Partial HW?7 Solutions

2.86 Recall that the group of quaternions Q (defined in Example 2.98) consists
of the 8 matrices in GL(2, C),

Q=1/,A, A% A% B, BA, BA?, BA®},

where A =[ 9 1land B = [98]

(i) Prove that Q is a nonabelian group with operation matrix multipli-
cation.
Selution. We merely organize the needed calculations. First,
show that Q is closed under multiplication in the same way as
D, was shown to be closed in the previous exercise. Define
XN={A":0=i<4and¥ = (BA' : 0 < i < 4}, and
show that XX <€ Q, XY < Q. etc. Second, the inverse of each
matrix M € Q also lies in Q.

(if) Provethat —/7 is the only element in Q of order 2, and that all other
elements M £ [ satisfy M2 = —/.
Solution. Straightforward multiplication.

(iii} Show that Q has a unique subgroup of order 2, and it is the center
of Q. ’
Solution. A group of order 2 must be a cyclic group generated
by an element of order 2. It is shown, in part (i}, that —/ is the
only element of order 2. 1t is clear that {—1IY < Z(Q), for scalar
matrices commute with every matrix. On the other hand, for every
clement M £ 4/ thereis N e Qwith MN £ NM.

{iv) Prove that {—1} is the center Z Q).
Solution. For each M € Q but not in {—1). there is a matrix
M eQwith MM £ M'M.

2.99 Let G be a finite group, let p be a prime, and let H be a normal subgroup of
G. Prove that if both | H| and |G /H| are powers of p, then |G| is a power
of p.

Solution. If |H| = p" and IG/H| = p".then |G) = |G/H||H| = phm,
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Prove that Q/Z(Q) = V, where  is the group of quaternions and
V is the four-group. Conclude that the quotient of a nonabelian
group by its center can be abelian.

Solution. In Exercise 2.86, we saw that Z(Q) = [ E}. so that
Q/Z(Q) has order 4. It is also shown in that exercise that if M #
+1, then M2 = —]. It follows that every nonidentity element
in Q/Z{Q) has order 2, and hence, Q/Z{Q) = V (any bijection
@: Q/Z(Q) — V with ¢(1) = | must be an isomorphism).
Prove that Q has no subgroup isomorphic to V. Conclude that the
quotient Q/Z(Q) is not isomorphic to a subgroup of Q.
Solution. Exercise 2.86 shows that Q has a unique element of
order 2, whereas V has 3 elements of order 2,

2.106 Let H and K be subgroups of a group G.

{H

Prove that HK is a subgroup of G if and only if HK = KH.
In particular, the condition holds if Ak = kh for all h € H and
kek.

Solution. If HK is a subgroup. then it is closed under multi-
plication. But, if h € H and k € K, then h,k € HK and
so kh € HK. Therefore, KH € HK. For the reverse inclu-
sion, if kk € HK, then A~ k', (hk)~! € HK. But hk =
U =Y Yy e KH, andso HK C KH.
Conversely, assume that HK = K H. We use Proposition 2.68 to
prove that HK is a subgroup: HK # @, for il contains 1, and
50 it suffices to show thatif x, v € HK, then xy~!l € HK. Now
x = Hhk and y = hk, where i’ h € H and k', k € K. Hence,

xy ' = WK = WKk Buk'kT! = &7 € K and
Kk~'h~! = k"h~' = hyk; for by € H and k; € K because
K H = HK. Therefore, xy~! = (h'hy)ky € HK , as desired.



2.109 Generalize Theorem 2.128 as follows. Let G be a finite (additive) abelian
group of order ma, where (m. n) = 1. Define

Gn=I{geG:oder(g)Im} and G,={kh €G :orderh)|n}.

]

(i)

(iii)

Prove that G,, and G, are subgroups with G,, N G, = {0}
Solution. If x € G, "G, then the order of x is a common divisor
of m and n. As the gedim, n) = 1. the element x has order | and
sox = L.

Provethat G =G + Gp =g+ h:g e Gy and h € G,}.
Solution. Since G is abelian, every subgroup is normal. and so
the second isomorphism theorem applies. As G, NG, ) = [0}, we
have G Z(Gpm + G/ Gr. 50 that |Gy + Gyl = [GulIGN| =
mn = |G|. Therefore, Gy + G = 6.

Provethat G = Gy % Gy

Solution. The result now follows from Proposition 2.127.

Wodeg on (’_;) B is not ocbvowo M \6‘\2(,
Anean waxy do prve buton 26 i b wnb
Iz Smvkn and Han 366 sakshens

J= (3“)‘%“) and. j‘"’ ¢ On, 3“" € Gm

So

3 G Gt On.



