
Dehn functions, the word problem, 
hydra, and magical salmon

June 17, 2016

Timothy Riley

GAGTA 2016
Stevens Institute



Mathematische Annalen, 71(1), 1911

The word problem



“An element of a group is given as a product of 
generators.  One is required to give a method whereby 
it may be decided in a finite number of steps whether 
this element is the identity or not.”

Mathematische Annalen, 71(1), 1911
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to the empty word by applying defining relations.  
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The minimal such function is the Dehn function               .
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For a finitely presented group, t.f.a.e.:

• the word problem is solvable,

• the Dehn function is recursive,

• the Dehn function is bounded from 
above by a recursive function.

But groups with large Dehn function may have efficient 
solutions to their word problem.

Steve Gersten

Jim Cannon
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D. E. Cohen, The Mathematician who had little wisdom,
London Mathematical Soc. Lecture Notes, 204, CUP, 1995
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Example:

but                           .  (In fact, WP is in        .)



Cohen–Madlener–Otto 1993

Examples with

WP  exp
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Dison–Einstein–Riley           in                             PWP
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What next?
42 W. DISON, E. EINSTEIN AND T.R. RILEY

But (19) and the hypothesis that ✏p = 1 allow us to determine ep+1, . . . , eq�1
from ep and m1, . . . ,m�, so as to deduce that

u = am1
1 ✓

ep�m1 (a�1
2 )am2

1 ✓
ep�m1�m2+1(a�1

2 ) · · · am�
1 ✓

ep�m1�···�m�+��1(a�1
2 )(27)

= a�ep+2m1

1 a�1
2 a�1�ep+m1+2m2

1 a�1
2 · · · a��+1�ep+m1+···+m��1+2m�

1 a�1
2 .(28)

Comparing the powers of a1 here with those in (24), we get:
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>

>

>

>

>

>

>

>

>

>

:

�2 + ip = 2m1
�1 + ip = �1 + m1 + 2m2

ip = �2 + m1 + m2 + 2m3
...

� � 3 + ip = 1 � � + m1 + m2 + · · · + m��1 + 2m�,

(29)

which simplifies to

(30) ip + 2 j+1 � 6 = 2 jm j for j = 1, . . . , �.

2.2.3.1. Case � = 0. This is a case we have previously addressed: u is the
empty word.
So we can assume that � � 1, and then the j = 1 instance of (30)
tells us that ip is even, and so

(31) ip � 4.

2.2.3.2. Case � = 1. By (26),

(32) ep � ip � 1 = eq � iq.

Also

z = ✓ep (aip ) ✓ep+1 (asign(m1)
1 ) · · · ✓ep+|m1 | (asign(m1)

1 )
|                                    {z                                    }

|m1 |

✓ep�m1 (a�1
2 )✓eq (a�1

iq )

by (27), and so (19) applied to ✓ep�m1 (a�1
2 ) and ✓eq (a�1

iq ) tells us
that eq = ep �m1 + 1. But ip � 2 = 2m1 by the j = 1 case of (30),
and so

(33) eq = ep � ip � 2
2
+ 1.

By (32) and (33),

ip + 1 = iq +
ip � 2

2
� 1,

and so

(34) ip + 6 = 2iq.

So (31) implies iq � 5. And we can assume that it is not the case
that ep � ip + 3 = eq � iq + 3 = 0, else (32) would be contradicted.
So ep � ip + 3 > 0 or eq � iq + 3 > 0. If ep � ip + 3 > 0, there are
at least two a3 in ✓ep (aip ) (because ip � 4) and hence at least two
a�1

3 in ✓eq (a�1
iq ). Likewise, if eq � iq + 3 > 0, then there are at least

two a�1
3 in ✓eq (a�1

iq ) (because iq � 4), and so two a3 in ✓ep (aip ).
In either case, using Lemma 4.4 to identify the relevant su�x of
✓ep (aip ) and prefix of ✓eq (a�1

iq ), there is a subword

(35) ✓ep�ip+2(a3)✓ep�ip+3(a3)u✓eq�iq+3(a�1
3 )✓eq�iq+2(a�1

3 ),

of z, which contains exactly two a3 and two a�1
3 . If (35) freely

reduces to the empty word, then, once the inner a3 and a�1
3 pair

have cancelled, it reduces to ✓ep�ip+2(a3)✓eq�iq+2(a�1
3 ), which must

1)  Why is this all so hard (yet seemingly inevitable)?
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2)  By Birget–Ol’shanskii–Rips–Sapir, these groups 
embed in groups with polynomial Dehn functions.  
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(30) ip + 2 j+1 � 6 = 2 jm j for j = 1, . . . , �.

2.2.3.1. Case � = 0. This is a case we have previously addressed: u is the
empty word.
So we can assume that � � 1, and then the j = 1 instance of (30)
tells us that ip is even, and so

(31) ip � 4.

2.2.3.2. Case � = 1. By (26),

(32) ep � ip � 1 = eq � iq.

Also

z = ✓ep (aip ) ✓ep+1 (asign(m1)
1 ) · · · ✓ep+|m1 | (asign(m1)

1 )
|                                    {z                                    }

|m1 |

✓ep�m1 (a�1
2 )✓eq (a�1

iq )

by (27), and so (19) applied to ✓ep�m1 (a�1
2 ) and ✓eq (a�1

iq ) tells us
that eq = ep �m1 + 1. But ip � 2 = 2m1 by the j = 1 case of (30),
and so

(33) eq = ep � ip � 2
2
+ 1.

By (32) and (33),

ip + 1 = iq +
ip � 2

2
� 1,

and so

(34) ip + 6 = 2iq.

So (31) implies iq � 5. And we can assume that it is not the case
that ep � ip + 3 = eq � iq + 3 = 0, else (32) would be contradicted.
So ep � ip + 3 > 0 or eq � iq + 3 > 0. If ep � ip + 3 > 0, there are
at least two a3 in ✓ep (aip ) (because ip � 4) and hence at least two
a�1

3 in ✓eq (a�1
iq ). Likewise, if eq � iq + 3 > 0, then there are at least

two a�1
3 in ✓eq (a�1

iq ) (because iq � 4), and so two a3 in ✓ep (aip ).
In either case, using Lemma 4.4 to identify the relevant su�x of
✓ep (aip ) and prefix of ✓eq (a�1

iq ), there is a subword

(35) ✓ep�ip+2(a3)✓ep�ip+3(a3)u✓eq�iq+3(a�1
3 )✓eq�iq+2(a�1

3 ),

of z, which contains exactly two a3 and two a�1
3 . If (35) freely

reduces to the empty word, then, once the inner a3 and a�1
3 pair

have cancelled, it reduces to ✓ep�ip+2(a3)✓eq�iq+2(a�1
3 ), which must

1)  Why is this all so hard (yet seemingly inevitable)?

Miasnikov–Ushakov–Won (Baumslag’s group): 

54 +18 pages 

Diekert–Laun–Ushakov (Higman’s group): 

17 pages

Dison–Einstein–Riley (Hydra groups): 

63 pages

Unite, streamline and develop the theories of 
power circuits and Ackermannian compression. 

Exhibit such embeddings.

cf. de Cornulier–Tessera for Baumslag–Solitar groups

2)  By Birget–Ol’shanskii–Rips–Sapir, these groups 
embed in groups with polynomial Dehn functions.  
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