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Background
RWRE in Z with i.i.d. environment

An environment w = {wx }xez € Q = [0, 1]Z.
P a product measure on .

Quenched law P,,: fix an environment.
Xp arandom walk: Xp = x, and

Po(Xnt1 =y +1[Xn =y) = wy

Annealed law P: average over environments.

P(G) = /Q P.(G)dP(w)



Quenched Limits for 1-d RWRE Background

Recurrence / Transience

A crucial statistic is:
1 — wy

Px =
Wx

Theorem (Solomon ’75)

Transience or recurrence is determined by Ep(log po):
(a) Ep(logpo) < 0= nILmOO Xn = +00, P—as.
(b) Ep(logpg) > 0= nli_)moo Xn = —00, P - as.
(¢) Ep(logpg) =0 = X, is recurrent, P - as. )
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Background
Law of Large Numbers

Assume Ep(logp) <0 (transience to the right).
Assume Epp® = 1 for some s > 0.

Theorem (LLN, Solomon ’75)
P—as.:

(@ s>1 (Epp<1) = nlmw o _1—|-Ep(p)>

b) s<1 (Epp>1) = lm22_0

n—oo N

X

Denote limp_.o 52 =: vp.



Annealed Limit Laws
Annealed Limit Laws

Theorem (Kesten, Kozlov, Spitzer '75)

There exists a constant b such that
X
(@) sc(0,1)= Jim P <ng < x) =1— Lep(x71/5)
(b) se(1,2)=  lim P(=7r= <x) =1 Lsp(-x)
(c) s>2= jim (X2 _ = d(x)
Nn—oo b\/ﬁ - o
where L p, is an s-stable distribution function.




Annealed Limit Laws
Annealed Limit Laws

Theorem (Kesten, Kozlov, Spitzer '75)
There exists a constant b such that

(@) s€(0,1)= lim P <2(g < X) =1 Lsp(x"%)
: Xn — nvp
(b) se(1,2)=  lim P <n1/5 < X) =1—Lsp(—X)
(c) s>2= jim (X2 _ = d(x)
n—oo b\/ﬁ - -

where L p, is an s-stable distribution function.

Proof: First prove stable limit laws for hitting times
Th:=inf{k >0: Xx = n}



Annealed Limit Laws
Annealed Limit Laws

Theorem (Kesten, Kozlov, Spitzer '75)
There exists a constant b such that

=

(a) se(0,1)= lim P (m—;’s < x) = Lsp(X)
Th—nv5'

(b) se(1.2)=  limP <anVP < x) = Lsp(X)
T, — —1

(c) s>2= Jim P <% < x) = d(x)

where L, is an s-stable distribution function.
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Quenched Limits for 1-d RWRE Annealed Limit Laws

Characteristic Function of Lg p:

exp {—b]t|s <1 - iﬁ tan(ws/2)> }



CICIE UG
Quenched Limit Laws (Gaussian Regime)

Theorem (Goldsheid ’06, P. '06)
If s > 2 then

. Th—E,Th
im P, (2= =211 < x) =o(x), P-as.
L ( o/n X) (*)

where o = Ep(Var,T;), and

lim P, (X" ZVP+Z”( w) < x) =d(x), P-as.
/2 o/

where Z,(w) depends only on the environment.

n—oo
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CICIE UG
Quenched Limit Laws (Gaussian Regime)

Theorem (Goldsheid ’06, P. '06)
If s > 2 then

. Th—E,Th
im P, | ———— < x| =%(x), P-as.
n—oo ( O'\/ﬁ ) ( )

where o = Ep(Var,T;), and

lim P, (X” zVP+Z”( w) < x) =d(x), P-as.
n—oo /2 f

where Z,(w) depends only on the environment.

Question: What happens when s < 2?
Do we get quenched stable laws?



Quenched Limits for 1-d RWRE Traps

Traps
Define the potential of the environmnet
Z;(:IO Iogpkv I> 0
V(i):=<0 i=0

-1 .
> ki — log px, i<0

Trap: An atypical section of environment where the potential is
increasing.

Time to cross a trap is exponential in the height of the uphill.



Quenched Limits for 1-d RWRE Traps

Traps
Define the potential of the environmnet
Z;(:IO Iogpkv I> 0
V(i):=<0 i=0

-1 .
> ki — log px, i<0

Trap: An atypical section of environment where the potential is
increasing.

Time to cross a trap is exponential in the height of the uphill.
Largest uphill of V(-)in [0, n] is ~ %Iog n (Erdos & Renyi '70).
= scaling of n'/$ in annealed limit laws of T,



Traps
Blocks of the environment

Ladder locations {v,} defined by vy =0,
vp:=inf{i > vy_1: V(i) < V(vp_q)}
v_p:=sup{j <v_npiq: V(k) > V() Vk<j}

|
\/\\ vww _— va v vs

T 1 7 U T
v_ — 0

6 vV 5/,4 | | ! |
|

Jonathon Peterson 4/8/2008 10/19



Traps
Blocks of the environment

Ladder locations {v,} defined by vy =0,

vp:=inf{i > vy_1: V(i) < V(vp_q)}
v_p:=sup{j <v_npiq: V(k) > V() Vk<j}

|
\/\\ vww _— va v vs

T 1 7 U T
v_ — 0

6 vV 5/,4 | | ! |
|

Define a new measure on environments
Q()=P(-|{V(i) >0,Vi<0})
Under Q, the environment is stationary under shifts of the v;.
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Quenched Analysis of T,,,
Heuristics of Quenched Limit Laws

T,=)> (T, - T,) Zexp [ )

i=1

where Hiw = Ew( vi V/ 1) ~ \/Varw vi T Tl’i71)'
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Quenched Analysis of T,,,
Heuristics of Quenched Limit Laws

TVn:Z(T - 1/, 1

Z exp H/,w)

where p;, = E(T,,— T,,_,) \/Varw o —

Quenched CLT? Only if

2
lim max —% — =
n—oo j<p Var,T,,

V/ 1)

4/8/2008
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Quenched Analysis of T,,,
Heuristics of Quenched Limit Laws

n
Tun = Z(T - 1/, 1 Zexp ,ul,w)
i=1
where p;, = E(T,,— T,,_,) \/Vafw vi = Tui_y)-

Quenched CLT? Only if

2
im max —%— =0, P-—as.
n—oo j<n Var,T,, ’
Exponential limit if
2
lim max ——% , P—as

n—oo j<n Varw T,,n -
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Quenched Limits for 1-d RWRE Quenched Analysis of T,

Theorem (P.’07)

Assume s < 2. Then3b > 0 s.t.

lim Q(M<x>:L

n—oo n2/s —
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Quenched Limits for 1-d RWRE Quenched Analysis of T,

Theorem (P.’07)

Assume s < 2. Then3b > 0 s.t.

Var, T,,
(W S X) = L%b(X)

a-stable process with o < 1 has jumps.
This hints that when s < 2

lim Q

n—oo

n—00 <n Var,T,,

12
liminf Q (maxL < 5) >0

and

2
e f Hig
lim max ———— —
ir |an(iSe}7x Vaery,,>1 5>>0
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Quenched Limits for 1-d RWRE Quenched Limit Laws

Quenched Limit Laws (sub-gaussian regime)
Theorem (P’07)

If s < 2 then P — a.s. there exist random subsequences ny = ny(w),
and my = my(w) such that

(a) lim P, Tn = Eu T, < x| =)
k—o0 v Var, Tp,

(b) lim P, Tm, — Eo T, < x 0 /.fx<—1
k—o0 VVar, T, 1—e X1 jfx>—-1

M_ UNIVERSITY OF MINNESOTA
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Quenched Limits for 1-d RWRE Quenched Limit Laws

Quenched Limit Laws (sub-gaussian regime)
Theorem (P’07)

If s < 2 then P — a.s. there exist random subsequences ny = ny(w),

and my = my(w) such that

(a) lim P, Tn = Eu T, < x| =)
k—o0 v Var, Tp,

(b) lim P, Tm"_Eme"gx _ 0 /.fx<—1
k—o0 VVar, T, 1—e X1 jfx>—-1

Contrast with the annealed results:

: Tn
s€(0,1)= lim P <n1/s < x) = Lgp(x)

T, —nvy'
. P
se(1.2)= ImP| ———— < x| = Lsp(x
(1,2) = fim P ~"—rP < 56(%)

4/8/2008

13/19




Quenched Limits for 1-d RWRE Quenched Limit Laws

Quenched Limit Laws (ballistic, sub-gaussian regime)
Theorem (P’07)

Ifs € (1,2) then P — a.s. there exist random subsequences ny = ng(w)
and my = my(w) such that

. Xt — Nk
a lim P, | — —"es < x| = ®(x
( ) k—oo (VP\/ Vaernk a ) ( )

Xy — my e ifx <1
b) lmP,| —ro—<x]| = ’
(b) k—o0 (vp,/Vaermk ) {1 ifx>1

where tx = E, Ty, and t, = E, Tp,.
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Quenched Limits for 1-d RWRE Quenched Limit Laws

Quenched Limit Laws (ballistic, sub-gaussian regime)

Theorem (P.07)

Ifs € (1,2) then P — a.s. there exist random subsequences ny = ng(w)

and my = my(w) such that

. Xt — Nk
a lim P, | — —"es < x| = ®(x
( ) k—oo (VP\/ Vaernk a ) ( )

(b) lim P Xy — Mk ) e ifx <1
k—oo Vp\/Vaermk B 1 IfXZ1’

where tx = E, Ty, and t, = E, Tp,.

Contrast with

lim P <% < x) =1— Lep(—x)

M_ UNIVERSITY OF MINNESOTA

Jonathon Peterson 4/8/2008
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CICIE UG
Quenched Limit Laws (Zero-Speed Regime)

Theorem (P., Zeitouni ’07)

Ifs € (0,1), then P — a.s. there exist random subsequences
Nk = Nk(w), m = mg(w), t = k(w), and ux = ug(w) s.t.

<
(a) lim Pw<ﬂgx>: ? x<0
k—s00 my 3 0<x<oo

. logm
and lim 9Mk _
k—oo lOQ Ny

(b) lim P, (ka—;“" e [, 5]> =1, V5>0.
k—o0 log”
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CICIE UG
Quenched Limit Laws (Zero-Speed Regime)

Theorem (P., Zeitouni ’07)

Ifs € (0,1), then P — a.s. there exist random subsequences
Nk = Nk(w), m = mg(w), t = k(w), and ux = ug(w) s.t.

<
(a) lim PW<X”“SX>: ? x<0
k—o0 my 5 0<x<oo

. logm
and lim 9Mk _
k—oo lOQ Ny

(b) lim P, (ka - = 5]) =1, V6>0.
k—o0 log”

Contrast with o
lim P22 <x)=1—Lgp(x~ /s
oo ns = s,b( )
Jonathon Peterson 4/8/2008
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Proofs
Proof of Stable Limits for the Quenched Variance

. var,T,,
jim @Y < x) = Ly 400,

Theorem (P., Zeitouni ’07)

Assume that Eplogp < 0. Forany s > 0, there exists a constant K > 0
S.t.

Q(Var, T, > x) ~ Q(E,T,)? > x) ~ Kx~5/2,

Jonathon Peterson 4/8/2008 16/19



Proofs
Proof of Stable Limits for the Quenched Variance

. var,T,,
lim Q< 275 < x> = Lgyb(x).

n—oo

Theorem (P., Zeitouni ’07)

Assume that Eplog p < 0. For any s > 0, there exists a constant K > 0
S.t
Q(Var, T, > x) ~ Q(E,T,)? > x) ~ Kx5/2,

That P(E, Ty > x) ~ K'x~5 follows from a result of Kesten ('73).
The proof of the above mimics the proof of Kesten, Kozlov, and Spitzer
(75).
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Quenched Limits for 1-d RWRE Proofs

Var,(T,, — T,,_,) in domain of attraction of 5-stable distribution. But ...
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Quenched Limits for 1-d RWRE Proofs

Var,(T,, — T,,_,) in domain of attraction of 5-stable distribution. But ...
not independent.

H; the height of the block [vj_1,v;). Var, T, ~ (E,T,)? ~ 2,
lglehart (72): P(e > x) ~ Cx~5.

Binomial counting argument: Analyzing T,,, only crossing times of
blocks with e > n(1—¢)/s matter.

Blocks with e > n(1=<)/s are well seperated
= Var,(T,, — T,,_,) that are large are approximately independent.

1



53D
Finding the subsequences:

With strictly positive probability (uniformly in n) find ...
One Large Block:
One block i < n with

o Var, (T, — T,,_,) ~ pin > Mn?/s

2/s
® > Var, (T, — Var, T, ,) <n /s,
2
'u'i,w M2 _ 1
Then Var. To, = MR+ 1- M4



53D
Finding the subsequences:

With strictly positive probability (uniformly in n) find ...
One Large Block:
One block i < n with

o Var, (T, — T,,_,) ~ pin > Mn?/s
° Z];él Varw (TI//' - Varu) Tl/j,1) < n2/s.

2
'u'i,w M2 _ _ 1
Then Var, T,y = MPH1 =1— iz

No Dominating Blocks:

Subset J C {1,2,...,n} of size 2k with
°icd= Var, (T, - T, )~ uZ, €[n?/5,2nP/5]
°j¢d= Var, (T, - T, ) <ns

I/j71

p’lw 2[72/8 _ 1
Then yrr— < Sk = &
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