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RWRE in 79 with i.i.d. environment

An environment w = {w(X, ¥)}x ,ezd, sSuch that

Y wx,y)=1, vxeZz
yezd

{w(X, )} xeze 1.i.d. with distribution P.
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RWRE in 79 with i.i.d. environment

An environment w = {w(X, ¥)}x ,ezd, sSuch that

Y wx,y)=1, vxeZz
yezd

{w(X, )} xeze 1.i.d. with distribution P.

Quenched law P,,: fix an environment.
Xp arandom walk: Xo = 0, and

Po(Xnt1 = X + y|Xn = x) == w(X, y).

Annealed law P: average over environments.
P(G) = / P.(G)dP(w)
Q



Model
Definitions

Nearest neighbor:

w(x,y) >0 < |y|=1.

Elliptic:
P(W(X,y) € (0,1), VX € Zd, \V/|y| = 1) =1.

Uniformly Elliptic: 3x > 0 such that

P(‘U(Xa}’) € [k, 1 -], Vx € Z9, V|y| = 1) — =l



Part |

Part |I: Limit Distributions for
Transient, One-Dimensional
RWRE
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Thesis Presentation Review of RWRE in Z

RWRE in Z: Recurrence / Transience

A crucial statistic is:
_wix,—1)
Px= 1)

Theorem (Solomon ’75)

Transience or recurrence is determined by Ep(log po):
(a) Ep(logpo) < 0= nILmoo Xn = +00, P—as.
(b) Ep(logpg) > 0= nli_)moo Xn = —00, P - as.
(¢) Ep(logpo) =0 = X, is recurrent, P - as. |
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iz B
RWRW in Z: Law of Large Numbers

Assume Ep(logp) <0 (transience to the right).
Assume Epp® = 1 for some s > 0.

Theorem (LLN, Solomon ’75)
P—as.:

(@ s>1 (Epp<1) = nlmw o _1—|-Ep(p)>

b) s<1 (Epp>1) = lm22_0

n—oo N

X

Denote limp_.o 52 =: vp.



Review of RWRE in 7.
RWRE in Z: Annealed Limit Laws

Theorem (Kesten, Kozlov, Spitzer '75)

There exists a constant b such that
, X
(a) se€(0,1)= nILmOO]P’ (ng < x) =1- Ls,b(x*”S)
. Xn - an
(b) se(1,2)= nILmOOIP == <x)=1-Lsp(—x)
(c) s>2= IimIP’(X”_nVP<x>—<b(x)
n—oo b\m - o
where Ly, is an s-stable distribution function.

Characteristic Function of L p:

exp {—bms <1 — iﬁ tan(ws/2)> }
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Review of RWRE in 7.
RWRE in Z: Annealed Limit Laws

Proof: First prove stable limit laws for hitting times
Th:=inf{k>0: Xx =n}



Review of RWRE in 7.
RWRE in Z: Annealed Limit Laws

Proof: First prove stable limit laws for hitting times
Th:=inf{k>0: Xx =n}

Theorem (Kesten, Kozlov, Spitzer '75)
There exists a constant b such that

, T,
(@ se(0,1)= Jim P (/7173 < X> = Lsp(x)
, T, —nvg5'
(b) se(1,2)=  lmP (”WSP < x) = Lsp(x)
, Th—nvp' 3

where L, is an s-stable distribution function.
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Quenched Central Limit Theorem
Quenched Limit Laws (Gaussian Regime)

Theorem (Goldsheid ’06, P. '06)
If s > 2 then

. Th—E,Th
im P, (2= =211 < x) =o(x), P-as.
L ( o/n X) (*)

where o = Ep(Var,T;), and

lim P, (X" Z;:JFZ”( w) < x) =d(x), P-as.
av/n

where Z,(w) depends only on the environment.

n—oo
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Quenched Central Limit Theorem
Quenched Limit Laws (Gaussian Regime)

Theorem (Goldsheid ’06, P. '06)
If s > 2 then

. Th—E,Th
lim P, (2~ =“" < x) =o(x), P—as.

where o = Ep(Var,T;), and

im p, (X =Me+2nw) ) _4x), P_as.
n—oo 3/2 f

where Z,(w) depends only on the environment.

Main results of thesis are for s < 2.
Do we get quenched stable laws?
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Quenched Central Limit Theorem
Sketch of Proof

{T;i — Ti_1}7°, are independent under P,,. Lindberg-Feller =

. Tn—E,Th
lim P, | ——— < =®d(x), P—as.
n—>|oo < U\/ﬁ X) (X) as
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Quenched Central Limit Theorem
Sketch of Proof

{T;i — Ti_1}7°, are independent under P,,. Lindberg-Feller =

. Th—E,Thy
lim P, | ——=— < x| =®(x), P-as.
Jim. < = _x) (x) a.s

Define X; :== max{X, : n < t}. Then,

lim P, (X” nVP+R"( %n) §x> =®(x), P-as.




Quenched Central Limit Theorem
Sketch of Proof

{T;i — Ti_1}7°, are independent under P,,. Lindberg-Feller =

. Th—E,Thy
lim P, [ ——=—"<x) =%(x), P-as.
Jim. ( = _x) (x) a.s

Define X; :== max{X, : n < t}. Then,

Xo —nve+ Ba(w, X3) _ ) _ (x), P—as.
vg/zaﬁ - ,

lim P,

n—oo

Difficulty is to replace Rn(w, X};) by Z,(w), which only depends on the
environment.
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Thesis Presentation Quenched Limits: s < 2

Traps
Define the potential of the environmnet
Z;(:IO Iogpkv I> 0
V(i):=<0 i=0

-1 .
> ki — log px, i<0

Trap: An atypical section of environment where the potential is
increasing.

Time to cross a trap is exponential in the height of the uphill.
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Thesis Presentation Quenched Limits: s < 2

Traps
Define the potential of the environmnet
Z;(:IO Iogpkv I> 0
V(i):=<0 i=0

-1 .
> ki — log px, i<0

Trap: An atypical section of environment where the potential is
increasing.

Time to cross a trap is exponential in the height of the uphill.
Largest uphill of V(-)in [0, n] is ~ %Iog n (Erdos & Renyi '70).
= scaling of n'/$ in limit laws of T),.
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Quenched Limits: s < 2
Blocks of the environment

Ladder locations {v,} defined by vy =0,
vp:=inf{i > vy_1: V(i) < V(vp_q)}
v_p:=sup{j <v_npiq: V(k) > V() Vk<j}

|
\/\\ vww _— va v vs

T 1 7 U T
v_ — 0

6 vV 5/,4 | | ! |
|
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Quenched Limits: s < 2
Blocks of the environment

Ladder locations {v,} defined by vy =0,

vp:=inf{i > vy_1: V(i) < V(vp_q)}
v_p:=sup{j <v_npiq: V(k) > V() Vk<j}

|
\/\\ vww _— va v vs

T 1 7 U T
v_ — 0

6 vV 5/,4 | | ! |
|

Define a new measure on environments
Q()=P(-|{V(i) >0,Vi<0})
Under Q, the environment is stationary under shifts of the v;.
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Quenched Limits: s < 2
Heuristics of Quenched Limit Laws

T,=)> (T, - T,) Zexp [ )

i=1

where Hiw = Ew( vi V/ 1) ~ \/Varw vi T Tl’i71)'
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Quenched Limits: s < 2
Heuristics of Quenched Limit Laws

Tz/n = Z( - 1/, 1 ZG‘XD M/,w)

i=1

where Hiw = Ew( vi V/ 1) ~ \/Varw vi T Tl’i71)'

Quenched CLT?
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Quenched Limits: s < 2
Heuristics of Quenched Limit Laws

Z exp H/,w)

n
Ton =2 (T =T )
i=1
where p;, = E(T,,— T,,_,) \/Varw o —

Quenched CLT? Only if

2
iw

lim max =
n—oo j<p Var,T,,

V/ 1)

7/24/2008
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Quenched Limits: s < 2
Heuristics of Quenched Limit Laws

n
Tun = Z(T - 1/, 1 Zexp ,ul,w)
i=1
where p;, = E(T,,— T,,_,) \/Vafw vi = Tui_y)-

Quenched CLT? Only if

2
im max —%— =0, P-—as.
n—oo j<n Var,T,, ’
Exponential limit if
2
lim max ——% , P—as

n—oo j<n Varw T,,n N



Thesis Presentation Quenched Limits: s < 2

Theorem (P.’07)

Assume s < 2. Then3b > 0 s.t.

lim Q(M<x>:L

n—oo n2/s —




Thesis Presentation Quenched Limits: s < 2

Theorem (P.’07)

Assume s < 2. Then3b > 0 s.t.

lim Q (M < x) = Ls p(x).

n—oo n2/s —

a-stable process with o < 1 has jumps.
This hints that when s < 2

2
.. Iu/,w
||nrl|orc1)f Q <m<anx m < 5) >0

and

2
o Hiw B
Ilnnllorcl)fQ(rp;xm>1 5) >0



GRS
Quenched Limit Laws (sub-gaussian regime)
Theorem (P.’07)

If s < 2 then P — a.s. there exist random subsequences ny = ny(w),
and my = my(w) such that

(a) lim P, Tn = Eu T, < x| =)
k—o0 v Var, Tp,

(b) lim P, Tm, — Eo T, < x 0 /.fx<—1
k—00 VVar, T, 1—e X1 jfx>—-1

M_ UNIVERSITY OF MINNESOTA
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GRS
Quenched Limit Laws (sub-gaussian regime)
Theorem (P.’07)

If s < 2 then P — a.s. there exist random subsequences ny = ny(w),

and my = my(w) such that

(a) lim P, Tn = Eu T, < x| =)
k—o0 v Var, Tp,

(b) lim P, Tm"_Eme"gx _J0 /.fx<—1
k—00 VVar, T, 1—e X1 jfx>—-1

Contrast with the annealed results:

, T,
s€(0,1)= lim P <n1’/’s < x) = Lgp(x)

Th—nvy'
se(1,2)= lim P "2 < x| = Lgp(x
€(1,2) = lim s S s,b(X)

7/24/2008
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Thesis Presentation Quenched Limits: s < 2

Quenched Limit Laws (ballistic, sub-gaussian regime)
Theorem (P’07)

Ifs € (1,2) then P — a.s. there exist random subsequences ny = ng(w)
and my = my(w) such that

. Xt — Nk
a lim P, | — —"es < x| = ®(x
( ) k—oo (VP\/ Vaernk a ) ( )

Xy — my e ifx <1
b) lmP,| —ro—<x]| = ’
(b) k—o0 (vp,/Vaermk ) {1 ifx>1

where tx = E, Ty, and t, = E, Tp,.

M_ UNIVERSITY OF MINNESOTA
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Thesis Presentation Quenched Limits: s < 2

Quenched Limit Laws (ballistic, sub-gaussian regime)

Theorem (P.07)

Ifs € (1,2) then P — a.s. there exist random subsequences ny = ng(w)

and my = my(w) such that

. Xt — Nk
a lim P, | — —"es < x| = ®(x
( ) k—oo (VP\/ Vaernk a ) ( )

(b) lim P Xy — Mk ) e ifx <1
k—oo Vp\/Vaermk B 1 IfXZ1’

where tx = E, Ty, and t, = E, Tp,.

Contrast with

lim P <% < x) =1— Lep(—x)

M_ UNIVERSITY OF MINNESOTA
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GRS
Quenched Limit Laws (Zero-Speed Regime)

Theorem (P., Zeitouni ’07)

Ifs € (0,1), then P — a.s. there exist random subsequences
Nk = Nk(w), m = mg(w), t = k(w), and ux = ug(w) s.t.

<
(a) lim Pw<ﬂgx>: ? x<0
k—s00 my 3 0<x<oo

. logm
and lim 9Mk _
k—oo lOQ Ny

(b) lim P, (ka—;“" e [, 5]> =1, V5>0.
k—o0 log”
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GRS
Quenched Limit Laws (Zero-Speed Regime)

Theorem (P., Zeitouni ’07)

Ifs € (0,1), then P — a.s. there exist random subsequences
Nk = Nk(w), m = mg(w), t = k(w), and ux = ug(w) s.t.

<
(a) lim PW<X”“SX>: ? x<0
k—o0 my 5 0<x<oo

. logm
and lim 9Mk _
k—oo lOQ Ny

(b) lim P, (ka - = 5]) =1, V6>0.
k—o0 log”

Contrast with o
lim P22 <x)=1—Lgp(x~ /s
oo ns = s,b( )
Jonathon Peterson 7/24/2008
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Part Il

Part |l: Annealed Large
Deviations for Multidimensional
RWRE
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Large Deviations: Background
Large Deviations: Definitions

Rate function: A lower semi-continuous function h : RY — [0, cc].

Good rate function: {x : |h(x)| < C} compact VC < oc.
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Thesis Presentation Large Deviations: Background

Large Deviations: Definitions

Rate function: A lower semi-continuous function h : RY — [0, cc].
Good rate function: {x : |h(x)| < C} compact VC < oc.

&, € RY satisfy a large deviation principle (LDP) if:

— inf h(x) < Iimim‘1 logP (¢n €T

xere

< hmsupflog P&, eT) < —inf h(x),

n—oo xer

where his a good rate function.
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Large Deviations: Background
Large Deviations: Definitions

Rate function: A lower semi-continuous function h : RY — [0, cc].
Good rate function: {x : |h(x)| < C} compact VC < oc.

&, € RY satisfy a large deviation principle (LDP) if:

— inf h(x) < Iimim‘1 logP (¢n €T

xere

< I|msup—log P&, eT) < —inf h(x),

n—oo xer

where his a good rate function.
That is

P&y ~ X) ~ e M),

Jonathon Peterson 7/24/2008 19/35



Large Deviations: Background
LLN for multidimensional RWRE?

No known LLN in general.
(In fact no 0-1 law for transience in a given direction).
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Large Deviations: Background
LLN for multidimensional RWRE?

No known LLN in general.
(In fact no 0-1 law for transience in a given direction).

However, the random variable V := lim,_ % exists, P — a.s.
(Due to results of Sznitman and Zerner)

Moreover, either
@ V =:vpisP - a.s. constant.
Q supp(V) = {v_, v}, with v_ = cv, for some ¢ < 0.
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Large Deviations: Background
LLN for multidimensional RWRE?

No known LLN in general.
(In fact no 0-1 law for transience in a given direction).

However, the random variable V := lim,_ % exists, P — a.s.
(Due to results of Sznitman and Zerner)

Moreover, either
@ V =:vpisP - a.s. constant.
Q supp(V) = {v_, v}, with v_ = cv, for some ¢ < 0.

There are known conditions such that a V = vp is constant, P — a.s.
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LI TR
Annealed Large Deviations

Theorem (Varadhan '03)

Let X,, be a uniformly elliptic, nearst neighbor RWRE on Z9. Then,
there exists a convex good rate function H(v) such that % satisfies an
annealed LDP with rate function H(v).
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LI TR
Annealed Large Deviations

Theorem (Varadhan '03)

Let X,, be a uniformly elliptic, nearst neighbor RWRE on Z9. Then,
there exists a convex good rate function H(v) such that % satisfies an
annealed LDP with rate function H(v).

This implies

o]
gl_%llnrﬂlogfﬁ log P(|| Xnh — nv|| < 0) = H(v).

I 1
gmz)llm sup log P(|| Xn — nv|| < d) = H(v).

n—oo

Jonathon Peterson 7/24/2008 21/35



Annealed Large Deviations
Zero Set of the Rate Function

Drift at the origin: d(w) := E,Xj.
Possible drifts: K := conv (supp (d(w))).
Nestling: 0 € K.

Non-nestling: 0 ¢ K.

Theorem (Varadhan '03)

The set Z := {v : H(v) = 0} is either a single point or an interval
containing the origin.

Non-nestling = Z={vp}.

Nestling, supp(V) = {vp} = Z=10,vp].

Nestling, supp(V) = {v_,vy} = Z=][v_,v4].

Jonathon Peterson 7/24/2008 22/35



Annoslod Large Deviations
Varadhan’s proof

Xpn is not a Markov chain (long term memory).
Study the comets of the random walk:
Wp = (_Xn, —Xn+ Xi,..., = Xn+ Xn_1, 0)

W, is a Markov chain (on a horrible state space W).
Obtain a LDP for the empirical distribution process

1 n
Rn = B 21 (SWn
j=

with rate function 7 (u).
Contract for LDP for %2: H(v) = infp)—y J (k).
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e isroslCey Ben
Properties of the Annealed Rate Function H(v)

Theorem (P., Zeitouni ’08)

Assume the law P is non-nestling. Then, H(v) is analytic in a
neighborhood of vp.




e isroslCey Ben
Properties of the Annealed Rate Function H(v)

Theorem (P., Zeitouni ’08)

Assume the law P is non-nestling. Then, H(v) is analytic in a
neighborhood of vp.

Idea:

@ Define a new function J(v), which is analytic near vp.
© Show H(v) = J(v) near vp.



LI TR
Regeneration Times

Let £ € RY with ||¢]|2 = 1.
Regeneration times (in direction ¢):

T4
73

2]

i

<
~

7/24/2008
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LI TR
Regeneration Times

Assumgthat P(limp—oo Xn - £ = +00) = 1.
Define P(:) :=P(:|Xn-¢ >0, Vn).



LI TR
Regeneration Times

Assume that P(limp_oc Xp - £ = +00) = 1.
Define P(:) :=P(:|Xp- ¢ >0, Vn).
(XT1 ) 7—1)7 (XTz - XT177_2 - 7_1)7 (X‘rs - XT27T3 - 7’2)7 .

@ independent sequence under P
@ i.i.d. under P
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LI TR
Regeneration Times

Assume that P(limp_oc Xp - £ = +00) = 1.
Define P(:) :=P(:|Xp- ¢ >0, Vn).

(XT1 ) 7—1)7 (XTz - XT177_2 - 7_1)7 (X‘rs - XT27T3 - 7’2)7 ‘e
@ independent sequence under P
@ i.i.d. under P

Moreover,
. X EX.
vp = lim 22 =21

n—oo N ET‘I
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Annealed Large Deviations
The function 7
Define for A € R+
A(X) := log Ee*Xr:m),
and

Z(x,t):= sup A-(x,t)—A(N).
AcRA+1

Cramér’s Theorem: (%, T—kk) € RI*1 satisfies a LDP under P with rate
function 7.

Jonathon Peterson 7/24/2008 27/35



Annealed Large Deviations
The function Z

Define for \ € RI+1
A(N) := logEe*Xm:m),

and
Z(x,t):= sup A-(x,t)—A(N).
)\eRdH

Cramér’s Theorem: (X,:k, Tk) € RI*1 satisfies a LDP under P with rate
function 7.

Z(x,t) is convex.
(ET1 Vp,]ET1) =0.
° /\()\) is analytic in the interior of its domain and Z(x, t) is convex
and analytic in a neighborhood of (Eryvp, ETq).
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Thesis Presentation Annealed Large Deviations

The function J
Let
Jv) = inf rI<V 1).

re(0,1] r’r

@ J(v) is convex.
@ J(v) is analytic in a neighborhood of vp.

7/24/2008
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Thesis Presentation Annealed Large Deviations

The function J
Let
J(v) := inf rI< 1>
re(0,1] r'r

@ J(v) is convex.
@ J(v) is analytic in a neighborhood of vp.

We want to show

lim lim sup— log P <||),(7” —v| < 5) < —J(v),

d—00 p—oo
and

d—00 N—o0

lim I|m|nf1 log P <H);" —v| < 5) > —J(v).

For convenience we’ll work with P instead of P.

28/35



Sketch of Proof
Sketch of the proof

Idea:

P(X, ~ nv) = P(X;, =~ nv, 7x ~ n, k =rn)

= e—an(%,})



Thesis Presentation Sketch of Proof

Sketch of the proof

Idea:

Lower bound:

Force X;, ~ nv and 7, ~ n for some k = rn.
Choose optimal r.
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Skotoh of Proot
Sketch of the proof

Idea:

P(X, ~ nv) = P(X;, =~ nv, 7x ~ n, k =rn)

= e—an(%,})

Lower bound:
Force X;, ~ nv and 7, ~ n for some k = rn.
Choose optimal r.

Upper bound:

Harder. Need to show that above strategy is optimal.
That is, rule out long regeneration times.

Jonathon Peterson 7/24/2008 29/35



Sketch of Proof
Lower bound

Fix r € (0,1], and let k = rn.

P(|| X, — nv|| < 26n)

51—
«Q
—

> — Iog?(HXT —nv|| < én, |tk — n| < én)

i 1 o
- IogP(n “H<E-f1<3)

Limit as k — oo and then§ — 0: r Z (¥, 1).
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Sketch of Proof
Lower bound

Fix r € (0,1], and let k = rn.

P(|| X, — nv|| < 26n)

51—
«Q
—

> — Iog?(HXT —nv|| < én, |tk — n| < én)

i 1 o
- IogP(u “H<E-f1<3)

Limit as k — co and then § — 0: r Z (¥, 1).
This lower bound is true for all r € (0, 1] and so

lim IiminfllogIP’ <HX" —v| < 5) > — inf fI<V,1> :
§—oc0 N—oo N n re(0,1] r'r
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Sketch of Proof
Lower bound

Fix r € (0,1], and let k = rn.

P(|| X, — nv|| < 26n)

51—
«Q
—

> — Iog?(HXT —nv|| < én, |tk — n| < én)

i 1 o
- IogP(u “H<E-f1<3)

Limit as k — co and then § — 0: r Z (¥, 1).
This lower bound is true for all r € (0, 1] and so

lim IiminfllogIP’ <HX" —v| < 5) > — inf fI<V,1> :
§—oc0 N—oo N n re(0,1] r'r

Note: Lower bound holds for any v - ¢ > 0.
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Thesis Presentation Sketch of Proof

Upper bound

First, note that by Chebychev’s inequality

@(ka =X, 7k =1t) <

e_A'(th)EeA'(XTk 77_k)

— e MFRAQ) e—k(k(%,%)—A(A))‘

True for any A € R thus

@(XTK =X, Tk = t) <

M_ UNIVERSITY OF MINNESOTA

e_kI(%vé) = e—f§1(§£7£) < e_t‘/(%),

Jonathon Peterson 7/24/2008
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Sketch of Proof
Upper bound

First, note that by Chebychev’s inequality

P(Xy, = X, 7 = t) < e DR Xrev)
— e MXDHKAQR) — g=k(M () —AW).

True for any A € R4t thus

— x t k xt t X
P(X,, = X, 7% = t) < e (k) = e~ 112G k) < @ M),

Note: The final bound does not depend on k.
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Sketch of Proof
Upper bound

First, note that by Chebychev’s inequality

P(X,, =X, x=1) < e xRN Xnom)
e M (GFKAQ) _ e—k(A(g Ly— /\(,\))

True for any A € R4t thus

P(X,, = X, 7x = t) < e (% 0 = e 11TG6k) < ¥,

Note: The final bound does not depend on k.

Would like to say that
P(X,~ nv) < CP(3k: X;, ~ nv, 7 ~ n).
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Sketch of Proof
Upper bound

Since P is non-nestling, 71 has exponential tails:
P(r1 > en) < Ce™ ",

Fix ¢ small.
Since J(vp) = 0, J(v) < Ce in a neighborhood of vp.

Thus we may assume 74 — 7x_1 < enfor all k < n.
Need an upper bound for

P(3k : 7 € (n—en,n), | Xn — nv|| < né, k11 > n).
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The event {74 € (n—en, n], || Xy — nv|| < nd, 14.1 > n} implies
@ 7 = (1 —s)nforsome s € [0,¢)
® [|X;, — nvi| < n(6 +5)
Q@ Tpy1 — Tk > NS



The event {74 € (n—en, n], || Xy — nv|| < nd, 14.1 > n} implies
@ 7 = (1 —s)nforsome s € [0,¢)
® [|Xy, — nvi| < n(6+ )
Q@ Tpy1 — Tk > NS

P(3k : ¢ € (n—en,n], | Xn— nv| < nd, tky1 > N)

<> Y > P(rk=(1-58)n, X, = xn)P(ry > ns)

k<nse[0,e) || x—v||<d+s

_ _ X _
<Cn®2 sup sup e "1m9(555) g Csn
s€[0,¢) || x—v||<é+s
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Future Work:
Other Results and Future Work:

@ When d = 1, have shown H(v) = J(v) for all v > 0 (even in
nestling case).

@ When d > 2, does H(v) = J(v)forallv-¢ > 07
@ Analytic behavior of H(v) for "speedup” in nestling case?
@ Can anything be done for v -/ < 0?
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