HW4 Solutions

2.22 Find sgn(e) and e, where

(123456789
=9 87654321

Solution. In cycle notation, & = (19)(28)(37)(46). Thus, « is even, being
the product of four transpositions. Moreover, being a product of disjoint

transpositions, & = a .

2.24 (i) Ifl <r < n, prove that there are
}[n(n— -o(n—r+1)]

r-cycles in S,.

Solution. In the notation (iy i2 ... i), there are n choices for iy,
n — 1 choices foriz,....n— (r — 1) = n — r + 1 choices for i,.
We conclude that there are n(n — 1) - - - (n —r + 1) such notations.
However, r such notations describe the same cycle:

(i1i2 ... i) =(i2i3 ... (1) =---=(ip i) ... ir_1).

Therefore, there are %[n(n —1)---(n—r+1)] r-cycles in §,,.

2.26 Show that an r-cycle is an even permutation if and only if r is odd.
Solution. In the proof of Proposition 2.35, we showed that any r-cycle «
is a product of r — 1 transpositions. The result now follows from Proposi-
tion 2.39, for sgn(x) = (—1)"l = —1.

2.32 If n = 2, prove that the number of even permutations in S, is -%n!.
Solution. Let T = (1 2), and define f: A, — O,, where A, is the set of
all even permutations in S, and O, is the set of all odd permutations, by

fra— 1.

If o is even, then To is odd, so that the target of f is, indeed, O,. The
function f is a bijection, for its inverse is g: O, — A,, which is given by
gl T

2.34 If n = 3, show that if & € S, commutes with every f € §,, thena = (1).
Solution. If & # (1), then it moves some i; say, i = j # i. Thereis g
with Bj = jand Bi =k # i. Then fai = fj = j, while affi = ak # j
(for « is injective, and so k # i implies ak # @i = j).



2.35 Can the following 15-puzzle be won?

4 (109 |1
8|12 ([15](6
125|113
71413 |#

Solution. No, because the associated permutation is odd.



