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ABsTrRACT. We analyse the geometry and complexity of the conjugacy problem in a family
of free-by-cyclic groups H,, = F,, = Z where the defining free-group automorphism is
positive and polynomially growing. We prove that the conjugator length function of H,,
is linear, and describe polynomial-time solutions to the conjugacy problem and conjugacy
search problem in H,,.
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1. INTRODUCTION

Suppose G is a finitely generated group. The conjugacy problem asks for an algorithm
that, given any words u and v on the generators and their inverses, decides whether or not
these words represent conjugate elements in G. We write u ~ v to denote conjugacy. The
conjugacy search problem asks for an algorithm that, given a pair of words u and v such
that u ~ v, will output a word w with uw = wv in G. The conjugator length function
CL : N — N quantifies these problems: CL(n) is the least integer N such that for all words
u and v that represent conjugate elements in G and have length |u| + [v| < n, there is a
word w of length at most N such that uw = wv in G. The conjugator length functions of G
with respect to different finite generating sets are ~-equivalent, where = is the equivalence
relation that identifies functions N — N that dominate each other modulo affine distortions
of their domain and their range. Extensive background on conjugator length can be found
in [BRSb].

Fix an integer m > 1 and let F = F(ay, ..., a,) be a rank-m free group. Define ¢ € Aut(F)
by ¢(a;) = a;a;— for 2 < i < m and ¢(a;) = a;. This paper concerns the free-by-cyclic
groups

H, = Fx,Z = {ay,...,an,S | s_lais = ¢(a;)).

The inclusions H,,_; — H,, (excluding a,,) and retractions H,, — H,_; (killing a;) will
facilitate induction arguments.

The groups H,,, have many useful properties and have appeared regularly in the literature.
They appear as ‘hydra groups’ in [BR20, DR13, DER18, Puel6]. Each is the fundamental
group of a compact non-positively curved 2-complex built from squares [Sam06]; in partic-
ular it is biautomatic and CAT(0). Each can be expressed as a 2-generator 1-relator group,
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or as a free-by-cyclic group F, = Z with r arbitrarily large [But07]. H, is famous as a 3-
manifold group that is not subgroup separable [BKS87]. But, most obviously, these groups
H,, serve as natural prototypes for the mapping tori of free-group automorphisms that have
maximal polynomial growth [BBMS97, Bri02, CM11, Ger94, Mac02, Mac13, Sam06],
and for the most part this is how we shall regard them.

Our main results here are:
Theorem 1. For all m > 2, the conjugator length function of H,, satisfies CL(n) =~ n.

Theorem 2. For all m > 2, there exist algorithms solving the conjugacy problem and the
conjugacy search problem of H,, in time polynomial in the sum of the lengths of the input
words.

Our proofs of these theorems are intertwined and are constructive. We first describe in de-
tail an algorithmic procedure that solves the conjugacy problem and the conjugacy search
problem of H,,; this is summarized in Section 10. A naive analysis shows that this al-
gorithm will output a conjugator whose length is bounded by a quadratic function of the
lengths of the input words, but a more careful analysis shows that with minor modifications
this quadratic bound can be reduced to a linear one—see Remark 10.1.

We regard these results as a significant step towards bounding the complexity of the con-
jugacy problem and conjugacy search problem in arbitrary free-by-cyclic groups (where
the free group has finite rank, which will be a standing assumption throughout our discus-
sion). Free-by-cyclic groups provide a rich and challenging arena for the study of geo-
metric invariants of groups associated with various weak forms of non-positive curvature
(as discussed in [BG10], for example). For any free-by-cyclic group, there is an algorithm
solving its word problem in polynomial time [Sch08]. There are also algorithms solving
the conjugacy problem [BMMVO06, BG10], but these do not provide reasonable bounds on
time complexity. In particular, it is unknown whether the conjugacy problem and conju-
gacy search problem can be solved in polynomial time. The results in this paper add weight
to the conviction that this is likely.

When a free-by-cyclic group is hyperbolic or its conjugacy problem and conjugacy search
problem can be solved in linear time. These are basic examples of a much more general
result: there are polynomial-time solutions for all groups which are hyperbolic relative to a
finite family of peripheral subgroups in which one can solve the corresponding problems in
polynomial time—see [Bum15, EH06, JOR10, O’C]. Free-by-cyclic groups are hyperbolic
relative to a finite family of free-by-cyclic subgroups, each of which has the property that
the defining automorphism is polynomial-growing—see [BFW19] for history and refer-
ences. Thus the search for a polynomial time solution to the conjugacy problem reduces to
the case where the defining automorphism is polynomial-growing, and Theorem 2 solves
this problem for a natural family of prototypes.

It seems reasonable to expect that the conjugator length function of an arbitrary free-by-
cyclic group is linear. This is true in the hyperbolic case [BH99, Lys89], but beyond
that little is known. However, by appealing to the relative hyperbolicity result mentioned
above, one can again reduce to the case where the defining automorphism is polynomially
growing, because Sale proved [AS16] that if G is non-degenerately hyperbolic relative to
parabolic subgroups P, (w € Q), then CLg(n) = max{CLp (n) : w € Q} + n. As in the
case of complexity, Theorem 1 assures us that the desired bound CL;(n) ~ n is valid in a
natural class of prototypes.
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The role that the groups H,, play as prototypes among free-by-cyclic groups is analogous
to the role that the model filiform groups

Iy=2Z"=Z = (ay,...,an, s | aqa; = aja; Vi, j, s’la,-s = aa;\Yi > 2, slays = a ),

play among (free-abelian)-by-cyclic groups. In [BR] we prove that, in contrast to Theo-
rem 1, the conjugator length function of I',, is polynomial of degree m.

The proofs is this paper are largely combinatorial and typically require a delicate analysis
of cases. We make heavy use of the notion of ‘decomposing reduced words into pieces.’
This tool is from [DR13], and can be viewed as a special case of the train-track machin-
ery of [BH92, BFH00, BFHO5]. We have favoured using pieces here because they lend
themselves well to the detailed study of cancellation in the free group that we need, and
to the precise understanding of how words in the free group grow under iteration of the
automorphism. Nevertheless, we have structured our proofs with an eye to how they might
be adapted to cover more general polynomially growing automorphisms. In particular, we
have not relied on any of the alternative ways of viewing H,,, = F > Z that were discussed
earlier. Instead, we consistently view H,, as a semidirect product and work with elements
in the form wt", where w € F and n € Z. From this viewpoint, the complexity of the
conjugacy problem in H,, translates into a collection of twisted conjugacy problems in F.
A benefit of this direct approach is that the outlines of various arguments carry over to the
general case.

In a sequel to this paper [BRSa], we will present a different approach to the conjugacy
problem in H,, that does rely on one of these alternative perspectives, namely the fact that
H,, can be obtained from Z> by a sequence of HNN extensions with cyclic amalgamated
groups. The more geometric arguments in [BRSa] are framed with an eye to further gen-
eralisations.

In the next section we will translate the conjugacy problem in H,, into a suite of twisted
conjugacy problems in F and lay out the framework for the rest of this article. It is the
analysis of these twisted problems that forms the bulk of what follows. Throughout, we
shall write H in place of H,, when there is no danger of ambiguity.

2. REDUCTION TO TWISTED PROBLEMS IN F

Conjugacy in the free group F = F(ay,...,a,) can be fully understood thanks to the
following well-known result (e.g. [LSO07]).

Lemma 2.1. Ifwords u and v on afl ,...,ax! represent conjugate elements of F, then there
is a word w on afl, ...,ax! which is a concatenation of a prefix of u™! with a suffix of v
such that uw = wv in F. (If v is cyclically reduced—that is, vv is reduced—then w need

only be a prefix of u™.)

Assume u does not represent the identity. Take k to be the maximal integer such that there
exists uy with ué =uin F. (So ugy generates the centralizer of u in F.) Then for any such w
and uy,

(WeF|uw=wvinF} = {u|l €Z}w.

+1

FRP at!, s*! does there exist

The conjugacy problem for H. Given words u and v on a
aword w on a*! at!', st such that uw = wv in H?

EERRER L")
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We will use a standard free-by-cyclic normal form: each element in H = F > (s) can be

expressed uniquely as iis? for some reduced word i on afl, ...,atland p € Z.

Suppose we have conjugate elements u and v of H expressed in normal form as iis” and
vs9, respectively. The conjugacy relation uw = wv in H, where w has normal form Wws",
implies p = g and amounts to the ‘p-twisted conjugacy relation’

€)) apP(w) = we™ " (V) in the free group F.

This problem is much harder than the conjugacy problem for free groups, although as we
will see, in some instances its solution ultimately reduces to Lemma 2.1.

In the instance where p = g = 0, the conjugacy problem in H therefore amounts to:

The 0-twisted-conjugacy problem. Given words it, Vonai',. .., at', do there existr € Z

and Ww € F such that aw = we™"(V) in F?

This problem is addressed in Section 5. Proposition 5.1 gives both complexity and conju-
gator length bounds.

The conjugacy problem in H with p < 0 is equivalent to that with p > 0 since we can
exchange u and v with their inverses. So in place of p # 0, let us just consider p = g > 0.

From uw = wy in H, we get that u(u/w) = (u/w)v for all j € Z, and so there exists a w such
that uw = wv in H and such that the normal form of w is ws” for some reduced word W on

+1

+ +1 3 tofvi
ai’,...,a, andsome integer r satisfying 0 < r < p.

>'m

The Cayley graph of F is a tree, so the geodesics joining 1, i, Ww, and iip™? (W) form either
the ‘“H-configuration’ (left) or the ‘I-configuration’ (right) shown in Figure 1. Accordingly,
we can find prefixes ug, vo and suffixes u;, v, of i, ¢ (9), respectively, and two words x, y,
at least one the empty word, such that w = ugxvy' and ¢ ?(W) = u;'xvi, where it = ugyu,
and ¢~ (V) = voyv; as freely reduced words.

u g™ (W) = W™ (V)

i g™ (W) = we™' (V) Sy i

ui x Vi

Uy, Vo

1 W U, Yo

1 w

Ficure 1. The two possibilities for the relative locations of 1, &, W, and
itp~P (W) in the Cayley graph of F: the ‘“H-configuration’ on the left and
the ‘I-configuration’ on the right.

In the H-configuration, the conjugacy problem amounts to:

The H-twisted conjugacy problem. Given reduced words i, v onat', ..., a%" and p > 0,

do there exist 0 < r < p and words x,uy,vo,u1,v € F such that i = upu; and ¢~ (¥) =
Vvovi, as words, and
gofp(uoxval) = ulevl in F?

Most of the difficulties and technicalities lie in this problem. Section 6 addresses a special
case of the H-twisted conjugacy problem when i is the empty word. As explained there,
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this amounts to understanding the structure of common prefixes of a word W with its image
¢"(W), a crucial ingredient in the general case of the H-twisted conjugacy problem. In
Section 7, specifically Proposition 7.1, we describe how to use a solution (that is, the
integer r and the words x, ug, u;, vo, v1) to obtain a ‘nicer’ solution in which x is replaced by
a word X whose structure can be described in terms of short chunks that come as subwords
of ugp, uy, vy, vi, their inverses and the iterates under powers of ¢. This ‘chunky’ structure
enables us, in Section &, to find a short conjugator and describe a polynomial-time solution
to this problem.

Unfortunately, the short conjugator that one obtains from the ‘chunky’ structure of Propo-
sition 7.1 actually only has a quadratic upper bound in terms of its length in H, relative to
those of u and v. Lemma 8.4 describes how to replace one of the chunks with a suitable
power of s to obtain a linearly bounded conjugator.

In the I-configuration, x is the empty word and W = ugval, and so the conjugacy problem
amounts to:

The I-twisted conjugacy problem. Given reduced words ii, v on af', ..

do there exist 0 < r < p and prefixes ug of it and vy of ¢~"(¥) such that

Latland p > 0,
i P (uovy") = uovy '@ (¥) in F?

This problem is easy to solve by an exhaustive search. Indeed, given i1, ¥ and p as in the
I-twisted conjugacy problem, define 7 to be the set of all pairs (W, r), where 0 < r < p,
and W is a word of the form UV where U is a prefix of it and V! is a prefix of ¢~/ (¥). A
solution, if it exists, can be found by applying the solution to the word problem in F to
check the validity of each equation g™ (W) = W™ "(¥) for each (W, r) € 1.

Like the conjugacy problem, the O-twisted-conjugacy problem, the H-twisted conjugacy
problem, and the I-twisted conjugacy problem all have ‘search’ variants in which one is
given that a collection of integers and words solving the problem exists and is required to
exhibit one.

For g € H, let |g|y denote the length of a shortest word on {a, . .., a,, s} that represents g.
If g € F, let |g|; be the length of a shortest word on {a,...,a,} that represents g. For a
word (not necessarily reduced) w, £(w) denotes the number of letters in w.

The following summarises results from Proposition 5.1 and Corollary 8.3, along with the
discussion above for the I-twisted case.

Proposition 2.2. With the notation established above, in H,,, the O-twisted conjugacy prob-
lem, the H-twisted conjugacy problem, and the I-twisted conjugacy problem can each be
solved by deterministic algorithms with input (i, v, p) whose running time is bounded by
a polynomial in p + €(it) + €(). And the same is true for the ‘search’ variants of these
problems.

Given that |p| < €(u), £(it) < C€(u)™, and £(¥) < C€(v)" for a suitable constant C > 0,
Theorem 2 follows from Proposition 2.2 as per the above discussion.

Turning to conjugator length, since we want to bound conjugator length in H, bounds
pertaining to the three subordinate problems in F will need to be given in terms of the
word metric on H rather than on F. The issue of comparing these two metrics is delicate
and is the subject of Section 4.
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In summary, the article is structured as follows. Section 3 introduces piece decompositions,
a useful technical tool. Section 4 addresses the distortion of F' in H. Section 5 deals with
the O-twisted conjugacy problem. After technical results in Section 6 on common prefixes
of words w € F and their iterates under powers of ¢, we handle the H-twisted-conjugacy
problem instances in Sections 7 and 8. The conjugator length argument in H is completed
in Section 9. Section 10 summarizes how to assemble our results into an algorithm for
Theorem 2. In Section 11 we focus on the structure of H,, as an iterated HNN extension
and outline an alternative solution to the conjugacy problem.

3. PRELIMINARIES: PIECE DECOMPOSITIONS, DEFINITIONS, AND CONVENTIONS

3.1. Some notations, and conventions. For a word w on a set of letters, we let £(w) denote
its length. As mentioned in Section 2, |-|y and |-|r denote the word length of an element

in H or F respectively, with respect to generating sets {aj,:-: ,a;, s} and {a;, - ,a,}
respectively.
The rank, written rank(w), of a word w on af',...,at' is the maximal i such that a?'

appears in w. The empty word has rank 0. The rank of g € F is the rank of the reduced
word w representing g.

For a word w, when we write ¢(w) we mean the reduced word representing ¢(w) in F.

3.2. Positivity of ¢ and ¢!, The inverse of ¢ is
aokA(k-1y** - azal_lagl .- ~a£kl_1 when i = 2k,

@) ¢ (@) =

1 1

e dy wheni =2k + 1.

A2he41G2%—1 " * -alag'a;
A useful feature of ¢ is that it is a positive automorphism: whenever g € F is represented
by a positive word, so is ¢(g). This is not true of ¢~!. However ¢! is positive with respect

to the basis by, ..., b,,, defined by b; = aﬁfl)m for all i, since

b2k—l ce b3b|b2 ce bg(k_])bzk when i = 2](,
3) ¢\ (b) =
boks1bog—1 -+ - b1baby - - - by when i =2k + 1.

3.3. Pieces and their types. We will find it useful to split w into pieces that behave well
when one takes iterated images under ¢. A rank-i piece in w is a maximal subword of one
of the following four types:
a;u, uai’l, aiuai’l, u,

where u is a (possibly empty) word of rank at most i — 1. Pieces of the first three types
are said to be of strict rank-i. Each rank-i word can be expressed as a concatenation of a
minimal number of rank-i pieces in a unique manner. We call this the rank-i decomposition
of w and refer to the pieces involved as the pieces of w. We denote the number of these
pieces by |wl,. For example, w = azara;'azazaiay'ar = (azaza;")as3)(azaya;')(az) is a
rank-3 word with |w|, = 4.

For g € F we write |g|, := [w|,, where w is a reduced word representing g.
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We need the following facts about pieces:

Lemma 3.1. If a reduced word 7 is a piece of rank i, then both ¢(n) and ¢~ (1) are also
pieces of rank-i and have the same type as m.

Lemma 3.2. Let w be a reduced word of rank i. Letw = &y --- 7, be its rank-i decom-
position. Then there is no cancellation between pieces on applying ¢ or ¢~ '—that is, for
k=1,...,p—1, the words (pil(ﬂk+]) and ¢*' () start and end (respectively) with letters
that are not mutual inverses. As a consequence, @' (1) ---¢"(m,) is freely reduced and is
the rank-i decomposition of ¢"(w) for all r € Z.

We leave the proofs of Lemmas 3.1 and 3.2 as exercises. Very similar observations are
made in [DR13].

4. GROWTH RATES AND DISTORTION

In order to analyze the ¢-twisted conjugacy problem in F we will examine in Section 4.1
how free group elements grow in length on repeated application of ¢. Then in Section 4.2
we establish some useful inequalities relating the normal form of g € H to |g|y.

4.1. Growth rates. Our next few results lead into Proposition 4.4, which gives a precise
estimate of how words grow on repeated applications of ¢*!. (Cf. [Lev09] in which bounds
are given, but with the constants depending on the group element.)

Lemma 4.1. Fix(¢) = {ay, agalagl).

Proof. That Fix(¢) 2 {(ai, agalagl) is straight-forward. For the reverse inclusion, first
observe that by Lemmas 3.1 and 3.2, w is fixed by ¢ if and only if its pieces are all fixed
by ¢. So we can focus on the case where w is a single non-empty piece m = a?uai’él such
that 7 = () in F, and 6,0’ € {0, 1} are not both zero, and u a reduced word of rank at
most i — 1 with i > 2. Applying ¢ to 7 adds § — ¢’ to the exponent sum of the a;_; present.
But since m = ¢(r), the exponent sum of the a;_; in 7 and ¢(r) must agree, and therefore

0=¢0=1andrm = aiuai" (and, in particular, u is non-empty).

It remains to show that i = 2. Assume, for contradiction, that i > 2. Well, 7 = ¢(n) tells
us that aiuai’l = ga(aiualfl) = aiai_lgo(u)ai’_llai’l, and so p(u) = ai’_lluai_l. Reapplying ¢
multiple times gives
oW = ¢ Na')auaiy -9 N aiy), forr>1.

By Lemma 3.2, the number of pieces p in the rank-(i — 1) decompositions of u and ¢"(u)
are the same for all » > 1. Hence there is cancellation in our expression for ¢"(u). This
cancellation can occur only at either end of u. For r large enough, say r > p + 1, we will
need u to completely cancel out under free reduction. In particular, there are some « and 3
such that

1 = go"(ai__ll) .. .ai__ll uai_y ... Pwainy)
and so

= aig ¢ @)@l al
If @ = B, then we get complete cancellation and u = 1, a contradiction. So we assume
+1

@ # 5. We can count the number of pieces p of u by observing the locations of letters a;
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(we use here that i > 2). We get p = |u|, = @ + 8+ 1 (the terms <p”(ai_1)go5(alf_11) merge
into one piece). We also, from above, have

o) = ¢ @) e @D am) ¢ a),

which has to cancel down to p pieces. Since i > 2, and @ # 3, this cancels down to
2r—a — B -3 =2r— p—2pieces. Since r > p + 1, we get a contradiction. O

The following argument is well known (cf. Lemmas 3.5 and 5.6 in [BR09] and Example 3.3
[Bri02]).

Lemma 4.2. Leti > 2. There exist C;, D; > 0 such that for all r € Z \ {0},

Cilrl™" < ' (a)lp < Dilrl™".
Proof. First we address the case r > 0. Since ¢’ (a;) is a positive word in this case, its length
is the same as its length in the abelianisation of F. With respect to the basis {ay, ..., au},

the action of ¢ on the abelianisation is via the matrix ® with ones on the diagonal and im-
mediately above, and zeros elsewhere. Direct calculation yields upper triangular matrices:

o OO ()
SNOREES

where (;) is understood to be O for j > r.

So .
o (@)l = (r)
v ,Z;‘ ;

which, as a function of r € N, is Lipschitz equivalent to (i_’]) ~ 1

To deal with negative powers, we use the fact that ¢! is a positive automorphism with
respect to the basis {by, ..., b,} described in Section 3.2. With respect to this basis, the
action of ¢! on the abelianisation of F is given by

L O ) ()

1 1 1 1 (T) (r;rza)

So
=l r+j-1
lp"(a)lr = ( . )

which, as a function of r € N, is Lipschitz equivalent to (’:’_’_12) ~ril, O
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A straight-forward induction (cf. [DR13, Lemma 7.1]) gives:
Lemma4.3. Fori=2,...,m,

v o Jaiaiaelaic) - @ N aio) when r >0
¥ (ai) - oL N1 20, N1... .00 (r. )1 h 0
a;p (al—]) ® (al—l) ® (al—l) wnen r < V.

Furthermore, these expressions are reduced words.

One sees that the second expression is reduced by appealing again to the fact ¢! is positive

with respect to the basis {a], a;l, as,...,ax").

> 'm

Proposition 4.4. Suppose i € {2,...,m} and nis a piece of strict rank-i that is not fixed by
. Then |¢o"(m)|p ~ |H=!. More precisely, for the constants C;, D; > 0 of Lemma 4.2, for all
r+0,

" @l < Dilrl™" Inlr

and when |r|™" > Cl |7l g,
r = =
@l > (CFT =1l )

Proof. The upper bound follows via a simple induction argument on the rank i, taking D;
from Lemma 4.2. We therefore focus on the lower bound.

We have m = afua;y a rank-i piece with 9,6’ € {0, 1} not both zero and u a reduced word

of rank at most i — 1. We may assume ¢ = 1, as otherwise we could replace 7 by 7.

Case 1. ¢ =0and 7 = q;u.

Letu = p; ---p, be the piece decomposition of . Our argument will be that any cancel-
lation between the images of a; and u under iterated applications of ¢ or ¢~ will occur
within the first p applications. After this, there is no further cancellation, so the length of
n will eventually have growth rate at least that of @; under iterated applications of ¢ or ¢!,
which will lead to the required lower bound.

Case 1a. r > 0.

If the first letter of u is a;_;, then there is no cancellation between ¢"(a;) and ¢’ (u) for any
r > 0, since ¢"(u) has first letter a;_; and ¢’(a;) is a positive word.

So suppose, on the other hand, that the first letter of u is not a;_;, and that there is cancel-
lation between ¢(a;) and ¢(u). Then we may write p; = va;®, for € € {0, 1} and v a word of
rank at most i — 2 (if i = 2 then v is the empty word). Then p(a;va;?)) = a;ai-19(v)a; 5a;?
(if i = 2, we read ag as the empty word). But ¢(v)a;*, has rank strictly less than i — 1,
so in order for there to be cancellation between ¢(a;) and ¢(u#) we must have € = 1 and
ai,l<,o(v)ai‘_12al.‘_11 = 1. That is,

o) = aip(p2) - p(pp).

We repeat the argument, and conclude that after k < p steps we will reach a situation where
we have

() = aid (o) - ¢ (op)
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and there will be no cancellation between images of a; and ¢* (o) on further applications
of ¢. (If k = p we understand that py, - - - p, is the empty word.) Hence, for r > k, we may
write

¢'(m) = ¢ a)g (rs1- pp)

where there is no cancellation in the right-hand side. In particular, this gives
le" @l > ¢ |, > Citr—k"!
by Lemma 4.2.

We complete this case by bounding k. Indeed, since ¢*(a;p; - - - px) = a;, we get |¢,0’k(a,~)| F <
In|p. Then an application of Lemma 4.2 gives C;k"™! < |r|, which implies the required
lower bound of |¢"(7)|5.

Case 1b. Assume r < 0.

The argument is broadly similar to Case la. The key observation is that there will be no
cancellation between images of a; and u under applications of ¢! whenever the first piece
of u is of the form vai‘_‘sl, for § € {0, 1}. By induction, the last letter of ¢’(a;) as a reduced
word on {ay,...,a,}is ai‘_ll for all » < 0. (The base case, r = —1, is from (2).) So the only
way we can ever have cancellation between ¢"(a;) and ¢"(u) is if ¢"(p;) begins with a;_;.
But since the type of a piece is preserved under applications of ¢, if p; = vai’_ﬂ, then this
will never occur.

So we may assume p; = a,-,lval.‘fl, for 6 € {0, 1} and v is a word of rank at most i —2. Then
¢ N ap) = ¢ @)™ vad) = aiw™ (vai).

In particular, if ¢! (vai‘_‘yl) # 1 then further applications of ¢! will lead to no cancellation
between the images of a; and of ¢~'(va;%), and we can stop. Otherwise ¢~'(va;%) = 1,
which implies that vai’_ﬁ1 =1, and p; = g;_;. This gives

o) = aip (p2) - (o))

Repeating this, we find for some k < p that

) = aip™ (ors1) 0 (op)

and there will be no cancellation between images of a; and ¢ ~*(p;) after further applica-
tions of ¢~!. (If k = p we understand that py,; - - - p » 1 the empty word.) As above we then
yield, for r < —k

" @l > o™ @], > Cillrl -0

by Lemma 4.2, and C;k"™! < |n|;, completing this case.

Case 2. &' =1 and 7 = qjua;’.

We can apply the arguments from Case 1 to both ends of « and it is not hard to see that the
same conclusion is reached. The key point is that if u is completely cancelled out under
iterated applications of ¢*!, then the cancellation cannot reach the middle of u simultane-
ously, meaning that either after several applications of ¢ we obtain a;¢* (al.‘l), or gak(a[)alfl.
The length of these grow as required on further applications of ¢*!. O
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4.2. Tools for handling the distortion. Recall that for 4 € H, |h|y denotes the length of

+1 +1

the shortest word on a*', ..., a*!, s*! representing 4 in H.

1 ° sUm »

Proposition 4.5. Suppose h € H has normal form iusP. If u’ is a subword of ii, then
[y < 2m+ 1) |hlg.

Remark 4.6. This proposition does not rely on any special properties of ¢: with a change
of constant, it holds for any free-by-cyclic group M = F >, Z. We shall sketch a geometric
proof of this more general fact that will allow the reader familiar with van Kampen dia-
grams to skip the algebraic proof that follows. This geometric argument assumes that the
reader is familiar with the use of s-corridors (as used in [BG10], for example).

Let w be a shortest word in the generators {ay, ..., a,, s} that equals & in M, and consider
a least-area van Kampen diagram A with boundary label w'iis?. This diagram is a union
of its s-corridors and each point along the side of a corridor is a distance at most C from a
point along the other side, where C is a constant that depends on .

Let x and y be the endpoints of the arc in JA labelled u’. It suffices to argue that x can
be connected to y by a path in the 1-skeleton of A that has length at most 2pC + |w|.
To construct such a path, observe that every vertex z on the arc of A labelled i can be
connected to a vertex on the arc A of JA labelled w by crossing at most p of the s-corridors,
i.e. the corridors emanating from the arc of JA labelled s”. Thus there is a path a; of length
at most pC from z that ends on A. The desired path from x to y is obtained by following «,
then proceeding along A to the endpoint of a, before returning along a,.

To aid the intuition of readers who wish to persist with the algebraic proof, we present an
example.

12

Example 4.7. Suppose / is represented by the word u = sasas " s~ ass*as. Advance the s
at the lefthand end through u until it cancels with the first s7!, applying ¢! to the letters
at! it passes, to get

1 2

o -1 -1 -1 -1 -1 -1y -1
uy = (asasara) ay as )asara; a; as )s  ass as

satisfying u = u; in H. Then advance the s~! likewise until it cancels with the s to get

1

. -1 -1 _-1 -1, -1 -1
uy = (asasara; az as )asara; a; as )asas)saz

satisfying u; = up in H. Then advance the remaining s to the right end to get
g I -1
uz = (asaaray az as Nasaa) az as )asas)(azaa, )

satisfying uy = u3s in H. Then u = uss in H, and i is the reduced version of u3. Suppose
u = a;1a4a3, a subword close to the right-hand end of &. Let v} = agla;1a5a4a3, the
subword of u3 that freely reduces to u’. If we take ), = a;la;1a5a4, then v} = u}sas; if we

1 ’

take u} = aj'a5's 'as, then u), = u}s; and if we take uf) = s~'as, then u| = a3'a5'u). In
particular, u is a subword of u, and it is obtained from «} by pre- and post-multiplying by
a number (bounded by the exponent sum of s in u, and therefore by |h|y if u is of minimal
length) of short words (the images of letters aii' under ¢*!, with possibly an s added at the
beginning or end).

So there is a word that equals «’ in H and whose length can be bounded from above by the
length of a subword of u plus the sum of the lengths of these short words. The strategy of
the following proof is to bound ||y accordingly.
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Proof of Proposition 4.5. Suppose u is a word on afl, ..., at!, s*! representing 4. On
account of the free-by-cyclic structure of H and the fact that u = #is? in H, there is a
sequence of words uy, ..., u, and integers py, ..., p, with the following properties (for all

i):

o r<{(u),

e 1y = u (as words) and py = 0,

e u, freely reduces to & and p, = p,

e u = u;s” in H (and so the exponent sum of the s*! in u;s” is equal to that of u),

o there are letters x;,...,x, € {al, alls . am, a,‘nl} (which depend on i) such that,
as words, either

(1) wi = ais*™ xp -+ x,57' By and w1 = ;™' (x1) - - o7 (x,)B; and piy = py, or
(2) u; = ;s xp - xp and uiy = @™ (x1) - 97 (x,) and piyy = pi £ 1,

for some words «; and S3;. (In the first case u; = u;;; in H. In the second, ws™ =
u;iy1 in H.) The words u; need not be reduced.

Suppose u;,, is a subword of u;,;. We claim that there is a subword u; of u; and there
are words p;y1 and iy with £(uiy1), €(Ai41) < m such that piudi; = u, in H. The
details of the proof of this depend on which of cases (1) and (2) applies and how u; is
positioned in relation to the various subwords. For instance suppose we are in the first
case, so that u; = a;s™'x; -+ x,57' 8 and w1 = 0™ (x1) - - ™' (x,)B; and suppose u], | =
@lg™ (x1) - - - ¢! (x;)y where o/ is a suffix of @; and y is a prefix of ¢*!(x;,1). Then taking
u, = ) s*'x; - - x;, the result holds with ;.1 the empty word and A;4; = s¥'y. (The length
of 7y is strictly less than €(¢¢'(xj+1)), which is at most m—see equation (2).) The other

cases are similar.

Take u, to be a subword of u, which freely reduces to «’. As per the previous paragraph
obtain u/_,, ..., uy and y,,...,py and A, ..., A; such that g, ---wugdy -+~ A, = u, = o’

in H. But {(u, - - pyugd; - -+ ,) < (2m + 1)€(u) since u;) is a subword of u, r < £(u) and
{(u), €(4;) < m for all i.

So when u is a minimal length word representing / in H, we get our result. O

We introduce some notation. If w is the reduced word representing s € F, then i = rank(w)
is the maximum ¢ such that there is a letter al.il in w, and then |A|, denotes the number
of pieces in the rank-i piece decomposition of w. Further, for a word w and a letter a,
the number of occurrences of a in w plus the number of a~! is wt,(w), and the number of

occurrences of @ minus the number of ™! is exp,(w).

Lemma 4.8. Suppose h € H is expressed in normal form as iis”, where ii is a reduced word
on ali', o,azt and r € Z. Then liil, < |hly.

Proof. Let v, be a geodesic word on alil, ...,az!, s*! representing hin H. So {(v,,) = |hly.
The shuffling moves sa; — ¢~ '(a;)s and s™'a; — @(a;)s~! transform v,, to a word u,,s” so
that it is the freely reduced form of u,,. Since these moves do not create or remove them,
the anﬁl in u,, correspond with those in v,, in number, sign, and relative location.

Say that a subword o in v,, is superfluous if it has the form azmTa,;1 or a;llTam for some

£l and the ' and @' that bookend o, correspond to an a! and an

word Ton at', ... a% - ha
a’! that bookend a subword @ in u,, that freely reduces to the identity. Given such a o,
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write v,, = ogo o (as words), let 1 = exp(7), and let u = exp (o). There exists a word &

+1

onay’,..., at! arising in the following three cases as follows:

~l¢4 in H. Further,

(1) If o = a,7a;!, then the shuffling moves give that o = a,¢a,,

¢ H(apéa,!) = 7. Define o = s'.
() If o = a,'7a, and A < 0, then they give that o = a;'éa,a;* s in H. Further,
¢ (&) = 0. Define o = a* s
3) Ifo = a,;l‘ram and A > 0, then moves a;s — s¢(a;) and a;s™' — s7'¢ (@) give
that o = s'a;* a,'éa,, in H. Further, o#~*(¢) = 7. Define o = s'a’*,.
In each case £ = 1, because & = 1, and so o = ¢’ in H.

Let i = rank(it). If i < m, then all the ¢! in u,, cancel away on free reduction of u,,.
So there exists a family of pairwise disjoint superfluous subwords of v,, which together
contain every a! in v,,. Let v,,_1 be the word obtained from v,, by replacing each of these

superfluous subwords o by the corresponding ¢ described above. Then v,,-; = v, in H
and
rank(v,—1) < m—1,
Wts(vm—l) < Wts(vm),
Wiy, (Viu-1) < Wty (vy) for j=1,...,m -2,
Wta,,,,l(vm—l) < Wtum,l(vm) + Wt (Vi),

where the final inequality holds because the a;lf , inserted in all instances of cases (2) and

(3) contribute a total of no more than wt,(v,,) letters a,jl_l.

If i < m — 1, then, because there are no a;—'nl letters in v,,_1, we can obtain a word v,,_»
from v,,_; in the same manner that we obtained v,,_; from v,, and subject to the same
inequalities as displayed above, but with m decremented by 1. Repeat until arriving at v;.
Then rank(v;) = i and

@ Wtg, (Vi) + -+ + Wi, (Vi) < Wi, (V) + -+ + Wi, (Vi) + Wte(vy) = (V).
Now, v; freely equals wos® wy s®w; - - - s%wy, for some reduced words wy, ..., wgonaf!, ..., aF!
and some non-zero aj,...,ax € Z. For 0 < j <k, let 8; = —a; — - -+ — «;j, so that # freely

equals ¢ (wp) - - - @ (wy). The number of pieces in the rank-i decomposition of w j 1s at
most {(w;) since each piece has at least one letter. By Lemma 3.2, the rank-i decom-
positions of w; and of ¢ (w;) have the same number of pieces. Free reduction between
an ¢Pi(u ;) and the neighbouring Pt (u j+1) can only cause pieces to merge or cancel, so
litlr < €(wo) + - -+ + €(wy), which is at most £(v,,) by (4). O

Corollary 4.9. Forz" = 1,...,m, there exists K; > 0 such that for all g € F of rank i, we
have ||y < Kilglxlgly;".

Proof. Weinductoni. Ifi=1,theng = a’f for some k € Z, and |k| = |g|p = Iglx-

Now assume i > 1. Express g, viewed as a reduced word on afl,...,af', as a rank-i
product of pieces 7y - - - m,. Each piece is m; = af‘ vkai_sk for some 0y, &, € {0,1} and v, a
reduced word of rank at most i — 1. By induction |[vi|p < Ki—1|vilx |vk|;2. By Lemma 4.8

i-1
[Vilr < IVklg- So il < Kip [wily; - We then get

)4 4
gle = D e < > (Kict idiy! +2) < Igle(Kioy@m + 17 gl +2)
k=1 k=1
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where the last inequality follows from Proposition 4.5. O

Ifg = s’kaf.‘sk = gok(af.‘), then |g|; < 3k and g is a product of k pieces, each of which is

¢*(a;), a positive word whose length grows like a polynomial in k of degree i — 1, as we
saw in Lemma 4.2. Thus the bound in Corollary 4.9 is sharp in this case (up to constants).

5. SOLVING THE O-TWISTED CONJUGACY PROBLEM

As we saw in Section 2, the conjugacy relation uw = wv in H amounts to the ¢-twisted
conjugacy relation ii¢™” (W) = W~ "(¥) in F, where we have normal forms u = iis”,v = ¥s”,
and w = ws”. We assume in this section that p = 0.

+1 +1

Recall that the O-twisted conjugacy problem asks whether, given words it, Von ai’, .. ., a;, ,
there exist r € Z and w € F such that

(5) v = We'(¥) in F.

Proposition 5.1 (O-twisted conjugacy problem). There exists A > 0 with the following
property. Suppose ii and v are words on afl, catl,
(I) If there exist r € Z and W € F satisfying (5), then there are such r and W with

[l + Wlg < Allilg + [V5).

(Il) If there exists w € F satisfying (5) with r = 0, then there exists such w with
Wy < Adlilg + [9]g).

(Ill) There is an algorithm that, given ii and v will determine whether or not there exist
r € Z and w € F solving (5), and will exhibit them if they exist. The running time
of this algorithm is polynomial in |it|y + |V|y.

The proof of Proposition 5.1 uses the following lemma, which determines the form of a
‘short’ solution to (5) whenever any solution exists.

Lemma 5.2. There exists B > 0 with the following property. Suppose ii,v € F are as
in Proposition 5.1. Suppose there exist r € Z and w € F satisfying (5). Then there exist
wg € F satisfying

(6) iy = Wwop (V) inF,

with Wy = UV, where U is a prefix of ii”" and @' (V) is a suffix of .

Furthermore, either iw = Wv in F, or |r| < B(liily + |V]g).

Proof. First replace ii by a cyclic conjugate u’ such that u’u’ is reduced (i.e. u’ is cyclically
reduced) and the rank-m piece decomposition of ©’ u’ is the concatenation of two copies of
the piece decomposition of #'—that is, the rightmost piece in u” does not combine with the
leftmost piece in #’ to make a single piece in ’ «’. This is achieved by conjugating 7 by a
suitable y that is a prefix of ii~', so that y™ ity = ' in F.

Likewise, replace 7 by a similarly structured cyclic conjugate v'. Let z be the prefix of #~!
such that z7'9z = v in F.

Lemma 3.2 gives us that ¢*(u’) and ¢*(v") are cyclically reduced for all k € Z.
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By assumption, we have r € Z and w € F satisfying (5). This implies that there is w; € F
satisfying

@) uW'wy, = wie (V') inF.

Since (7) is a conjugacy relation in F and ¢~"(v") is cyclically reduced, Lemma 2.1 tells us
that there is a prefix W, of («’)~! such that u'W, = W@~ (V') in F. Then Wy = yW,0~"(z7")
satisfies (6) with ry = r. We then take U = yW,, which is a prefix of ii~! (since y is, and W,
is a prefix of (w)™! = y~'ii"'y) and V = ¢"(z”"). From the definition of z, ¢"(V) =z ' isa
suffix of .

To complete the proof, we need to bound |r|.
If v/ is fixed by ¢ or r = 0, then V' is conjugate to «’ in F' and we have iiw = W in F.

Suppose, then, that v’ is not fixed by ¢ and r # 0. Let i be the rank of v'. As V' is not fixed
by ¢, Lemma 4.1 tells us that it has a piece x that is itself of rank i and is not fixed by ¢.
Proposition 4.4 and Corollary 4.9 give constants C;, K; > 0 such that either

(8) Cilr™" < Inlr < Kilnlly",
or

e\ )

Vid i-1 _r _r i—l
) a{m—(ﬁ) ] < o7, < Kile" |, -

Since 7 is a subword of v/, which is a subword of ¥, Proposition 4.5 gives us ||y <
(2m + 1) [#;. Then by Corollary 4.9 we get |r|; < K;(2m + 1)"! [#]i;'. Meanwhile, since u’
and ¢~"(v") are cyclically reduced and conjugate in F, it follows that ¢~"(rr) is a subword
of u’u’. Since the piece decomposition of u’u’ consists of the concatenation of two copies
of that of #’, we must have that ¢~ (rr) is a subword of u’. So o™ (m)|y < 2m + 1) |it|z by
Proposition 4.5. Both (8) and (9) lead to

K\

Irl < (E) Cm + D(|alg + V),

showing that a suitable B > 0 exists. O

Proof of Proposition 5.1. We begin by establishing the length bounds in (I) and (II).

Since in Lemma 5.2 the value of r does not change between (5) and (6), case (II) of Propo-
sition 5.1 holds. Indeed, we need only use Proposition 4.5 to bound |U| and |V/|. Similarly,
the bound on |r| and the form of Wy give (I).

Next we consider the complexity of the algorithms solving the O-twisted conjugacy prob-
lem and its search variant.

Lemma 5.2 tells us that if a solution exists, then there is a solution of a particularly nice
form. On input # and ¥, we list all pairs (W, r), where r is an integer satisfying |r| <
B(litly + [9), and W has the form UV, with U a prefix of ii' and V = go"(V), where V is
a suffix of . It is not hard to see that the number of such pairs is polynomially bounded in
terms of |uly + |v|y. So a search through this list for a solution to (5) can be completed in
polynomial time. If none is found, we conclude that no solution exists. O
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6. PRESERVED PREFIXES

Recall that uw = wv in H amounts to ii¢~ (W) = we~"(¥) in F, where u = iis?,v = s, and
w = ws” are the normal forms. We now assume p # 0. In the specific case when # is the
empty word, W is a concatenation of a prefix of ¢~?(#) with a subword of ¢~"(¥#)~'. This
points to the fact that, in order to understand the length (or structure) of w (and hence w), it
is important to understand the length (or structure) of the longest common prefix of Ww and
o).

We begin with the instance where W is a single piece of a type that behaves well with
regards to common prefixes. This will feed into the general case in Corollary 6.2 below.

Ifris aga‘f for some g > 0, then (assuming r > 0) the length 1 + g of the longest common
prefix axal of 7 and ¢' (1) = aal™” can be arbitrarily large compared to |7r"<,0’(7r)| y =
|a§ | y = I~ The same can be said when 7 is a‘l’ or a‘l’alf1 for any i > 2 and g € Z. In contrast,
for other types of pieces, the form of the longest common prefix is constrained in a manner

that strongly restricts its length:

Lemma 6.1. For 3 < i < m, there exists B; > 0 with the following property. Suppose r > 0
and that i is a rank-i piece whose first letter is a;. Then the longest common prefix L of &
and ¢’ (n) is a concatenation L = A\, of words, where

o A, is a prefix of ¢*(a;) for some k € Z satisfying |k| < B; (lﬂ_ltpr(ﬂ)|H + Irl),
e A, is a subword of ¢"(a; ).

Proof. We may assume that £(L) > 2, else L = a; and the result is immediate with L = A
and k = 0.

Case 1. 7 = a;u for a word u of rank less than i.

We claim that either there is no cancellation (as in Figure 3) between ¢"(a;) and ¢"(u), or
there is complete cancellation (as in Figure 2) by which we mean that ¢"(a;)¢" (u), freely
reduces to g; times a suffix of ¢’ (u). After all, if there is not complete cancellation, then
the first two letters a;a;_1 of ¢ (a;) are not cancelled away on free reduction of ¢”"(a;)¢" ().
As {(L) > 2, these are also the first two letters of 7 = a;u, and so the first letter of u is a;_;.
But then the first letter of ¢’ (1) must also be a;_;, and as ¢"(a;) is a positive word, there is
no cancellation between it and ¢" ().

@ Nai-) Tl (p1)
@@ e (o)
S T .
5 N g

ai1|¢"(pr)
a; ‘)Dr(pr+l)
! a; I Pk ot Pp
@' (m)
= aju

Ficure 2. Cancellation as per Case 1a of the proof of Lemma 6.1.
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Letp; - - - p, be the rank-(i—1) decomposition of u into pieces. By Lemma 3.2, ¢"(p1) - - - ¢"(p),)
is the rank-(i — 1) piece decomposition of ¢"(«). Choose k( so that

(10) L = aip -+ pry-1Pp,»

where kg is chosen so that p; is a non-empty prefix of py,.

Case 1a. Complete cancellation.

We will show that a;p; - - - pg, = <p‘k° (a;), and so L is a prefix of this and the result will hold
with L = A; and A, the empty word.

Lemma 4.3 tells us that ¢"(a;) = a; a;-1¢(a;-1) - - 'cp”l(a,-_l). From this we can read off the
first r pieces of ¢’ (1) on account of the ‘complete cancellation’ between ¢"(a;) and ¢"(u):
fork = 1,...,r we have ¢"(o;) = ¢"*(a;_1)~", or equivalently

(11) pr = ¢ a)™

After ‘complete cancellation’ ¢" () = a;¢"(0r+1) - - ¢"(0p). As Lis also a prefix of ¢ (),

L = ai(,Dr(,OH-l) e ‘)Or(pr+ko—1)p],<0

where, comparing with (10), for k = 1,...,ky — 1 we have p; = ¢"(or+,), Or equivalently
Pr+r = ¢ (o). By induction, we can extend (11) to k = 1,...,ky+r — 1. This tells us in
particular that

(12) pr = ¢ (@),
since r > 0, and
aiprpry = @ ais) M)
which equals, as a word, ¢~%(g;) by Lemma 4.3. It follows that L is a prefix of ¢=%(a;).

Next we will give an upper bound on kg that will imply an upper bound on |-ko + 1],
proving the condition on A. From (12) we get

(13) Ciky " < ol

by Lemma 4.2. As py, is a single piece, Corollary 4.9 gives
i-1

14 uly = Kool

View py, as a product of pj - with a subword of n~'¢’(m). Then apply Proposition 4.5 to
give

(15) lowly <
To bound |o;
since r > 0. So, applying Proposition 4.5, we first get

il < @m+ D e (orgen -
Then using that ¢"(0k,+r) = 5~ Pry+rs”, we deduce that

Okly < Cm+1) (2r + lpk0+,|H).
A last application of Proposition 4.5 then gives

(16) g S @m+1)(2r+@m+ D' @),,).

0%, y T @Cm+1) |7r71(p’(7r)|H .

= observe that p,’{0 is a prefix of ¢"(0k,+r), and pg,+ is a subword of 7r’1<p’(7r),

/
Pko

Together (13)—(16) show ky is at most a constant times |r| + |7r‘190’(7r)| 4+ as required.
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«Q))
@ Q‘@\
¥ (a;)
aist @) - @ Nai) ¢ e o @ (Pre-1-r)
I all pl T p2 T oo T pr T pr+l T ces I pk07l T pk(] T oo e T pp 1

L

T =au

Ficure 3. Cancellation as per Case 1b of the proof of Lemma 6.1.

Case 1b. No cancellation.

We will show that L is a prefix of ¢*(a;) and that the result will again hold with L = A,
and A, the empty word.

Comparing pieces along the common prefix L = aip; - - - px,-10;, of 7 = ajp; - - - pp and
¢'(m) = @@ (p1)-- ¢ (pp) = arairp(aiy)--- ¢ (ai-)e (1) & (py),

which is a freely reduced word in this case, we claim that

17) o = ¢ Naioy) for k=1,...,ky— 1.

For k < min{r, ko — 1} we get p; = & Naisy) immediately, so there is nothing left to show
whenr > ko—1. Whenr < kg—1,ifk=r+1,...,ko— 1 then py = ¢"(px—,), and this gives
the claim inductively.

< r, then this is immediate.

We claim that ,o,’CO is a prefix of goko‘l(a,-_l). Indeed, if kg
Meanwhile, if ko > r, o is a subword of ¢'(py,-,) which equals ¢*~1(a;_y) by (17) since
r>0.

It follows that L is a prefix of a;a;_1¢(a;-1) - - - ©*(a;_1), which equals, as a word, o (a;).
We complete this case by bounding k. The process is similar to Case 1a.

Since ¢"(py,) is a subword of 7n7'¢"(xr), we can obtain a bound on the length of p;CO as

follows. Firstly, " <Q@2m+1) |pk0 by Proposition 4.5. Then, using px, = s"¢"(0k,) s,

Ok, |H
and that ¢ (py,) is a subword of ﬂ‘lgo’(ﬂ), we get |pk“|H <L2rl+@2m+1) |7r‘1g0’(7r)|H. Thus,
we have

il < @m+1) (2 Irl+Q2m+ 1) |n-1<p’(n)|H).

Since ¢"(pr,—) = ¢~ (a;-1), Lemma 4.2 and Corollary 4.9 imply that

Citko = )™ < |@"(oro=r)|» < Ki|& (0so=r)

We can write ¢ (pk,—r) as a product of p,’m and a subword of 7~ '¢"(;r). Hence, by Proposi-
tion 4.5,

i-1
"

|90r(pk0_’)|H < pl,Co
These displayed inequalities combine to give an upper bound on & implying the condition
on Aj.

LT @m+ DY@,
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Case2. 7 = aiualfl for a reduced word u of rank less than i.

Let my = a;u. The only ai‘1 in 7 is at the end; ditto in ¢’ (). So if the common prefix L of
m and ¢ (7r) is the whole of &, then L = ¢ (), also, but that cannot be: by Lemma 4.1 r is
not fixed by ¢ and then by Proposition 4.4 it is not fixed by ¢" (as r # 0). So L is, in fact, a
prefix of m.

As ¢'() is the free reduction of go’(no)go’(ai‘l), the word L is the concatenation A;A; of a
prefix A; of ¢’ (my) with a subword A, of ga’(ai‘l). But then A is a common prefix of 7
and ¢"(mp) (though it may not be the full common prefix) so we deduce from Case 1 that
A is a prefix of ¢*(a;), where |k| is bounded by a constant times r + |7r51<p’(7ro)|H. Since
n61¢’(n0) = ai’ln’lcp’(n)ai, we have 'nalgo’(no)i < |7r’1¢p’(7r)| 2 and the required bound
on |k| follows. ]

Corollary 6.2. Forall 1 <i < m, there exists A; > 0 with the following property. For all
freely reduced w € F of rank i and all r € Z, there exists a freely reduced word wy € F of
rank at most i such that the following hold.

(P1) If the free reduction of w™'¢"(w) is af, with a a prefix of w™' and B a suffix of
¢"(w), then the free reduction of W51<p’ (wo) is af, and @ a prefix of wy Vand B a
suffix of ¢"(wo).

(P2) The longest common prefix P of wyg and ¢"(wy) has the form P = PP - - - P; where

o Py is a prefix of ¢*(a;) for some t < i and some k € Z satisfying |k| <
A; (|aBly + |rl), and
e P;isasubword ofcp’(a]fl)forj =3,...,L

Proof. If w = ¢"(w), then we can take «, B, and wy to be the empty word. So assume
w # ¢’ (w). In particular, r # 0.

The statement for r < 0 will follow from that for » > 0 since we could instead consider the
common prefix of w = ¢"(w) and ¢~"(w), which of course equals P. So assume r > 0.

We will induct on i = rank(w). The case i = 1 is elementary: w = ¢"(w) and the result
holds as we just explained.

Assume i > 1. Let w = my - - -7, be the rank-i decomposition of w into pieces. Our first
step is to reduce the problem to a question concerning a single piece. Take £ minimal so
that the longest common prefix of w and ¢(w) is a subword of 7y ---m;. Let m := my. It
follows from Lemma 3.2 that 7y, ..., m—; are fixed by ¢". So (1) amounts to:

(P1’) If the free reduction of w™'¢"(w) is @B, with « a prefix of w™! and g a suffix of
¢"(w), then the free reduction of (my - - -n,,)‘lgo’(nk .-+ 1p) is af, with @ a prefix of
(my, - - -ﬂp)‘lgor(zrk ---m,) and B’ a suffix of ¢" (7).

We will find a word 7 such that the longest common prefix P of 7y and ¢" () satisfies the
conditions for (2), and my satisfies:

(P1”) If the free reduction of 7~ ¢’ () is /B, with o’ a prefix of 77! and 8’ a suffix of
¢" (), then the free reduction of Lo’ (my) is o/, with o’ a prefix of nal and 8’ a
suffix of ¢"(mp).
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Then, setting wy = momgyq ... 7mp, we will get off = walgor(wo) in F by (Pl’'), with a a
prefix of wal and g a suffix of ¢"(wy), satisfying (£1). We claim that P being the longest
common prefix of my and ¢’ () implies it is also the longest common prefix of wy and
¢ (wp). Indeed, if wy = 7y (as words), this is immediate. And if wy # 7o, then either the
prefixes are as claimed, or 7y = ¢" (), implying n~' " (7r) is trivial, by (P1”), contradicting
our choice of k.

Now we turn to finding this .

Assume that i = 2, which is an exceptional case. By the minimality of k, we cannot have 7
equal to a? or aza‘{agl for some g € Z, for that would imply that 7 = ¢"(r). The remaining
possibilities are that 7 is aya! or a’a;' for some g € Z. Take my = a or 1y = a;’,
respectively in these two cases. In the former case, o is the empty word, and 8 = af. In
the latter, @’ = a; and ' = a|"a; !. Both satisfy (#1”). The longest common prefix of g
and ¢’ (mp), and hence also of wy and ¢"(wy), is then either a, or the empty word. Taking
P; to be a, or the empty word, accordingly, and Ps, ..., P; all the empty word gives us the
required form (P2).

Suppose i > 3. How we proceed depends on the type and rank of the piece .

Case 1. j := rank(n) < i.

Apply the induction hypothesis to get a freely reduced word 7y of rank at most j sat-
isfying ($1”) and such that the longest common prefix of 7y and ¢’(my) has the form
P = P{P5---Pj, where Ps, ..., P; are each subwords of go’(aj‘.l), and P, a prefix of o*ay),
for some ¢ < j and some [k| < Aj(|7r‘1<p’(7r)|H +|r]). Since 77 !¢"(xr) is a subword of o,
taking A; large enough that A; > (2m + 1)A; will mean, by Proposition 4.5, that P, satisfies
the requirements stated in this corollary. Finally, we take Pj,q, ..., P; to all be the empty
word.

Case 2. The first letter of 7 is a;.

In this case we take myp = m, so (P1”) trivially holds. Lemma 6.1 gives us the structure
of P as required, with P; = Ay, with Ps, ..., P;_; being empty words, and with P; = A,.
We just note that the power & in P satisfies the required bound by taking A; large enough
so that A; > (2m + 1)B;, where B; is the constant from Lemma 6.1 (as in Case 1, this is
because 771¢"(rr) is a subword of a3, and we can apply Proposition 4.5).

Case 3. = ua; ' with j := rank(u) < i.

By the inductive hypothesis, there is a word uy € F of rank at most j such that

(P1"") If the free reduction of u~'¢" (1) is yd, with y a prefix of ™! and ¢ a suffix of ¢’ (u),
then the free reduction of uy'¢"(up) is y5, with y a prefix of u;' and 6 a suffix of

¢ (uo),

and the maximal common prefix of up and ¢"(up) is of the form Py = P(P3--- P}, with
Py, P3...,P;as per (P2). In particular, P, is a prefix of ©*(a,), for some ¢ < j and some k
satisfying

(18) K < A (Jug" ¢ o), + Ir1).
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Letmy = uoai’l. Since ¢ (1) is the free reduction of (p’(uo)go’(ai’l), the common prefix P of
7o and ¢" () is a concatenation of a common prefix of uy and ¢’ (1) (hence a prefix of Py),
and a (possibly empty) subword P; of ¢"(a;)~'. We may therefore write P = P\Ps - - P;, P;
for some j* < j, where P;., is a prefix of P;. This fits with the structure in ($2), although
we still need to determine the bound on &, which we will do below, while we verify (1”)
holds.

@' (uo) ¢"(uo)

T
o ¢’ (7o)

Ficure 4. Three cases of cancellation between tp’(al.“) and other words

We seek @’ and g’ satisfying (#1”), so we need to understand the free reduction of 7 Yo" (7).
We have

'@ (o) = auy' @' (o)’ (@)™ = aryde(a)".
Cancellation in a;yd¢" (a;)~" can only occur where 6 abuts ¢"(a;)~"'. One of three things can
occur. Either

(C1) ¢'(a;)~" does not cancel into either y or Py (the left diagram of Figure 4),

(C2) ¢"(a;j)"! completely cancels with & and continues cancelling into y (the middle
diagram in Figure 4), or

(C3) ¢"(a;)~' completely cancels with ¢ and continues cancelling into Py (the right di-
agram in Figure 4).

In (C1) we can take @’ = a;y and 8’ to be the free reduction of 6¢’(a;)~!. Then it is
straightforward to see that (#1”") holds.

For (C2), we take P; as above: it is the subword of <,0’(al-)’1 that cancels into 7y. Then,
setting @’ to be the free reduction of a;yP; and ' to be the free reduction of Pi‘l&p’(a,-)‘l,
we can check that (1) is satisfied. Take P = PyP;.

Finally, for (C3), we let Q be the suffix of Py that cancels into ¢"(a;)~', and P be the prefix
of Py so that Py = PQ as words. (Note in this case P; is empty.) Then o’ = a;yQ~! and 8’
equal to the free reduction of Q8¢ (a;)~! satisfy (P1”).

In each case, the free reduction of u " (up) is a product of a subword of the free reduction
of ﬂalgor(no) with a subword of ¢'(a;)*'. By (P1"), nalgar(ﬂo) is equal to 77! ¢’ (;r), which
is a subword of @B. Hence by Proposition 4.5, |u5190’(u0)|H <@m+ 1) (laly +2|r + 1).
In each case P has the form required for (#2), and this bound, together with (18) and
increasing the value as A; if necessary, gives the required bound on |k]|. O

7. THE INDUCTIVE STRUCTURE OF JH-TWISTED CONJUGACY IN F'

We explained in Section 2 that the conjugacy problem in H amounts to a twisted conjugacy
problem in F which can take one of three forms. The most involved of the three is what we
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refer to as the H-twisted conjugacy problem. We will show here that when this problem
has a solution, it has a solution of one of a number of particular forms. The large number of
possibilities for this form leads to the following proposition having a somewhat involved
statement. But all the subwords are described in terms of the ‘constants’ p, ug, vo, U1, v
or inductively in terms of a word X which is a solution to a lower rank instance of the
same problem. This will allow us to estimate the lengths of solutions. Those estimates
will feed into upper bounds on the conjugator length of H. Also this proposition will
mean that solutions to the H-twisted conjugacy problem can found by searching though a
polynomially sized family of possibilities. This will feed into polynomial time solutions to
the conjugacy and conjugacy-search problems in H.

Proposition 7.1. Suppose i € {1,...,m}, p > 0 are integers and uy, vy, uy, vy, x are re-
duced words on alil, ...,az'. Suppose x is non-empty word and has rank i. Suppose the
concatenations uyxvy U and ul’lxvl are reduced words and satisfy

(19) @ P(upxvy') = uj'xvy in F.
Then there exists a word X on at', ..., aZ! that satisfies
(20) ¢ P(uoXvy") = u;'Xvy in F

and takes the following form. If i = 1, then

(X1) X = U,U,U3V as words
for some subwords Uy, U,, and Us of (u1¢~(up))*" and some suffix V of vie™P ().
There exists a constant C > 0 such that if i > 1, then either

(X2) X = xis asubword L of ¢™P(up) or R ofgo""(val),
(X3) X=LS M PR as words, or
(X4) X = x=LXR as words,

where

L is a subword of ¢™"(uy),
S is either
- S=8;,---53 8 where
* Sl‘] is a prefix of ¢*(a,) for some t < i and |k| < C (lug|p + lu1lr + p),
* §jis a subword of ¢™P(a;) for j=3,...,i,
— a subword of S where ¢ P(8) is a subword of (u1@~"(ug))™", or
— a subword of ¢~ (S) where S is a subword of ¢ (ug),
o M = MM, or M;' M, where
- M, = mpp(ﬂ)...gap(q—l)(,r), where
x qp < Cluoly + w1y + [volu + vily + p), and
* @ P(m) is a concatenation of a subword of (u1¢ P (up))~" with S, or of
P with a subword of (vi¢~"(v))™!,
- ¢P(M3) is a subword of ¢ (ugy) or go’p(val),
P is either
— P=P, P5---P;, where
* Py is a prefix of(pk/(a,)for somet <iand |k'| < C (volg + [Vilg + p),
* Pjis a subword oftp"’(a]‘.l)forj =3,...,ior

— a subword of ¢~ (P) where P is a subword of ¢™? vy b,
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— a subword of P where p? (P) is a subword of vie™P(vp),
e R is a subword ofgo_”(val),
o X has rank j < iand satisfies ¢™P(fip XDy hy = ﬁl‘lfcf/l where
— ity is reduced and is a subword of =P (up),
— Vo¥1 is reduced and is a subword of o7 ().

A curious feature of Proposition 7.1 is that if u, v € H satisfy uw = wvin H for some w € F
(not just in H), and w = upxv; I as per the proposition, then uoXvy !, which will also be in
F, is another conjugator and also has this ‘nice’ structure.

In general, this structure leads to a quadratic upper bound on the length (see Lemma 8.1
below). To improve it to a linear upper bound we need to replace the word M, appearing
in (X3) with 57 (see Lemma 8.4 below). We therefore swap X for a word X, which unlike
X may represent an element of H \ F. Equations (19) and (20) may therefore not make
sense for X. For the iteration through case (X4), then, we will instead use:

Lemma 7.2. With the notation from Proposition 7.1, if X has form (X4), and if X € H
satisfies
sP g X0y' 57 = a7 X0y inH
then
(21) sPug LXRvy's? = u;" LXRv, inH.

Ifw = ug LXR val, then (21) amounts to uw = wv in H, where w = ws’, u = iis?, v = vs?,
it = upuy, and =" (¥) = vovy.

We will prove this lemma after proving Proposition 7.1. Before we prove either, here is a
lemma which is straight-forward, but which we highlight as we will call on it to remove a
subword from x.

Lemma 7.3. Suppose x = xox1, ¢ P(uoxo) = u;' xo, ¢ P(x1vy") = x1vy, and ¢™P(y) = y in
F. Then ga"’(uoxoyxlval) = ul’lxoyxlvl inF.

Proof of Proposition 7.1. We begin with the case i = 1. As rank(x) = 1, ¢(x) = x, and so
(19) rearranges to the conjugacy relation

(22) urp P(up)x = xvip~(vp) in F.
Therefore, by Lemma 2.1, there is some xy € F which satisfies (22) in place of x (but

may fail to satisfy (19) since ¢ need not fix x¢) and is the concatenation of some prefix of
(197" (up))~" with some suffix of vi¢ ™7 (vp).

Ifu;77(ug) = 1, then (20) holds with X the empty word. Assume, then, that u;o™”(up) # 1.
Since both x and xo conjugate u;¢ 7 (up) to Vi@ P(v) in F, we have x = o'xg in F for
some integer / and some reduced word o some power of which freely equals u;¢™"(up). If
rank(o) = 1, then rank(xp) = 1 also and so ¢(xp) = xp and (20) holds with X = x,. If, on
the other hand, the rank(o) > 2, then take X = x. Then (20) is (19) and so holds. And, as
rank(x) = 1, all of o apart from some prefix o of o (if [ > 0) or o' (if / < 0) must cancel
into xg in o'xy, and so X is the concatenation of a prefix o’ of o or o~ ! with a suffix of x;.

Let 0 be the maximal suffix of o such that 0'5' is prefix of o~. Then there is a subword oy
of o such that for all ¢ € Z, as words o = o7, 10'?0'0. So, as some power of o freely equals
urp~?(up), we have that o Lo freely equals a prefix of (1,077 (ug))*! and o freely equals
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a suffix. So o freely equals the concatenation of two subwords of (u;¢™7 (up))*', and the
same is true of o”’.

So in each case X is the concatenation of three subwords of (i1 7 (up))*! with a suffix of
vig~P(vg), completing the proof in the case i = 1.

Now assume 2 < i < m. By (19), go‘p(uo)tp‘p(x)go‘p(va') = ul"xvl in F. The right-hand
side is reduced, but there may be cancellation on the left at the start and end of ¢77(x).
So, after free reduction on the left, a (perhaps empty) subword of ¢™”(x) remains. This
subword will also be a subword of ul‘lxvl. Define I1 to be its overlap with x.

If IT is the empty word, then x is a subword of either ¢ ™7 (ug) or t,o"’(vl‘1 ), and so X = x has
the form of (X2). So for the remainder of the proof we assume that IT is nonempty.

As [T is a subword of both x and ¢™”(x), we can define L, R, Y and Z so that
(23) x=LIIR and pPx)y=YlZ as words.
We have

u' LTIRv, = ¢ P(up) YIIZ¢P(v;") inF
by (19). We claim that

(&1) Lis a subword of ¢ ™7 (uy),

(82) R7!is a subword of ¢ ™" (vy),

(83) Y~ !is a suffix of the freely reduced form of u;¢ ™" (ug), and
(E4) Z is a suffix of the freely reduced form of v;¢™7 (vy).

By definition of II,
(24) ¢ P(uy)Y freely reduces to u;l L.

Also, ¢7P(up) and Y are freely reduced words, so if Y fully cancels into ¢~”(up) on free
reduction of ¢ P(uo)Y, then Y~ is a suffix of ¢ ”(uy) and (24) gives us (1) and (E3). If,
on the other hand, a non-empty suffix of Y survives free reduction of ¢ (1) Y, then L is
the empty word: the last letter of L, were there one, would have to have been part of I1
since it would also have to have been the last letter of Y. So (&E1) trivially holds and (E3)
again follows from (24).

To complete the proof, when I is nonempty we need to explain how to replace IT with
some 11 so that X = LIIR is of the required form.

Let 7y - - - m; be the rank-i piece decomposition of x. By Lemma 3.2, ¢™7 (1) - - - ¢ P (1) is
the rank-i decomposition of ¢™”(x) into pieces and, in particular, is reduced.

Since II is a subword of x, there are integers a, b such that x is a subword of 7, - - - r,. We
choose a and b so that either

ILa <band Il = mm - mpm,, for some (perhaps empty) suffix 7, of 7, and
(perhaps empty) prefix ) of m,, where 7, # m, if 1 < aand 7 # m, if b < k, or
II. a = b and Il = 7/, for a nonempty subword n, of n,,.

As IT is a subword of ¢~7(x), its rank—i pieces line up with those in ¢ 7(my) - - - ¢ P (7).
This tells us

(81) ITis asubword of ¢ P (744e) - - - ¢ P(mpye) fOr some e € Z.
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The value of e will be important.

From (23) and (E1)-(&4) we make the following observations.

(82) If ¢ < a, then 7. is a subword of ¢~ (up).

(83) If ¢ > b, then x> ! is a subword of ¢~ (vp).

(S84) If c < a+ e, then ¢ P(n,)"" is a subword of the freely reduced form of ;™" ().
(85) If ¢ > b + e, then ¢ P(r,) is a subword of the freely reduced form vy¢™"(vy).

Case L. Il = mymyr1 - mp ).

We make the following further observations that apply in this case. They follow by consid-
ering I simultaneously as a subword of x, which has piece decomposition 7 - - - 1, and of
¢ P(x), with piece decomposition ¢ 7(rry) - - - ¢~ P(m;). As mentioned, the breaks between
pieces in I1 must line up in the two words x and ¢™7(x).

(86) n, is a suffix of ¢ ™" (1m,4.) (as well as of 71,),
(87 mi=¢ P(mipe)fora+1<i<b-1,
(S8) m, is a prefix of ¢ ?(7p,.) (as well as of 7).

We will show that the proposition is satisfied with X as per (X3). We will divide into three
subcases according to the value of e. Having e positive is similar to e negative. Indeed,
taking inverses of both sides of equation (19) interchanges the roles of ug and u; with v
and v, respectively, and puts x~! in place of x. If #; is the i—th piece in the rank i piece
decomposition of x ! then #; = ﬂ,:_ll., and this means that to satisfy (S7) with 7; instead,
we use —e instead of e. So in Cases Ib and Ic below, when e is negative, swapping the roles
of u; and v; accordingly will give the structure of X~!, and that of X will then be apparent.

Case Ia. When e = 0.

If we remove the pieces 7441, ..., mp-1 from x leaving Xo := La,m, R, then ¢ ™7 (upXov, =
ul"Xovl in F by Lemma 7.3. Next we will replace &, with 77, and &, with &,, which
come from Corollary 6.2, as explained below, giving X := L&, R. We will show this too
satisfies (20).

As 7, is a common suffix of 7, and ¢”(rr,) (and so a common prefix of 71;1 and ¢7° ()™,
Corollary 6.2 gives us a word 7, so that

(Al) if ap is the free reduction of 7,0 ~"(x,)~", with 7, = an’, and ¢™P(n,) = '/, as
words, then a is also the free reduction of .0 ”(#,)~! in F, with 7, = af;, and
¢ P(,) = B~'#, as words, and

(A2) the common suffix 7/, of 7, and ¢~ 7 (7t,) is of the form A/, = S;--- 535, where

e S7!is a prefix of ¢*(a,) for some 7 < i and |k| < A; |7rat,0"’(7ra)" |H + p),

e S;isasubword of ¢ ?(a;) for j=3,...,1i
First we check that § = §;---535 fits the scheme of the proposition. To do this we
need to bound |71'at,0_p (7ra)‘1| 5 S0 that (A2) leads to the required bound on [k]. We could
use (&1) and (E3) alongside Proposition 4.5, but we can do better as follows. By (24),
LY™' = uj¢7P(up) in F. The last letters of L and Y must be different, since otherwise that

letter could be added into IT. So LY~! is reduced. The free reduction of 71(1(7r:l)’1 is a suffix
of L, and that of ¢=”(x,)(x’,)~" is a suffix of Y. Hence the free reduction of m,¢~7(rr,)~" is
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a subword of the free reduction of u;¢™”(up). So Proposition 4.5 gives the first inequality
of:

e @) < @m+ D g wo)l, < @mA+ 1) (uoly + luilr +2p).
We deduce that there is a constant C > 0 such that

kI < C(luolp + luilr + p).

Similarly, 71'; is a common prefix of 7, and ™7 (7r,), so Corollary 6.2, tells us that there is
word 7, such that

(B1) if ¥4 is the free reduction of ;' ™P(m,), with m, = 7y~ and ¢ P(1,) = 7.6 as
b b b

words, then ¥4 is also the free reduction of #,'¢™7(#;) in F, with #, = #,y~! and
¢~P(ftp) = 7,6 as words, and
(82) the common prefix &} of &, and ¢™P(&y,) is of the form &, = P1P; - - - P;, where
e P, is a prefix of ¢* (a;) for some ¢ < i and [k'| < A; (|ﬂ;1<p‘p(7rb)'ﬂ + p),
e P;isasubword ofga’P(a;l) forj=3,...,i

Similar reasoning to the above give us |k’| < C(|vo|r + [vi|r + p). It follows that X = LS PR
has form (X3), with M the empty word.

To conclude, we need to prove X will satisfy (20). First we work on the left. Using
the notation from (A1), we have L = m;---m_jeand ¥ = ¢ 'y -+ 7m,-1)8 ), s0 ¥ =
¢ P(La~")B~!. Then by (24), ¢ P(upLa~")B~" = u;'L. Rearranging and using that a#], =
7, and ﬁ‘lfr,, = ¢ P(r,), we get

O P(uplR,) = uy'LBpP(ar) = u;'LBp P (ry) = ui'LBB~'7, = ui'LA..

Similar calculations on the right yield ¢~ (7, Ru; = 7, Rvy. The left and right, working
together, give us (20).

Case Ib. When |e| > b —a— 1.

First assume e > 0. Write II = SMP, where S = n/, M = M, = mg41---7p—1, and
P = n,. Then My = ¢ P(mas14e* Mp-14e) by (S7), and @P(M2) = Ryriqe Mpoi4e 15 @
subword of ¢™”(vy)~! by (E2). Meanwhile, S is a subword of 7, and ¢~”(rr,) is a subword
of (u1¢"(ug))~" by (S4). Finally, P is a subword of ¢™”(m..), and P = mp.,, is a subword
of go"’(val) by (S3).

Now assume that e < 0. Then the above gives the structure for I17!, after swapping the
roles of u; and v;. Hence we get IT = S MP, where § is a subword of ¢” (S) where S is a
subword of ¢™P(ugy), M = M, and ¢ 7(M,) is a subword of v;¢™7(vy), and P is a subword
of P, and ¢7(P) is a subword of v;¢~?(vy).

Case Ic. WhenO < le|<b—a— 1.

Suppose e > 0. We have

Il = M Mast - Ap-1 7T,
The number of pieces in Il aside from 7, and 7} is b — a — 1. Let g be the maximal integer
such that ge < b —a - 1. Let

T = Tasl " Tae-
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By repeated applications of (S7),
[I=SMP inF
where M = MM, and

o
S =,

My = ngl(m)- - ")
My = @"(7ary - Tp_1—ge)

_ ’
P=m,.

Then S and P are as in Case Ib. Notice that ¢™”(xr) is a concatenation of a subword of ¥
(so, by (£3), a subword of the freely reduced form of (u;¢~"(up))~") with § = x/,. By (S7),
@P(M3) = Rast4(g+1)e " " Tp-14c- Note that a + 1 + (g + 1)e # b, by our choice of g. So
a+ 1+ (q+e)> b, which implies ¢”(M,) is a subword of go"’(v(;') by (E2).

We now begin the work necessary to establish the required bound on g.

First, fora < ¢ < ¢’ < a + e, we have that ¢™? (7. - - - .+) is a subword of Y, and so of the
freely reduced form of (1,077 (ug))™! by (E3). Also ¢P(m,,.) is a product of subwords of
(u197P(up))~" and 7,. So, by Proposition 4.5, there is a constant C > 0, depending only on
m, such that

(25) |me - o ly < C(|u1¢_p(uo)|H + p) fora<c<cd <a+e.
Similarly,
(26) g mplyg < C(|v1¢_p(v0)|H + p) forb<d<d <b+e.

We now bound gp. Leta < ¢ < a+eandchoose b <d < b+esothatm,; = goq""(m.), where
¢’ is g or g+ 1 according to whether ¢ > b — 1 — ge or not. Suppose ¢(n.) # . and the rank
of n. is j < i. We will establish an upper bound on ¢’ p by combining an upper bound on
|74l from (26) with an understanding of how fast 7. can grow under iterates of ¢~ from
Proposition 4.4.

We claim that we can choose such ¢ so that j = i (that is, so that &, has rank 7). First
assume that ¢ = 1. Then (S7) gives n, = ¢ P(n.41). In particular, both 7. and 7., have
the same rank, which must therefore be i, since in a pair of adjacent pieces of a rank—i
decomposition of a word, at least one must have rank i. So we may assume e > 1. Since
we assume ¢(m.) # 7., its rank satisfies j > 2 by Lemma 4.1. Suppose j < i. Then both
the the neighbours 7., and m._; of 7. must have rank i. Buti > j > 2, S0 @(7c41) # Met1
and ¢(m.—1) # m.—; by Lemma 4.1 again. The inequality a < ¢ + 1 < a + e holds for at
least one of ¢ + 1 or ¢ — 1. We replace ¢ with the corresponding number and may therefore
assume j = i.

If (¢p)~"! < é|7rc|p, then C/'¢'p < |n |;;", and so Corollary 4.9 and then (25) imply

1 N N i
Cl'q'p < K7 |nely < Kii"C(lul‘P ﬂ(uo)iH +p).
If, on the other hand, (¢'p)~" > &lrclp, then, we may apply Proposition 4.4 to 7y =
@7 (), giving
: 1 Lyl
Imalp = lSaqp(”C)iF z (Cik]qp_|ﬂc|p';l) ’
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Rearranging and then combining this with Corollary 4.9 and inequalities (25) and (26)
yields

A, 1 B _ _
Cllg'p < Kt (el + Imaly) < K C (jmg™ (o), + g ()|, +2p) -
Increasing the value of C if necessary, we then get

27 qp < Clluoly + luily + [voly + Vila + p).

So, provided there is some such ¢ with ¢(7,) # 7., we have the required bound on gp, and
taking IT = IT = § MP gives an X satisfying (X3).

If, on the other hand, 7, is fixed by ¢ for all @ < ¢ < a + e then we may cut a big chunk out
of I, since then ¢”(7) = m and M = 7Pl (rt, - - - wp_1_g.). By Lemma 7.3 we can remove
7P, and then IT = S MP, where M = M,, gives an X satisfying the proposition.

When e < 0, we get the structure of ITI"! and of I1-! from the above argument, once the
roles of u; and v; have been swapped. As above, S and P will be as in Case Ib. For M, we
need to change the order of M| and M,, but we have to be careful as taking the inverse of
M changes its structure. The easiest way to express this is to say M = M 'Ml‘l, with M,
and M, obtained as above, but with the u; and v; exchanged.

CaseIL. II = n/,.

By (S1), ITis a subword of ¢ ”(m,4.). If € < 0, then by (S2), 7, is a subword of ¢~ (up).
So IT = I satisfies the conditions of form (X3) of the proposition with § = II, S = Myse,
and M and P both the empty word. If e > 0, then we take IT = IT and it similarly satisfies
the conditions with § and M both the empty word and P = II, which is a subword of
¢ P(Mare) and P = 7y, is a subword of ¢~ ”(vy ).

On the other hand, assume e = 0. If II is either a prefix or a suffix of &, then we can
apply Corollary 6.2. If IT is a prefix, we replace it with [T = P = P;P5---P,, as in
Corollary 6.2. The proof that (20) holds, and of the bound on the k in P; are the same as
for Case Ia (treating 71, as the empty word and b = a + 1). If I1 is instead a suffix, replace
it with IT = § = S;---535, using Corollary 6.2, and a similar check gives (20) and a
corresponding bound on k’.

What remains is to consider when IT is not a prefix or suffix of m,. Then it has rank
Jj < i. This is where the form (X4) occurs. As reduced words, write 7, = ﬁofcf/gl and
¢ P(ny) = i7" %9y, where £ = 7, = TI. So rank(%) < i and @ P(fX0;") = a7'29y, as
required. Since fiy is a suffix of L and ii; is a prefix of Y~!, and there is no cancellation
between L and Y~! by the definition of IT, we can deduce from (24) that fipfl; is reduced

and is a subword of ¢ (u). ]

Proof of Lemma 7.2. By hypothesis

(28) sP g X 05! 57 = 47" X9 in H.
By (24), s? uy s P Y i1 = uIlLﬁl in H, which together with (28) gives
(29) (sP uo sP Y i) (s” g X 03" s77) = (u;' L i) (@' X 1) in H.

By hypothesis, X has form (X4), and as per Case II of our proof of Proposition 7.1, L =
a1l and Y = ¢ P(m; --~7T,1,1)12I1. Comparing these expressions for L and Y we
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get that in H we have L = s77Yii;s 01y, the right-hand side of which is a substring of the
left side of (29). So substituting accordingly into the left and cancelling the i; ﬁfl from the
right, we get

(30) sP ug L)A(f/a] st = ul’l L X9, inH.

In the same manner as we derived (30) from (28) using (24), calculations on the right-hand
ends using the equation Z¢™"(v; 1y = Rv; will derive (21) from (30).

The final part of the lemma follows from the discussion in Section 2 or by direct calcula-
tion. O

8. SOLVING THE JH-TWISTED CONJUGACY PROBLEM

Lemma 8.1. There exists a constant K > 0, depending only on m, such that the lengths
in H of the elements Uy, U,, U3, V, L, §, P, M, R, S, iy, ii1, Vo, V1, and n that arise in
Proposition 7.1 are all at most KX, where

X = (luoly + lurly + volg + Vily + p).
Moreover, |M 1|y < KX2.

Proof. The KX upper bounds all follow from applying Proposition 4.5 to the descriptions
of the words and the associated bounds given in Proposition 7.1, noting that |l,0j (w)| g <
2|jl + [w|y and that the i in the proposition is at most m.

For the bound on the length of M|, observe that
M, = ﬂ¢p(ﬂ) . (pp(q—l)(ﬂ.)
= n(s_pnsp)(s‘zl’nszp) - (S—P(q—l)nsp(q—l))
= (msP)dsP,

Combining (27) with 7], < KX and adjusting K suitably gives |M; |y < KZ?. |

Recall that the H-twisted conjugacy problem asks: given reduced words @i, on a*!, ..., ¢!

and an integer p > 0, do there exist 0 < r < p and words x, ug, vo,#1,v; € F such that
it = upu; and ¢~" (V) = vyvy, as words, and

go_”(uoxv(;l) = uf'xvl in F?

Lemma 8.2. Foralli = 1,...,m, there exists an algorithm that, with input any (p, it, V)
for which the H-conjugacy problem has a solution (r, x, ug, vo, Uy, vi) with rank(x) = i, will
exhibit some solution (r, X, ugy, vo, U1, v1), the running time of this algorithm is bounded
above by a polynomial in p + |iily + |V|y (Where the implied constants depend only on the
rank m of F).

Proof. In the following, when we refer to polynomial bounds, we will always mean upper
bounds that are polynomial in p + [i|y + [V|. We induct on i.

Proposition 7.1 tells us that in the case i = 1, there is solution (7, X, ug, vo, u1, v{) in which X
takes the form (X1). We can find one such solution in polynomial time as follows. We list
all the (7, ug, u1, vo, vi) such that 0 < r < p and &t = upu; and ¢~ (¥) = vyv; as words—there
are polynomially many and the words involved all have polynomially bounded length. For



30 M. R. BRIDSON, T. R. RILEY AND A. W. SALE

each we list all Uy, U,, Uz and V as per (X1)—again, polynomially many possibilities—
and we check whether of not cp‘P(uonal) = ulevl in F for X = U, U,U3V.

Now suppose that there exists a solution in which rank(x) = i > 1 and that the lemma holds
when there exists a solutions in which x has lower rank.

Again list the polynomially many (r, ug, u;, vo, vi) such that 0 < r < p and &t = upu; and
¢"(¥) = vyv; as words. For each, list the polynomially many words X of the form (X2)
or (X3) of Proposition 7.1 and check whether ¢ 7(uoXvy') = u;'Xvy in F. If this fails to
turn up a solution (r, X, up, vo, 41, v1), then the proposition tells us that there must be one
in which X has the form (X4). Accordingly, for each of the (r, up, uy, vo,vy), list all the
polynomially many (L, R, i, i1, Vo, V1) satisfying the conditions of Proposition 7.1. (These
L,R, iy, i1, Vo, V1 have polynomially bounded length.)

We are considering polynomially many (r, ug, 11, vo, v1), and for each one there are poly-
nomially many (L, R, i, {11, Vo, V1), so this amounts to polynomially many possibilities in
total. For one of them, there is an £ with rank(%) < i such that

¢ P(p0;") = a7' 20y in F
and

¢p""(uoL5ch61) = ul’lLfchl in F.

By induction we have a polynomial time algorithm which we can run (in polynomial time
overall) on every one of these possibilities, and for one of them it will exhibit some X such
that

@ (X" = 27" Xy in F.
So Lemma 7.2 gives us that ¢ ?(upLXRv;') = u;'LXRv; in F, and thereby we get a
solution (r, X, ug, vo, u1,vi) where X = LXR. |

Corollary 8.3 (H-twisted conjugacy complexity). There is an algorithm that takes as
input an integer p > 0 and reduced words it and v on alil, ...,az" and determines whether
or not there exists a solution (r, x, uy, vo, U, v1) to the H-twisted conjugacy problem. If a
solution exists, it exhibits one. The running time of the algorithm is bounded above be a

polynomial function of p + |ily + |V|y-

Proof. Run the algorithms of Lemma 8.2 for i = 1,...,m on input (p, i1, ). The time that
it takes each to halt is bounded above by a polynomial in p + [it|y + |V|y. If there exists a
solution, one of them will exhibit it. O

Lemma 8.1 gives us many of the ingredients for the desired linear upper bound on the
conjugator length of H, but we will need a way around the quadratic bound on |M,|y.
Accordingly, we will manipulate the form of the conjugator in the case (X3) of Proposi-
tion 7.1, which is where M, appears.

Lemma 8.4. Suppose u = iis? andv = VsP are conjugate elements of H, and there is a solu-
tion (r, x, ug, vo, U, v1) to the H-twisted conjugacy problem for (p, i, V) in which x has form
(X3). Let q be as in Proposition 7.1 (in the form of My). Then either uyLS s”quPRval s
or upLS Mz‘ls‘PqPRvals’ conjugates u tov.

Proof. We are in the setting of Case Ic of our proof of Proposition 7.1. Assume that e > 0.
Letw = ugLS quMzPRvals’. We will show that uw = wv in H.
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We have that u = ugu;s? and v = ¢"(vov1)s? in H. Also M» = @P9(m441 « - Mp—1-4e), Which
equals mayi1ge - - - Mp—1 by (S7). Plugging this and the other ingredients into w, we get

_ -1 _r
w = ug Ty P Mgptvge T vy S

Then, by repeatedly applying (S7) and the identity s~'gs = ¢(g) for g € F, we get
uw = upuy S" ug my 7y S Myiiage Mk val s
= o uy 9 P (ug 71+ 7) "I Mpriige e vyt s

- —p(g+1 +1 —1
= o uy ¢ P (ug 71+ 7) @I (Mgsrage - mpo1) PV - mvgt s

- - +1 -1
= o uy ¢ P (ug 71+ 7)) @ P (Mgt ++ Tpoi—ge) P4 - m v s

= uouy ¢ Py 7ty Mpoioge) SV vt s
- -p(g+1 +1 -1 r
= ugup ¢ P(uo 71+ Tpoige) @ PV (p - Tarigrne) STV Targinest - omevp s

y)

- + -1 r
= o uy @ P (Uo 71+ Tpoi—ge Tp—ge *** Tare) SV Tawiqenyent - M vy 8"

By (24), ¢ P(ug 7y -+ - Mase) = ;' -+ - 4. Hence

1 -1
3D uw = gy 7y ST Ty gient vyt s
Similar calculations give:

_ -1 r r
wv = ug T P Mastage - T vy 8" @ (vovy) ¥

Uy 7T -+ Tq 5P Ta+l+ge """ Tk Val Vo V1 st

= ugmy - g PV QP (Maitge s+ Moot MM V1) 8
The corresponding fact to (24) concerning R and Z is that Zcp’”(val) freely reduces to Rv;.
It implies ¢ ™7 (7p4e - - - 71 vy Y=m, - mpv. Together with one final application of (S87) to
@P(Mat14qe - - Tp-1), this gives

+1 ~1 o
wv = gy 7y ST Tt gie  Mprent Tpre T vy S,

which equals uw by equation (31).

The proof when e < 0 is similar, giving uw = wv in H for w = ugLS M;' s P1PRv;'s". O

9. COMPLETING OUR PROOF OF THEOREM 1

We will establish a linear upper bound on the conjugator length of H. Suppose u, v and w

are words on aI—'l, ...,az!, s*! such that uw = wv. We will show that there is a word W on
at!',...,az!, s*' such that uW = Wy and £(W) at most a constant times |uly + [v|.

Write the normal forms of u, v and w as iis”, ¥s” and Ws", respectively.

Following the discussion of Section 2, if p = 0 then we are in the O-twisted conjugacy
case, and we find W via Proposition 5.1 (I).

When p # 0, as we can replace u and v by their inverses if necessary, we may assume p > 0.
As discussed in Section 2 we may also replace w with u/w so we can assume 0 < r < p.
By Proposition 4.5, |u'|y < 2m+ 1) july and V| < Cm+1) o7 (D)l < Cm+1)C2r+v|y)
for any subwords u’ of it and v' of ¢~ (¥). We also have 0 < r < p < |uly. So it will suffice
to bound the length of W in terms of p and of lengths in H of subwords of it and ¢™" ().

Our u, v and w form either the I- or H-configuration of Figure 1.
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In the case of the I-configuration, w = ugv, I's” where ug and vy are prefixes of it and ¢~ (¥).
Then |w|g < |luplyg + [volg + 1, and so W = w will be a conjugator which, by the discussion
above, satisfies the required length bound.

Now consider the case of the H-configuration. Proposition 7.1 tells us that we have a
conjugator Wws", where w = uoXv; !, with uo and vy prefixes of it and ¢~V (¥) respectively,
and the form of X following one of (X1)—(X4). It suffices for us to show £(X) is at most a
constant times |u|y + |v|y. Lemma 8.1 would give this bound but for M, in case (X3) and
X in case (X4).

As remedy, in the event of (X3), we use the conjugator from Lemma 8.4. As L, S, M,
P, and R are bounded as required, and gp is bounded by (27), the required bound on |w|y
follows.

In the event of case (X4), we iterate this process. By Proposition 7.1 we know that
rank(X) < rank(x) and % occurs in a solution to an H-twisted conjugacy problem, namely

(32) @ P(ixDy") = a7 2

where iy, i1, 99, and 9, are words whose lengths in H are at most a constant multiple of
|uly + |v|y by Proposition 4.5. Lemma 7.2 shows how an X solving this new H-twisted
conjugacy problem leads to an X solving the earlier one, and that if X has length at most
a constant times |u|y + |[v|g, then the same will be true of X. We reapply Proposition 7.1,

and again, if we hit case (X1) or (X2) then we can stop. In case (X3), a short conjugator is
found via Lemma 8.4. If we hit case (X4) then we iterate down to a lower rank again.

The maximum number of times we can iterate through case (X4) is m — 1 times. This will
bring us to rank 1 (if the process has not yet terminated) and then case (X1) will apply. So
this process will terminate at an X and so a W of suitably bounded length.

10. THE ALGORITHM: COMPLETING OUR PROOF OF THEOREM 2

Here, in outline, is our algorithm for the conjugacy and conjugacy search problems for H.

+1 ,ail’stl.

Input: Wordsuandvonay,...,qa,

Step 1. Convert u and v to normal forms its” and 757 respectively. If p # g, then stop and
declare u is not conjugate to v. If p = g < 0, then replace u and v by their inverses and
return to the start.

Time required: polynomial in £(u) + £(v).

Step 2. If p = g = 0, then run the algorithm of Proposition 5.1 (III) solving the O-twisted
conjugacy problem. If it declares the O-twisted conjugacy problem has no solution, then
declare u is not conjugate to v. Otherwise it outputs a solution (r, W), so stop and declare
ws” is a conjugator.

Time required: polynomial in £(it) + £(9).
Step 3. We have p = ¢ > 0. Let I be the set of all pairs (W, r), where 0 < r < p, and W

is a word of the form UV where U is a prefix of it and V! is a prefix of ¢ (). For each
(W, r) in I, check whether fip™” (W) = Ww¢ ™" (¥) (as per the I-twisted conjugacy problem).
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If a solution (W, r) is found, then the algorithms declares that u and v are conjugate and
outputs ws” as a conjugator. If no solution is found we continue to the next step.

Time required: the number of entries on the list 7 is bounded by a polynomial in p + (1) +
{(9) and the obvious solution to the word problem in F runs in linear time, so overall this
step runs in time polynomial in |p| + £(¥) + €(P).

Step 4. Run the algorithm of Corollary 8.3 for the H-twisted conjugacy problem. If it
declares there is no solution, stop and declare that # and v are not conjugate. If it exhibits
a solution (r, x, ug, vo, U1, v1), then declares that u and v are conjugate and output ugxv, s
as a conjugator.

Time required: polynomial in |p| + |it|g + V|-

Overall time required: Since |it|y < £(it) < CE(u)™ and [V|y < €(¥) < CL(v)™ for a suitable
constant C > 0, and |p| < €(u), the total running time of the algorithm is polynomial in
() + €(v).

Remark 10.1. The algorithm described above can be modified as follows to output in poly-
nomial time a conjugator W (if one exists) with £(W) at most a constant times €(u) + €(v).
We describe the required changes. First, when the algorithm of Lemma 8.2 finds a con-
jugator of form (X3) its output includes the subword M; or Ml’l. Add an extra step that
replaces this M| by s7?. (Lemma 8.4 confirms that the result remains a conjugator.) This
will produce a word W, which is a conjugator whose length in H is bounded by a linear
function of uly + Vi < €(u) + €(v). This means that there is a word W on af', ..., aZ!, s*!
that equals Wy in H and has length £(W) < €{(u) + £(v). It remains to argue that we can
further adapt the algorithm to exhibit such a W. The word W, is assembled from words
derived from subwords of & and 7 as described in Section 9. We used Proposition 4.5 to
bound the lengths (in H) of such subwords in terms of |u|g or |[v|y. Our proof of Proposi-
tion 4.5 is constructive. In particular it can be adapted to a polynomial time algorithm that,
for example, takes a subword u’ of i, where u = #is” in normal form, and gives a word on

at!, ... at!, s*! that equals «’ in H and whose length is at most a constant times |u|;. We

> 'm

can then assemble W from words obtained in this manner.

11. AN ALTERNATIVE APPROACH

In this section we outline an alternative proof of Theorem 2 that is based on the structure
of H,, as an iterated HNN extension. This alternative approach will be developed in detail
in [BRSa] and applied to a wider class of free-by-cyclic groups.

We regard H = H,, as an (m—1)-fold iterated HNN extension of H; = (s,a,) = Z* where at
the j-th stage the base group is H; := (s, ai, ..., a;), the stable letter is a;,, the associated
(cyclic) subgroups are (s) and (saJ‘.' ), and the relation aj‘.jlsa 1= saj‘.1 holds. This point
of view enables one to argue by induction on m and appeal to the technology of corridors to
analyse van Kampen diagrams and their annular analogues over the natural presentations
of these groups. But in keeping with the viewpoint of this article, we shall suppress the
use of diagrams here and concentrate on the algebraic translation of the insights that they
provide.
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There is a classical approach to the conjugacy problem in HNN extensions based on
Collins’ Lemma [Col69]—see [LSO7], page 185, for example. This simplifies in the case
where the associated subgroups are cyclic, as we shall now explain.

Let G = (Gy, t | 'at = B) be an HNN extension where A = (@) and B = (8) are infinite
cyclic. We fix a generating set S for Gy that includes @ and 8. A word U in the alphabet
S*!is in cyclically reduced HNN form if U* does not contain a pinch—i.e., a subword
tLct with ¢ € A or tdt™! with d € B.

For simplicity, we assume that distinct powers of 8 are not conjugate in G and that no power
of @ is conjugate to a power of 8 in Gy. A straightforward analysis of annular diagrams
yields the following version of Collins’ Lemma in this simplified setting.

Lemma 11.1 (Collins’ Lemma). Assume that U and V are words in cyclically reduced
HNN form. If U is conjugate to V in G, then either

i U andV contain no occurrences of t*' and either they are conjugate in Gy or else
one is conjugate into A and the other is conjugate into B; or else

ii both U and V contain an occurrence of t*' and there are cyclic permutations U’
of U and V' of V and an integer q such that «™1U’a? = V' in G.

11.1. The algorithm for Theorem 2. We regard H,, as an HNN extension of H,,_; as
described in the second paragraph. In the language used above, G = H,, while Gy =
H,_1, A ={(s), B={(B)andt = a;, where g is a generator we have added with 8 = sa”nl_1
in H,,.

Proceeding by induction, we may assume that we have a polynomial time algorithm to
decide conjugacy in H,,_;. Given two words u, v in the generators of H,, (with 8 included)
we rewrite them into cyclically HNN reduced words U, V. This is achieved by first trans-
forming u and v to reduced HNN form by removing pinches and then examining cyclic
permutations of u# and v, removing any additional pinches that appear. The second step
may need to be repeated several times, but the word is shortened each time. Both steps can
be done in polynomial time without increasing the length of the words.

We are now able to apply Collins’ Lemma. If there are no occurrences of aX! in U’ and
V’, then we are in case (i) and we apply the algorithm for H,,_;. Otherwise we are in case
(ii) and we are left to determine if there is an integer p such that s77U’s? = V’. (Recall that

A ={a) =(s).)

In polynomial time, we can rewrite U’ and V'’ into normal form U’s" and V's”, where the
lengths of U’ and V' are bounded polynomially by |U| and |V|. If r # #’, then we stop and
declare that U is not conjugate to V. If r = 7/, then we are reduced to deciding if there
is a positive integer p such that ¢?(U’) = V' or ¢?(V’) = U’. The range of possible p
is bounded by a linear function of |U| + |V/|, by considerations of growth, as in Section 4.
And for each specific p, we can evaluate ¢”(U) naively (letter by letter) and freely reduce
to see if it is equal to V. As ¢ has polynomial growth, these evaluations can be done in
polynomial time.

This algorithm, as we have described it, does not provide the linear upper bound on conju-
gator length that is required for Theorem 1. The main argument in [BRSa] overcomes this
limitation with an alternative endgame that makes greater use of the structure of H,, as an
iterated HNN extension.
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