marginal on the space of paths, i.e. P*(G) = P*(Q x G) = Ep [P%(G)] for G € G.
Expectations under the law P will be written E.
A simple criterion for recurrence of a one-dimensional RWRE and a formula for the speed of

transience was given by Solomon in [Sol75]. For any integers i < j, let

1-— Wi J
pi = and II; ; := Hpk. (5.1)
k=i

Wi

Then, X,, is transient to the right (resp., to the left) if Ep(logpg) < 0 (resp. Eplogpg > 0) and
recurrent if Ep(logpg) = 0. (Henceforth we will write p instead of pg in expectations involving only
po.) In the case where Eplog p < 0 (transience to the right), Solomon established the following law
of large numbers

n 1

X
vp 1= nh_)rrgo 7” = 7111_{1;0 T = ET P—a.s. (5.2)

where T, := min{k > 0 : X;, = n}. For any integers i < j, let

J
W,'J' = an,j, and Wj = ZHk’j . (53)
k=i k<j

When Eplogp < 0, it was shown in [Zei04] that

EiTj =1+2W; <oo, P—a.s., (5.4)
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and thus vp = 1/(1+2EpW;). Since P is a product measure, EpWy = Y 1, (Epp)®. In particular,
vp > 0if Epp < 1.

Kesten, Kozlov, and Spitzer [KKS75] determined the annealed limiting distribution of a RWRE
with Eplogp < 0, i.e., transient to the right. They derived the limiting distributions for the walk by
first establishing a stable limit law of index s for T},, where s is defined by the equation Epp® = 1.

In particular, they showed that when s € (1,2), there exists a b > 0 such that

T, — ET,
lim P —"———" <x| = Lyy(x) (5.5)
n—oo nl/6 )
and
X, —nvp
Im P| ———— <z | =1-Lgp(—x), 5.6
n—oo (,Ullj‘l/snl/s - ) SJ)( ) ( )

where L is the distribution function for a stable random variable with characteristic function

Lon(t) = exp {bt|5 <1 - Z% tan(m/z)> } .

While the annealed limiting distributions for transient one-dimensional RWRE have been known for
quite a while, the corresponding quenched limiting distributions have remained largely unstudied
until recently. In Chapter 3 we proved that when s > 2 a quenched CLT holds with a random
(depending on the environment) centering. Goldsheid [Gol07] has provided an independent proof of
this fact. Previously, in [KM84] and [Zei04] it had only been shown that the limiting statements for
the quenched CLT with random centering held in probability (rather than almost surely). In the
case when s < 1, it was shown in Chapter 4 that no quenched limiting distribution exists for the
RWRE. In particular, it was shown that P — a.s. there exist two different random sequences t; and
t). such that the behavior of the RWRE is either localized (concentrated in a interval of size log? )
or spread out (scaling of order t}).

In this chapter, we analyze the quenched limiting distributions of a transient, one-dimensional
RWRE in the case s € (1,2). We show that, as in the case when s < 1, there is no quenched limiting
distribution of the random walk. As was done when s < 1, this is shown by first showing that
there is no quenched limiting distribution for the hitting times T}, of the random walk. However, in
contrast to the case s < 1, the existence of a positive speed for the random walk in the case s € (1,2)
allows for a more direct transfer of limiting distributions from T, to X,, (see Proposition 5.1.4).

Throughout the Chapter, we will make the following assumptions:

Assumption 13. P is a product measure on 2 such that

Eplogp <0 and Epp® =1 for some s> 0. (5.7)
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Assumption 14. The distribution of log p is non-lattice under P and Ep(p®logp) < oo.

Remarks:
1. Assumption 13 contains the essential assumptions for our results. The technical conditions
contained in Assumption 14 were also invoked in [KKS75] and in Chapter 4.
2. Since Epp? is a convex function of v, the two statements in (5.7) give that Epp? < 1 for all
0 <~ <sand Epp” > 1 for all v > s. In particular this implies that vp > 0 if and only if s > 1.
The main results of this Chapter are for s € (1,2), but many statements hold for a wider range of
s. If no mention is made of bounds on s, then it is assumed that the statement holds for all s > 0.
3. The cases s € {1,2} are not covered here or in Chapter 4. It is not clear whether or not a
quenched CLT holds in the case s = 2, but we suspect that the results for s = 1 will be similar to
those of the cases s € (0,1) and s € (1,2), i.e., quenched limiting distributions for the random walk
do not exist. However, since s = 1 is the bordering case between the zero-speed and positive-speed
regimes, the analysis is likely to be more technical (as was also the case in [KKS75]).

Let ®(z) and ¥(z) be the distribution functions for a Gaussian and exponential random variable

respectively. That is,

x
1
O(z) := / ——e "2t and U(x):=
—o0 V2T 1—e™® x2>0.

Our main results are the following:

Theorem 5.1.1. Let Assumptions 13 and 14 hold and let s € (1,2). Then, P — a.s., there exists
a random subsequence ny, = ng, (W) of ng = 22" and non-deterministic random variables Uk 05

such that

,Iln~ - Ean
('”m'”"‘ < x) = ®(x), Vr € R,

Uk yw

and

X _
lim P, (tm”’“m < a:) = ®(z), VzeR,

Theorem 5.1.2. Let Assumptions 18 and 14 hold and let s € (1,2). Then, P — a.s., there exists
a random subsequence ny, = ng, (W) of nx = 22" and non-deterministic random variables Uk s
such that

lim P,

m—00

Tn. —EJT,

Vi ,w
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and

X —
lim P, (tm"’“m §a:> =1-U(—z+1), VzeR,
m—0o0o VP+/Vk,, w

where ty, =ty (w) = {Eanka'

Remarks:

1. Note that Theorems 5.1.1 and 5.1.2 preclude the possiblity of quenched analogues of the annealed
statements (5.5) and (5.6).

2. The choice of Gaussian and exponential distributions in Theorems 5.1.1 and 5.1.2 represent the
two extremes of the quenched limiting distributions that can be found along random subsequences.
In fact, it will be shown in Corollary 5.4.5 that T,, is approximately the sum of a finite number
of exponential random variables with random (depending on the environment) parameters. The
exponential limits in Theorem 5.1.2 are obtained when one of the exponential random variables has
a much larger parameter than all the others. The Gaussian limits in Theorem 5.1.1 are obtained
when the exponential random variables with the largest parameters all have roughly the same size.
We expect, in fact, that any distribution which is the sum of (or limit of sums of) exponential random
variables can be obtained as a quenched limiting distribution of T}, along a random subsequence.
3. The sequence nj = 22" in Theorems 5.1.1 and 5.1.2 is chosen only for convenience. In fact, for
any sequence ny, growing sufficiently fast, P —a.s., there will be a random subsequence ny, (w) such
that the conclusions of Theorems 5.1.1 and 5.1.2 hold.

4. The definition of vy, ., is given below in (5.11). By an argument similar to the proof of Theorem
5.1.3, it can be shown that lim,_ ., P (nlzz/svk,w < x) = L%,b(x) for some b > 0. Also, from (5.2),
we have that t,, ~ ET1ny, . Thus, the scaling in Theorems 5.1.1 and 5.1.2 is of the same order as
the annealed scaling, but it cannot be replaced by a deterministic scaling.

Define the “ladder locations” v; of the environment by

inf{n >v;_1 : I, | n—1 <1}, 1 >1,

vp=0, and vy; = (5.8)

sup{j < viy1 : g -1 <1, Vk<j}, 1< —1.
Throughout the remainder of the chapter we will let v = ;. We will sometimes refer to sections
of the environment between v;_; and v; — 1 as “blocks” of the environment. Note that the block
between v_; and vy — 1 is different from all the other blocks between consecutive ladder locations (in
particular, IT, , ,,—1 > 1 is possible), and that all the other blocks have the same distribution as the

block from 0 to v —1. As in Chapter 4, we define the measure @ on environments by Q(-) = P(- |R),
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where

—1
Ri={weQ:I_; <1, szl}:{weﬂz > logpi <0, Vk:zl}.
i=—k
Note that P(R) > 0 since Eplogp < 0. @ is defined so that the blocks of the environment between

ladder locations are i.i.d. under @, all with the same distribution as the block from 0 to v — 1 under
P. In particular, P and @ agree on o(w; : i > 0).

For any random variable Z, define the quenched variance Var,Z := E, (Z—-E,Z )2. In Theorem
4.1.1, it was proved that when s € (0,1), n=Y/*E,,T,, converges in distribution (under Q) to a stable

distribution of index s. Correspondingly, when s < 2 we will prove the following theorem:

Theorem 5.1.3. Let Assumptions 13 and 14 hold and let s < 2. Then, there exists a b > 0 such
that

n—oo n—00

Var,T, . 1 « ,
lim Q (C:;/ < a:> — lim Q <n2/ N (BLT,)? < g;) = L b(x). (5.9)

i=1

Remarks:
1. The constant b in the above theorem may not be the same as in (5.5) and (5.6).
2. Theorem 5.1.3 can be used to show that lim,,_, . P (% < x) = Lz y(x) for some b’ > 0, but
we will not prove this since we do not use it for the other results in this chapter.
A major difficulty in analyzing T, is that the crossing time from v;_; to v; depends on the entire

environment to the left of v;. Thus, Var,(T,, — T,,_,) and Var,(T,, — T,

i v;_,) are not independent

even if | — j| is large. In order to make the crossing times of blocks that are far apart essentially

independent, we introduce some reflections to the RWRE. For n =1,2,..., define

by := |log®(n)]. (5.10)

Let X't(”) be the random walk that is the same as X; with the added condition that, after reaching
Vk, the environment is modified by setting w,, , =1 (i.e., never allow the walk to backtrack more
than log?(n) blocks). We couple )_(t(n) with the random walk X; in such a way that )_(t(n) > X, with
equality holding until the first time ¢ when the walk Xt(”) reaches a modified environment location.
Denote by Tw(n) the corresponding hitting times for the walk Xt("). It was shown in Lemma 4.4.5 that
lim,, oo Po(Ty, # TV(Z)) =0, P — a.s., so that, in fact, with high probability the added reflections

do not affect the walk at all before T}, . For ease of notation, let

Hinw = EZi*TV(Zl), and o2 = Var, (Tlsi") — 7 ) .

7,n,w Vi—1

The structure of the chapter is as follows. In Section 5.2, we prove the following general propo-

sition that allows us to easily transfer quenched limit laws from subsequences of T,, to X,,.
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Proposition 5.1.4. Let Assumptions 13 and 14 hold and let s € (1,2). Also, let ny be a sequence

of integers growing fast enough so that limy_, % = o0 for some § > 0, and let
k—1

ng
dk =N, — Ng_1 and Vo 1= Z U?,dk,w = Varw (TIEg:) — Tlsf:) ) . (511)
i=ng_1+1 ’ o

Assume that F is a continuous distribution function for which, P — a.s., there exists a subsequence

ng,, = nk,, (W) such that, for a,, :=nk, 1,

m

3 Vam
lim P,

m—00

L) — B T
V Vko ,w
Then, P — a.s., for all y € R,

Sy) =F(y), VyeR,

for any sequence x,, ~ ng

m°

T, — BT
1m3($m““s@=ﬂw (5.12)
m— 00 /Uk:m,w
for any xpm ~ ng,,, and
X, —
lim P, (*m”’“m < y> =1— F(—y), (5.13)
m—o0 VP Uk 0

where t,, = LEanka.

Then in Sections 5.3 and 5.4, we use Theorem 5.1.3 to find subsequences ny, (w) that allow us
to apply Proposition 5.1.4. To find a subsequence that gives Gaussian behavior of T}, , we find
a subsequence where none of the crossing times of the first ny,, blocks is too much larger than all
the others and then use the Linberg-Feller condition for triangular arrays. In contrast, to find a
subsequence that gives exponential behavior of T;,, , we first prove that the crossing times of “large”
blocks is approximately exponential in distribution. Then, we find a subsequence where the crossing
time of one of the first ny,, blocks dominates the total crossing time of the first ny, blocks. Finally,
Section 5.5 contains the proof of Theorem 5.1.3, which is similar to the proof of Theorem 4.1.1.

Before continuing with the proofs of the main theorems, we recall some notation and results from
Chapters 2 and 4 that will be used throughout the Chapter. First, recall that from Lemma 4.2.1

there exist constants C7,Cs > 0 such that
P(v>z) < Cre 9% Vz>0. (5.14)
Then, since v, = 2?21 v; — v;—1 and the v; — v;_ are i.i.d., the law of large numbers implies that

lim 2% = Epv =17 < o0, P —a.s. (5.15)

n—oo N
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In Chapter 4 the following formulas for the quenched expectation and variance of T, were given:

v—1 v—1 v—1
BT, =v+2Y W;, and Var,T, =4 (W;+W7)+8> > Ty ;(W; + W7).  (5.16)
=0 =0 j=0 i<j

Note that since the added reflections only decrease the crossing times, obviously 7, > Ty(n) and

E,T, > E,T, ,f") for any n. Also, since (5.16) holds for any environment w, the formula for VaerV(n)

is the same as in (5.16), but with p,_, replaced by 0. In particular, this shows that Var,T, >

Vaer,Sn) for any n. As in Chapter 4, for any integer 4, let

M; :=max{Il,, ,;:j€ [vi—1,v)}. (5.17)
Then, [Igl72, Theorem 1] implies that there exists a constant C3 < oo such that

Q(M; >x)=P(My > x) ~ Csz™°. (5.18)

Note that M7 < maxg<j;<, W;. Therefore, from the formulas for E,T, and Var,T, in (5.16), it is
easy to see that E,T, > M; and Var,T, > M12 (The same is also true for T,Sn).) Finally, recall

the following results from Chapter 4:

Theorem 5.1.5 (Lemma 4.3.3 & Theorem 4.5.1). There exists a constant Ko, € (0,00) such
that
Q(Var,T, >x)~Q ((EWTZ,)2 > l’) ~ Kooz ™52, as T — 00.

Moreover, for any € >0 and x > 0,

_ _ 2 1
Q (VaerlS”) > xn2/5, M, > n(l_g)/s) ~Q ((EWT,E")) > an/S, My > n(l_e)/s> ~ Kooz %22,
n

asn — oQ.

5.2 Converting Time Limits to Space Limits

In this section, we develop a general method for transferring a quenched limit law for a subsequence
of T,, to a quenched limit law for a subsequence of X,,. We begin with some lemmas analyzing the

a.s. asymptotic behavior of the quenched variance and mean of the hitting times.

Lemma 5.2.1. Assume s < 2. Then, for any 6 > 0,

Q (Vaery(:) ¢ (nz/sfévnz/sw)) < %P (Vaer,ffj) ¢ (n2/3767n2/3+5)) —Y (n,55/4> '
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Proof. The first inequality in the lemma is trivial since for any A € F, it follows from the definition

of @ that Q(A) = ngé%z) < %. Next, note that when s < 2, Lemma 4.5.11 implies

P (Vaer,Ef) > n2/5+5) <P (Vaer,j” > n2/5+5) = 0(n‘5$/4) . (5.19)

Also, since Vary, (TS — TS™,) > M2,

P (VGTWTLE:) < n2/s—6) <P (M12 < n2/s—6) — (1 - (Ml > nl/s—6/2>) — 0 (e_n55/4) 7
where the last equality is from (5.18). O

Corollary 5.2.2. Assume s < 2. Then, for any § > 0,

p (Uk,w ¢ (di/sfﬁjdi/er&)) —0 (dlzss/z;) .

Consequently, if s < 2, then /U = o(dy), P — a.s.

Proof. Recall from (5.11) that by definition vy, = Var, (T,Eff:) — T,Efl’:zl) Also, note that the
conditions on ny ensure that ny grows faster than exponentially and that di ~ ng. Thus, for all k&
large enough vy, only depends on the environment to the right of zero. Therefore for all k large

enough
P (vk,u ¢ (di/s_‘s,di/”é)) —-Q (Vam (Tﬁf:? _ Tv(ff:),l) ¢ (di/s_é’di/”é))
-Q (VamTlEj:) ¢ (di/s_57di/s+5)) _ (d;63/4> ’

where the last equality is from Lemma 5.2.1. Now, for the second claim in the corollary, first note

that 2 > % + 5;51 since s > 1. Therefore, for any € > 0 and for all k large enough we have
P (v, >ed?) <P (UW > di/s+<s_1>/s) -0 (d;(s_1>/4) .

This last term is summable since dy, grows faster than exponentially. Thus the Borel-Cantelli Lemma

gives that vg, = o(d}), P — a.s. O

Corollary 5.2.3. Assume s < 2. Then
Var,T,

. N
lim ——*2 =0, P —a.s.
k—o0 Vk,w

Proof. By the Borel-Cantelli Lemma it is enough to prove that for any € > 0

oo
Z P (Vaer,,nk_1 > svk,w) < 0
k=1
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However, for any § > 0 we have
P (Vaer,,nk_l > gvk,w) <P (Vaerl,nk_l > 5di/5_5) +P (vm < di/H) . (5.20)

By Corollary 5.2.2 the last term in (5.20) is summable for any § > 0. To show that the second to
last term in (5.20) is also summable first note that the conditions on the sequence ny, give that there

2/s—6 2/546
1

exists a 0 > 0 such that ed, > n, ) for all k large enough. Thus, for some > 0 and all &

large enough we have
P (VLWWT,]%?1 > edi/SH) <P (Va?“wT,,nk71 > ni/ff‘s) = o(n,:ii/4),
where the last equality is from (5.19). O

Lemma 5.2.4. Assume s € (1,2). Then ETy < oo, and P — a.s.

li Eank—Hx\/m] - EWT”Lk
1m

k—oo /Vk,w
E, nk+]'zm'\_Eank

N
x € Q the limiting statement in (5.21) holds. Obviously this is true when = = 0 since both sides are

=zETy, VvVreR. (5.21)

Proof. Now, since is monotone in x it is enough to prove that for arbitrary
zero. For the remainder of the proof we’ll assume x > 0. The proof for < 0 is essentially the same
(recall that by Corollary 5.2.2 v, = o(dx) = o(ny) when s < 2). Note that for > 0 then we can
re-write Eanka\/mW - BT, = Eﬁankam]. By the Borel-Cantelli Lemma it is enough to

show that for any ¢ > 0,
ZP (‘Eﬁankam] — [z vk,w]ETll > eq/vk?w) < 00. (5.22)
k=1

However, for any § > 0 we have

P (B2 Ty ey — [0yT0 BT | 2 2/ )
<P (am c {[:cd}c/s*“}, [:cd}/”‘;]} BT, — mET)| > %m) +P (vk,w ¢ [di/“”, di/””D
<P ( max  |E,Ty, — mET;| > ad}j”> + o(dy, %), (5.23)
Ty 7+
where the last inequality is due to Corollary 5.2.2 and the fact that {E"*T,,, +m }mez has the same
distribution as {E, Ty, } mez since P is a product measure. Thus, we only need to show that the first

term in (5.23) is summable in k for some ¢ > 0. For this, we need the following lemma whose proof

we defer.
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s—1

5 We have that

Lemma 5.2.5. Assume s € (1,2]. Then for any 0 < §' <

P <mgx |B,T,, — mETy| > nl_é,) =0 (n—<s—1>/2)

Assuming Lemma 5.2.5, fix 0 < ¢’ < S;sl and then choose 0 < § < 5(267;5')' We choose §
and ¢’ this way to ensure that (1/s + 6)(1 —¢’) < 1/s — d. Therefore, for all k large enough,
1-¢
Ed,lé/s_(S > [xd,lc/ﬁ&—‘ . Thus for all k large enough we have

1-¢’
P ( max |E,T, — mET| > ed)/ H) <P ( max  |E, Ty, — mETy| > [azd}fﬂ )

m<[zd,/**?] m<[wd,/**)

—0 (d;(l/s+5)(s—1)/2) 7 as k — oo.

Since s > 1 this last term is summable in k. O

Proof of Lemma 5.2.5: Before proceeding with the proof we need to introduce some notation for a
slightly different type of reflection. Define X t(n) to be the RWRE modified so that it cannot backtrack
a distance of b, (the definition of Xt(n) is similar except the walk was not allowed to backtrack b,,
blocks instead). That is, after the walk first reaches location ¢, we modify the environment by setting

- (n) (n)

wi—p, = 1. Let T, ~ be the corresponding hitting times of the walk Xt . Then

5 1-¢' 5 =
P (maX|Eme — mETy| > n'™? ) <P (Ean — B, T > ”3) +p (]ETl g7 > " )

m<n 3
nl=o
2 -
3

ET), —ET{™ >n~4'/3

1-¢§'
> "3) (5.24)

+P (max E,T(M — mIETl(n)

m<n

< 3n (BT, —ET(M) 41
+ P (max
m<n

Now, from (5.4) we get that E,Ty — E,T\™ = (1+2Wo) — (1 +2W_p, 410) = 211, +1,0W_y,, and

E, T — mET™

thus since P is a product measure

- - 2
ET, — ET\" = nEp (Ele - Ewa”’) = fZW(EPp)”"“- (5.25)

Since Epp < 1 and b,, ~ log?n the above decreases faster than any power of n. Thus by (5.24)
E, T meTf") > %) = o(n==1/2). For ease
of notation we define £\" := Efj_lf”i(n) - ETl(n) Thus, since E, T\ — mETl(") =" £ =

% i=1"v1

we need only to show that P (maxmgn
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b m=—i
>t Z]L:%" ] KE-ZZH, we have

s b [L55] s
~ ~ n (n) n
P | max ) _mET™| > 2| < P | max >
<m<" o T3 )T | mens Z Fibnti| = 73
i=1| j=0
b L5 s
<\ p E (n) |57
max P
4 m<n - Jonti| = 3bn
=1 7=0
ni— 5

= P max E KJ
Z nl Jb+2 =

=L"bn

(5.26)
’I’L

Due to the reflections of the random walk, /-@E") depends only on the environment between ¢ — b,, and
i — 1. Thus, for each i {mjb 4itiZo is a sequence of i.i.d. random variables with zero mean, and so
{ijo Iijbn+i}lzo is a martingale. Now, let v € (1,s). Then, by the Doob-Kolmogorov inequality,
for any integer N we have

~

/

nl=o
§ Y=+ Z
P max “Jb +i| 2 35| = 3an Ep | wjh s
r o

. n
Since {/{gb) +itj—o Is a sequence of independent, zero-mean random variables, the Marcinkiewicz-

Zygmund inequality [CT78, Theorem 2] implies that there exists a constant B, < oo depending
only on v > 1 such that

v v/2

N N
Ep Z”ab +i| <ByEp Z( ;Z)—H)Q <B.Ep | |r

=0 =0 =0

(n)

Kb, +i = By (N + 1)EP"€§”)W7

where the second inequality is because v < s < 2 implies v/2 < 1. Now, recall from [KKS75] that
P(E,T1 > z) ~ Kxz~* for some K > 0. Therefore, since v < s we have that Ep|E,T1|" < co. Thus,

~ Y
it’s easy to see that Ep|/$(”)|7 =FEp ‘E T(”) ]ETI(") is uniformly bounded in n. So, there exists

a constant B’ depending on v € (1, s) such that

P | max Zm(n) >C < Bi,b%n"”‘”‘s/ (N +1),
and thus by (5.26)

P <max ) < B:/b;yl-‘rln—’)%'yé/ (’I’L + 1) =0 <b;yln1—’v+76/) .
m<n bn
s—1

Since by assumption we have §' < %=, we may choose v < s arbitrarily close to s so that

b%n—wﬂﬂé’ -0 (nf(sfl)/2), 0

B 1-¢6
E, T — mET™| >
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Proof of Proposition 5.1.4:
Recall the definition of oy, := ny,, —1. To prove (5.12) it is enough to prove that Ve > 0

(‘ Tuam - EwTV

Om
Uk, w

lim P,

m—00

> 5) =0, P-uas. (5.27)
and
lim P (sz ” Téj{fm)) =0, and lim E/ (sz ngEjffm)) =0, P-as (5.28)

To prove (5.27), note that by Chebychev’s inequality

1., —FET.,, VaryT,,
P, >e) < o tem
Vo ,w EVk,, ,w

which by Corollary 5.2.3 tends to zero P — a.s. as m — oo. Secondly, to prove (5.28), note that
since
Pzam (sz 7& Tz(ikm)) _ P(Zam (sz _ Tz(ikm) Z 1) < Ezam (Tmm _ Téikm)) ;
it is enough to prove only the second claim (5.28). However, since z,, < 2ny, for all m large enough,
it is enough to prove
lim B, (Tm - Téj?) —0, P—as. (5.29)
To prove (5.29), note that for any £ > 0 that

E (Tgnk _ T(dk)) E (T2nk _ T(dk)) i (T1 _ i—,l(dk,))
= = .

_ 2ny, 2ny,
P (Bu (Ton, — Tt ) 2 ¢) <
21k 2 ) =€) = € - € €
(5.30)
However, from (5.25) we have that E (T1 - Tl(d’“)) = %EP[)(EPp)bdk which decreases faster than

any power of ny (since Epp < 1 and di ~ ny), and thus the last term in (5.30) is summable.
Therefore, applying the Borel-Cantelli Lemma gives (5.29) which completes the proof of (5.12).
Note, moreover, that the convergence in (5.12) must be uniform in y since F' is continuous.

To prove (5.13), let X} := max{X,, : n <t} and let
:r'm(y) = ’Vnkm + yUP\/'Ukm,w—‘ ) yeR.
Using this notation,

Xr -
P, <M < y) = P, (X, <2m(y)) = Po (Tep () > tm)

UVpP+/Vk,, w
V Uk w v Uk w
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Now, recalling the definition of ¢, := LEanka, by Lemma 5.2.4 we have

i T Eelenw) |EuTny,, | = BTy, +yor o _
m—0o0 /'Uk:m7w m—0o0 /Ukm’7w

where we used the fact that vpET; = 1 due to (5.2). Also, by Corollary 5.2.2 we have P — a.s.

-y, VyeR P—a.s.,

that |/Uk. = o(dy) = o(ny) since s < 2, and therefore z,,,(y) ~ ng,,. Thus since the convergence in

m*

(5.12) is uniform in y, (5.31) gives that

: Xi — g,
lim P, | ——"<y|=1—-F(-y), VyeR P—a.s. (5.32)
m—0oo VP+/Vk,, ,w

Now, (5.2) gives that t,, ~ (ETy)ng, , P — a.s. Therefore, an easy argument involving Lemma 4.4.6

and (5.14) gives that X7 — X; = o(log®t,,) = o(log” ny,,), P — a.s. Also, Corollary 5.2.2 and the

/s—0 2/s—6

Borel-Cantelli Lemma give P —a.s. that vy, > di for any 6 > 0 and all k large enough.

Therefore, P — a.s. we have that lim,, % = 0. Combining this with (5.32) completes the
proof of (5.13). O

Remark: For the last conclusion of Proposition 5.1.4 to hold it is crucial that s > 1. The dual
nature of X; and T, always allows the transfer of probabilities from time to space. However, if s <1

then ET7 = oo and the averaging behavior of Lemma 5.2.4 does not occur.

5.3 Quenched CLT Along a Subsequence

For the remainder of the Chapter we will fix the sequence nj := 22" and let di and v, be defined
accordingly as in (5.11). Note that this choice of ny, satisfies the conditions in Proposition 5.1.4 for
any 0 < 1 since ny, = ni_,. Our first goal in this section is to prove the following theorem, which

when applied to Proposition 5.1.4 proves Theorem 5.1.1.

Theorem 5.3.1. Assume s < 2. Then for any n € (0,1), P — a.s. there exists a subsequence

ng,, = Nk, (w,n) of ng = 22 such that for aum, B and 7y, defined by
Ay 1= nkm,_17 ﬁm = nkrn_l + \_ndeLJ ’ a”rLd r}/m = nknl (533)

and any sequence T, € (vg,,,V,,| we have

. v,
lim P,*™

(nﬁifm) - BT

< x) = o(x).
v Uk, w
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The proof of Theorem 5.3.1 is similar to the proof of Theorem 4.5.10. The key is to find a random

subsequence where none of the variances o7, , with i € (ng,,—1,n4,,] is larger than a fraction
yAkop »

w

of vy, . To this end, let #(I) denote the cardinality of the set I, and for any n € (0,1) and any

positive integer a < n/2 define the events

877»"1‘1 = U ﬂ {M?,n,w € [n2/s’2n2/s)} n {/I‘?,n,w < n2/s}

IC[1,nn] \i€l JElmm\I
#(I)=2a

and
Uypn = Z Ufyn’w < 2n?/s
i€(nn,n]
On the event S, 1.4, 2a of the first n crossings times from v;_; to v; have roughly the same size

variance and the rest are all smaller. Define
ay = |loglogk| V 1. (5.34)
Then, we have the following Lemma:

Lemma 5.3.2. Assume s < 2. Then for any n € (0,1), we have Q (Sy,day,a,, N Up.a,) = 7 for all k

1
k

large enough.

Proof. First we reduce the problem to getting a lower bound on Q(S,. 4, a4, ). Define

7 — E 2 2/s
U777n T o-i,mw <n
1€(nn+by,n]

Note that S; .. and Un,n are independent events since Un’n only depends on the environment to

the right of the vp,,]. Thus,

Q (Sn,n,a N UT],TL) Z Q <S77,n,a n Un,n) - Q Z Uz'z,n,w > n2/8

i€(nn,nn+by]

- _ n2/s
ZQ(S,,V,L,G)Q(U”,O — 5,0 (Vaer,E") > )

Now, Theorem 5.1.3 gives that Q (Unn) > Q (Var,T,, <n*®) = Ls (1) + o(1), and Theorem
5.1.5 gives that b,Q (Vaer,En) > %/s) ~ Koobitsn=t. Thus,

Q (Sndrar NUnay) = Q(Sndnan) (L p(1) +0(1)) = Obyf*dit), as k — oo,
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and so to prove the lemma it is enough to show that limy_,oc k Q(Sy 44,4, ) = 00. A lower bound for
Q(Sy,n,a) was derived in the argument preceeding Lemma 4.5.7 in Chapter 4. A similar argument

gives that for any € < % there exists a constant C. > 0 such that

Qa2 g (1- B ) (Q (Z (BT, < n/> - aom—lws))
(nn

n
N i=1

)20,

)] ao(efns/(65)> , (5.35)

where asymptotics of the form o(-) in (5.35) are uniform in 1 and a as n — co. The proof of (5.35)
is exactly the same as in Chapter 4 with the exception that @ (mje[l,n] {u?)n,w < nQ/S}) in (4.70)
is bounded below by @ (Z?:l (E‘Z"’lT,,i)2 < n2/5> instead of Q (E,T,, < n'/*). Then, replacing n

and a in (5.35) by di and aj, respectively, we have for € < & that

Q (8777dkaak)
a dy
(7705>2% (2ak - 1)(1 + 4bdk) 2 . 2 2/s —142
> 1- EVT,)% < d2* | = apoldy T2
L o L) (o (5 w7 < ) -t
(nd )" ! )
T @ag ™ (e ' )
(7706)2% 1
=) (14 0(1) (Lep(1) —o0(1) —of = ). :
(2ay,)! (L+of ))( s b( ) — o )) o\ % (5.36)
The last equality is a result of Theorem 5.1.3 and the definitions of aj and dj, in (5.34) and (5.11).
Also, since ap ~ loglogk we have that limg_ o k% = oo for any constant C' > 0. Therefore,
(5.36) implies that limg oo k Q (Sy.dy.ar) = 00. -~

Corollary 5.3.3. Assume s < 2. Then for anyn € (0,1), P-a.s. there exists a random subsequence
ng, = nk, (w,n) of ng = 22" such that for the sequences au,, B, and 7y, defined as in (5.33) we

m

have that for all m

Bm TYm
2 2/s 1 2 2 2/s
_max g, o, S 2d 0 S —— P wor and Y ot <2407 (5.37)
1E€(mBm] m Ak, =y, 1 m i=0Bm+1 "

Proof. Define the sequence of events

2/ ¢ 2 2
Sp = U N{#2a0 € (@267} N (e <dl*}] .

IC(nk—1,mr—1+ndk] \1€1 JEMEk—1,mr—1+ndr]\1
#(I)=2ay

and

L 2 2/s
Uk = Z Oi,dkm7w < Qdkm

1€(ng—1+ndk,ng]
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Note that due to the reflections of the random walk, the event S, N U}, depends on the environment
between ladder locations ni_1 — by, and ng. Thus, since ng_1 — by, > ni—_o for all k£ > 4, we have
that {S, NUSL IS, is an independent sequence of events. Similarly, for k large enough S;, NU;, does

not depend on the environment to left of the origin. Thus
P(Sllc N Ullc) = Q(Sllc N Ulg) =Q (8777dk7‘1k N U%dk)

for all k large enough. Lemma 5.3.2 then gives that Y ;- | P(S%, NUS,) = oo, and the Borel-Cantelli
Lemma then implies that infinitely many of the events S}, N U, occur P — a.s. Therefore, P — a.s.
there exists a subsequence k;,, = k,(w, n) such that S,’Cm NnU ]’Cm occurs for each m. Finally, note that

the event S; NUj ~implies (5.37). O

Proof of Theorem 5.3.1:
First, recall that Corollary 4.5.6 gives that there exists an ’ > 0 such that

d

This can be applied along with the Borel-Cantelli Lemma to prove that

n

Z (Uzz,m,w - /Lzz,m,w)

i=1

> 5712/5) —o(n™) V§>0, VmeN. (5.38)

nk—1+[ndk ]
Z (O'de’w — Mzz,dk,w) =0 (di/s) , P—as. (5.39)
i=np_1+1
Thus, P—a.s. we may assume that (5.39) holds and that there exists a subsequence ng, = nyg, (w,n)

such that condition (5.37) in Corollary 5.3.3 holds. Then, it is enough to prove that

7 (k) Ve, (i)
v Tl/ m/ Ew m TIJ m
lim Pwam ( Brm Bm S y> = (P(y)7 (540)
m—0oQ0 /Ukm,w
and (dem) (dem)
y Tx km ) __ EZﬁmTZ km,
lim P [ |22 m_>c] =0, Ve>o. (5.41)
m—00 \/ Uk’VT'L’w
To prove (5.41), note that by Chebychev’s inequality
- _ 7 (dkpn ) (diyy,)
d v, d m/ __ m m
pne (| F) el |\ Var (T — 7)) P T
vV Uk ,w N - €2Ukm,w o EQUkm,w

However, by (5.39) and our choice of the subsequence ny, we have that Zzzﬁm 11 Ude w < 2di7/7 f,

Brm 2 _ \Bm 2 2/s 2/s 2/s
and Vg0 = 3500 4100, w = Dicamt1 Midy, w O (dkm) > ay,,d;)” +o (dkm ) Thus

lim ==t b (5.42)
m—0oo 'Ukw“w
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which proves (5.41). To prove (5.40), it is enough to show that the Lindberg-Feller condition is

satisfied. That is we need to show

/Bﬂl
lim o; 1, 5.43
m—00 Vg, i az:+1 gy, ;W ( )
and
Bm () 9
lim B (T k) ) 1 =0, Ve>0. (5.44
meoo g, i:§+l w |: i Fi,d,y, ,w lT(dkm iy, | >e T ( )

To show (5.43) note that the definition of vy, ., and our choice of the subsequence ny , give that

Bm Ym
> i =1 D oly,  =1-0),
R | k@ i1

where the last equality is from (5.42). To prove (5.44), first note that an application of Lemma 4.5.5

gives that for any & > 0

ng—1+|ndg |
2 : 2 o 2/s
Ui)dk,wlMiSdgclfg/)/s =0 (dk ) 5 P — a.s.,

i=ng_1+1

where M; is defined as in (5.17). Then, since vy, o > akmdi{j +o (di:) we can reduce the sum in

(5.44) to blocks where M; > d,(clr:sl)/s. That is, it is enough to prove that for some &' > 0 and every

e>0
1Z dk ) 2
lim § E( ) )1d 1 e =0
m=—o0 V), Vi /‘LZ,dkva |T( km)_ﬂi,dkm,w‘>5 G M; >d(1 "/

w .
T i=am 1

(5.45)

To get an upper bound for (5.45), first note that our choice of the subsequence ny, gives that for

6 m

m large enough vk, w > 5 00 4 47 e w >4 for any @ € (aum, Bm]. Thus, for m large

enough we can replace the indicators inside the expectations in (5.45) by the indicators of the events

{T;idkm) > (14 6\/akm/2)ﬂi1dkm7w}. Thus, for m large enough and i € (o, O], we have

- 2

2
. ~(dk,)
< By | (T = pian, ) 1, S
> L, [ Vi i dy,, w T,Ejk”l)>(1+a akm/Q)Mi,dkm,w

= pri—t (T(d’“m) > Tiig ,w) 20 — Vi, . de.
/Hg\/m o e

—(dg,.)
[Ty, "™ —lti,dkm,w>€\/vkm,u:|
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We want to get an upper bound on the probabilities ‘inside the integral. If &’ < % we can use Lemma
4.5.9 to get that for k large enough, E.' ™! (Tﬁf“)j < ij!ug)dk’w for all n,_; < i < ny such that
M; > dklfg )/$ Multiplying by (444;.dy, ) "7 and summing over j gives that Ef,"’leﬂidk)/(‘l“i»dk»“’) <2
Therefore, Chebychev’s inequality gives

) = _ ) 7(dk) ) _
PYi-1 (Tlsidk) > I’Mi,dk,w) <e zMEZl—leT"ik /(4pi,ay,,0) < 2¢ z/4

Thus, for all m large enough we have for all a,,, <@ < 3, <y, with M; > d,i:el)/s that

o

oo
L (Tu(gkm) > Tfli,dy ,w) 2z — V)i, wde < plg, w/ Az — 1)e " d
/1+em o e G J e Jarm T2

1/4
2 a
=14, wo(e ) .

Therefore we have that as m — oo, (5.45) is bounded above by

/6'777
. Q174 1
n}gﬂooo(e ’“m> ( Z N’ldkm,wlM Sl s)/s) : (5.46)

vkm,w 1=, +1

However, since

7117“')

Bm
3 s (8 ()

i=am+1 Zz am+1 Uz g W \i=am+1

o(dzf)
< 1+ 2ak d2/s (di{:) )

we have that (5.46) tends to zero as m — oo. This finishes the proof of (5.44) and thus of Theorem
5.3.1. 0

Proof of Theorem 5.1.1:
Choose n € (0,1) such that n < % where ¥ = Epv, and then choose ny,, as in Theorem 5.3.1. Then
for B,, and 7, defined as in (5.33), we have that (5.15) and the fact that dy ~ nj give

1% v
lim ﬂ:n17<1<ﬁ: lim —

m—0o0 nk m— 00 ’I’Lkm

Thus z,, ~ ng,, = Tm € [Vg,,, Vy,,) for all m large enough. Therefore, the conditions of Proposition

5.1.4 are satisfied with F(z) = ®(x). O
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5.4 Quenched Exponential Limits

5.4.1 Analysis of 7T,, when M, is Large

) on “large” blocks (i.e.

The goal of this subsection is to analyze the quenched distribution of T, y(n
when M; > n1=)/%). We want to show that conditioned on M; being large, TIE")/E“,T,S") is ap-
proximately exponentially distributed. We do this by showing that the quenched Laplace transform
E, exp {—)\%} is approximately IJ%A on such blocks.

As was done in [ESZ08], we analyze the quenched Laplace transform of T,S") by decomposing
T,Sn) into a series of excursions away from 0. An excursion is a “failure” if the random walk returns
to zero before hitting v (i.e. if 7, > T;" := min{k > 0 : X = 0}), and a “success” if the random
walk reaches v before returning to zero (note that classifying an excursion as a failure/sucess is
independent of any modifications to the environment left of zero since if the random walk ventures
to the left at all, it must be in a failure excursion). Define p, := P,(T, < T,), and let N be a
geometric random variable with parameter p,, (i.e. P(N = k) = p,(1 — p,)* for k € N). Also,
let {F;}32, be an i.i.d. sequence (also independent of N) with F; having the same distribution as
T,Sn) conditioned on {T IE") > TOJr }, and let S be a random variable with the same distribution as 7},
conditioned on {T,, < TO+ } and independent of everything else (note that for sucess excursions we

can ignore added reflections to the left of zero). Thus, we have that

N
T Law o o Z F; (quenched). (5.47)

i=1
In a slight abuse of notation we will still use P, for the probabilities of F;, S, and N to emphasize
that their distributions are dependent on w. The following results are easy to verify:

1_pw
Pw

E,N = and E,T™ = E,S + (E,N)(E,F), (5.48)
Vaer,S") = (E,N)(Var,F) + (E,F)*(Var,N) + Var,S
= (E,N)(E,F*) + (E,F)*(Var,N — E,N) + Var,S

= (E,N)(E,F*) + (E,F)*(E,N)* + Var,5, (5.49)

and

Do

. YA>0.
1— (1—po) (Boe ) =

Bue " = B S B, [(Bue™ )| = Bue™s
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Also, since e > 1 — z for any x € R we have for any A > 0 that

=(n 1—-—)ME_S 1—-—)ME_S
E,e T > (1 - AE,S Do = o > v,
= 0 ) A AR~ TEANEMER) © 14 BT

(n)

where the first equality and the last inequality are from the formulas for E,N and E,T," given in

(5.48). Similarly, since e <1 —x + 12—2 for all x > 0 we have that for any A > 0 that

AT Puw
e S T o) (= ABuF + 2B, )
B 1
1+ MELN)(ELF) — 2(E,N)(E,F?)
B 1
1+ AMELN)(BuFy) — 2 (Var, T — (ByN)2(BuFy)? — Var,S)
1

<

1+ MBI — E,S) — £ (Var, TV — (BT - ELS)?2)
where the first equality and last inequality are from (5.48) and the second equality is from (5.49).
Therefore, replacing A by A/(E,TS") we get

~(n)
_)\Tvi
Boe mari s 1oz BeS ) 1 (5.50)
E, T ) 1+ A
and
T
Ewe_AEsz(/”) < 1
T e A A Bus X (VMWT,(") B (EWTV‘")—EWSP)
B, 2 \(BLTEY)? (BTS2
1
= E,S A2 (Var, o™ ' (5:51)
w arwly
LA = (kA Bs = 3 (s - 1)
,)\i
Therefore, we have reduced the problem of showing E,e ~ P«7d" & HLA when M is large to showing

F(n)
that E“ifn) ~ 0 and Y2=1." ~ | when Mj is large. In order to analyze E, S, we define a modified

BUTS (BLTS™)2
environment which is essentially the environment the random walker “sees” once it is told that it
reaches v before returning to zero. A simple computation similar to the one in [Zei04, Remark 2
on pages 222-223] gives that the random walk conditioned to reach v before returning to zero is a

homogeneous markov chain with transition probabilities given by @; := Pi(X; =i + 1|T, < T;").

Then the definition of @, gives that &y = @; = 1, and for i € [2,v) we have ©&; = %
Using the hitting time formulas in [Zei04, (2.1.4)] we have
o= S0 ico ) where R in (5.52)
P = = 1 , y w i = i .
Roi— > I

) j=0
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Let p; := % and define ﬁ@j; and Wi,j analogously to II; ; and W; ; using p; in place of p;. Then

the above formulas for @; give that pg = p1 = 0 and p; = p; R}%’;f Vi € [2,v). Thus,

_ Roi—2Roi—1

, V2<i<gi<u. 5.53
j Ro;_1Ro, J ( )

ﬂl,] = Hl,
Note that since Ry ; < Ry ; for any 0 <14 < j we have from (5.53) that
II

ig <L forany 0<i<j<vw (5.54)

Now, since E,,S = E;T, we get from (5.16) that E,S = v + 22;’;21 Waj=v+2 25;21 I T
Therefore, letting M; := max{Il; ; : 0 <i < j < v} we get the bound

E,S < v+ 20°M,. (5.55)

Thus, we need to get bounds on the tail of M;. To this end, recall the definition of M; in (5.17)
and define 7 := max{k € [1,v] : Iy y—1 = M1 }. Then, define

M~ :=min{ll;;:0<i<j<7}Al, and M :=max{Il,;:7<i<j<v}VI. (5.56)
Lemma 5.4.1. For any e,d > 0 we have
P(M~ <n=% My >n=9/%) = o(n=1He=05+<"y el 5, (5.57)

and

P(M™* > n® My > n(179)/9) = o(n=1H==05+"y v/ > 0, (5.58)
Proof. Since Iy r—1 = M; by definition we have

PM~ < nf‘s,Ml > n(lf":)/s) <P (ElO <i1<j<t-1:1;; < nf‘s, Mo r—1 > n(lfs)/s)

<P(r>b)+ Y P (HM <n % oy > n“*@/S)
0<i<j<k<bn

<SPw>b)+ Y P(Moally >n@=9/49) - (5.59)
0<i<j<k<bn

Since (5.14) gives that P(v > b,) < Cie~ %" we need only handle the second term in (5.59) to

prove (5.57). However, Chebychev’s inequality and the fact that P is a product measure give that

P (Ho,i—1ﬂj+17k > n(l—s)/s+6) < n—1+6—5s(EPps)i+k—j — plte—ds
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Since the number of terms in the sum in (5.59) is at most (b, )? = o(n°’) we have proved (5.57). The

proof of (5.58) is similar:
P(M™T > nd, My > n(l_s)/s) <P (37‘ <i<j<v:I; > nd, Iy, -1 > n(l_s)/s)

<Py>b,)+ », P (Ho,kHi,j S nu_e)/sH)

0<k<i<j<bn

< 01€7C2b" + (bn)gn71+6768 _ 0(n71+6768+6,)

Corollary 5.4.2. For any e,d > 0 we have
P (EwS >0 My > n<1—6>/8) = o(n~ 105y vl 5 g,

Proof. Recall that (5.55) gives E,S < v+ 2v2M;. We will use M~ and M to get bounds on M;.

First, note that for any i € [0,7) we have

i i—1 )
HO i 1+ 1

Ro; = My = 1o, + —— <Tlp, ( ) .
];) k}Z:O Hk+17i M_

Note also that Ry ; > Il ; holds for any j > 0. Thus, for any 2 < ¢ < j < 7 we have

- Roi—2Ro,i—1 ( { )2 Iy ;—o1lp -1 ( i )2 1 i2
I =1 j————"— < | — | =——F—=|(-—— < .
N ? Roj-1Ro,; TAM= ) Moyl M=) 11 = (M7)3

Also, from (5.54) we have that 1:11»,]» <I;; < M* for 7 < i < j < v. Therefore we have that

M, < % (note that here we used that M~ <1 and M* > 1). Thus,
wAMT

53 (1—e)/

P(Ewszn My > nli—e ) gp(u+ VEE

>n® M, > n(l_e)/s> .

An easy argument using (5.14) and Lemma 5.4.1 finishes the proof.

Lemma 5.4.3. For any e,d > 0 we have

d

Proof. Recall that from (4.61) we have that there exist explicit non-negative random variables D (w)

VaerlS")

e

>n

75, Ml > n(ls)/s) _ 0(n72+2€+58+6,)7 v{_:/ >0

and D~ (w) such that

2

_ _ _ 2
(EwTIEn)) D+(w) < VaerIEn) < (EleEn)) + 8R0’y71D— (w)’
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where Ry ,_1 is defined as in (5.52). Therefore, since EUJTV(“) > M, we have

7(n)
Q| Leele ) 500 gy > n-a)/s
(BTS2
<Q (SRO,V_lD_(w) > n<2—2€>/s—5) +Q <D+(w) > n(2_2€)/s_5) . (5.60)

However, Lemma 4.5.2 and Corollary 4.5.4 give respectively that Q(D*(w) > ) = o(z~5*<") and
Q (Ro.,_1D™ (w) > ) = o(z~*") for any &” > 0. Therefore, both terms in (5.60) are of order

) <n*2+25+58+5”((2*25)/5’50. The lemma then follows since ¢” > 0 is arbitrary. O

vi M
For any ¢, define the scaled quenched Laplace transforms ¢; () := E,' " exp {—)\M”: - }

Lemma 5.4.4. Let e < %,

1 — \n—¢/s 1 /
(1-e)/s | — —1—¢
1+ 71_|_/\_(/\_|_32)\2)n_5/5‘|7M1>n > O(n )

Proof. Recall from (5.50) and (5.50) that

E. 1 )
L= ,(Sn) — < 1.\ < -
E. T, L+A 1+X— ()\+)\2) E,S _ A2 (VaerL, _ 1)

and define &' := 1;585 > 0. Then

for all A > 0. Therefore

1—An—e/s 1
FA>0: 1 (A M (1=¢)/s
(2 0s0.00 ¢ | e M

= (n)
< -BS e s p-ors | g (YOrel T o sy s pa-ers
(n) (n)
E T, (E,T,7)?

Now, since E, TS > M, we have

0 ( E“i?) >nels My > n(l—s)/s) <Q (EwS > p(1=29)/s 0> n(l—s)/s) —0 (n‘<6_85V5> ’
E,T"

where the last equality is from Corollary 5.4.2. Also, by Lemma 5.4.3 we have

7(n)
m —-1> n’e/s, M, >n=9)/s ) = (n—2+45) '
(ELTS™)?

Then, since —2 + 4¢ < _6;85 when e < é the lemma is proved. O

Corollary 5.4.5. Let ¢ < %. Then P — a.s., for any sequence i, = ix(w) such that iy € (ng—1,nk)
and M;, > d,(:_s)/s we have

1 . = —_— > .
klgrolo ¢2k,dk (>‘) 1+ N\ YA >0, (5 61)
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and thus
lim P, (Tlfi’“) > xuik,dk7w> =U(z), VzeR. (5.62)

k—o0
Proof. For i € (ng_1,n;] and all k large enough ¢; 4, (A) only depends on the environment to the
right of zero, and thus has the same distribution under P and Q. Therefore, Lemma 5.4.4 gives that

there exists an ¢’ > 0 such that

P(3ie (npor,m,A>0: g (V) ¢ L= d " 1 M s i/
Y Y - 1,0k 1+)\ 71+)\_()\+¥)d;€/5 9 K3 k
1- A,/ 1 -y
<dQ[IN>0:¢14,(N) ¢ k- _ My > dU T
( ’“ PEA 1A= O ) 4 k

=0 (d,j') :

Since this last term is summable in k, the Borel-Cantelli Lemma gives that P — a.s. there exists a

ko = ko(w) such that for all k& > ko we have

1— <" 1
T+A T a— (A48 g/

i€ (ng_1,nx] and M; > d' 9 = ¢, 4 (N) € ] VA > 0,

which proves (5.61). Then, (5.62) follows immediately because 1_%/\ is the Laplace transform of an

exponential disribution. O

5.4.2 Quenched Exponential Limits Along a Subsequence

In the previous subsection we showed that the time to cross a single large block is approximately
exponential. In this section we show that there are subsequences in the environment where the
crossing time of a single block dominates the crossing times of all the other blocks. In this case the
crossing time of all the blocks is approximately exponentially distributed. Recall the definition of

M; in (5.17). For any integer n > 1, and constants C' > 1 and n > 0, define the event

Dpoyi=4 3 el,nn: ME >C Z sz,n,w
jiAi<n

Lemma 5.4.6. Assume s < 2. Then for any C > 1 and n > 0 we have liminf,, . Q (Dn,c,n) > 0.

Proof. First, note that since O’ﬁmw > M? and C > 1 we have

nn
Q(Dnen)=»_ QM =C Y oF,.] (5.63)
=1

jrij<n
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Thus, we want to get a lower bound on @ (Ml2 >CYitj<n O'J2»7n7w> that is uniform in 7. The

following formula for the quenched variance of TS can be deduced from (5.16) by setting p,_, = 0:

v—1 v—1 7
VCLTWTV(") =4 (Wu,b”+1,j + W37b7l+1,j) +8 Z Z Hi+1,j(WV7b,,L+1,i + W37b1L+17i)

§=0 §=0i=v_p, +1
v—1 v—1 7

<A Wy 1+ W2, 0 )+8> > Wi, y(+ W, 114)
§=0 §=0i=v_4, +1
v—1 v—1 v—1

<A Wy 11+ W2, ) +8 D W, 41 > 0+ Wol, 414 |
Jj=0 j=0 i=v_y, +1

where the first inequality is because W,_, 11; = Wiy ; + Ilipq jW,_, 41, Next, note that if

V-1 < j < vy for some k > —b,,, then

J vg—1—1 J
Wy, +15 = E ;= E W —1Ily, 5+ E 0 ; < (vk — v, ) My,
l:l/_anrl l:IJ_bn+1 l=vp_1

where the last inequality is because, under @, II; ,, ,—1 <1 for all | < v;_;. Therefore,
Var,T™ < 41, (1 — vy, )My + (1 — vy, )>M7)

+8 (v (1 — v, ) M) ((Vl —vop) Y (k= o) (v — V—bn)Mk>

i=—b,+1

1
< —vp )t <12M1 +AM? +8My Y Mk> .
k=—b,+1

Similarly, we have that o? < (v; — I/j_l_b”)4 (12Mj + 4Mj2 + 8M; Zi:jfbn Mk) Q@ — a.s. for

J,n,w

any j. Now, define the events

Foi= () {w-v1<bi, and Gine:= N {Mjgn“*f)/S} (5.64)
JE(=bn,n] JE[i—bp,i+b,\{i}

Then, on the event F,, NG pe N {Mz < 2n1/5} we have for j € (4,7 + b,] that
02 o < VA (by+ 1) (12n<1*€>/5 + 4n@=2)/s 4 gp(1=e)/s(p p(1=e)/s | 2n1/5))

< B3 (by + 1)1 (1271(1_5)/3 4 12n(=29)/s | 16n(2_5)/5) < 8002 n(2=2)/s,
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where the last inequality holds for all n large enough. Therefore, for all n large enough

Z C Uj,n,w
JHFI<n
>Q |4n** > M2 >C Z 05 niwr Frr Gime
JHuFEI<n
>0 ( An?/s > M2 > C > 02, 80N F G
J€[1,n]\[¢,i4+by]

\ V

1/8 2n1/5] Vi — Vi1 S bn)

2/s -
C ) Fnz Gi,n,e B}

XQ Z an+80b9 (2— e)/@_
JEL,n)\[i,i+by]

where I:"n := F,\{v; —vi—1 < b,}. Note that in the last inequality we used that sz,n,w is independent
of M; for j ¢ [i,i+ by,]. Also, note that we can replace F,, by F,, in the last line above because it

will only make the probability smaller. Then, since ) <Var,T,, we have

Fell,n)\[iyi+bn] C. J n,w

QM =cC > ol

jriFj<n
>0 (M1 e [n}/5,2n1/%), v < bn) 0 (Vaeryn < n2sC7t 40T n29/5 R, Gn)
> (Q(My € ['7*,2nM%]) = Qv > b))

< (@ (vVart, <n®*(C7" = 405077 = QUF) - Q(G5,..))

~ 03(1 - 275)% Lsy (Cil) , (565)

25

where the asymptotics in the last line are from (5.14), (5.18), and Theorem 5.1.3, as well as the fact
that Q(FS) + Q(GS,,) < (n+b)Q(v > by) + 20,Q(My > nl1=9)/#) = O (ne~ %) + o(n~1+%)
due to (5.14) and (5.18). Combining (5.63) and (5.65) finishes the proof. O

Corollary 5.4.7. Assume s < 2. Then for any n € (0,1), P — a.s. there exists a subsequence
ng, = nk,, (w,n) of ng = 22" such that for i, Bm, and v, defined as in (5.33) we have that
Jim = im(w,n) € (@m,Bn] : M, 2m > ohg . (5.66)

jE (06771 ;'Wn]\{im,}

Proof. Define the events

D;C,C,n =< Ji € (ng—1,nk—1 + ndg] : Mzz =>C Z UJQVd'w“J
Je€mr—1,mnp]\{i}
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Note that since @ is invariant under shifts of the v;, Q(D;c,C,n) = Q(Dg4,,cn). Also, due to the
reflections of the random walk the event Dj, ., only depends on the environment between vy, —p,
and vy, . Thus, for £ large enough D;C,C,n only depends on the environment to the right of zero
and therefore P(D} ¢,) = Q(D}, ¢,) = Q(Day,c,y). Therefore liminfy oo P(D} ) > 0. Also,
since ng_1 — bg, > ni_o for all k& > 4, we have that {D’2,€70777}z":2 is an independent sequence of
events. Thus, we get that for any C' > 1 and n € (0, 1), infinitely many of the events Dy, ¢, occur
P — a.s. Therefore, P — a.s. there is a subsequence k,, = k,(w) such that w € Dy, m,, for all m. In

particular, for this subsequence k,, we have that (5.66) holds. O

Theorem 5.4.8. Assume s < 2. Then for any n € (0,1), P — a.s. there exists a subsequence
ng,, = Nk, (w,n) of np = 22" such that for am, Bm and vy, defined as in (5.33) and any sequence

Tm € (v8,,,Vy,,] we have

=(d, )
ngmkm) _ E(Zam ngmkm)
v Vkp ,w

m—00

lim Pyom ( < x> =U(zx+1), VzreR.

Proof. First, note that
; _ dy. .
P < max M, < dﬁf”é) = (1=P (M >af ")) =0 (e,
JE(MKk—1,mk]

where the last equality is due to (5.18). Therefore, the Borel-Cantelli Lemma gives that, P — a.s.,

max  M; > dfclfs)/s for all k large enough. (5.67)

JE€(nr—1,mk]
Therefore, P — a.s. we may assume that (5.67) holds, the conclusion of Corollary 5.4.5 holds, and
that there exist subsequences ng, = ng, (w,n) and i, = i, (w,n) as specified in Corollary 5.4.7.
Then, by the choice of our subsequence ny, , only the crossing of the largest block (i.e. from v; 1
to v;,) is relevant in the limiting distribution. Indeed,

(7] = Bl D)) + (T = Tl — BT
P:)/am, >

>e
V Vkm,w
(k) _ plden)) _ 2 2
. Var, (Tw Ty, T3 iy, w - Zje(amﬁm]\{im} 05 de, _ 1
- 20k, w - 52Mi2m — e2m’
where in the second to last inequality we used that vy, ,, > aizm e w2 Mfm, and the last inequality

is due to our choice of the sequence i,,. Thus we have reduced the proof of the Theorem to showing

that

. Vigy —1 Tlgidkm) — Mipy,di,, w
lim P,™ m - im x| =U(z+1), VxeR. (5.68)
m—00 / kfrn7w
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Now, since i, is chosen so that M;, = maX;c(n,, _,n,, ] Mj, we have that M; > dg;g)/s for any

tm —

€ > 0 and all m large enough. Then, the conclusion of Corollary 5.4.5 gives that
7 (dreyy, )
» Tl/' m
lim Py ' | —=— <z | =¥(z).
m—o0 i \dpe,, sw

Thus, the proof will be complete if we can show

lim A _ g (5.69)

m— oo Ve ,w
VI

However, by our choice of ny,, and i, we have

2 2 2 _ 2
T odiery sw 2 Mim = m z : Oy — 1 (vkvm‘*’ - Uim,dkm,w) ’

J€(amym]\{im}

which implies that

v m+1
1 S Km ,w < +

— 1. (5.70)

(o m m—00
Ty Ak yy »W

Also, we can use Lemma 5.4.3 to show that for k large enough and € > 0

o2
P (EIZ S (nk‘717nk] : # -1 2 d;E/S7 ]\4—z Z d;l_e)/s>
Ldk,w
v WTlgdk) —€/s —e)/s
< dpQ LQ 1] > dks/(7 M, > dl(: /s | _ 0(d;1+45),
(BT

Then, for € < i the Borel-Cantelli Lemma gives that P — a.s. there exists a kg = ko(w) such that

a? —¢/s . .
for k > ko and i € (ng—1,nx] with M; > d,(clfe)/s we have | ™2 — 1| < d /s n particular, since
idg,w
M;, > d,g:s)/ ® for all m large enough, we have that
. Ui2m,dkm,w
lim —mdbm® (5.71)
m—0o0 ui7n,7dkm W
Since (5.70) and (5.71) imply (5.69), the proof is complete. O

Proof of Theorem 5.1.2:
As in the proof of Theorem 5.1.1 this follows from Proposition 5.1.4. O

5.5 Stable Behavior of the Quenched Variance

Recall from Theorem 5.1.5 that Q (Var,T, > x) ~ Kooz~%/2. Since the sequence of random vari-
ables {Var,(T,, — wal)}i oy I8 stationary under @ (and weakly dependent) it is somewhat natural

to expect that n=2/*Var,T,, converges in distribution (under @) to a stable law of index § < 1.
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Proof of Theorem 5.1.3:
Obviously it is enough to prove that the second equality in (5.9) holds and that

n

Var,T,, — Z(Ezi—lTw)Q

=1

lim Q ( > (5n2/5> =0, V§>0. (5.72)

However, (5.72) is the statement of Corollary 4.5.6 with m = oo. Thus it is enough to prove the
second equality in (5.9). To this end, first note that

1 o 1 o ) 2
) = S (e - (i) ) (5.73)

i=1 i=1
1 « N2
T3 > (EZHTU(?)) Lpg,<nti-e)/s (5.74)
i=1
1 « S 2
+ n2/s Z (EZI?ITIS:L)) 1M,i>n(1*5)/5~ (575)
i=1

Therefore, it is enough to show that (5.73) and (5.74) converge to 0 in distribution (under @) and
that

. 1 Cn e () 2
pie (WZ (EWT'*T,EI,”)) LysonGooss < m) — L () (5.76)
i=1

for some b > 0. To prove that (5.73) converges to 0 in distribution, first note that factoring gives
) 2 ) — 2 ) ) . —
(B T,) = (BGT0) <2857, (BS T, — BLTEY)).

Therefore, for any § > 0

Q (Z (Ezomr - (1)) > ws)

i=1
<Q <Z QBT (EZHTW - EZHTV@) > 5n2/5>
1=1
<nQ (Ele, — BT > 1) +Q (QEMT,,H > 5n2/3> . (5.77)

Then, Lemma 4.3.2 and Theorem 4.1.1 give that both terms in (5.77) tend to zero as n — oo. The
proof that (5.74) converges in distribution to 0 is essentially a counting argument. Since the M; are all
independent and from (5.18) we know the asymptotics of Q(M; > z), we can get good bounds on the
number of i < n with M; € (n®,n”]. Then, since by (4.15) we have Q (EZ“IT,E?) >nP M; < no‘) =
o (e‘"(ﬁﬂw) we can also get good bounds on the number of ¢ < n with EZ“ITV(?) € (n®,n”]. The
details of this argument are essentially the same as the proof of Lemma 4.5.5 and will thus be

ommitted. Finally, we will use [Kob95, Theorem 5.1(III)] to prove (5.76). Now, Theorem 5.1.5
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gives that @ ((EWTL,)2 1y sna-eys > xnz/s) ~ Kooz=/?n~', and Lemma 4.3.4 gives bounds on

the mixing of the array {(EZ"’ITW)2 1M7.>n(176>/5} . This is enough to verify the first two
' i€Z,nEN

conditions of [Kob95, Theorem 5.1(IIT)]. The final condition that needs to be verified is

lim lim sup nEq {n_Q/s(EleS"))21M1>n(175>/51n,1 P~ 5} ~0. (5.78)

—0 n—oo
By Theorem 5.1.5 we have that there exists a constant Cy > 0 such that for any z > 0,
_ 1
Q (EMTV(") > xnl/s, My > n(lff)/s) <Q (EwTu > xnl/s) < Cur™°—.
n
Then using this we have

_ 2
nkg |:n—2/s (EleE”)) Ly sna—o/s 1n1/5EwT,£n)<5:|

52 B 2
= n/ Q ((EleS")> > an?/*, My > n(l_a)/s) dx
0

045273
1—s/2’

62
< C4/ x5 2dy =
0

where the last integral is finite since s < 2. (5.78) follows, and therefore by [Kob95, Theorem
5.1(IIT)] we have that (5.76) holds. O

Acknowledgments. I would like to thank Olivier Zindy for his helpful comments regarding the

analysis of the quenched Laplace transform of TV(”) in Section 5.4.1.



Chapter 6

Large Deviations for RWRE on 74

We now turn to some results for multidimensional RWRE. Unless otherwise mentioned, we will
consider only nearest neighbor RWRE with i.i.d. and uniformly elliptic environments. Section 6.1 is
a review some of the basic results, notation, and open problems for multidimensional RWRE. Section
6.2 is a survey of the large deviation results that are known for multidimensional RWRE. The main
results of the chapter are contained in Section 6.3, where we prove a new result on differentiability

properties of the annealed rate function when the law on environments is “non-nestling.”

6.1 Preliminaries of Multi-dimensional RWRE

While RWRE on Z are quite well understood, much less is known about RWRE on Z¢. In particular,
even in the case of i.i.d., uniformly elliptic environments with d > 3, the 0-1 law for transience in
a given direction is still an open problem. Let S9! := {¢ € R? : ||¢|| = 1}, and for any ¢ € S9!
let Ay := {lim,_,0 X, - £ = 400} be the event of transience in the direction £. For uniformly elliptic
environments satisfying certain strong mixing conditions (in particular, for uniformly elliptic, i.i.d.

environments), it is known [Zei04] that P(A, U A_y) € {0,1}. This prompts the following question:
Question 6.1.1 (0-1 Law). Is it true that P(A,) € {0,1}¢

If the answer to Question 6.1.1 is affirmative (or negative), then we say that the 0-1 law holds
(or fails). For i.i.d., uniformly elliptic laws on environments, the 0-1 law holds when d = 2 [ZMO01],
but Question 6.1.1 is still an open problem when d > 3. Question 6.1.1 is also still an open problem

when d = 2 and the environment is i.i.d. but not uniformly elliptic. When d = 2 there are examples

112
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of ergodic, elliptic laws on environments for which the 0-1 law fails [ZMO01], and when d > 3 there
are examples of mixing, uniformly elliptic laws on environments for which the 0-1 law fails [BZZ06].

In general, it is not known if a law of large numbers exists (i.e., if lim, % is constant,
P — a.s.). However, for i.i.d., uniformly elliptic laws on environments, it is known that there are at

most two limiting speeds of the random walk [Zei04, Zer02]. That is, there exists an £ € S9~1 such

that
.
lim — =wv3ly,+v_14 ,, P—a.s, (6.1)
n—oo N
where vy = ¢1£ and v_ = —cof for some c1,co > 0. (A recent result of Berger [Ber08] shows that

when d > 5, v_ and vy cannot both be non-zero.) Thus, if it can be shown that a 0-1 law holds,
then (6.1) would imply a law of large numbers. If lim, % is constant, P — a.s., then we will
denote the limit by vp.

There are known conditions for laws on environments that imply a law of large numbers for the

RWRE. Recall the following terminology originally introduced by Zerner [Zer98]:

Definition 6.1.2. Let d(w) := E,X; be the drift at the origin in the environment w, and let
K := conv (supp (d(w))) be the convex hull of the support, under P, of all possible drifts. Then, we
say that the law on environments P is nestling if 0 € K and non-nestling if 0 ¢ K. We say that P
is non-nestling in direction £ € S 1 if inf,cxc - £ > 0 (or equivalently, if P(E, X, -£ > ¢) =1 for

some € > 0).

If P is non-nestling, it is known that the 0-1 law holds and also that a law of large numbers holds
with limiting velocity vp # 0. In fact, this follows from the fact that non-nestling laws P also satisfy
what is known as Kalikow’s condition [Kal81], which implies that the 0-1 law holds and that vp # 0
(see [SZ99]). Since Kalikow’s condition holds for some (but not all) nestling laws P (see [Kal81] for
examples), it is still not known for general i.i.d. nestling laws on environments if there can exist two
limiting velocities vy and v_.

A useful tool in much of the recent progress on multidimensional RWRE is what are referred to
as regeneration times. Fix an ¢ € S9! such that ¢/ € Z? for some ¢ > 0. Then, the regeneration

times in direction ¢ are
m=inf{n>0: Xy - £< X, £L< X, ¢, Vk<n, Vm>n},

and

rii=inf{n>7_1: Xp A< X, <X, -4, Vk<n, VYm>n}, fori>1.
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Remark: The condition that ¢/ € Z? is chosen to allow for a simpler definition of regeneration
times that agrees with the one given by Sznitman and Zerner [SZ99] (set a = L in the definition of
regeneration times in [SZ99]). If P is non-nestling in direction £ € S9~1, then P is also non-nestling
for all #/ € S4~! in a neighborhood of ¢. Therefore, if P is non-nestling, then we can always find an
¢ € S%1 such that P is non-nestling in direction ¢, and ¢/ € Z? for some ¢ > 0.

The regeneration times 7; are obviously not stopping times since they depend on the future of
the random walk. The advantage of working with regeneration times is that they introduce an i.i.d.
structure. Let D := {X,, - £ > 0, Vn > 0}, and when P(D) > 0, let P be the annealed law of the
RWRE conditioned on the event D (i.e., P(-) := P(-|D)). Let expectations under the measure P be
denoted E.

Theorem 6.1.3 (Sznitman and Zerner [SZ99]). Assume P(Ay) =1. Then P(D) > 0, and
(X713T1)7 (XTQ - X7'177-2 - 7-1)7 ceey (XTk+1 - XTkaTk-‘rl - Tk)7 cee
are independent random variables. Moreover, the above sequence is i.i.d. under P.

Remarks:
1. If P is non-nestling in direction ¢, then P(A4;) = 1 and so Theorem 6.1.3 holds.

2. The assumption that P(A;) =1 in Theorem 6.1.3 is only needed to ensure that 7, < co. In fact,
what is shown in [SZ99] is that P(Ay) > 0 implies that P(D) > 0 and that (X,,,71), (Xr, — X7, 72 —
1), ... are i.i.d. under P.

As mentioned above, for ii.d., uniformly elliptic environments, P(A4,) = 1 also implies a law
of large numbers. Thus, a consequence of Theorem 6.1.3 is the following formula for the limiting
velocity vp: -

X, _EXy

vp = lim — =
n—oo N ETl

, P—a.s. (6.2)

Recently, Sznitman introduced conditions, known as conditions (T') and (T") relative to a direc-
tion ¢, that are more general than Kalikow’s condition and which also imply a law of large numbers
with non-zero limiting velocity and an annealed central limit theorem [Szn01]. Sznitman also de-
scribed in [Szn02] a criterion that can be checked by considering the environment restricted to a box

B,, = [-n,n]%, with the property that (7") holds if and only if the condition holds for some box B,,.

Such a criterion is not known to exist for Kalikow’s condition.
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6.2 Large Deviations for RWRE on Z¢

In this section, we will review some of the known results for large deviations of RWRE on Z¢. We
recall the following terminology from [DZ98]: A good rate function is a lower semi-continuous [0, co]-
valued function h(x) with the property that {z : h(z) < a} is compact for every a < co. A sequence
R?-valued random variables &, is said to satisfy a large deviation principle (LDP) with good rate
function I(z) if for any Borel I' C RY,

1 1
— inf I(z) <liminf —log P (§, € T') <limsup —log P (&, € T') < — inf I(x).
n n

veb neee ne ver

The random variables ,, satisfy a weak large deviation principle if the above inequalities hold for

all bounded Borel ' ¢ R?.

6.2.1 Large Deviations: d =1

Comets, Gantert, and Zeitouni [CGZ00] give a rather complete treatment of quenched and annealed
large deviations for one-dimensional RWRE. In [CGZ00], quenched large deviations are first obtained
for the hitting times T}, and T_,, using an argument similar to the proof of the Gartner-Ellis Theorem
(see Theorem 2.3.6 in [DZ98]). The LDPs for the hitting times are then transferred to a quenched
LDP for X,,. Finally, Varadhan’s Lemma [DZ98, Theorem 4.3.1] is used to derive the annealed large
deviations from the quenched large deviations. Even for random walks in i.i.d. environments, this
method for deriving an annealed LDP require an understanding of the quenched LDP for random
walks in ergodic environments.

One advantage to the approach used in [CGZ00] to derive an annealed LDP is that the annealed
rate function is given in terms of a variational formula involving the quenched rate function and the
specific entropy of measures on environments. Another advantage is that qualitative behavior of both
the quenched and annealed rate functions are derived. In particular, the rate function (quenched or
annealed) in the negative direction is equal to the sum of the rate function in the positive direction
and a linear function with slope Ep log pg. (This implies that for transient RWRE, the rate functions
are not differentiable at the origin.) Other differentiability properties of the rate function, while not
mentioned in [CGZ00], are obtained without too much difficulty from the formulas given for the rate
functions there. Also, if P is nestling, then the quenched and annealed rate functions are zero on
the interval [0, vp].

The one-dimensional quenched LDP was first derived by Greven and den Hollander in [GAH94]

using homogenization techniques. Greven and den Hollander were also able to show the qualitative
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behavior of the quenched rate function mentioned above. Rosenbluth [Ros06] has also recently
derived the same formula for the one-dimensional quenched rate function as a special case of a
multidimensional quenched LDP. Rosenbluth’s approach also uses homogenization techniques, and
he formulates the quenched rate function as the solution to a variational problem. In the one-
dimensional case, Rosenbluth is able to solve this variational formula to obtain the simpler form of

the quenched rate function which also appears in [CGZ00] and [GdH94].

6.2.2 Large Deviations: d > 2

Although a law of large numbers is not known to hold for general i.i.d. environments, Varadhan

[Var03] has given both a quenched and annealed LDP.

Theorem 6.2.1 (Varadhan [Var03]). Let X,, be a nearest neighbor RWRE on Z2, and let P be a
uniformly elliptic, i.i.d. measure on environments. Then, there exist convex (non-random) functions
h(v) and H(v) such that % satisfies both a quenched and an annealed large deviation principle with

good rate functions h(v) and H(v), respectively. That is, for any Borel subset T C R,

1 X 1 X
— inf h(v) < —logliminf P, ( “ e F) < limsup — log P, ( " e F) < — inf h(v),
n n n

1)6?‘ e n—oo n vel

for P—almost every environment w, and

1 X, 1 Xn .
—inf H(v) < = logliminf P ( € I‘) < —loglimsupP ( € F) < —inf H(v).
n n n

° n— 00 n ,
vel n—oo vell

Remark: In [Var03], Varadhan actually proves a more general theorem. In particular, he shows
that the conclusion of Theorem 6.2.1 holds for for RWRE with bounded jumps in i.i.d. environments
with certain strong uniform ellipticity conditions.

Varadhan’s proof of the quenched LDP is based on a simple sub-additivity argument, but the
argument does not give much information about the quenched rate function h(v). In particular, the
argument only shows that h is convex. The proof of the annealed LDP in [Var03] is much more
complicated. A RWRE X,, is not a Markov chain (annealed) since it has “long term memory.”

Therefore, Varadhan studies the path of the environment shifted to end at the origin
W, =(-Xn,—Xn+X1,...,— X5, + X—1,0).

Since W, incorporates the history of the walk, it is a Markov chain on a very large state space
W. Varadhan then shows that a process level LDP holds for W,,. That is, a LDP holds for the

measure valued process R,, 1= %Z?ﬂ dw, with good rate function J(x), which is infinite unless p
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is a stationary measure on the space W, which is a specified compactification of W. The annealed
LDP for X,,/n is then obtained by contraction, and the rate function H(v) is given by

H(v)= _ inf
W)= mf I,

where & is the set of ergodic measures on W and m(u) is the average step size of the ergodic measure
1.

Since Varadhan’s derivation of an annealed LDP requires an understanding of process level large
deviations on the huge state space W, it is difficult to derive much qualitative information about the
rate function H(v) using Varadhan’s formula for H(v). Nevertheless, Varadhan was able to prove

the following statement about the zero set of the quenched and annealed rate functions:

Theorem 6.2.2 (Varadhan [Var03]). The zero sets of the quenched and annealed rate functions in
Theorem 6.2.1 are identical. That is, h(v) =0 <= H(v) = 0. Moreover, the zero set of the rate
functions Z = {v : H(v) = 0} has the following description:

Non-nestling: If P is non-nestling, then the zero set is a single point Z = {vp}.

Nestling: If P is nestling, then the zero set is a line segment containing the origin. Iflim,,_ % =
vp, P—a.s., then Z = [0,vp]. Otherwise Z = [v_,vy|, where v_ and vy are the two possible limiting

velocities.

We end this section by briefly mentioning some of the other large deviation results for multi-
dimensional RWRE. Rassoul-Agha [RA04] extended the approach of Varadhan to get an LDP for
certain non-i.i.d. laws on environments and other non-Markov random walks on Z?. Zerner [Zer98]
also proved a quenched LDP using a sub-additivity argument. However, unlike Varadhan’s sub-
additive argument, Zerner’s method involved hitting times and was restricted to nestling laws on
environments. Recent results of Yilmaz [Yil08a, YilO8b] take a different approach, using homoge-
nization techniques to derive quenched LDP results. The techniques used in [Yil08a] are similar to
those used in [KRV06] for diffusions in a random environment, and, in [Yil08b], it is shown that, for
“space-time” RWRE, the quenched and annealed rate functions are identical in a neighborhood of

the critical velocity vp.

6.3 Differentiability of the Annealed Rate Function

In this section, we will study the annealed rate function H(v) from Theorem 6.2.1. (Recall that we

are only considering nearest neighbor RWRE in this chapter.) As mentioned in Subsection 6.2.1,
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many differentiability properties of the annealed rate function are known when d = 1. Until now,
however, no differentiability properties of H(v) were known when d > 2. Our main result is the

following theorem:

Theorem 6.3.1. Let X,, be a nearest neighbor RWRE on Z%, and let P be a uniformly elliptic,
i.i.d., and non-nestling measure on environments. Then, the annealed rate function H(v) is analytic

in a neighborhood of vp.

The variational formula for H(v) given in [Var03] is very hard to work with. Instead of ap-
proaching a LDP through the Markov chain W,, on the huge state space W, we take advantage of
the i.i.d. structure present in regeneration times. From Cramér’s Theorem, differentiability proper-
ties of the large deviation rate functions for sums of i.i.d. random variables can easily be obtained.
We are then able to transfer these differentiability properties to a new function J defined in terms
of large deviations for (X, ,7x), and then show that J(v) = H(v) in a neighborhood of vp when P
is non-nestling.

We conclude the section by showing that when d = 1 and X,, — 400, the equality J(v) = H(v)
holds for all v > 0 (for both nestling and non-nestling laws P).

6.3.1 The Rate Function .J

Since P is non-nestling, for the remainder of this section, we fix a direction ¢ € S%~! such that
cl € 72, for some ¢ > 0, and P is non-nestling in direction ¢. Let 7; be the regeneration times in

direction ¢. For A € RY x R = R4 let
AN = log Eet (Xrim),

By Theorem 6.1.3, (X,,,71), (X, — X, 72—71), . . . is an i.i.d. sequence under P. Therefore, Cramér’s
Theorem [DZ98, Theorem 6.1.3] implies that 1 (X, ,7,) satisfies a weak LDP under P with convex,

good rate function

I(z,t) = /\eiﬂrgﬂ A (z,t) — A(N).

In particular, for any open, convex subset G C R4+,

1. /1 _
lim - logP [ =(X =— inf I(z,1). .
Jim - log (k( m,m)eG) oot (2,1) (6.3)

Let Hy:={v € R?: v £ > 0}. Then, for v € Hy, let
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Having defined the function J, we now mention a few of its properties.
Lemma 6.3.2. J is a convex function on Hy, and J(vp) = 0.

Proof. We wish to show that J(tvy + (1 — t)ve) < tJ(v1) + (1 — t)J(ve) for any vy,ve € H, and
t € [0,1]. Obviously, we may assume that J(v;), J(v2) < 00, since otherwise the inequality holds
trivially. For s € (0,1] and v € Hy, let
f(v,s) :=sl (v) 1) = sup A-(v,1)—sA(N).
AR+
Since f(+,-) is the supremum of a family of linear functions, f(-,-) is a convex function on Hy x (0, 1].
For § > 0, the definition of J implies that there exist s1,so € (0,1] such that f(vi,s1) < J(v1) + 6
and f(ve,s2) < J(ve) + . Therefore,

J(tvy + (1 —t)vg) = Seig)fu fltvr + (1 —t)va, s) < f (tvg + (1 — t)vg, tsy + (1 — t)s2)

<tf(vi,s1) + (1 —t)f(v2, 52)

< tj(’l)l) + (1 — t)j(vg) + 26,

where the second to last inequality is due to the convexity of f(v,s). Letting 6 — 0 finishes the

proof of the first part of the lemma.

]EEXT . Then, the law of large

T

For the second part of the lemma, note that (6.2) implies that vp =

numbers implies that

lim P (H; (Xr, 1) — (vpEr1,Em)

k—o0

< 5) =1, Vo > 0.
Thus, (6.3) implies that

inf _ I(x,t) =0, V6 > 0.
[[(z,t)—(vpET1,E1 )| <6

Since I is lower semi-continuous, this implies that I(vpEry, E7;) = 0. Then, the definition of J and

the fact that I is non-negative imply that J(vp) = 0. O
Lemma 6.3.3. There exists an 19 > 0 such that J(v) is analytic in {v : [[v —vp|| <o}

Proof. First, we claim that A()) is finite for all A in a neighborhood of the origin. For, since || X, || <
71, we have Eer(Xri:m) < EelMIXr.m)ll < EevV2IM™ | However, it was shown in [Szn00, Theorem
2.1] that 7; has exponential tails under P (and therefore also under P). Thus, Ee*(Xr1:71) < oo if

[IAll is sufficiently small.



CHAPTER 6. LARGE DEVIATIONS FOR RWRE ON 7" 120

Since A()) is the logarithm of a non-degenerate moment generating function, A is strictly convex
and analytic in a neighborhood of the origin. Then, since I is the Fenchel-Legendre transform of
A, I is strictly convex and analytic in a neighborhood of (vpE7, Er) = VA(0) (see Lemma B.1 in
Appendix B). Therefore, f(v,s) = sI(v/s,1/s) is analytic for (v, s) in a neighborhood of (vp, 1/E7).
Thus, it is enough to show that there exists an analytic function s(v) in a neighborhood of vp such
that J(v) = f(v,s(v)). To this end, first note that J(vp) = f(vp,1/Em) = infee(oq) f(vp,s) =0,
and therefore, since f is non-negative and analytic in a neighborhood of (vp,1/E7;), we have that
%(’UP71/E71) = 0. Also, since f(v,s) is a convex function, %(0780) = 0 implies that J(v) =
f(v,80). Therefore, it is enough to find an analytic function s(v) in a neighborhood of vp such that
of

55 (v,8(v)) = 0. A version of the implicit function theorem [FGO02, Theorem 7.6] gives the existence

of such a function s(v) if we can show that

2
%(Up, 1/Ery) # 0. (6.4)

To see that (6.4) holds, note that the definition of f(v,s) implies

?;T];(v,s) - si?’ (v,1) - DT (: i) - (;’) (6.5)

where D?T is the matrix of second derivatives for I. However, since I(z,y) is strictly convex in a
neighborhood of (vpEr, E7y), D?I(x,y) is strictly positive definite for (x,y) in a neighborhood of
(vpEry,Ey). Thus, from (6.5) we see that g%(vp, 1/E7y) > 0 and so (6.4) holds. O

6.3.2 LDP Lower Bound

We now prove the following large deviation lower bound:

Proposition 6.3.4 (Lower Bound). For any v € Hy,

lim lim inf 1 log P(||X,, — nv|| < nd) > —J(v).

5—0 nooo M
Proof. Let ||€]|; denote the L* norm of the vector £&. Then, it is enough to prove the statement of the
proposition with | - ||; in place of || - ||. Also, since P(||X,, —nv||; < nd) > P(D)P(|| X, —nv|j1 < nd),
it is enough to prove the statement of the proposition with P in place of P. That is, it is enough to
show

1 — _
lim lim inf — log P(|| X,, — nv||1 < nd) > —J(v).

d—0 n—oo N

Now, for any 0 > 0 and any integer k, since the walk is a nearest neighbor walk,

B(|| X, — nv]l1 < 4nd) > P (| Xr, — nv||y < 206, |7 — n| < 2n6).
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For any t > 1, let k, = k,(t) := |n/t], so that n —t < k,t < n for all n. Thus, for any § > 0 and

t > 1, and for all n large enough (so that nd > t),

P(| Xy, — nvfy < 4nd) > P (|| X5, — |1 < 2nd, |7k, —n| < 2nd)

> P (| Xr,, — kntvlly < kntd, |7h, — knt] < kntd).
Therefore, for any § > 0 and ¢t > 1,

1 —
liminf — log P(|| X, — nol|1 < 4nd)
n—oo N

1 _
> lim inf - logP (|| Xr, . — kntvllr < kntd, |7k, — knt] < kntd)

v

1 1 —
: liminf — log P (|| X~

n—o00 k‘n

— kntv|ly < kntd, |7, — knt| < kntd)

kn

1 1 —
= likminfE log P (|| X7, — ktv||1 < ktd, |1 — kt| < ktd)

1 _
= —— inf  I(x,y),
t ||lz—to|l1<td ( y)
ly—t|<td

where the last equality is from (6.3). Then, taking § — 0 we get that for any ¢ > 1,
I S 1-
lim lim inf — log P(|| X, — nvl|jy < 4nd) > ——1(vt,t).
§—0 n—oo N t

Since the above is true for any ¢, the proof is completed by taking the supremum of the right hand

side over all ¢ > 1 and recalling the definition of J. O
Corollary 6.3.5. J(v) > H(v) for allv € Hy.

Proof. The annealed LDP in Theorem 6.2.1 implies that

1
lim limi(r)lf - log P(|| X, — nv|| < nd) = —H(v).

5—0 n—

The proof then follows immediately from Proposition 6.3.5. O

Remark: The proof of Proposition 6.3.4 does not use that P is non-nestling. In fact, it is enough
to assume that P(A4,) > 0 so that, by the remark after Theorem 6.1.3, we can use the i.i.d. structure

for regeneration times under P.

6.3.3 LDP Upper Bound in a neighborhood of vp

We now wish to prove a matching large deviation upper bound to Proposition 6.3.4. Ideally, we

would like for the upper bound to be valid for all v € Hy, and in the next subsection we prove
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that this is the case when d = 1. For d > 1 we are only able to prove a matching upper bound to
Proposition 6.3.4 in a neighborhood of vp. However, this is enough to be able to prove Theorem
6.3.1.

We first prove an upper bound involving regeneration times.

Lemma 6.3.6. For any t,k € N and any x € Z¢,
PX,, =z, o=t < e (%),
Proof. Chebychev’s inequality implies that, for any A\ € R4+,

@(Xm =z, =1t) < e~ M@ OEA (Xry ) — e—k(X(w/k,t/k)—K(A))

where in the last equality we used the i.i.d. structure of regeneration times from Theorem 6.1.3.

Thus, taking the infimum over all A € R¥*! and using the definition of J (with s = £),

O
We are now ready to give a matching upper bound to Proposition 6.3.4 in a neighborhood of vp.

Proposition 6.3.7 (Upper Bound). There exists an 1 > 0 such that, for any |[v —vp|| < n and for
all § sufficiently small,

1 -
limsupﬁlogP(HXn —n|| <nd) < — inf J(z).

n—00 |lx—v]| <8
Proof. Recall that, since P is non-nestling, [Szn00, Theorem 2.1] implies that 7; has exponential
tails. Thus, there exist constants C;, Co > 0 such that max {P(Tl > x),P(r > x)} < Che~ 2% for all
x > 0. By Lemma 6.3.3, we know that there exists an 7y such that J is analytic on {v : |[v—vp| < 70}
We now introduce the following functions which will be useful in the proof:

a(r):=  sup  J(v), B(r):=  sup ||Vj(v)|| , r < 1p-

vi|lv—vp|<r villv—vp|<r

Since J is non-negative and analytic on {v : ||[v —vp|| < 19}, and since J(vp) = 0, a(r) and 3(r) are

continuous on [0,7) and «(0) = B(0) = 0. Choose £ > 0 such that {25 < no and j (125) < %.

Then, choose 1 > 0 small enough so that ?fgz <no, B (?fg‘;) < % and a(n) < % N eCy.
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Having introduced the necessary notation, we now proceed with the proof. Let €, 7 > 0 be chosen

as above, let v be such that ||v —vp|| <7, and let § < n — |jv — vp||. Now,

P(|| X, —nv|| <nd) <PEk <n:7— 11 > en)

+PEk:m <en, 7, € (n—en,n], | X, —nv|| <nd, k41 >n). (6.6)
Then, since J(v) < a(n) < eCa,
Pk <n:7p — mp_1 > en) < Cine” 9" < Cine 7).

Thus, we need only to bound the second term in (6.6).

Since the random walk is a nearest neighbor walk, || X,, — nv|| < || X,, — nv| + |n — 7%|. Thus,

P(3k:m <en, 7 € (n—en,n], | X, —nv|| < nd, Tx41 >n)

< Z Z Z P(r =un, 7o = (1 — s)n, | X, —nv|| <n(d+s), Tkr1 — 7 > ns),
k<n u€e(0,e) s€[0,e)

where the above sums are only over the finite number of possible u, s and x such that the probabilities

are non-zero. However,

P(r =un, o = (1 = $)n, | X;, —nv|| <n(d+8), Tke1 >n)
<P(r=un, i, —11=(1—s—un, | X, — X;, —nv|| <n(d+s+u), The1 — 7 > ns)

=P(r =un)P (rh—1 = (1 = s —wn, | X, —nvl| <n(0+s+u)) P(r > ns),

where the first inequality again uses the fact that the random walk is a nearest neighbor random
walk, and the last equality uses the independence structure of regeneration times from Theorem

6.1.3. Thus, since P(1; = un) < C1e~ %" and P(r; > ns) < Cre” @257,

P(3k:m <en, 7 € (n—en,n], || X, —nv|| <nd, Tk41 >n)

< Z Z Z C2e=Calutsinp (i1 =1 =s—uwn, | Xp_, —nv|| <n(d+s+u). (6.7)
k<nue(0,e) s€[0,e)

Then, Lemma 6.3.6 implies that (6.7) is bounded above by

Z Z Z Z efn(lfsfu)j(ﬁ)0126*02(5+“)”

k<n u€(0,e) s€(0,e) ||lz—v||<d+u+s

S and+3 sup sup efn((lfs)j(lfs)Jers)
s€[0,2¢) ||lz—v||<d+s

= Can*? —n( inf inf (1—s)J [ —— .
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for some constant C3 depending only on €, and C;. Therefore, to finish the proof of the proposition,
it is enough to show that the infimum in (6.8) is achieved when s = 0. That is, it is enough to show
the infimum is larger than inf),_,<s J(x).

To this end, note that

inf inf (1- 5)J< a ) + Css
s€[0,2¢) ||lz—v||<d+s 1—s
= inf inf inf (1-— S)J( Y > + Css
 lz—v]| <6 s€[0,2¢) [ly—z||<s 1—s

+5(Cy — J(x))] . (6.9)

> inf  inf  inf {J(w)(ls)
lz—v||<d s€[0,2¢) ly—z| <s

J(135> ~ J(x)

Since § < n— ||v —vp||, then ||z — v|| < § implies that ||z — vp|| < n. Thus, |y — x| < s implies that

+

—vp

1—s “1-—s 1—s —1l—s5 — 1—2"

‘< s ||x—vp||+s<77+2s<n+4€

=

n T
—v
1—s 1—s P

Therefore, z, %< € {v : ||[v — vp|| < o}, since n and & were chosen so that 7 < 71’+§i < 1no. Since J

is analytic in {v : ||v — vp| < Mo}, the mean value theorem implies that

j(lys>—j(x)zvj(g)-(lys—x)

for some & on the segment between x and y/(1 — s). Thus,

‘J(lﬁJ—J(x)

where the last inequality is due to our choice of 1 and . Recalling (6.9), we obtain

<3 1N+ 4e 2s < Css 7
1-2¢)1—s5 7 2(1—5)

oy i

4
Hs—vpu<;’t2§

T T . = 02 —
f f 1—3s)J Cys > f inf f Jx)— — Coy—J
[325) lz— v]\[ll<6+e< 2 (1 — ) +eas = |\$H?1)H<6 s€[0,2¢) |\y12|\<s (@) 2 s+ 5(Cy (@)

Cs
= f f J —J
Hz Hzl;\|<6 561[826) (x) +s < 2 (37))

= inf J(2),

|z—v||<d

where the last inequality is because ||z — vp|| < 1, and thus J(z) < a(n) < £ by our choice of 7.

This completes the proof of the proposition. O
Corollary 6.3.8. There exists an 1 > 0 such that J(v) < H(v) for all ||v —vp|| < 7.
Proof. The proof is similar to the proof of Corollary 6.3.5. Theorem 6.2.1 implies that

glmo 117Iln_)Sol<l>p log P (]| X, — nv|| < nd) = —H(v).

The corollary then follows immediately from Proposition 6.3.7. O
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The proof of Theorem 6.3.1 is now almost immediate.

Proof of Theorem 6.3.1:
Corollaries 6.3.5 and 6.3.8 imply that H(v) = J(v) in a neighborhood of vp. Lemma 6.3.3 then
implies that H(v) is analytic in a neighborhood of vp. O

6.3.4 Equality of J and H when d =1

For d > 1, we only know that J(v) = H(v) in a neighborhood of vp when P is non-nestling. In this
subsection, we show that when d = 1 and ¢ = 1 (that is, Eplogp < 0), the equality J(v) = H(v)
holds for all v > 0. (Note that in this subsection we no longer assume that P is non-nestling, but
we still require P to be i.i.d. and uniformly elliptic.) A crucial step in our proof of this fact is the

following lemmas:
Lemma 6.3.9. Assume Eplogp < 0 and let J(0) := lim,_,o+ J(v). Then, J(0) = H(0).

The proof of Lemma 6.3.9 is rather long and technical, and thus will be given in Appendix C.
Corollary 6.3.10. Assume Eplogp < 0. Then, |P,(X, <0)| < e~nJ(0),

Proof. If the environment is nestling, then J(0) = 0 and the statement is trivial. On the other hand,
if the environment is non-nestling, [CGZ00, equation (79)] implies that P, (X, < 0) < e ™)

P — a.s. The corollary then follows immediately from Lemma 6.3.9. O

Using Corollary 6.3.10, we obtain the following improvement of Proposition 6.3.7:

Proposition 6.3.11 (Upper Bound (d = 1)). Assume that Eplogp < 0. Then, for any v > 0 and
6 <w,
1 _
lim —logP(| X, —nv| <dn) < — inf J(z).

n—oo n |z—v|<§
Proof. Let 0, := sup{k < n: X} = 0} be the time of the last visit to zero before time n. Then, by

decomposing the path of the random walk according to o, and the first hitting time of X,

P(|X, —mv| <on)= > P(X,=ux)

|[z—nv|<dn

= Y Y Plon=t Tp=s5 X, =1)

|z—nv|<dén 0<t<s<n

< ) S NPAX =0)| P(Te =s—t, Ty > 5 — 1) | Po(Xn—s = 0)|

|z—nv|<dén 0<t<s<n

< Z Z 67("7S+t)j(0)IP’(TT =s—t, T_1>s—1t), (6.10)

|z—nv|<dn 0<t<s<n
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where the last inequality is from Corollary 6.3.10. Next, note that

P(T,=s—t, T_1 >s—t)P*(Tp_1 = o)

PT,=s—t,T_1>s—1t) = BT =)

(6.11)
Since P,(T, = s—t, T_1 > s—t) and P*(T,_1 = 00) depend on disjoint sections of the environment,

P(T,=s—t,T1>s—t)P(ITy_1=00)=Ep[P,(Ty =s—1t, T_1 > —t)P5(Ty—1 = o0)]
=PTpy=s—t,T-1>s—t, X, >a Vr>s—t)

=PEk:mp=s—t,X,, =2, T_1 = 0). (6.12)

Thus, (6.11) and (6.12) imply that

PT,=s—t,T 1>s—t)=PFk:m=5—t,X, =) < nef(sft)j(ﬁ), (6.13)
where the last inequality is from Lemma 6.3.6 and the fact that 7, = s — ¢ implies k < s — ¢t < n.

Combining (6.10) and (6.13), we obtain that

P(| X, —nv| < dn) <n Z Z e~ (n=s+0)J(0) = (=0 (5%) < Z Z e_"j(%),

lz—nv|<dn 0<t<s<n |z—nv|<dn 0<t<s<n

where the last inequality is from the convexity of .J. Therefore,

P(|Xn - TL’U‘ < 5TL) < 2(5714 sup efnj(z)'
|z—v|<8

O

Corollary 6.3.12. Assume Eplogp < 0. Then, the annealed rate function H(v) is identical to
J(v) for allv>0.

Proof. Corollary 6.3.5 and the remark that follows imply that J(v) > H(v) for all v > 0, and
Proposition 6.3.11 implies that J(v) < H(v) for all v > 0. Thus, J(v) = H(v) for all v > 0. Lemma
6.3.9 shows that equality holds for v = 0 as well. O



Appendix A

A Formula for the Quenched

Variance of Hitting Times

In this appendix, we will derive a formula for the quenched variance of 71, where 71 is the first
time a random walk starting at 0 reaches 1. Recall that when E,m < oo, we use Var,m =
E,(r — (Ele))z to denote the quenched variance of 7;. Our goal is to prove the following formula

for Var,m, which was stated in (2.9):

Varym = S(w)? = S(w) + 2> T_,11,05(0 "w)? (A.1)
n=1

= 4(Wo + W3) + 8> Tip1o(W; + WD), (A2)
<0

where S(w) and W; are defined in (2.7) and (2.2), respectively. Since Var,m = E, 7% — (E,71)?,
and since (2.7) implies that E,m = S(w), (A.1) is equivalent to

Bur =28(w)? = S(w) +2> T _np1,0S(07"w)>. (A.3)

n=1
(A.2) then follows from (A.1) by noting that S(0~"w) = 1+ 2W_,,.
To prove (A.3), we first truncate 71 to guarantee finiteness of expectations. Let M > 0. Then,

the decomposition of 71 in (2.5) implies that
TAM<1+1x,—1()AM+71 AM),

where 7 is the time it takes to reach 0 after first hitting —1, and 71 is the time it takes to go

from 0 to 1 after first hitting —1. Squaring both sides of the above equation and taking quenched

127



APPENDIX A. A FORMULA FOR THE QUENCHED VARIANCE OF HITTING TIMES 128

expectations, it follows from the strong Markov property that
E,(m AM)><142E, (1x,=_1(th ANM + 1] A M))
+ By (Lx,——1((7 A M)? +2(75 A M) ({ A M) + (7] A M)?))
=1 + 2(1 - wo) (Eg—lw(Tl A M) + Ew(Tl A M))
+ (1= wo) (Bp-1(11 AM)? + 2Eg-1,(11 AM)E (11 AM) + E(1y AM)?).

Solving for E, (11 A M)? gives

1
Ew(Tl A M)2 é ; + 2p(] (Eg—lw(Tl A M) + Ew(Tl AN M))
0
+ po (Eg-1,(11 A M)? + 2Eg-1,(11 A M)E, (11 A M))
1 _ _ _ _
< o +2po (S(07'w) + S(w) + S0 'w)S(W)) + poEg-1,(11 A M)?
0

_ 1
=25(w)* - . + poEg-1,(T1 A M)?,

where the second inequality holds because E, 71 = S(w), and the last equality is due to the fact that
oS0~ w) = S(w) — U%O By iterating the above inequality, we get that

E (i AM)? <2(Sw)? + poS(0 w)? + -+ + 41,050 "w)?) (A.4)
1 1 1
- ( +—po+-+ Hn+1,o> (A.5)
wo w-1 W—_n
+H_n70E9—n—1w(T1 /\]\/[)2 (AG)

As n — 00, (A.5) tends to S(w), which is finite by assumption. Also, since S(w) is finite, IT_,, o — 0
as n — oo, which implies that (A.6) tends to zero as n — oo. Therefore,
E (i AM)? <25(w)? +2 i 1,050 "w)? — S(w).
n=1

monotone convergence then implies that

B, <25(w)? 42 i 10507 "w)? — S(w). (A7)

n=1

If E,7 = S(w) < oo but E,72 = 0o, then obviously the above can be replace by equality. On the

other hand, if E,77 < co we can repeat this argument without truncating by M. That is,

_ 1
E,mt =25(w)* - o + poEg-1,71,
0
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which, after iterating, implies that

5 5 1 1
E,mt =2(Sw)?*+ -+ 41080 "w)?) — ( +- 4

wo W_n

2
Hn+1,o> + Uy oEg-n—1,77-

Omitting the last term and letting n — oo, we obtain

E, i >25(w)* +2 Z 11,0507 w)* = S(w), (A.8)

n=1

whenever E, 7% < co. Thus, (A.3) is implied by (A.7) and (A.8).



Appendix B

Analyticity of Fenchel-Legendre

Transforms

Let F': R? — R be a convex function. Then, the Fenchel-Legendre transform F* of F is defined by

F*(x) :/\Sélﬂg)d)\'fo(/\). (B.1)

Lemma B.1. Let F be strictly convex and analytic on an open subset U C R®. Then, F* is strictly

convez and analytic in U’ := {y € R% : y = VF(\) for some A\ € U}.

Proof. Since F is strictly convex on U, VF is one-to-one on U. Therefore, for any = € U’, there
exists a unique A\(x) € U such that VF(A(z)) = z. (That is, x — A(x) is the inverse function of VF
restricted to U.) This implies, since A — X -2 — F(\) is a concave function in A, that the supremum

in (B.1) is achieved with A = A(xz) when x € U’. That is,
F*(x) = Mx) -2 — F (M), Ve eU'. (B.2)

Since F' is analytic on U, then VF is also analytic on U. Then, a version of the inverse function

theorem [FGO02, Theorem 7.5] implies that A() is analytic on U’ if
det (D°F(z)) #0,  Vz €U, (B.3)

where D?F is the matrix of second derivatives of F. However, since F is strictly convex on U,
D?F(z) is strictly positive definite for all z € U. Thus, (B.3) holds and so = + A(z) is analytic on
U’. Recalling (B.2), we then obtain that F™* is also analytic on U’.
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An application of the chain rule to (B.2) implies that
VF*(z) = Mz) and D?*F*(z) = DA(z) = (D2F()\(x)))_1, Ve eU'.

Since D?F is strictly positive definite on U, the above implies that D?F*(z) is strictly positive
definite for all x € U’. Thus F* is strictly convex on U’. O



Appendix C

Proof of Lemma 6.3.9

Recall that for Lemma 6.3.9 we are assuming that P is uniformly elliptic and i.i.d., and that

Eplogp < 0. To prove Lemma 6.3.9, we first need the following lemma:

Lemma C.1. Assume that Eplogpy < 0. Then,

1 _
lim lim inf - logP (T, € [Mn, (M + 1)n]) > ~H(0).

M—o0 n—oo n
Proof. First, note that

- 1

P (T, € [Mn,(M + 1)n]) = mP(Tn € [Mn,(M +1)n], T_1 = o0)

where in the last equality we used that the environment is i.i.d. Therefore, it is enough to prove

1
im 1iminfm logP (T}, € [Mn,(M + 1)n], T—1 > T,,) > —H(0). (C.1)

|
M—o0 n—oo

The idea of the proof of (C.1) is to construct an environment which is most likely to make both
T_y and T, large. Let wyin := inf{z > 0: P(wg < x) > 0}. The proof of (C.1) is divided into three
cases: Wmin < %, Wmin > %, and wyin = %
Case I: wpin < %

FEplogpy < 0 and wpin < % imply that P is nestling. Therefore, Theorem 6.2.2 gives that
H(0) = 0. Now, the event {T}, € [Mn, (M + 1)n], T_1 > T,,} is implied by not reaching —1 or n by
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time Mn and then taking n consecutive steps in the positive direction. Thus,

P(T, € [Mn,(M + 1)n], T_y > T,) > w™ P (T, AT_1 > Mn).

Since P is uniformly elliptic, wyi, > 0 and therefore limy; oo limy, o0 M" logw;, = 0. Thus, to
prove (C.1), it is enough to show that
]\/}l—r{loo hnnllgf M— logP (T, N'T_1 > Mn) = 0. (C.2)

We now define a collection of environments on which the event {T,, AT_; > Mn} is likely. Let

T, = {Wx >

Now, we can force the event {T;, AT_1 > Mn} to happen by forcing Mn visits to [n/2| before first

E(Ln/QJ,n)}.

N | =

vo e 0.ln/2)) ) 0 {u. <

DN | =

reaching n or —1. That is, letting 7, := inf{k > 0 : X}, = z} be the first return time to =z,
Mn
P(T, AT > Mn) > Ep [Pw (Tinja) < Toa) B2 (T ) < (T AT)) 14
Mn
> P(Ty) inf Py (Tinja) < Toa) P ( e < (T Am) . (C3y)

Since Eplogp < 0 and wpyij, < %, we have that P(wg > %), P(wp < %) > 0. Therefore,

n/2) 1\ L/l
=) b (=)
= i L1 P > 1 P <))o (C4)
T oM 20 OB ) w=5))=" '

A coupling argument with a simple random walk implies that

1 e L
T R iy 108 P L) = i B el gy 108 (

[\

1

2
—_— [n/2] o2
T4 n2] and P ( L/2j<(T—1/\Tn)>—1 , Vw e T,.

Py (Tinjey <T-1) =
Therefore,

lim liminf —— log  inf P, (T T ) pln/2l (7t ATy
im_liminf - log wlélTn w( In/2) < _1) L ( Ln/2j<( LA n))

M—o0 n—oo

> Jim Tminf S oe [ (122} ) = (C.5)
i i M N1+ 2 n - '
Applying (C.4) and (C.5) to (C.3), we obtain (C.2).

Case II: wpin > %
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We will prove (C.1) in the case where P(wp = wmin) > 0. (The case where P(wy = wmin) = 0 is

then handled by approximation.) Let wpi, be the environment with w, = wp,, for all z. Then,

P (T, € [Mn,(M + 1)n], T, < T_1)

> P(wo = Wmin)"Pa,., (Tn € [Mn, (M +1)n|, T,, <T_1)

min

= P(wo = Wmin)"Pops (T < T-1) Popn (Tn € [Mn, (M + 1)n]| T, < T-1) .

min min

Letting pmax := i=¢min < 1, we have that P,

Wmin

min (Tn < T—l) > Fgpin (T—l = OO) =1~ pmax > 0.

Since limp; o liminf, ﬁ log P(wp = wmin)™ = 0, to complete the proof of the lemma it is

enough to prove that

(T € [Mn, (M +1)n]| T, < T_1) > —H(0). (C.6)

min

1
lim liminf — log Py
i, T inf 5 log

Let \ := —% log (4wmin(1 — wmin)), and recall from [CGZ00, proof of Lemma 4] that

VA e Y

¢(/\) = Fg e — 2(1—wmin)e™
o0 if A > A
We claim that
1
lim ﬁ IOg EG)min [eATn Tn < Tfl] = log d)()\), VA < oo. (C?)

To see this, first note that

1

1- max
_ <p> B, [ 10, o] (C.8)
1- Pmax

Since pmax < 1, to prove (C.7) it is enough to show that lim, . L log B, [e*" 17, <1, ] = d(N).
For A < A, let ¢, 5 (2) := B2 [e’"1p, op ] for =1 < 2 < n. Then, ¢, 1(—1) =0, A (n) =1,
and

’(/)n,)\(x) = WmineAwm/\(x + 1) + (1 - Wmin)e)\'(/)n,)\(x - 1)7 V-1l<z<n.

This system of equations can be solved explicitly. In particular,
n -1
Yu(0) = By, [ 17, <7 ] = 9(A)" <Z pﬁqam(/\)%) : (C.9)
k=0

Since ¢(\) < ¢(N) = pmak’ for all A < X, we have that >0 PEax®(N)2F < n+ 1. Thus, for A < A,
the limit in (C.7) follows from (C.8) and (C.9). For A > ), the limit in (C.7) then follows from the
fact that log Fg

min

(e 17, <1 ] is a convex function of A and limy_,5_ ¢'(\) = +o0.
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It is easily checked that for any ¢ € (1, 00), there exists a unique A < X such that (log ¢()\))" = t.
Then, since (C.7) holds, the Gértner-Ellis Theorem [DZ98, Theorem 2.3.6] implies that

1
liminf —log Py, (Th, € [An,Bn||T, <T_1) > — inf r(¢), V1< A< B < oo,
n—oo M te(A,B)

where r(t) = supy At — log ¢(A) = tA + Llog(l —t72) + L log (pmax%) is the Fenchel-Legendre
transform of log ¢(X). Since r(t) is increasing for ¢ > (2wmin — 1), infrear,prp1y 7(t) = (M) for

all M large enough. Therefore,

1 1
lim hminfM— log Py, (Tn € [Mn,(M + 1)n]|T, <T-1) > — lim M’I“(M) = -\

M—oo n—oo n M—o00

Finally, it was shown in [CGZ00, Lemma 4 and proof of Theorem 1] that H(0) = A. This completes
the proof of (C.6), and thus also the proof of the lemma, when wp, > %

Case III: wyi, = %

The proof when wyin = 5 is essentially the same as in the case wpin > % In particular, it is

1
2

enough to show (C.6). The same argument as above shows that

1
lim —log Eg,., [eM"|T, < T_1] =logp(N), VA< oo,

n—oo n

min

where ¢p(\) = B, ert = k‘/ej Since 0 is not in the interior of {A € R : ¢(\) < oo}, we
cannot directly apply the Géartner-Ellis Theorem as was done above. However, it is still true that for
any t € (1,00), there exists a unique A < 0 such that (log ¢(\))" = t. Thus, the standard exponential
change in measure argument which gives the lower bound in the Géartner-Ellis Theorem is still valid

for bounded subsets of (1,00). Therefore,

1
liminf —log Py, (T, € [An,Bn]|T, < T_1) > — inf r(¢), V1< A< B<oo,
n—oo N te(A,B)

where 7(t) = % log(1 —t7%) — % log (;—i) Since r(t) is decreasing with lim;_, o, r(t) = 0,

1 1
. e b g > lim L —0
lim liminf W log P;, . (T, € [Mn,(M+1)n]|T, <T-1) > A}lm M’I"(M +1)=0

M—o0 n—oo

min

Note that H(0) = 0 since wmin = 0 implies that P is nestling. Thus, (C.6) holds when wpi, = 5 as

1
2
well. O

Proof of Lemma 6.3.9:
From Corollary 6.3.5 and the remark that follows, we know that

J(0) = lim J(v) > lim H(v) = H(0).

v—0t+ v—0t+
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Thus, we only need to show that J(0) < H(0). From Lemma C.1 (replacing M by 1 and n by [en]),

1
lim liminf — logP (T}, € [n,n+en]) > —H(0).

e—0+ n—oo N

Therefore, it is enough to show
hrgJr lim sup — logIF’(Ttan € [n,n+en]) < —J(0). (C.10)
E— n—oo

For an upper bound on P(T|.,, € [n,n + en]), note that
P (TLan €m,n+en], T_1 = oo)
P(T,l = OO)

< ]P)(T[snj € [n,n+en], Tien) < T,l)

- P(T_l = OO)

_ P (Tjeny € [nyn +en), Tieny < Toy) P (T -1 = 00)

o P(T,l = OO)2 ’

ﬁ(Tl_anJ € [n,nJren]) =

(C.11)

Since P, (T\cp) € [n,n+en], T_1 < T|cp)) and plend (T\en)—1 = 00) depend on disjoint sections of
the environment,
P (TLETIJ €n,n+ten], T_1 < TLenJ) plen] (TLenjfl = OO)
=FEp [Pw (Tlan €n,n+en], T1 < Ttan) PQEE"J (TLme1 = oo)}
=P (T[EnJ €n,n+en], T4 < T[ana X, > |len] VEk> TtgnJ)
=P3Ek:7 € n,n+en], X, = |en], T_1 = ).

Therefore, (C.11) implies that
PEk:7; € [n,n+en], X, = |en], T_1 = )

P (T|cn) € [n,n+en]) =

P(T_l = 00)2
_ P(3k:m €[n,n+en], X, =len))
= BT = o) . (C.12)

But then,

P3k:m € [n,n+en], X,, = |en]) < Z Z (1 =tn, X,, = |en])
k<en te[l,14€]

< (en)* sup e "tJ(LEnJ), (C.13)
te[l,14€]

where the last inequality is due to Lemma 6.3.6. Thus, (C.12) and (C.13) imply that

lim limsup — log]P’(TLmJ € [n,n+en]) < — lim limsup inf }tJ (LE”J) = —J(0),

e—0T n—oo e—0T nooo t€[l,14¢ nt
where the last equality is due to the fact that J(0) = lim,_,+ J(v) by definition. This finishes the
proof of (C.10) and thus also the proof of the lemma. O



Bibliography

[A1i99]

[BD96]

[Ber08]

[BGOS]

[Bil9g]

[BZ0S]

[BZZ06]

[CGZ00]

[CT78]

S. Alili, Asymptotic behaviour for random walks in random environments, J. Appl.

Probab. 36 (1999), no. 2, 334-349.

Wlodzimierz Bryc and Amir Dembo, Large deviations and strong mizing, Ann. Inst. H.

Poincaré Probab. Statist. 32 (1996), no. 4, 549-569.

Noam Berger, Limiting velocity of high-dimensional random walk in random environ-

ment, Ann. Probab. 36 (2008), no. 2, 728-738.

Erwin Bolthausen and Ilya Goldsheid, Lingering random walks in random environment

on a strip, Comm. Math. Phys. 278 (2008), no. 1, 253-288.

Patrick Billingsley, Convergence of probability measures, second ed., Wiley Series in
Probability and Statistics: Probability and Statistics, John Wiley & Sons Inc., New
York, 1999, A Wiley-Interscience Publication.

Noam Berger and Ofer Zeitouni, A quenched invariance principle for certain ballistic

random walks in i.i.d. environments, Preprint, available at arXiv:math/0702306v3, 2008.

Maury Bramson, Ofer Zeitouni, and Martin P. W. Zerner, Shortest spanning trees and
a counterexample for random walks in random environments, Ann. Probab. 34 (2006),

no. 3, 821-856.

Francis Comets, Nina Gantert, and Ofer Zeitouni, Quenched, annealed and functional
large deviations for one-dimensional random walk in random environment, Probab. The-

ory Related Fields 118 (2000), no. 1, 65-114.

Yuan Shih Chow and Henry Teicher, Probability theory — independence, interchangeabil-
ity, martingales, Springer-Verlag, New York, 1978.

137



BIBLIOGRAPHY 138

[DPZ96]

[DZ98]

[ESZ08]

[FG02]

[FP99)]

[GdH94]

[Gol07]

[Gol0g]

[GS02]

1g172]

[Kal81]

[Kes73]

Amir Dembo, Yuval Peres, and Ofer Zeitouni, Tail estimates for one-dimensional ran-

dom walk in random environment, Comm. Math. Phys. 181 (1996), no. 3, 667-683.

Amir Dembo and Ofer Zeitouni, Large deviations techniques and applications, second

ed., Applications of Mathematics (New York), vol. 38, Springer-Verlag, New York, 1998.

Nathanaél Enriquez, Christophe Sabot, and Olivier Zindy, Limit laws for transient ran-
dom walks in random environment on 7, Preprint, available at arXiv:math/0703660v3,

2008.

Klaus Fritzsche and Hans Grauert, From holomorphic functions to complex manifolds,

Graduate Texts in Mathematics, vol. 213, Springer-Verlag, New York, 2002.

P. J. Fitzsimmons and Jim Pitman, Kac’s moment formula and the Feynman-Kac for-
mula for additive functionals of a Markov process, Stochastic Process. Appl. 79 (1999),
no. 1, 117-134.

Andreas Greven and Frank den Hollander, Large deviations for a random walk in random

environment, Ann. Probab. 22 (1994), no. 3, 1381-1428.

Ilya Ya. Goldsheid, Simple transient random walks in one-dimensional random environ-
ment: the central limit theorem, Probab. Theory Related Fields 139 (2007), no. 1-2,
41-64.

Ilya Ya. Goldsheid, Linear and sublinear growth and the clt for hitting times of a random
walk in random environment on a strip, Probab. Theory Related Fields 141 (2008),
no. 3-4, 471-511.

Nina Gantert and Zhan Shi, Many visits to a single site by a transient random walk in

random environment, Stochastic Process. Appl. 99 (2002), no. 2, 159-176.

Donald L. Iglehart, Eztreme values in the GI/G/1 queue, Ann. Math. Statist. 43 (1972),
627-635.

Steven A. Kalikow, Generalized random walk in a random environment, Ann. Probab.

9 (1981), no. 5, 753-768.

Harry Kesten, Random difference equations and renewal theory for products of random

matrices, Acta Math. 131 (1973), 207-248.



BIBLIOGRAPHY 139

[KKST75]

[KM84]

[Kob95)]

[Koz85)

[KRV06]

[Mol94]

[MWRZ04]

[RAO4]

[RAS06]

[RASOS]

[Roi06]

H. Kesten, M. V. Kozlov, and F. Spitzer, A limit law for random walk in a random

environment, Compositio Math. 30 (1975), 145-168.

S. M. Kozlov and S. A. Molchanov, Conditions for the applicability of the central limit
theorem to random walks on a lattice, Dokl. Akad. Nauk SSSR 278 (1984), no. 3, 531—
534.

Maria Kobus, Generalized Poisson distributions as limits of sums for arrays of dependent

random vectors, J. Multivariate Anal. 52 (1995), no. 2, 199-244.

S. M. Kozlov, The method of averaging and walks in inhomogeneous environments, Rus-

sian Math. Surveys 40 (1985), no. 2, 73-145.

Elena Kosygina, Fraydoun Rezakhanlou, and S. R. S. Varadhan, Stochastic homoge-
nization of Hamilton-Jacobi-Bellman equations, Comm. Pure Appl. Math. 59 (2006),
no. 10, 1489-1521.

S. Molchanov, Lectures on random media, Lectures on probability theory (Saint-Flour,

1992), Lecture Notes in Math., vol. 1581, Springer, Berlin, 1994, pp. 242-411.

Eddy Mayer-Wolf, Alexander Roitershtein, and Ofer Zeitouni, Limit theorems for one-
dimensional transient random walks in Markov environments, Ann. Inst. H. Poincaré

Probab. Statist. 40 (2004), no. 5, 635-659.

Firas Rassoul-Agha, Large deviations for random walks in a mizing random environment
and other (non-Markov) random walks, Comm. Pure Appl. Math. 57 (2004), no. 9,
1178-1196.

Firas Rassoul-Agha and Timo Seppéldinen, Ballistic random walk in a random envi-
ronment with a forbidden direction, ALEA Lat. Am. J. Probab. Math. Stat. 1 (2006),
111-147 (electronic).

Firas Rassoul-Agha and Timo Seppéladinen, Almost sure functional central limit
theorem for ballistic random walk in random environment, Preprint, available at

arXiv:0705.4116v3, 2008.

Alexander Roitershtein, Transient random walks on a strip in a random environment,

Preprint, available at arXiv:math/0603392v1, 2006.



BIBLIOGRAPHY 140

[Ros06]

[Sin83]

[Sol75]

[SZ99]

[Szn00]

[Szn01]

[Szn02]

[Var03]

[Yil08al

[Yil08b)]

[Zei04]

[Zer98]

Jeffrey Rosenbluth, Quenched large deviations for multidimensional random walk in
random environment: a variational formula, Ph.D. thesis, New York University, 2006,

Available at arXiv:0804.1444v1.

Ya. G. Sinai, The limiting behavior of a one-dimensional random walk in a random

medium, Theory Probab. Appl. 27 (1983), no. 2, 256-268.

Fred Solomon, Random walks in a random environment, Ann. Probability 3 (1975),

1-31.

Alain-Sol Sznitman and Martin Zerner, A law of large numbers for random walks in

random environment, Ann. Probab. 27 (1999), no. 4, 1851-1869.

Alain-Sol Sznitman, Slowdown estimates and central limit theorem for random walks in

random environment, J. Eur. Math. Soc. (JEMS) 2 (2000), no. 2, 93-143.

Alain-Sol Sznitman, On a class of transient random walks in random environment, Ann.

Probab. 29 (2001), no. 2, 724-765.

Alain-Sol Sznitman, An effective criterion for ballistic behavior of random walks in

random environment, Probab. Theory Related Fields 122 (2002), no. 4, 509-544.

S. R. S. Varadhan, Large deviations for random walks in a random environment, Comm.
Pure Appl. Math. 56 (2003), no. 8, 1222-1245, Dedicated to the memory of Jiirgen K.

Moser.

Atilla Yilmaz, Large deviations for random walk in a space-time product environment,

Preprint, available at arXiv:0711.4872v2, 2008.

Atilla Yilmaz, Quenched large deviations for random walk in a random environment,

Preprint, available at arXiv:0804.0262v1, 2008.

Ofer Zeitouni, Random walks in random environment, Lectures on probability theory

and statistics, Lecture Notes in Math., vol. 1837, Springer, Berlin, 2004, pp. 189-312.

Martin P. W. Zerner, Lyapounov exponents and quenched large deviations for multidi-
mensional random walk in random environment, Ann. Probab. 26 (1998), no. 4, 1446

1476.



BIBLIOGRAPHY 141

[Zer02] Martin P. W. Zerner, A non-ballistic law of large numbers for random walks in i.i.d.

random environment, Electron. Comm. Probab. 7 (2002), 191-197 (electronic).

[ZMO01] Martin P. W. Zerner and Franz Merkl, A zero-one law for planar random walks in

random environment, Ann. Probab. 29 (2001), no. 4, 1716-1732.



