Partial HW10 Solutions

3.30 Show that if R is a nonzero commutative ring, then R|[x] is never a field.
Solution. If f(x) = x~!, then xf(x) = 1. But the degree of the left side
is at least 1, while the degree of the right side is 0.

3.33 Show that if f(x) = x” — x € Fp[x], then its polynomial function
f°: F, — F, is identically zero.
Solution. Let f(x) = xP —x € Fp|x]. If a € Fj,, Fermat’s theorem gives
a? =a,andso f(a) =a” —a =0.

3.39 If R is a commutative ring, define R[[x]] to be the set of all formal power
series over R.

(i)

(ii)

Show that the formulas defining addition and multiplication on
R|[x] make sense for R[[x]], and prove that R[[x]] is a commuta-
tive ring under these operations.

Solution. Each ring axiom can be verified for formal power series,
as in Proposition 3.25 (that a formal power series (sg, §1,...) is
a polynomial, i.e., that its coordinates are eventually 0, does not
enter into the proof).

Prove that R[x] is a subring of R[[x]].

Solution. The set R[x] is a subset of R[[x]], for every polynomial
over R is a formal power series that is eventually 0. The definitions
of addition and multiplication for power series are the same as
for polynomials. Since 1 € R[x] and R[x] is closed under the
operations, it is a subring.

(iii) Denote a formal power series o = (50, 51,52, ..., 8y, ...) by

o =so+s1x+szx2+--- .

Prove thatif o = 1 + x + x2 + ..., theno = 1/(1 — x) is in
R[[x]].

Solution. We have

l+x4x2 4+ =14+x0+x4+x24--0).

Hence,ifo-=1+x+x2+---,then

o=1+x0.

Solving for o giveso = 1/(1 — x).



340 If o = (so,51,82,...,8,,...) is a nonzero formal power series, define
ord(o') = m, where m is the smallest natural number for which s,, # 0.

(i)

(ii)

Prove that if R is a domain, then R[[x]] is a domain.

Solution. If o = (sg,s1,...) and T = (fp, f1,...) are nonzero
power series, then each has an order (o # 0 if and only if it has an
order); let ord(¢0) = p and ord(7) = q. Write

oT = (cp,C1,...).

Forany n = 0, we have ¢, = ) ;. ;_, sitj. In particular, if n <
p+q.theni < pands; =0or j < g and t; = 0; it follows
that ¢, = 0 because each summand s;f; = 0. The same analysis
shows that cp44 = sply, for all the other terms are 0. Since R isa
domain, s, # 0 and 1, # 0 imply 5,1, # 0. Therefore,

ord(ot) = ord(o) + ord(T).

Prove that if k is a field, then a nonzero formal power series o €
k[[x]] is a unit if and only if ord(c) = 0; that is, if its constant
term is nonzero.

Solution. Letu = ap+ax +a2x2 +--.. If u is a unit, then there
is v = by + b1x + byx® + - .- with uv = 1. By Exercise 3.39(iii),

ord(u) + ord(v) = ord(1) = 0.

Since ord(o) = O for all (nonzero) o € k[[x]]. it follows that
ord(#) = 0 = ord(v). Therefore, ag # 0.

We show that u = ag + a1 x + ayx% +- - - is a unit by constructing
the coefficients b, of its inverse v = by + byx + bpx2 + --- by



induction on n = 0. Define by = ay L Ifv exists, then the equa-
tion uv = 1 would imply that }°;, ., a;bj = Oforalln > 0.
Assuming that by, ..., b,_| have been defined, then we have

H.-j=n
j<n

and this can be solved for b, because ag is invertible.
(iii) Prove that if o € k[[x]] and ord(¢') = n, then

or=x"u,

where u is a unit in k[[x]].
Solution. Since ord(¢) = n, we have

g = a"xn + an+|xn+l + an+2xn+2 + ..
= X"(@n + Gns1X + py2X> +---).

Asa, #0,wehavea,+a, 1x +a,,+247:2 + - -+ aunit, by part (ii).

3.42 Let A be a commutative ring. Prove that a subset J of A is an ideal if and
onlyifOe J,u,ve Jimpliesu—ve J,andu € J,a e Aimplyau € J.
(In order that J be an ideal, u, v € J should imply u + v € J instead of
u—vel)
Solution. The properties of J differ from those in the definition of an ideal
in that (ii’) u, v € I implies u — v € [ replaces (ii) u, v € [ implies
u+vel Nowa=—1,saysv € J if and only if —v € J. If (ii) holds,
then u — (—v) = u + v € J, and so (ii) holds. Conversely, if (ii) holds,
then u + (—v) = u — v € J, and so (ii") holds.

3.46 Let R be a commutative ring. Show that the function 1: R[x] — R, de-
fined by

N: ao+ a1x + ayx® 4 - - - 4 apx" > ao,

is a homomorphism. Describe ker ) in terms of roots of polynomials.
Solutiqn. First of all, n(1) = 1. Next, i_f f(x) = Y a;x* and g(x) =
Y bix', then f(x) + g(x) = Y _(a; + b;j)x', and so

n(f + g) = ao + bo = n(f) + n(g).
Finally, since the constant term of f(x)g(x) is apbg, we have

n(fg) = aobo = n(fIn(g).

Therefore, 7 is a ring homomorphism.
The kernel of 7 consists of all polynomials having constant term 0; these
are precisely all the polynomials having 0 as a root.



3.55

(i)

(ii)

Prove that the set F of all 2 x 2 real matrices of the form A =
[ 4 2] is a field with operations matrix addition and matrix mul-
tiplication.

Solution. It is easy to check that F is a commutative subring of
the (noncommutative) ring of all 2 x 2 real matrices (note that the
identity matrix I € F). If A # 0, then det(A) = a® +b% #£ 0, and
so A~ exists; since A~! has the correct form, it lies in F, and so
F is a field.

Prove that F is isomorphic to C.

Solution. It is straightforward to check that ¢ is a homomor-
phism of fields; it is an isomorphism because its inverse is given by
a+ib— A



