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Abstract

For all integers p > ¢ > 0 and k > 0, and all non-elementary torsion-
free hyperbolic groups H, we construct a hyperbolic group G in which
H is a subgroup, such that the distortion function of H in G grows like
exp”® (np/ 9). Here, exp® denotes the k-fold-iterated exponential function.
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1 Introduction

1.1 Ouwur results

The landscape of subgroups of hyperbolic groups is not well understood. Whether
all one-ended hyperbolic groups have surface subgroups is a celebrated open
question. What functions are Dehn functions of subgroups of hyperbolic groups
is widely open. This article addresses another fundamental issue: What dis-
tortion can subgroups of hyperbolic groups exhibit? Indeed, in his 1998 sur-
vey [Mit98b] Mitra (now known as Mj) asked: “Given any increasing function
f N = N, does there exist a hyperbolic subgroup H of a hyperbolic group G
such that the distortion of H is of the order of exp(f(n)).”

Let exp® denote the k-fold iterated exponential function N — R defined by
exp(n) = exp(n) and, for k = 2,3, ..., by exp*(n) = exp(exp*~1(n)). The
notation ~ will be explained in Section 1.2. Our main result is:

Theorem A. Given integers p > q > 0 and k > 0, there exists a hyperbolic
group G and free subgroup H < G of distortion Distg(n) ~ expF(nP/9),

Our G are of infinite height (so do not speak to an old open question of
Swarup)—see Section 7.1. In the case k = 1 they can be made residually finite,
C'(1/6), CAT(—1), and virtually special—see Section 2.1.

In Section 6.2 we leverage the examples of Theorem A and of [BBDO07,
BDR13, Mit98a, Mit98b] so as to make the distorted subgroup be any given
non-elementary torsion-free hyperbolic group:



Theorem B. Let H be any non-elementary torsion-free hyperbolic group and
let f be any of the following functions:

1. f(n) = exp™(nP/9), for any integers m > 1 andp > q > 1.

2. f is any one of the Ackermann-function representatives of the successive
levels of the Grzegorczyk hierarchy of primitive recursive functions.

Then there exists a hyperbolic group G with H < G such that Distg ~ f.

This paper also contains results we needed to prove Theorem B which may be
of independent interest. Theorem 6.4 assembles results of Bowditch, Dahmani,
and Osin into a combination theorem for the hyperbolicity of amalgams I' =
A xc B. Theorem 6.8 relates the distortion of C in A and of C in B to that
of Ain I' = A x¢c B. Lemma 6.7 states that in every non-elementary torsion-
free hyperbolic group H there is, for any k£ > 2, a malnormal quasiconvex free
subgroup F' of rank k. It builds on the k£ = 2 case, proved by I. Kapovich in
[Kap99]. Lemma 6.5 states that if a semi-direct product G = F; x F}, of finite
rank free groups is hyperbolic, then the F,-factor is quasiconvex and malnormal
in G.

Background

At first sight, it is surprising that subgroups of hyperbolic groups can display
any distortion given the tree-like geometry of the thin-triangle condition that
defines hyperbolicity. Every Z subgroup of a hyperbolic group is undistorted—
e.g., [BH99, ITIL.T Corollary 3.10]. Finitely generated subgroups H of hyperbolic
groups G are undistorted (meaning linear distortion, Dist% (n) ~ n) if and only
if they are quasi-convex, and in that event they are themselves hyperbolic.
Above linear there is a gap in the spectrum of possible distortion functions:
a consequence of the exponential divergence property of hyperbolic spaces is
that if a finitely generated subgroup of a hyperbolic group is subexponentially
distorted, then it is quasi-convex [Kap01, Proposition 2.6]. Theorem A sweeps
out much of the landscape of possibilities above exponential.

Prior to Theorem A, only sporadic examples of distortion functions for sub-
groups of hyperbolic groups were known. Subgroups of finite-rank free groups
and of hyperbolic surface groups are undistorted [Pit93, Sho91]. Wise [Wis04b]
generalized this result to fundamental groups of non-positively curved, piecewise
Euclidean 2-complexes which enjoy a suitable negative sectional curvature con-
dition. The free factor in any hyperbolic free-by-cyclic group is exponentially
distorted [BF92, BF96, Bri00]. Mitra [Mit98a, Mit98b] constructed, for each in-
teger k > 1, a hyperbolic group with a free subgroup distorted like n + exp¥(n),
and an example with distortion growing faster than any iterated exponential.



Barnard, Brady and Dani [BBDO07] developed Mitra’s constructions into more
explicit examples that are also CAT(—1). Baker and Riley [BR13] exhibited a
finite-rank free subgroup of a hyperbolic group that is distorted like n — exp?(n)
and is also pathological in that there is no Cannon—Thurston map. Brady, Di-
son, and Riley [BDR13] constructed, for every primitive recursive function, a
hyperbolic ‘hydra’ group with a finite-rank free subgroup whose distortion out-
grows that function. The Rips construction produces examples displaying yet
more extreme distortion. Applied to a finitely presentable group with unsolvable
word problem the construction yields a hyperbolic (C'(1/6) small-cancellation)
group G with a finitely generated subgroup N such that Dist% is not bounded
from above by a recursive function—see [AO02, §3.4], [Far94, Corollary 8.2],
[Gro93, §3, 3.K%] and [Pit92].

The subgroup N in the Rips construction is not finitely presentable. In fact,
it follows from a theorem of Bieri in [Bie81] that N is finitely presented if and
only if the quotient @ is finite. So the Rips construction cannot be used to
construct examples such as those in Theorem A. Instead, we use a modification
of the Rips construction: starting with a particular finitely presented group @,
we realize it as the quotient of a group presentation that satisfies C’(1/6) and
other small-cancellation conditions, and find a free subgroup which is distorted,
but not normal. Several additional nuances in our construction guarantee that
we get the desired distortion estimates. We outline this in Section 1.3.

In contrast to the situation with hyperbolic groups, a broad family of func-
tions are known to be distortion functions of subgroups of CAT(0) groups.
Indeed, Olshanskii and Sapir [OS01, Theorem 2] used a Mihailova-style con-
struction to show that the set of distortion functions of finitely generated sub-
groups of Fy X Fy coincides with the set of Dehn functions of finitely presented
groups. Such functions are known to have wide scope thanks to the S-machines
of [SBRO02, Sapl8].

In finitely presented groups, even Z-subgroups can exhibit essentially any
distortion: Olshanskii [01'97] showed that every computable function N — N,
satisfying some straight-forwardly necessary conditions, is ~-equivalent to the
distortion function of such as subgroup.

Application to Dehn functions.

What functions can be ~-equivalent to Dehn functions is understood in detail
thanks to [BB00, BBFS09, 0197, SBR02]. However, because the most com-
prehensive results depend on deeply involved constructions, we note that our
examples give some explicit examples as follows.

Corollary C. Our groups G yield explicit examples, for integers p > q > 0
and k > 0, of groups with Dehn functions growing ~ exp®(n?/9), namely the



free product with amalgamation G xg G of two copies of G along H, and the
HNN-extension Gx, of G with stable letter T that commutes with all elements
of H.

Proof. Theorem 6.20 in Chapter IILT of [BH99] gives upper and lower bounds
on the Dehn functions of G xy G and G, in terms of the Dehn function of G
(which is ~ n because G is hyperbolic) and Distg. Up to ~, these bounds agree
with each other and with Distg since Distg is super-exponential. O

Innovations

Constructing H < G that realize the subgroup distortion functions of Theo-
rem A while staying within the universe of hyperbolic groups requires some
delicacy. For example, a standard strategy of achieving f o g distortion by
amalgamating a pair realizing distortion f with one realizing distortion g is not
available due to the gap between linear and exponential distortion in the hyper-
bolic group setting. Instead, we develop new tools and techniques. We seed the
“p/gq-distortion” with a single free-group automorphism from which we extract
two growth rates that we play off against each other. We look to Wise’s version
of the Rips construction [Wis03] for small-cancellation (hence hyperbolicity)
and for an HNN-structure (which facilitates analysis), but we limit the defining
relations employed in a way that sacrifices the normality of the subgroup, but
gains crucial control on the “flow of noise” through van Kampen diagrams. We
further this control by using two families of “Rips noise words” instead of one.
And to analyze this flow, we introduce tracks which are branching structures
that generalize corridors. Under appropriate hypotheses tracks display rigidity
which constrains diagrams sufficiently to allow distortion estimates.
We explain these novelties more fully in Section 1.3.

Next steps

Sapir’s S-machines emulate general computing machines in appropriately con-
structed (and always non-hyperbolic) finitely presented groups. One might view
the techniques we introduce here as groundwork for doing the same within ap-
propriately constructed hyperbolic groups.

Another potential application of our examples is to constructing subgroups
of CAT(0) groups or hyperbolic groups exhibiting a range of Dehn functions.
One might, for example, look to embed the doubles of Corollary C in CAT(0)
groups in the manner of [BT21]. However, our distorted subgroups not being
normal is an obstacle to making this work.



The organization of this article

The remainder of this section contains preliminaries on words, hyperbolicity, dis-
tortion, and the equivalence relation ~ on functions R>¢ — R>¢ (Section 1.2),
and then an overview of our construction (Section 1.3). Section 2 contains
the definition of our groups G used to prove Theorem A in the case m = 1
and catalogs their small-cancellation conditions (Section 2.1), some immediate
consequences of those conditions (Section 2.2), a review of the definition of a
corridor in a van Kampen diagram and an introdrucution to a more general dual
notion we call tracks, which may branch, unlike corridors (Section 2.3), and then
two HNN-structures for G and a proof that H is free (Section 2.4). Section 3
gives our proof of the lower bound on the distortion of H in G. Section 4 es-
tablishes results on the rigidity of van Kampen diagrams that will facilitate our
proof of the upper bound. We examine how a van Kampen diagram A over
G being reduced limits the patterns of tracks within it (Section 4.1). We give
general results about paths across discs, which we will apply to tracks in A
(Section 4.2). We argue that tracks are further constrained in what we call a
distortion diagram, meaning a A exhibiting how a word in the generators of H
equals a shorter word in the generators of G (Section 4.3). We introduce and
analyse (ag, bg)-tracks, which are a device we use to connect growth within A
to the presence of certain edges in its boundary (Section 4.4). Section 5 con-
cerns estimates which are made possible by this rigidity and which culminate
in an upper bound on the distortion of H in G (Section 5.1) when combined
with calculations in a free-by-cyclic quotient @ of G where the fraction p/q
ultimately enters (Section 5.2). Section 6 promotes our examples to iterated ex-
ponential functions, and so completes our proof of Theorem A (Section 6.1), and
then explains how we leverage our examples to prove Theorem B (Section 6.2).
Section 7 contains a proof that our examples have infinite height.

1.2 Preliminaries

A word w on a set of letters A is an expression aj' - - - aZm where m > 0, a; € A,
and g; = £1 for all i. It is positive when ¢; = 1 for all 4. Its length |w| is
m. The word metric dg(g,h) on G gives the length of a shortest word on S
that represents g~ *h. We use dg or d in place of dg when the generating set is
understood from the context.

A finitely generated group is hyperbolic when its Cayley graph has the prop-
erty that there exists § > 0 such that all geodesic triangles are §-thin: that is,
each of its three sides is in the §-neighbourhood of the other two. The existence
of such a § does not depend on the finite generating set (but the values of § for

which the condition holds generally will). See, for example, [BH99, Gro87] for



further background.

Suppose S and T are finite generating sets for a group G and subgroup H,
respectively. The distortion function Dist$ : N — N measures how H sits as
a metric space in G by comparing the restriction of the word metric dg on G
associated to S to the word metric dr on H associated to T

Dist%(n) := max{ dr(e,g) | g € H with ds(e,g) <n }.

Replacing S and T by other finite generating sets will produce a distortion
function that is ~-equivalent in the following sense. For f,g : R>o — R>g
write f < g when there exists C' > 0 such that f(n) < Cg(Cn+C)+Cn+C
forallm > 0, and f ~ g when f < g and g < f. Apply these relations to
functions N — R>( by extending the domains to R>, and having the functions
be constant on the intervals [n,n + 1).

The following two lemmas concern features of the ~-relation that will be
important for us. The first is routine and we present it without proof.

Lemma 1.1.
1. Fora,B>1, 2" ~ on” if and only if o = .
2. Fora>1and C > 1, C""" ~ " ~2n",

For our proof of the lower bound in Theorem A, we will exhibit a sequence of
words that represent elements of H, but can only be expressed by long words on
the generators of H. The force of the following lemma is that, despite the lengths
of our words forming a sparse sequence, we can draw the desired conclusion.

Lemma 1.2. Suppose H is a subgroup of G and both are finitely generated.
Suppose p > q > 0 are integers, C1,Cs,C3 > 0 are constants, and wi,ws, ...
is a sequence of words on the generators of G. Suppose that w,, represents an
element of H for all n, and

Cinf < |w,| < Con? but dy(e,wy,) > 52"
Then Dist% (n) = on”'

Proof. Remark 2.1 in [BBFS09] is that to verify g = f for f,g : N = N,
it suffices to have g(m,) > f(m,) on a sequence (m,,) of integers such that
m, — 0o as n — oo and such that there exists C' > 0 with m,+; < Cm,, for

all n. If Cy = (¢ + 1)_rr01ax (¢), then (n+1)? < Cyn? for all n. So there is a C
i=0,....

such that the sequence m,, = |w,| satisfies this condition. Now

v/a
L'U)
DistG (Jwnl) > dule,wn) > Cy27" > (o)™



n

r/a
So Dist%(n) = 2(72) , and the result then follows from Lemma 1.1(2) (by
taking C' = 20" and o = p/q). O

We will work extensively with van Kampen diagrams. There are many in-
troductory accounts in the literature.

1.3 Motivation for our construction

In this section, we offer some insights into the origins of our construction. The
formal definition of our group-pair H < G, used to prove Theorem A in the case
k =1, follows in Section 2.1.

Our construction begins with the free-by-cyclic group

Q = (a1, bo,...,by | ay biar = (b;) Vi) (1)

where F' = F'(b, ..., bp) is a free group of rank p+1 and ¢ is the polynomially-
growing automorphism of F' mapping b; — b;11b; for i # p and b, — b,.

The van Kampen diagram D; over ) pictured top-left in Figure 1 (for the
case n = 5 and p = 3) shows how aj "boa}’ = ¢™(by) equals a positive word A on
bo, b1, ..., b, which contains ~ n’ letters b; for i = 0,...,p (Lemma 5.14). The
contribution of b, dominates, so the length of A is N = |\| >~ nP.

Next, we define

Gi = (Qz|b;'ab; =a® Vj).

As shown in Figure 2, attaching a copy of D7 and a copy of its mirror image to
a diagram for A"'z\ = 22" along its two paths labelled \ gives a van Kampen
diagram Ay over (G for the relation

—nyz—1_n -n n __ oN
a; "by "atzra; "boal = =z

(2)
This diagram illustrates that there is a word of length ~ 2"" in H; = (x), whose
length in G is >~ n. As there is a family of such diagrams indexed by n, this
shows that Dist% (n) = 2",

Next we elaborate on this construction in a way that plays off the ~ nP
letters b, against the ~ n? letters b, in A. We introduce a new generator a,
and we modify the relation aj 'b,_1a1 = byby_1 of Gy to a] 'by_1a1a2 = byby_1,
so that for every new b, created by ¢ within D;, an ay is created as well.
Furthermore, we add the relations that a; commutes with b; for all j, allowing
these newly created edges to flow to the boundary as shown in the diagram on
the right in Figure 1. The resulting diagrams Dy can be mapped onto D; by
suitably collapsing all the as-edges and the commutator 2-cells in which they
occur. As for the construction of Ay, assemble Ds, its mirror-image, and our
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Figure 1: Top left: the van Kampen diagram D; over @ for a] "boaf’ = ¢"(bg)
when n = 5 and p = 3. Top right: the corresponding diagram Ds over G,
when ¢ = 2. Lower left, middle and right: a-tracks, b-tracks, and (aq, by)-tracks
through Ds.

2¥ 4o get a diagram A, that demonstrates that 22"

diagram for A"'z\ = 2

equates in a group Go to a word aj"by 'afza; "boa} with ~ nd letters ai'!
inserted. This construction suggests that the distortion function of (z) in G
grows like n9 — 2" and therefore like n on”/?,

Now, G5 is not hyperbolic. So next we hyperbolize its presentation using
an approach similar to Wise’s version of the Rips construction [Wis03]. We
add noise to each relation so that the resulting presentation satisfies small-
cancellation conditions including C’(1/6). This is achieved by replacing = by
three letters ¢, 1, x2, and introducing a noise word on t,x1,xs to each relation.
We then add relations to allow the noise to flow to the boundary of the diagram

and then (in the two triangles at the bottom of Figure 3) be moved past the



2N

Figure 2: A van Kampen diagram A; over Gy for a; "by ‘afaa; "boa} =
when n =5, p=3, and N = |¢"(by)| = 26.

alﬂ, a2jEl and collected together. These additional relations play a similar role

to the commuting relations involving as introduced above; they allow noise
to move past a- and b-letters (but only in one direction) at the expense of
introducing additional noise. The resulting group G'3 admits diagrams Az which
map onto As on suitably collapsing the edges labelled by noise letters and
suitably collapsing the 2-cells that allow the noise to flow. We take Hs =
<t, Iy, ZL’Q> .

The diagram of Figure 3 shows the n = 5 instance of a family of diagrams
demonstrating how words w,, on ai,as, by, a1, r1 represent the same elements
of G as words x,, on t,x1,x2. Because the effect is so pronounced, the figure
cannot do justice to the exponential expansion in the direction of x,.

While this family of diagrams provides the desired 27" Jower bound on
the distortion of Hs in G3, some issues remain. Firstly, with the presentation
described, we cannot get a matching gn*/ upper bound on distortion. If we
replace the two by letters in (2) with b;, where i < ¢, and then construct diagrams
Aj as described above, then they will exhibit n +— 27" ""“™" distortion of Hs,
which is greater than on?/*, Secondly, allowing the noise letters to interact with
both a- and b-letters prevents us from establishing an HNN-structure on the
group (the iterated HNN-structure of Proposition 2.12) which will allow us to
prove that our distorted subgroup H is free.

Both issues are solved by making the role of the noise more nuanced. We

10
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Figure 3: A schematic of a van Kampen diagram A over G showing that, if we
define vs = aj ajas alag alag ala‘é, then the word ws = z/g1 balai’ T af5b0 Vs
on the generators of G equals a word x5 on the noise letters. The diagram’s
(ag,by)-tracks are shown. Each meets the boundary at a pair ag-edges.

introduce two pairs of noise letters, x1,z2 and y1,y2 (in addition to the noise
letter t). For i > 0, b; interacts with 27 and x2 but not y; and yo, while a; and
as interact with y; and y», and not x; and zo. Conjugation by by converts
and s to words on y; and y,. This way we arrive at our group G whose defining
relations are set out in Figure 5. We take H to be the subgroup generated by
t,y1,Y2.

Over G there are diagrams A of the form shown in Figure 3 exhibiting
27" _distortion. This construction is the heart of our proof in Section 3.1 that
Dist$ (n) = 27",

As for the reverse bound Dist%(n) < 2”p/q, the aforementioned diagrams
yielding larger distortion no longer exist because if we replace by with b; where
7 > 0 in the construction of A, then 0A has a long word in a1, as,t along with
x1, T2 rather than along with y;,y2. We have long words on letters that are not
all generators for H and we can no longer attach the triangular subdiagrams
that separate the a1, as from the the noise letters.

However, to establish the upper bound we must prove that no other “bad”
diagrams exist. To achieve this we study what we call distortion diagrams—
reduced diagrams A, subject to natural simplifying assumptions, which exhibit
how a word x on ¢, y1,ys can be represented by a shorter word w on the genera-

11



tors of G. We show in Sections 4.1-4.4 that such a A is subject to considerable
rigidity. Our argument shows that A is so constrained that it strongly resembles
the diagrams described above and is thereby subject to estimates that yield the
gn*/* upper bound.

Three features of G impose this rigidity.

1. Noise in A must flow towards x and orthogonally to tracks. This refers
to the propagation of (“noise”) letters ¢, x1, x2, and y1, and yo through
A. Figures 1, 3 and 4 show tracks through the various diagrams we con-
structed above. Introduced in Section 2.3, tracks are generalizations of
corridors. We will be concerned with four types: a-tracks, b-tracks, t-
tracks, and (ag, by )-tracks.

An a-track is a path in the dual of A that crosses successive edges labelled
by a-letters (meaning a1 and as). A b-track is the same, but for edges la-
belled by bo, ..., b,. A t-track crosses t-edges—the use of ¢ is a distinctive
feature of Wise’s version of the Rips construction; it renders the group
an HNN-extension of a free group, with ¢ the stable letter (see Proposi-
tion 2.9). This extra structure, manifested in the geometry of t-tracks,
facilitates analysis of G. We will describe (asg, by)-tracks in (2) below. As
there are three a-letters or three b-letters in some of the defining relators,
a-tracks and b-tracks can branch.

As noise advances across successive tracks it increases exponentially in
length. A consequence of the small-cancellation condition enjoyed by the
Rips words used in the defining relators is that noise cannot substan-
tially cancel within a diagram—it must instead emerge on the boundary.
Therefore, if we assume that w is of minimal length among all words on
the generators of G that equal x in G, then almost all this noise must
emerge in y. If many noise letters emerge in w, then their blow up en
route there would result in it being possible to cut a subdiagram out of A
to get a new diagram that demonstrated a shorter word than w equals x
in G.

This also has helpful consequences for the orientation of tracks—in ways
made precise in Lemma 4.23. In short, they must be oriented towards x
because otherwise they would act as blockades for the flow of noise.

2. (ag,by)-tracks. These are paths through van Kampen diagrams that cross
successive az- and bg-edges. They are the subject of Section 4.4. Examples
are found in Figures 1 and 3. In most defining relators of G there are either
zero or two ag-letters, and ditto for bg-letters. If an (as, by)-track enters a
2-cell labelled by such a relator across an as-edge, then it exists across the
other as-edge, and ditto for b,-edges. However our presentation for G has

12
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Figure 4: Top, middle, lower: a-tracks, b-tracks, and t-tracks through the dia-
gram A of Figure 3. The lower diagram is intended only to convey the nesting

pattern of the ¢-tracks. The pattern expands too rapidly towards y to be dis
played accurately.

13



a defining relator (r1 41 of Figure 5) with one as-letter and one b,-letter,
and a defining relator (r2 , of Figure 5) that has two ag-letters and two
bg-letters. On entering the 2-cell of the former type across its as-edge it
exits across its by-edge (or vice versa). On entering a 2-cell of the latter
type across an as-edge (resp. bg-edge), it exits across the bg-edge (resp. as-
edge) that is oriented the same way. These conventions ensure that every
az- and bg-edge in a van Kampen diagram over G is crossed by exactly one
(a2, by)-track, no (ag,by)-track can cross itself, and no two (ag, by)-tracks
can cross each other. So (ag,by)-tracks associate to every b,-edge in a
diagram A a pair of edges labelled by as or by on the boundary.

If the automorphism ¢ gives ~nP growth within A, then it creates > n?
by-edges within A. It turns out it does so in such a way that > n? of these
bg-edges have distinct (ag,bq)-tracks through them. And because those
(ag,by)-tracks all run to the boundary, the length of w must be >=n?.

3. x- versus y-noise, and bg-tracks. It is significant that our generating set for
H consists of the noise letters t, y1, y2 but omits x; and zo. It is possible
for z-noise to flow across b-tracks but impossible for y-noise. And x-noise
becomes y-noise when (and only when) it crosses bp-tracks (particular
examples of b-tracks). This means that stacks of nested b-tracks must
include at most one bg-track and that bp-track must be the closest to .

In Section 5.1 we use these ideas to reduce the problem of bounding |x| from
above to establishing an inequality concerning the quotient @ of (1) (specifically,
we reduce it to Lemma 5.11), and this is where the “n?/9” in our distortion
functions is ultimately established, as we explain in Section 5.2. Combined with
the blow-up that comes from the flow of noise through A, it gives our gn”
upper bound on the distortion of H in G.

We leverage our examples to get iterated exponential distortion functions
and complete our proof of Theorem A in Section 6.1. The strategy is to amal-
gamate G with a chain of hyperbolic free-by-free groups following Brady and
Tran [BT21], and then prove and apply a combination theorem for the hyper-
bolicity of amalgams.

In Section 6.2 we show that the distorted subgroup H need not be free of
rank 3, but rather can be taken to be any torsion-free non-elementary hyperbolic
group, proving Theorem B. For this we establish the existence (in Lemma 6.7,
after [Kap99]) of undistorted free subgroups of any rank in torsion-free non-
elementary hyperbolic groups, apply the same combination theorem to amalga-
mate these with our examples in a new hyperbolic group, and then we prove
the estimates on the distortion function by means of an appropriate general
theorem (Theorem 6.8) concerning distortion in amalgams.
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2 QOur groups

2.1 The definition

Here we will define the group G which will prove Theorem A in the case k = 1.
In Section 6.1 we will explain how the case k = 1 leads to the result for other k.
We fix integers p > ¢ > 0. Then G has presentation

P = <a17a27b07~~~,bp7t7$1a$273/17y2 | R>

where R is the set of 5p + 11 defining relators displayed in Figure 5. Our
notation X, and Y, is intended to indicate indexing that we have chosen to
suppress. Every element of R is a word of the form ¢t~'utv~' where v and v
are words on generators other than ¢. Each has two or three Rips subwords,
denoted X, or Y, from sets X = {X1,Xo,..., Xusp} and Y = {¥1,Y5,..., Y30}

of pairwise disjoint subwords of the infinite Rips words z123 x123 2123 - -+ and
Y1Ya Y1Y3 Y195 - - -, respectively, chosen in a manner we will explain momentarily.

We stress that each X, and Y, occurs once in P and does so as a subword of
one defining relator. So, if an X, or Y. can be read around a portion of the
boundary circuit of a 2-cell in a van Kampen diagram (see Section 2.3) over
P, then that Rips word uniquely determines the defining relator that 2-cell
corresponds to. This use of ¢ and Rips words is a variation on Wise’s [Wis03]
HNN-version of Rips’ Construction [Rip82]. (Our example G departs in some
respects from Wise’s framework. Wise has two X, subwords in each defining
relator, has only two ‘noise’ generators x; and xo, and has additional defining
relators that ensure that (¢, 21, x2) is a normal subgroup.)

Suppose S is a set of words on A U A~! for some alphabet A. A cyclic
conjugate of a word w is a word sss1 such that s; is a prefix of w and s5 a suffix
such that s1so = w. Let C(S) be the set of all cyclic conjugates of words in S*!.
Assume that all elements of C(S) are reduced. A piece is a common prefix 7 of
a pair of distinct words mu and 7v in C(S5).

We choose the Rips subwords X, and Y, so that each has length at least 100
and we have:

i. The uniform C'(1/6)-condition for R. Every piece has length strictly less
than a sixth of the length of the shortest relator in R.
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al al
by
by Y il gz Yb, bg1Y 1,q—1 I
y bqfl
al X* t X* t X* al az X* t X* t X*
al ai
Y bit1 b1
by T1, i=1,...,p 1 T boY T1,0 I
i#q—1 y )
b; bo
ai X. t X t X ai Y. t Y. t Y.
as az
biy T2, P=1 » y bi bo y r2,0  bo
a2 X. t X t X a2 Y. t Y. t Y.
t t
by T3,i i=1 P y b; bo ¥ 13,0 Ybo
X, t X Y. t Y.
x; Zj
biy T34, P y b bo Yy 73,05 J=1.2 Y bo
X t X t X Y. t * t Y.
Yj t
aiy T i y % aiy ra;  i=1,2 y i
Y. t Y. t Y. Y. t Y.

Figure 5: Defining relators for our group G
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ii. The C(3)-condition for the union S of the 3- and 5-element generating
sets of the terminal vertex groups of Table 1. No element of C(S) is a
concatenation of fewer than 3 pieces.

ili. The C'(1/4) condition for the set of Rips words X U ). Every piece has
length strictly less than a quarter of the length of each element of C(X'UY)
in which it occurs.

iv. The C(5)-condition fortd = {u,v | t~lutv™" € R }. No element of C(U)
is a concatenation of fewer than 5 pieces.

This can be achieved for instance by adapting the example of [Wis03, Re-
mark 3.2] so that X is the set of words

X, 200ip . _200ip+1

200ip+200p—1
= x1xy a1, ay O PH200P

- X1

for 1 < i < 14p and )Y is the set of words

Y, = ylygoomylygoomﬂ - .ylySOin-i-QOOp—l
for 1 <4 < 30. Then R satisfies C'(1/6) because the longest pieces in R have
the form z§ 'z125 or ¥ 'y1y$ (or the inverse thereof) for some o € N. The
longest piece appears either in Xq4, with ov = 200(14p) +200p — 2 or in Y3o with
a = 200(30) 4+ 200p — 2. Its length is 2, which (in either case, since p > 1)
is strictly less than 12,400p. On the other hand, the shortest defining relator
has length at least 2|X1| (see Figure 5) which is certainly bigger than 80, 000p?,
and this number is already bigger than six times 12,400p. Conditions ii—iv hold
similarly.

Condition i is used in the next paragraph and will be used to achieve
CAT(—1) in Remark 6.6. Condition ii will be used in Lemma 2.1 towards
establishing HNN-structures for G. Condition iii will restrict cancellation in
Section 3.1, where we prove a lower bound on distortion, and in Sections 2.2
and 4.1, towards showing certain configurations of tracks do not arise in reduced
diagrams. Condition iv achieves residual finiteness as we now explain.

All C'(1/6) groups satisfy a linear isoperimetric inequality and so are hy-
perbolic [Ger99]. By [Wis0O4a] they are cubical, and then, by [Agol3], they are
virtually special, and so are residually finite. Their residually finiteness is more
directly apparent via [Wis03, Theorem 2.1], given the C(5)-condition for U.

Our distorted subgroup is

H = <t7y1ay2>'
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2.2 Consequences of small-cancellation

Here we give three lemmas that are proximate consequences of the small-cancellation
conditions in Section 2.1.

Part (1) of the first of these lemmas will be used in our proof of Proposi-
tion 2.12. Part (2) will imply Proposition 2.9. We prove it using the C(3)-
condition for U, which is weaker than the C(5)-condition we have for U in
Section 2.1. It is a special case of [Wis01, Theorem 2.11], but we include our
own proof here because the result is central to our argument and the following
short argument is available in our context.

Lemma 2.1. (Cf. [Wis01, Theorem 2.11])

1. Let S be the union of the 3- and 5-element generating sets of the terminal
vertex groups of Table 1 (that is, S is the set of all words appearing in the
final column). Then S freely generates a free subgroup of the free group
F =F(A), where A= {ay,a9,t,x1,T2,Yy1,Y2}-

2. The set
U = {uv | tTTutv ' eR}

freely generates a free subgroup in the free group
F = F(alaa27b03"'abpvxlaxZaylva)-

Proof. Both parts are instances of the same general result, which we will prove
here in the notation of part 1. Suppose wi,...,w,, € S*! are such that W =
w1 -+ Wy 1s a non-empty reduced word on S but W freely reduces to the empty
word when viewed as a word on the generators of F. We will show that the
existence of this W contradicts C(3).

There is a planar tree T" whose edges are directed and are labelled by gen-
erators of F' so that around the perimeter of T' we read W. As each w; is a
reduced word on A, the portion of the perimeter of T' along which one reads w;
can only include a leaf of T" at its start or end. It follows that if T is a line, then
the shorter of wy and w,,! is subword of the other, and so is a piece, contrary
to C(3).

Assume, then, that T is not a line. There must be a pair of leaves v; and
vg in T such that the geodesic p from v; to vy visits exactly one branching (i.e.
valence at least 3) vertex b. So the word u one reads along p is w; - - - wy, for
some 1 < 7 <k < m. In the remainder of our argument, read indices modulo
m. The portion of p along which we read w; must pass b else whichever of w;_;
and w; is shorter would be a piece. And, in fact, then w; must be u, else wy, or
wg+1 would be a piece. So j = k. But then, as neither w]:ll nor w,;il can be
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a subword of w; (else they would be pieces), w; must be concatenation of two
pieces: one that it shares with wjill and one that it shares with w;jl. Again,
this is contrary to C(3). O

In our next lemma, a stronger small-cancellation hypothesis allows the same
conclusion for further subsets of free groups. We will call on it in Lemma 2.14
en route to our proof of Proposition 2.12.

Lemma 2.2. Suppose Z1,Zs, Z3, Z}, Zh, Z4, Zp1, Zpa, Zps, Zpa, Zps are words of
the form Y.t 1Y, tY. or Y.tY. and each is a subword of a different defining
relation from Figure 5 (so no Y, appears twice). We will refer to these as Z-
words. Then

81 = {t, r1,T2, Zl, ZQ, Z3, Zi, Zé, Z:l))}
freely generate a free subgroup of F = F(t,x1,22,y1,Yy2). The same is true of

82 = {217 Z27 Z37 Zia Zéa Zil)n Zpla Zp27 Zp3a Zp47 Zp5} .

Proof. Suppose for a contradiction that w is a reduced word on &; or Ss that
represents the identity in F' and includes at least one of the Z-words. Express
each Y, as the concatenation P,S, of a prefix and a suffix whose lengths differ
by at most one.

Consider a first P! or SF! that is completely cancelled away on freely
reducing w in F by removing successive inverse pairs of adjacent letters. It
must have cancelled into a neighbouring P! or SF'. But then, because of the
C’(1/4)-condition on the set of Rips words X U ), some neighbouring pair of
Z-words are inverses, contrary to w being reduced as a word on &7 or S;. [

We will use the following variation on Lemma 2.2 in our proof of Lemma 4.3.

Lemma 2.3. Suppose

B = e Xl XLk
is a word on X U {x1,x2} in which m > 1, each X; € X, each \; € {1,2},
each p; € {£1}, and each ¢; € {0,£1}. If U freely equals the empty word in
F(x1,x2), then for any sequence ¥ of free-reduction moves (successive removals
of x;tlel subwords) that takes T to the empty word, there is some i such that a
subword consisting of at least a quarter of the letters of Xé“ cancels with subword
consisting of at least a quarter of the letters of Xgi:.

Proof. Express each word X g ‘ as the concatenation P;S; of a prefix and a suffix
whose lengths differ by at most one. Let ¢ be the index of a first P; or .S; to be
completely cancelled away in the course of ¥. Assume it is S;. (The argument
for P; is essentially the same.) Then S; cancels with a prefix of mi Xg_ fll. But

then, C’(1/4) and the fact that the X, all have length at least 100 together
imply the result. O
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2.3 Van Kampen diagrams, corridors, and tracks

Suppose w is a word on the generators of a group which is given by a presenta-
tion. A van Kampen diagram for w with respect to that presentation is a finite
planar 2-complex in which every edge is directed and labelled by a generator in
such a way that around the perimeter of the diagram (in some direction from
some starting vertex) one reads w and around the perimeter of each 2-cell (in
some direction from some starting vertex) one reads a defining relator. A word
w admits a van Kampen diagram if and only if it represents the identity in the
group. Many introductory texts discuss van Kampen diagrams—e.g., [BH99].

Definition 2.4. (Reduced diagrams) A van Kampen diagram is reduced
when it does not contain a pair of back-to-back cancelling cells—that is, a pair
of cells with a common edge e such that the word read clockwise around the
perimeter of one of these cells starting from e is the same as that read anti-
clockwise around the other starting from e.

Definition 2.5. (Corridors) Suppose z is a generator. Suppose C1, ..., Cp
is a mazimal set of distinct 2-cells in a van Kampen diagram A such that for
all i, around OC; one reads a word uizvflz_l and the z in OC; is the z~1 in
0Ciy1. Then the Cq, ..., C,, concatenate in A to form an z-corridor C, as
shown in Figure 6. A z-edge in OA that is not part of the boundary of a 2-cell
s a corridor with no 2-cells.

Um z

Um

Figure 6: A corridor in a van Kampen diagram.

An assumption commonly made when defining corridors is that every defin-
ing relator containing a z or z~', contains exactly one z and one z~'. Then
z-corridors cannot cross or self-intersect, and each one either connects a pair of
z-edges on OA or closes up to form a z-annulus. In our presentation P for G
this assumption is met by the letters a1, by, and t, but not, for example, by as,
b1, ..., orby: an az-corridor can terminate at an 11 4—1-cell and a b;-corridor,
for i # 0, can terminate at an 1 ;_1-cell.

The words along the top and bottom of C are vy vy and uy -+ - Uy, TE-

spectively.
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We will reframe and generalize the definition of a corridor via the dual of a
van Kampen diagram. Let AT be A with one additional 2-cell e, “at infinity”
attached along its boundary cycle. So A¥ is homeomorphic to a 2-sphere. Let
G be the 1-skeleton of the 2-complex dual to AT. Let G be the graph obtained
from GT by removing the interior of e,. So the vertex dual to e, is absent
from G and instead G has a vertex in the middle of every edge in de,, = JA.

While the following definition could be presented in more general terms, we
prefer to specialize to van Kampen diagrams A over our presentation P for G.

Definition 2.6. (Tracks, subtracks, and compound tracks) An a- or b-
edge in a van Kampen diagram A over P is an edge labelled by a; or b;, respec-
tively, for some i. An s-subtrack is a path p : [0,k] — G, where k > 0 is an
integer, with the following properties:

1. For each integer i in [0,k — 1], the image p([i,i + 1]) is an edge of G dual
to an s-edge of A.

2. All s-edges of A dual to p are oriented the same way as one travels along
p (i.e., cross p all right-to-left or all left-to-right).

3. The map p is injective on (0,k).

An s-track is an s-subtrack that is maximal—i.e., it cannot be extended to a
longer path with properties (1)-(3). For s = a1,bo, . .., by, t an s-track traverses
the 2-cells of an s-corridor. When s is a or b, it gives a more general notion.
Figures 1, 3 and 4 show examples of tracks. As seen in these figures, a- or b-
tracks could merge. We impose a smoothness condition on these merges, which

we now discuss. a1

Y bit1

Yy

<t . : b;

» » »
T <11

a1 X, t X

Figure 7: A train-track junction.

¥
by 4
X,

Let G, and Gy be the subgraphs of G made up of all edges dual to a- and
b-edges, respectively. We give G, and Gy “train-track” structures by rendering
some paths in them smooth and others mot. As the defining relators in P each
have zero, two or three b-letters, the valence-1 vertices of Gy are precisely those
in the interior of ex. The valence-2 vertices are those dual to 2-cells of A that
have (for some i) one b; and one b;l in their boundary word. We term the
valence-3 vertices junctions. They are the vertices dual to 2-cells of A that have
(for some i) one b;y1, one b;, and one bi—1 in its boundary word. Paths v in
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Gy can only fail to be smooth at junctions: per Figure 7 we make v smooth at a
junction if and only if the orientations of the b-edges it crosses before and after
v agree. So a b-track is a mazimal path p : [0,k] — Gy that is injective and
smooth on (0, k). We will see below that if p closes up, then p must in fact be a
smooth map of a circle into G. Corresponding statements apply to G,.

. | t t
b b ax| |
m I 3 T
.I:—Iibivib.t‘:: > + + > > + + >
ba |, T I~ b " ax| "
=t ""“[; t:/::\:= t:/:=:\:=
/i \ /; \

Figure 8: How a-tracks, b-tracks, and t-tracks intersect in a 2-cell. In four of
the six cases, the t-track through the cell touches but does not cross the other
tracks.

Figure 8 shows how we consider a-, b-, and t-tracks to intersect when they
traverse the same 2-cell.

A compound track is a concatenation of a-, b-, and t-subtracks (the orien-
tations of which are not required to agree). The corridor or annulus associated
to a (compound) track p in a van Kampen diagram A is the subcomplex made
up of all the 2-cells through which p passes. There are words along its top and
bottom as for a standard corridor as explained above.

We will see in Section 4.1 that the hypothesis that a van Kampen diagram
A over P is reduced significantly restricts the behaviours of its tracks. Then in
Section 4.3 the tracks are yet more sharply restricted in diagrams pertinent to
establishing upper bounds on the distortion of H in G. Here is a first observation
in that direction.

Lemma 2.7. (No teardrops) An s-track cannot be a teardrop—i.e., if p :
[0,k] = G is an s-track with p(0) = p(k), then p induces a smooth map from St
to G.

Proof. Were the image of p a teardrop, the point p(0) = p(k) would be a
junction. However, as all the s-edges along an s-track are oriented the same
way (in this case, either into or out of the teardrop) this would violate the
orientation condition at the junction; see Figure 7 O
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Definition 2.8. (Tracks forming loops) A track that closes up is a loop. In
light of Lemma 2.7, a track closes up without introducing a corner, and so loops
are smooth.

2.4 HNN-structures

We will give two HNN-structures for G. The first is an immediate consequence
of Lemma 2.1(2).

Proposition 2.9. G is an HNN-extension:

G = F>l< where F = F(a1,a2,bo,...,bp,x1,%2,y1,Y2)

and the r = 5p + 11 defining relators displayed in Figure 5 dictate the isomor-
phism between the associated groups, both of which are rank-r free subgroups of
F.

We will call on the following corollary in our proof of Lemma 4.14. It holds
because the elements of U are reduced words with no t-letters.

Corollary 2.10. Non-trivial subwords of elements of U represent non-identity
elements in G.

We will learn later (in Corollary 4.17) that F' is undistorted in G, and it will
follow that the same is true of the two vertex subgroups.

Our second HNN-structure for G is:

G = ("'((F(t7$1;$2aylvy2) * )f));k

in the manner detailed in Proposition 2.12 and Table 1 below.

We use the notation K %, _; to denote an [-fold HNN-extension with
vertex group K, stable letters sq, ..., s; and subgroups I;,T; < K fori =1,...,1,
such that si_lfisi = T;. We call I; and T; the initial and terminal groups

respectively, and say that the stable letter s; conjugates I; to T;.

Definition 2.11. Let F' be the free group on {t,x1, 22, y1,y2}. Note that this is a
departure from our definition of F' in Proposition 2.9. Let G_1 be the group gen-
erated by {t,x1, T2, Y1, Y2, a1, a2} subject to the two ry .- and four ry . «-defining-
relators of Figure 5. Then, fori=20,...,p, define G; to be the group generated
by {t,z1, 2,91, y2,a1,a2,bp—s, ..., by} subject to all the relators of Figure 5 in
which only these letters appear. In particular, G = G,.
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We will establish that G_1 = F %4, 4, and G; = G;—1 %,_, for i > 0, where
the initial and terminal groups at each stage are as shown in Table 1; the words
listed in the table are subwords of defining relators in R. More precisely:

Proposition 2.12. For G_1,Gy,...,G)p as per Definition 2.11:

1. G_1 is a double HNN-extension over F with stable letters a1 and as con-
Jugating the initial group (t,y1,y2) to the first and second terminal groups
listed in Row 1 of Table 1, respectively.

2. Fori >0, the group G; is an HNN-extension over G;_1 with stable letter
bp—; conjugating the group K; < G;_1 from Table 1 to the group L; < G;_;
from Table 1.

Recall that, per Section 2.1, we have chosen to suppress the indexing in our
notation for the small cancellation words appearing in our construction. Thus,
the collection X U Y of all the X, or Y, satisfies C'(1/4).

Before we prove Proposition 2.12, we observe that it yields:

Corollary 2.13. The subgroup H = (t,y1,y2) of G is a free group of rank 3.

Proof. Since F is free on ¢, x1, T2, Y1, Yo, it is clear that (¢,y1,y2) is rank-3 free
in F. As vertex groups inject into HNN-extensions, Proposition 2.12 yields:
H=F—=G.1—=+Gy—- - —=G,=0G. O

Proof of Proposition 2.12(1). The group (t,y1,y2) < F is free of rank 3.
The two terminal vertex groups in the G_; row of Table 1 are free of rank 3 by
Lemma 2.1(1). Thus the described HNN-structure follows from the definition
of G_l. O

To establish the HNN-structure of G; for ¢ > 0 (thereby completing the
proof of Proposition 2.12(2)), we must show that the groups K; and L; listed
in Table 1 are free of rank 5 in G;_1. As a first step, we show:

Lemma 2.14. The groups Ky and L; fori=0,...,p are rank-5 free subgroups
Of G_1 .

Proof. We begin with Ky. If a1, as,t, 21,22 do not generate a free subgroup
of G_1, then there is a non-empty freely reduced word on these letters which
represents the identity in G_;. Let w be a shortest such word and let A be a
reduced van Kampen diagram with boundary label w.

Observe that the group F' injects into G_1, as it is the vertex group in the
HNN-structure for G_;, by Proposition 2.12(1). Thus (t,z1,22) < F < G_; is
free, and so no non-empty freely reduced word on these letters represents the
identity. Thus we may assume that w has at least one a;- or as-letter, and so A
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Table 1: Tterated HNN structure of G. The words listed are subwords of defining
relators in R. The different instances of X, or Y, represent different small
cancellation words.

G _q: stable letters a; and ao, vertex group F'

Initial group Terminal groups

ar : (YitY,, Yt YY.tY,, YitmlY.tY.),

{t.91,92) as s (YitYs, Yt \YatY,, Yoo YatYl)

G; for 7 > 0: stable letter b,_;, vertex group G;_;

Initial group Terminal group

Li = (a1 Xt 71 Xt X, ao Xt 1 X X,
Xt X, Xt ' X X, X*t‘lX*tX*)
Ko = (a1,az,t,x1,22) 7t
Lp—q+1 = <a1a2X*t_1X*tX*,
as X t 71Xt X, X tX,,
X 71Xt X, Xt Xt X,)

K; = {ai1by—iy1, a2,
t, 1, %2)
i>0

L, = (a1 Yt 7 YitYi, a2Vt Y, 1Y,
YitYs, YitmlY, 1Y, Yt~ 1Y,tY,)

has at least one aq- or as-corridor. Moreover, we can assume A is homeomorphic
to a 2-disc, because otherwise it could be broken into two subdiagrams for two
words which are shorter than w and represent the identity, and cannot both be
freely reduced to the empty word (since w cannot be). In particular, every a;-
and aq-corridor is non-degenerate, by which we mean that it is not a single a;-
or as-edge that is part of a 1-dimensional portion of A.

Let (Z1,Z2, Z3) and (Z}, Z4, Z%) denote the two terminal groups in the con-
struction of G_; as shown in Table 1. No two ai- or as-corridors can cross or
branch in A, so dual to them there is an oriented tree 7 which has a vertex
for each complimentary region and an edge for each corridor. Give the edges of
T orientations that match the directions of the ai- or as-corridors they cross.
Then T necessarily has a sink vertex (a vertex with the property that all its
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incident edges are oriented towards it), and the boundary of the subdiagram
Ag of A corresponding to this vertex consists of parts of A between a;- or
as-edges at the ends of corridors and the top boundaries of a;- or as-corridors.
Thus, read around 04 is a word v on

! / !
t7x17 T2, Z17 227 Z3a Z17 Z2a Z3'

By Lemma 2.2 these elements form a basis for a free subgroup F’ of F and
therefore of G_;. Now v is non-empty (since every corridor is non-degenerate)
and represents the identity in G_1, and therefore in the free group F” (since
F" < G_1). So v is not freely reduced, i.e., it has a subword of the form uu~"! for
some letter or inverse letter u. Since the subwords of v on ¢, z1, x5 come from w,
which is freely reduced, u is one of the remaining generators of F/. Then uu~!
must be a subword of the top boundary of a single a1- or as-corridor (because,
if u and u~! came from different corridors, w would have a subword ai'af" or
anElaQﬂ7 contradicting the fact that it is freely reduced). This means the corridor
has adjacent cells that are identical and oppositely oriented, contradicting the
fact that A is reduced. Thus K is a free subgroup of G_1.

A near identical proof shows that L, < G_; is free. Denoting the generators
of L, by

ay Zpla G2Zp2, Zp3a Zp4a Zp5a

let w be a shortest non-empty freely reduced word on these generators which
represents the identity in G_;. Let A be a reduced van Kampen diagram over
G_1 with boundary label w. Since (Z,3, Zp4, Zps) < F < G_; is free (using
Lemma 2.1(1)), we may assume as before that w has at least one a;1Z, or
a2Zp. Hence A has at least one ai- or ag-corridor. Furthermore, we conclude
as before that all a;- or as-corridors are non-degenerate. Considering a sink
region of the oriented dual tree as above, we see that the boundary label of the
sink region is a word v on

21, Zo, 73, 2y, Zyy Zy, Zopt s Zopay Zip3y Zipay Zopss

which represents the identity in G_;. (The first six of these words appear along
top boundaries of a-corridors while the last five appear in parts of v coming
from w.) By Lemma 2.2, these elements form a basis for a free subgroup of
F, and therefore of G_; (since F' — G_1). Then we argue as in the previous
paragraph to arrive at a contradiction.

Finally, for i # p, Lemma 2.1(1) implies that L; is a rank-5 free subgroup of
Ky. Thus L; is a rank-5 free subgroup of G_1 as Ky — G_1. O

In order to prove that K; is free for ¢ > 0 and complete the proof of Propo-
sition 2.12 we need three technical lemmas.
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Lemma 2.15. In G; of Definition 2.11, b,,bp_1,...,b,_; freely generate a free
subgroup.

Proof. By examining the relators of G;, we see that there is a quotient homo-
morphism

Gi — Ql = <bp,bp,1, .. .,bp,i,al | aflbjal = bj+1bj fOI"j < p; a;lbpal = bp>

mapping b; — b;, a1 — a; and killing every other generator. This quotient @;
is free-by-cyclic: the generator a of the cyclic part acts by conjugation on a free
group generated by by, ...,b,_; by an automorphism. Moreover, the restriction
of this homomorphism to the subgroup (b, ...,b,—;) < G; is a surjection onto
the rank-(7 + 1) free subgroup (by,...,by,—;) < Q. The result follows. O

The next lemma restricts the possible b-track systems in certain van Kampen
diagrams over G;.

Lemma 2.16. For i = 0,...p — 1, let A be a reduced van Kampen dia-
gram over the group G; of Definition 2.11 with boundary labelled by a word
on a,az,t, 1,22, bp,bp—1,...,bp—i. Then

1. A has no 1y - or ra-cells (per Figure 5).
2. A has no ai-annuli.

8. If the word read around OA contains no letters alil, then the track system
Gy of A has no junctions. Thus G, consists of a collection of disjoint
tracks, each dual to a bj-corridor for some j such that 0 <p —1i < j <p.

Proof. For (1), we suppose 4 is a maximal subdiagram of A that contains
no b-edges and is homeomorphic to a 2-disc. Any ryg . .- or ry ,.-cell must be in
some such Ag. All its 2-cells must be of type 74 . « Or 4 , since every other type
of 2-cell has a b-edge. So, arguing that there are no 2-cells in Ay will establish
(1).

There can be no y-edges in dAg because such a y-edge would have to be
either in QA (contrary to hypothesis) or in the boundary of a 2-cell of A that is
not of type 74, - or ry , (impossible because the only such 2-cells from Figure 5
have bg-edges, and by ¢ G; when i < p). So JA is labelled by a word v on
a1, asz,t. Now, v represents the identity in

<a1aa2atay1ay2 | T4,4,5,T4,55 7”.] = 1a2> = F(a17a'27y1ay2)>}:'

There can be no t-annulus in A since the word read around the inner boundary
of an innermost t-annulus would be a word on U that freely equals the empty
word, and Lemma 2.1(2) would imply that there must be cancellation of a pair
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of 2-cells, contrary to A being reduced. And if there is a t-corridor in Ay,
then there is one that is outermost in that the freely reduced form of the word
along its top or bottom follows a path in 9Ag. But (since Ag is reduced and
homeomorphic to a 2-disc) the word along the top or bottom any ¢-corridor in
A must contain y-letters, so this contradicts there being no y-letters in 9Ag.

Next we deduce (2). Were there such an aj-annulus, in light of (1), one of
its boundaries would be labelled by a word on by, b,_1,...,b,_; representing
the identity in G;. It would then follow from Lemma 2.15 that this word would
freely reduce to the empty word. This would imply that the annulus would have
adjacent 2-cells that are identical but with opposite orientation, contrary to A
being reduced.

Finally, for (3), suppose the word read around JA contains no letters afl.
If the track system G, had a junction, that junction would be in a 2-cell of A
with an a; on its boundary, and this 2-cell would be part of an a;-corridor or
ar-annulus. However, there are no aj-corridors since the label of A has no a;
and there are no aj-annuli by (2). O

Lemma 2.17. Fori=0,...p—1, in the group G; of Definition 2.11, we have
(bp,bp—1,-..,bp—i) N{ag,z1,22,t) = {1}.
Proof. Suppose for a contradiction that there is a non-trivial element in
(bp, bp—1, -, bp—s) N{az,x1,22,1).

Then there are non-empty freely reduced words u = wu(az,z1,22,t) and v =
v(bp, bp—1,...,bp—;) such that w = v in G;, and there is a reduced van Kampen
diagram A with boundary label uv=!. Observe that A satisfies the hypotheses
of Lemma 2.16(3) since the word read around 9A has no instances of alil. Thus
the track system G, of A consists of a union of disjoint tracks, each dual to a
bj-corridor for some j. Since u has no instances of b; for any j, each of these
tracks has both ends on the part of 0A labelled v. Since these b-tracks cannot
cross each other, there must be at least one that is innermost in that it begins
and ends at consecutive letters in v. This implies that v has a subword bjilbfl,
which contradicts v being freely reduced. O

We can now prove the following lemma, which establishes Proposition 2.12(2).
Lemma 2.18. Fori=20,...,p,
1. the subgroups K;, L; < G;_1 are free of rank 5,

2. the group G; is an HNN-extension over G;_1 with stable letter b,_; con-
jugating K; to L;.
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Proof. We induct on . In the case i = 0, Lemma 2.14 gives (1), and then
(2) follows by definition of Gy. We now prove the induction step. Assume the
result holds up to some value of the index i < p. We will show that (1) and (2)
hold with the index ¢ elevated by 1.

In Lemma 2.14 we showed that L;;; is a free subgroup of G_; of rank 5.
By statement (2) of the induction hypothesis, G_1, G, ..., G; are successive
HNN extensions. So G_1; — Gy — --- — G are injective inclusions and L; 1
is a rank-5 free subgroup of G; as well.

Likewise, Ky is a rank-5 free subgroup of G;. We will show that K;,;; =
(@1bp—s, a,t, 21, 2) is also a rank-5 free subgroup of G;. This will prove (1),
and then (2) will immediately follow.

Let w be a non-empty freely reduced word on the generators of K;y; such
that w = 1 in G;. Assume that w is minimal in the sense that no shorter non-
empty freely reduced word on the generators of K;; represents the identity in
G;. Let A be a reduced van Kampen diagram for w over G;. It contains no
2-cells of type ry4 .« or 74 . by Lemma 2.16(1).

The word w must include at least one instance of a1b,—;, as otherwise w
would be a non-empty freely reduced word representing the identity in the free
group Ky < G, a contradiction. Consequently, A has at least one a;-corridor.
Moreover, every aj-corridor is non-degenerate, as a degenerate corridor would
cut OA into two loops (both non-trivial as w is non-empty and freely reduced)
and one of these would be labelled by a shorter freely reduced word on the
generators of Ky, contradicting the minimality of w. As A has no 2-cells of
type 74 4 OF T4 4, every aj-corridor is made up of rq ;-cells, where 1 < ¢ < p.
(We exclude 7y o since ¢ < p.)

Let C be an innermost aj-corridor in A, i.e. an aj-corridor whose comple-
ment in A has a component A’ without a;-corridors. Then OA’ is composed of
two paths between the same pair of points: a top or bottom boundary v of C
with label v (which is non-empty since C' is non-degenerate) and a path ¢ along
OA. The labels v and § represent the same element of G;.

There are two cases, depending on the orientation of C. If C' points away
from A’, then + is its bottom boundary and v is a non-empty word on b,_,, . .., by,
which is freely reduced since A is reduced. In this case ¢ is labelled by a freely
reduced word u on t,x1,Ts,as, which is non-empty since otherwise w would
have an aflal subword and not be freely reduced. Now v = v in G;, which
contradicts Lemma 2.17.

On the other hand, if C points towards A’, then ~ is its top boundary and
v is a word on elements of the form b;1b; X't~ X te™!, where b1 = 1if
j=mp,and € = ay if j = ¢ — 1 and 1 otherwise. In this case § is labelled by a
word of the form bp,iub;_li, where u is a word on t,x1, 22, as.
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We consider the track system G, of A’. Lemma 2.16(3) applies to A’, because
it has no as-corridors, and we conclude that Gj is a disjoint union of tracks. Each
of these tracks is dual to a b;-corridor for some j such that 0 < p—j5 < j <p
and inherits its label.

Suppose there exists a b-track with both ends on . Consider an innermost
such track, i.e. one for which the subword of v between its endpoints has no
b-letters, and suppose it is labelled b,, for some m. Since each 2-cell of C' has
at least one b-letter and at most one b,,, this track must begin and end at
neighboring cells of C'. Examining the r; .-cells of Figure 5 we see that the
only possibility is that these are identical cells with opposite orientation, which
contradicts A being reduced. Thus tracks of G, have at most one end on 7.

Since § is labelled by bp_iub];li, where u has no b-letters, there are at most
two tracks ending on §. Since C' is non-degenerate, there is at least one track
starting at 7, which rules out the possibility of a track with both endpoints on
6. We conclude that g,g has exactly two tracks, each with one end on § and one
on v, and both with label b,_;. It follows that C has exactly two 2-cells, both
of type 11,p, and i = 0 (as every other possible 2-cell has both b; and b;4; for
some j in its top boundary). Moreover, since tracks preserve orientation, and
the two edges of ¢ labelled b, are oppositely oriented, it follows that the two
2-cells of C' are oppositely oriented. This contradicts A being reduced.

We have arrived at contradictions in all cases. It follows that no such w can
exist, and that K1, is free of rank 5, completing the induction. O

3 The lower bound

3.1 The lower bound on distortion

In this section, we will establish the lower bound on distortion of Theorem A
in the case k = 1. In the manner outlined by the figures in this section, we

+1 +1 +1
= y; -, and y,

prove that for all n € N, there is a freely reduced word x, on
of length ~ 2" which represents the same group element as a word w,, in the
generators of G of length ~n?. These length estimates emerge from calculations
tracing through the construction, with small-cancellation arguments ensuring
that x, does not lose too much length through free reduction. As ¢, y; and y-
freely generate H (Corollary 2.13), no shorter word than y, on t*!, 3! and
y3! equals w,, in G. Via Lemma 1.2, this will establish that Dist% (n) = on”/?,

For w a word, |w| denotes the number of letters in w and |w|, the exponent
sum of the x in w. So, if w is a positive word, which is to say it contains no
inverse letters, then |w|, is the number of z in w.
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Recall that killing as, t, x1, 22, Y1, y2 maps G onto the free-by-cyclic group
Q = (a1,by,b1,...,b, | ay'bja; = @(b;) for all 5),

where ¢ is the automorphism of F(by,...,b,) mapping b; +— bj41b; for j =
0,...,p—1 and b, — b,. The following lemma describes a lift of an equality
ayp(ubg) = ubpay in @ to an equality ayp(ubg) = uboar7 in G.

Lemma 3.1. Given a positive word w = u(b1,...,by), there is a freely reduced

word T = T(a27ti17y1i1,y2il) such that

(3)

[ (ubo)lv, = |ubolp, + [ubolp, , fori=1,....p (4)
lo(ubo)|p, = |uboly, = 1 (5)
l(ubo)lb, — |ubols,- (6)

arp(uby) = uboarT in G

|7]as

Moreover, T has a suffiz k that is also a long suffiz of one of the Rips words Y,
used in the presentation P of G—by long we mean that |k| is at least (3/4)|Yx|.

Proof. The statements (3)—(6) are easily verified when u is empty. Assum-
ing |u| > 1, express u as bjug where b; is the first letter of u and wug is the
remainder of the word. The structure of a van Kampen diagram for (3) is dis-
played in Figure 9. It is constructed inductively, the base step being provided
by the case where u is empty. The top cell in Figure 9 encodes the relation
a1p(b;) = b;ayo, where o is a word on ag, t, 1 and x2 that contains no a;l.
The bottom left block comes from applying the induction hypothesis to ug, so
70 = 10(ag, t*', 4, y£'). The bottom right block encodes the result of moving

d(ugbo) past o. That g, and therefore 7, contains letters ag,til,yfd, yjﬂ but

not xlil, x%tl is due to by conjugating as, t*1, :clﬂ and :chl to words on as, t*1,
yE! and yi'. (See the 79 .-, 73.4-, and 73, .-cells of Figure 5.)
ax
b; Relators rq o(bi)
al g
u @(ubo)
By relators Lo
uo Induction S@(UObO) T3k and T3k SO(UObO)
bo Y .
ai ' 70 go

T

Figure 9: A diagram for a;¢(uby) = ubgai7 in G.
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The equalities (4) and (5) follow from the definition of .

We get (6) by induction, as follows. Assume (6) holds for uo. Examin-
ing the 7y .-defining relators of Figure 5, we see that |o|a, = |¢(bs)]s, — [bils,
for any i. Moreover, |0gls, = |0|e, in the bottom right block of Figure 9
as each 73 .-, 734-, and r3 . .-defining relator of Figure 5 satisfies this prop-
erty. Combining these observations with the induction hypothesis, we get:
IT]as = [T0lay +100las = [#(wobo)|b, — |wobolb, + [ola, = [(uobo)ls, — |uobols, +
l0(0i)lb, — |bilo, = |¢(bivobo)|s, — [biuobols, , which completes the inductive step
(since u = b;ug) and proves (6).

When u is empty, Figure 9 is a single r; o-cell and 7 is Vit~ 1Y,tY,, which
satisfies the suffix condition by construction. For u non-empty we may assume
by induction that 79 is reduced and its final letter is positive (since the Y, are
positive words). Now o is one of the subwords Xt~ ! X,tX, of an rq .-defining
relator of Figure 5 (as Y. t71Y,tY. is excluded since b; # bg). Thus o has positive
first letter and ends with x; or z3. It follows, via the C’(1/4)-condition for YUY
of Section 2.1, that the successive words we obtain from ¢ by conjugating by a
b; with i # 0 and then freely reducing have positive first letters and end with
x1 or xo. Finally o is obtained by conjugating by by and freely reducing, so it
has a positive first letter and a suffix that is a long suffix of some Y.t~ 1Y, 1Y,
(again by C’(1/4) for X UY). Therefore there is no cancellation between 7y and
00, and so o( gives 7 the required long suffix. O

For all j > 0, define u; to be the positive word on b1, ..., b, such that u;by =
¢/ (bo) as words. In particular ug is the empty word e, and w;+1by = p(u;bo).
Now let n > 1. For j = 0,...,n — 1, let 741 be as per Lemma 3.1 so that
a1Uj+1bo = ujboa1Tj41 in G. Let v, = a17 - - a17y.

For our next lemma, we understand the binomial coefficient (T;) to be zero

when i > n.

Lemma 3.2. For alln > 1, the word v, is freely reduced and

atunby = bov, in G (7)
|Un‘a1 =n (8)
|unbolp, = (?) fori=0,...,p 9)
funbol = (§)+--+ (7). (10)
|”Un‘a2 = ‘Unb0|bq = (Z) (11)

Proof. The reason v, is freely reduced is that each 7; is freely reduced and
contains no alil letters by Lemma 3.1. Then (7) holds as per Figure 10 and
(8)—(11) all follow straightforwardly from Lemma 3.1. O
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ay
Uo u1 Uz YU ------- Un—1
=4
bo b() bo bo bO
ai7Tr ai17T2 Q173 a1Tn
Un

Un

Tho

bo

a1ma1 72 a1 T3

ai

T4

Figure 10: Why afu,by = bovy, in G. The diagram on the left is assembled from
n instances of the diagram from Figure 9. That on the right shows it in finer
detail in the case n =4 and ¢ > 4.

Let 0, be v, with all t¥1, yF' and y3' deleted.

Lemma 3.3. Foralln > 1, there is a freely reduced word pi, = pun(

whose final letter is positive, and such that

Up = Oppn n G.

til

+1
7y1

+
7y2 1)7

(12)

Proof. Use the 74 . .- and ry .-defining relators of Figure 5 to shuffle the a; and
as through v, to its start to make a prefix 0,. In the process, the intervening
letters til,yfl,yfl become various (Y*tYZ.Jil and (Y*t’lY*tY*)il.

By Lemma 3.1, 7,,, and therefore v,, has a suffix k that is a long suffix of

some Y,. The Y*! that are created in the shuffling process are different from
any that arise in Lemmas 3.1-3.3 (those lemmas do not use the relators 74, or
T4.4.). S0, by C'(1/4) for X UY (see Section 2.1), cancellation with these Y !
cannot erode all of k. So the final letter of p, is the final letter of x, and so of

some Y,, and so is positive.

O

Lemma 3.4. There exists K1 > 1 with the following property. For allm > 1,

there is a reduced word Z, on t, y1, and yo, whose first letter is positive, such

that

(unbo) ™" @1 unbo

|unb0
Kl

<

Zn in G
|Zn]-

Proof. The word Z, is the result of successive conjugations of x; by the letters
of w, (which are b1,...,b,) and then by by. The relators r3 . and rs , . describe
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the effect: conjugation produces successive words on ¢ and the X, (so on t, z1
and z2) until the final conjugation by by, which results in a word on ¢ and the Y,
(so on t, y; and y3). In any one of these words, free reduction between adjacent
XF! (or adjacent Y, F!) can only reduce the word’s length by at most a half on
account of the C’(1/4) condition on X U Y (see Section 2.1). So, if we take K
to be half the length of the shortest of the X, and Y., then each conjugation
increases reduced length by a factor of at least K. The C’(1/4)-condition for
X U Y also implies that free reduction cannot erode the first letter of the word
at every stage, and as the initial x; is positive and so are first letters of each
X, and Y, it follows that the first letter of Z,, is positive. O

Lemma 3.5. There exist Ko > 0 and K3 > 1 with the following properties.
For alln > 1, the word

_ =13 —-1 n —np
w, = 0, by alxial "body

has length at most Kon? and equals in G a word X, = Xn (t#l, yfﬂ, yQﬂ) More-
over, freely reducing x, gives a word of length at least Kgn .

at

Lemma 3.2 Lemma 3.2

Lemma 8.4

Un

Lemma 3.3 Lemma 3.3

Zn

fn fn

Xn

Figure 11: A diagram demonstrating that the word w, = ﬁglbala’fxlaf"boﬁn
on the generators of G and word x,, = jt, Z, i, * on the generators of H represent
the same element of G.

Proof. We have [0,| = |0n]a, + |0nlay, Which equals |vp|a, + [Unla, =7 + (Z)
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by (8) and (11). So |w,| = 2(2) +2n+ (2n + 3), which is at most Kon? for a

suitable constant Ko > 0.

Figure 11 sets out why X, = finZnp, ' equals w, in G. Consider freely re-
ducing x,, by freely reducing ji,,, Z,,, and p,, !, and then performing all available
cancellations where they meet. As the final letter of the freely reduced form of
tn and the first letter of the freely reduced form of Z, are both positive (by
Lemmas 3.3 and 3.4), there is no cancellation between p,, and Z,,. There may
be cancellation between Z,, and p,! (indeed, a priori, all of Z,, could cancel
into u;1). But for every letter of Z,, that cancels into p, !, there is a letter of
iy, that survives in the freely reduced form of x,. Therefore the length of the
freely reduced form of x,, is at least the length of the freely reduced form of Z,.
So the existence of a suitable K3 > 1 follows from (14) and the fact that, by
(10), |unbg| is a least a constant times n?. O

4 Tracks and diagram rigidity

4.1 Tracks in reduced van Kampen diagrams

As explained in Section 2.3, a van Kampen diagram is reduced when it does not
contain a pair of back-to-back cancelling 2-cells. If a van Kampen diagram is
reduced, then so are its subdiagrams. Here, we will explore the restrictions this
hypothesis leads to on the arrangement of tracks in van Kampen diagrams over
our presentation P for G of Section 2.1.

Definition 4.1. A region in a van Kampen diagram A is a closed subset that is
homeomorphic to a 2-disc. We will consider regions that have boundary circuits
comprised of portions of DA, other paths in the 1-skeleton AW, and subtracks.
Figure 12 shows two examples. Because tracks pass through the interiors of 2-
cells, regions need not be subdiagrams. When we say a 1-cell or 2-cell of A is
in R, we mean that it is a subset of R.

Before we give our first lemma, here is an overview of this section. Every
2-cell in a reduced van Kampen diagram A over P has some z- or y-letters (we
call these “noise” letters) in its boundary word. We find it helpful to think of
this noise to be flowing though the diagram and expanding in that, for the 2-cells
to fit together, the adjacent cells must have more noise (in total), and those in
the next layer further beyond those have yet more noise. This continues until
the noise spills out into the boundary of the diagram.

Tracks in A mediate this flow of noise and provide a structure via which we
can put this intuition on a firm foundation. All z-noise flows across b-tracks in
the direction of their orientations, except that on crossing a by-track, the noise
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is converted to y-noise. And y-noise flows across a-tracks in the direction of
their orientations. So, when a region has boundary that prevents the escape of
noise, that region cannot occur in a reduced diagram. Lemmas 4.3, 4.4 and 4.6
are results of this nature. As for ¢-tracks, they have noise on both sides and
reflect the HNN-structure G = Fx;. Lemma 4.2 is a consequence. It exemplifies
the following idea, which reappears in Lemma 4.9 in a more complicated guise.
If a certain feature is present (in this case, a t-loop), then there is an innermost
instance, but an innermost instance must include cancelling 2-cells, contrary to
the hypothesis that the diagram is reduced.

Lemmas 4.13 and 4.14 dig further into the structure of t-corridors and pro-
vide groundwork for Lemmas 4.15 and 4.16, which detail circumstances in which
tracks and corridors show diagrams to flare out towards a portion of their bound-
ary. These results will let us (in Lemma 4.23) simplify diagrams that demon-
strate distortion.

Lemma 4.2. Reduced van Kampen diagrams A over P contain no t-loops.

Proof. Were there a t-loop in A, there would be one with no ¢-loop in its
interior. The 2-cells it traverses would form an annular corridor. Around its
inner boundary we read a word which, viewed as a word on the generators of
the appropriate vertex group of the HNN-structure G = F'x; of Proposition 2.9,
would freely equal the empty word. So some adjacent pair of those generators
would cancel. As those generators uniquely determine the 2-cells along whose
sides they are read, a pair of 2-cells in the annulus would cancel, contrary to
the diagram being reduced. O

Our next lemma sets out circumstances in which z-edges being absent from
the boundary of a region R forces there to be no z-edge anywhere in R. The
lemma further explains that regions that do not contain a y-edge and are
bounded only by a-subtracks, inward-oriented b-subtracks, and t-subtracks take
a highly constrained form, examples of which are shown in Figure 12.

Lemma 4.3. (Trapped z-noise) Suppose R is a region in a reduced van Kam-
pen diagram A over P such that R contains no y-edges and is bordered by a-
subtracks, inward-oriented b-subtracks, t-subtracks, and paths in AQ).

1. If there is an x-edge in R, then there is an x-edge in OR.

2. If there is no x-edge in OR (in particular, if OR is made up of only a-
subtracks, inward-oriented b-subtracks, and t-subtracks), then

(a) Each t-subtrack in OR crosses only a single edge; indeed, it crosses
between an vy 1-cell and an ry2-cell as in the example in Figure 12
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(right) and must transition to an outward-oriented ay-subtrack in the
ra,1-cell and to an outward-oriented as-subtrack in the ryo-cell.

(b) Each b-subtrack in OR only crosses a single edge. It transitions to an
outward-oriented ai-subtrack at one end and to an outward-oriented
ag-subtrack at the other.

(c) There is at least one b- or t-subtrack in OR.

(d) The a-subtracks in OR are all outward oriented. Together, they cross
at least one ai-edge and at least one as-edge

1,1 ‘ r1,2 \ / T10 74,1
Aar \ /V\"
I \ L ai a4

F - by \ b?—l t

ro1 A2 ro2  / \ 72,0 M ra,2 /)

Figure 12: Examples of regions satisfying the conditions of Lemma 4.3(2)

Proof. For (1), first suppose that there is a 2-cell ¢ in R. By Lemma 4.2, there
is no t-loop in A, and so the two t-edges in Jc are part of a t-subtrack that
subdivides R into two regions R; and Rs. If (1) holds true for R; and Ra, then
it holds true for R. Thus, via repeated such subdivisions, we reduce to the case
where R contains no 2-cell. In that event, the subgraph F of A() formed by
the 1-cells in R is a forest: were it to contain an embedded circle, there would
be a 2-cell within that circle and so in R. (In the examples of Figure 12, F is a
single vertex in the left diagram and it is the single central edge labelled b,
in the right diagram.)

Assume there is no z-edge in dR. Suppose, for a contradiction, that there
is an z-edge in R, and so in some connected component Fy of F. Let v be the
word one reads around Fy. Let T be v with all letters other than z{' and x5!
deleted.

By hypothesis, there are no y-edges in R. So v is a word on a1, asg, by, .. .,
bp,t,x1,22. Any 21 or x9 in v is the label of an edge e, of a 2-cell and so is
either part of a Rips subword from X in a defining relation, or is the lone x;
at the top (in the sense of Figure 5) of an r3; j-cell ¢ (for some ¢ € {0,...,p}).
In the latter event, no part of the b-track through ¢ can be part of OR because
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then there would be an outward-oriented b-subtrack, contrary to hypothesis. It
follows that OR contains the t-track of ¢ (as ¢ is not in R) and that Fy contains
a portion of dc containing e, so that x; is part of a subword X 'b; 'a;b; X!
of v*1. So, after replacing T with a cyclic conjugate if necessary, T is a word on
the X, X*’lle*, and X;lng*.

Now, v freely reduces to the empty word since it is read around the tree
Fo. Therefore v also freely reduces to the empty word. Lemma 2.3 applies to
v. Folding up an edge-loop labelled by v to get the tree Fy equates to freely
reducing U. So the lemma tells us that parts of the boundary cycles of some pair
of 2-cells is a common path in Fy labelled by a subword of some X, of at least
a quarter-length. These 2-cells are a back-to-back cancelling pair, contrary to
the diagram being reduced. So we have the contradiction we seek.

To prove (2), we assume there are no z-edges in R, and therefore none in
R by (1).

For (2a), suppose 7 is a t-subtrack in OR. It cannot intersect a t-edge that is
part of a subword Y,tY, or Y,t~'Y,tY, in the boundary of a 2-cell, for then an
adjacent y-edge would be in R, contrary to hypothesis. It also cannot intersect
a t-edge that is part of a subword X,tX, or X,t~!X,tX, in the boundary of a
2-cell, for then an adjacent z-edge would be in R. The remaining possibility is
that it intersects a t-edge at the top of an r3 ;- or r4 ;-cell. It cannot intersect the
other t-edge in that cell, so OR has to switch from a ¢-subtrack to, respectively,
a b;- or a;- subtrack within that cell. The former case cannot occur, as it would
lead to an outward oriented b-track. In the latter case, the 2-cell on the other
side of that top t-edge must also be an ry ;-cell. As the diagram is reduced, we
deduce that 7 crosses from an 74 ;-cell to an 74 2-cell across their common ‘top’
t-edge. Moreover, to avoid any y-edge being in R, OR must exit the r4q-cell
across an aj-edge and exit the 74 9-cell across as-edge, and these a;- and as-
edges must have a common end-vertex in R and must both be oriented out of
R.

For (2b), suppose S is a b-subtrack in OR. It is impossible that /3 enters
and then exits a 2-cell: by hypothesis 3 is inward-oriented and so R would
contain z- or y-edges from the bottom of the 2-cell (in the sense of Figure 5).
So B crosses only a single b-edge, and when doing so it travels from one 2-cell
to another. (It cannot start and end in the same 2-cell, as then two b-edges
in the boundary of one 2-cell would be identified in A and that would imply
that some subword of the boundary word represents 1 in G in such a way
as to contradict the HNN-structure established in Proposition 2.9.) From our
analysis of t-subtracks, we know that 5 cannot transition in R to a t-subtrack,
and so it must transition to a-subtracks at each end. Indeed, it must transition
to outward-oriented a-subtracks, since the x- or y-edges of a 2-cell in which a
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transition to an inward-oriented a-subtrack occurred would be in R. And (8
must connect an ai-subtrack at one end and to an as-subtrack at the other,
because otherwise the two 2-cells it passes through would be a cancelling pair,
contrary to A being reduced.

For (2c), all that remains is to verify that OR is not an a-loop. It cannot be
an inward-oriented a-loop, for then there would be z- or y-letters in R. Consider
an inner-most outward-oriented a-loop «. The orientations on junctions in G,
force o to be an aq- or as-loop, and the associated ai- or as-annulus has inner
boundary labelled by a non-empty word w on by, ..., by, which freely reduces to
the empty word. The 2-cells in the annulus are r ;-cells (¢ = 1,...,p) in the a;
case and are ro-cells (i = 1,...,p) in the as case. In either case cancellation
of an inverse-pair of letters in w implies cancellation of a pair of 2-cells in A,
contrary to the diagram being reduced.

We conclude that OR has at least one ai-subtrack and at least one ao-
subtrack, and any a-subtrack transitioning to a b- or t-track is outward oriented.
Were there an inward-oriented a-subtrack, it would have to be an ai-subtrack
« transitioning at either end to an outward oriented ag-subtrack in distinct
r1,g—1-cells ¢ and ¢/. Any 2-cell that o passed through between ¢ and ¢’ would
lead to an z-or y-edge in R, so ¢ and ¢ must be adjacent, which would be a
contradiction because they are oppositely oriented. Thus (2d) follows. O

Here is the corresponding lemma for y-letters. It forgoes hypotheses exclud-
ing any particular type of edges from R, and it requires the a-subtracks, instead
of b-subtracks, in R to be inward-oriented.

Lemma 4.4. (Trapped y-noise) Suppose R is a region in a reduced van Kam-
pen diagram A over P, bordered by b-subtracks, t-subtracks, inward-oriented
a-subtracks, and paths in AM).

1. If there is a y-edge in R, then there is a y-edge in OR.

2. If the b-subtracks in OR are inward oriented, then OR must include at
least one x-edge or y-edge. In particular, in a reduced diagram there is no
region R such that OR is comprised of inward-oriented a-subtracks, inward-
oriented b-subtracks, and t-subtracks. (Figure 13 shows some examples of
regions this precludes.)

Proof. For (1), we follow the same approach as our proof of Lemma 4.3(1). As
there, it suffices to prove the result in the case where there is no 2-cell in R. In
that case, if there is a y-edge in R, then it appears in some connected compo-
nent Fy of the forest of 1-cells in R, and around JFy we read a word v which
freely reduces to the empty word. This v is a word on a1, as, by, ..., by, T1, 22,1,
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Figure 13: Examples of regions precluded by Lemma 4.4(2)

and the Rips words ) (arising in the Y,tY, or Y, t~1Y,tY, per our presentation
P), and the Y*’lajlyjaiY*’l around 74 ; j-cells—the key point here is that y;
and y» do not appear on their own in this list and this is because if the y;
of Y*_laflyjaiY*_l is in v*!, then the whole of that subword is in v*! as an
a-subtrack across that r4; j-cell would be outwards-oriented, contrary to hy-
pothesis. Let ¥ be v with all letters other than yfﬂ and yQjEl deleted. Then ©
is a word on the Y, Y, 'y1Y,, and Y, 'y,Y, which freely reduces to the empty
word. Lemma 2.3, translated to y-letters instead of xz-letters, applies to U, so as
to imply that a pair of 2-cells cancel, contrary to the diagram being reduced.
For (2), assume, for a contradiction, that there is no z- or y-edge in OR.
Then, by (1), there is no y-edge in R. This, together with the hypothesis that
the b-subtracks in OR are inward oriented and the assumption that OR has no
x-edges, means Lemma 4.3(2) applies, and part (2d) tells us that OR has non-
trivial outward-oriented a-tracks, contradicting the hypothesis that a-subtracks
in OR are inward-oriented. O

Remark 4.5. The analogue of Lemma 4.4(1) for x-edges fails. For an example,
take the van Kampen diagram that demonstrates that bo_lbl_ltblbo equals a word
on Y1, Y2, and t, which is comprised of one r3 1-cell and a by-corridor made up
of r3.0,1- and r3 ¢ 2-cells and one r3 o-cell.

Lemma 4.4(2) fails in the absence of the hypothesis that the b-tracks be
inward-orientated. A “button” (Definition 4.8) provides an example.

Lemma 4.4(2) rules out a- and b-loops that are inward oriented. At this
stage we can also rule out outward oriented a-and b-loops in some situations:

Lemma 4.6. Let A be a reduced van Kampen diagram over P.
1. If A has only 74 .-cells, then A has no a-loops.
2. If A has only ro «- and r3 .-cells, then A has no b-loops

Proof. In both cases there are no r; -cells. Thus the dual graphs G, and G,
of A have no junctions, so every a-track is an a;-track and every b-track is a
bj-track, for some ¢ and j.
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To prove (1), suppose for a contradiction that A has an a-loop. Then there
is an innermost one «, which is an a;-loop for ¢ = 1 or 2, such that the region
R enclosed « has no a-subtracks (as there are no junctions). As A has only
4 «-cells, this means that the inner boundary of the annulus associated to « is
a closed path in AM) that encloses no 2-cells, so traverses some edge e twice
(in opposite directions). Lemma 4.4(2) implies that « is outward-oriented and
this, together with the fact that a is an a;-track for a fixed ¢, means that the
possible labels ¥1,y2,t of e determine unique 7y ,-cells. It follows that there
is an adjacent pair of oppositely oriented identical cells, contradicting the fact
that A is reduced.

The proof of (2) is identical, noting that, for an innermost b;-loop in a A as
in (2), the possible labels 1, 22, t, as of the edge e each determine a unique cell
(given the orientation of b;). O

We now define two types of diagrams containing bigons of subtracks which
can occur in reduced diagrams over P.

Definition 4.7. (Badge) A badge is a subdiagram consisting of a path with
label t, where n > 0, with 2n + 2 cells arranged around it as shown in Fig-
ure 14(left) for n = 4. Specifically, it has two r; j-cells that are connected by an
ai-corridor made up of n 14 ;-cells and a b;-corridor made of n r3 j-cells, such
that the a;-corridor and b;-corridor are identified along their boundaries labelled
t".

Definition 4.8. (Button) A button is a pair of 2-cells, specifically an ri p,—1-
cell and an ry p-cell, in a van Kampen diagram that are joined along the common
arb, subwords in their boundary word. Figure 14(center) shows a button. The

mirror image of a button is also a button, so there are two buttons in the diagram
in Figure 14(right).

bp  bpe - -
ax ay o ol | ay / "Lp } ,‘)Tp P
t t t t 7 | bp  ay | P " @1 bﬁ
1, \ | \)7 T o lbp— bp Y by,
'lb* bp b 1,p—1 | r3p—1| T1,p—1

Figure 14: Left: a badge. Middle: a button. Right: a reduced diagram that
includes two buttons and contains a loop that is an outward-oriented b-track.

Observe that a badge or button is dual to a bigon comprised of an a-subtrack
and an outward oriented b-subtrack. The next lemma shows that such bigons
always give rise to badges or buttons in the absence of y-edges. The second
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part puts a further restriction on certain bigons formed by an ai-track and a
b;-track, which will be used in the proof of Corollary 4.10.

Lemma 4.9. (Bigons, badges, and buttons) Let R be a region in a reduced
van Kampen diagram A over P, such that R does not contain any y-edges, and
OR is a bigon comprised of an a-subtrack a and an outward oriented b-subtrack

B. Then

1. The minimal subdiagram of A containing R contains either a badge or a
button.

2. If a is an ay-subtrack and B is a b;-subtrack, and R has no aj-subtracks
in its interior, then one of the intersections between o and 8 occurs in an
’/‘1,1'_1—66”.

Proof. If R is as in the statement of the lemma, we first prove that R contains
a minimal region of the same type. Specifically, R contains a region S with
boundary a bigon comprised of an a-track ag and an outward oriented b-track
Bg such that the interior of S contains no a- or b-subtracks.

To construct S, first observe that there can be no a-loop in R, as if there were
one, it would enclose a region with no y-edges, contradicting Lemma 4.3(2¢).
Since R also has no teardrops (by Lemma 2.7), any a-subtrack «; in R is a
path with distinct endpoints on OR. If a; has both endpoints on «, then (in
the absence of a-loops and teardrops) we get a smooth path by replacing a
subsegment of o with a1, and this forms a smaller bigon with 8. If one or both
endpoints of oy are on 3, then a; divides R into two regions, one of which has
boundary a bigon comprised of an a-subtrack and a subtrack of 5. Passing to
a minimal instance, we obtain a region R’ with boundary a bigon comprised of
an a-track o and an outward oriented b-track S’ (a subtrack of ), such that
R’ has no a-subtracks in its interior.

Consider the minimal diagram containing R’, and let D’ be the subdiagram
consisting of 2-cells not dual to @’. Then D’ has only cells of type rs; or r3; ;
(as any other cells would introduce a-subtrack in R’). So D’ has no junctions
and, by Lemma 4.6(2), has no b-loops. Suppose there is a b-subtrack 8; #
in R. Then $; has both endpoints on o’ (as there are no junctions in D). If
B is oriented into the bigon that it forms with o/, then o’ must be oriented
outward by Lemma 4.4(2). As there are no y-edges in R, Lemma 4.3(2) applies,
and implies that o/ transitions from a; to ag. This happens at some r1 4_1-cell
dual to o/. However, as o' is oriented outward, such a cell contributes part of
an ai-subtrack to the interior of R, a contradiction.

Thus any b-subtrack in R’ has both endpoints on ', and is oriented out of
the bigon it forms with o/. By passing to an innermost instance, we obtain a
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region S with boundary a bigon comprised of a subtrack a,g of o’ and an outward
oriented b-track B¢ such that the interior of S contains no a- or b-subtracks.

To complete our proof of (1), we show that if R is minimal in that its interior
contains no a- or b-subtracks, then the minimal subdiagram D containing R is
either a badge or a button.

a
Ca
U
b (¢ Qs b
f 1 U1 u2 f 2
Xb. b A
v
$ Cs
B

Figure 15: A bigon region per Lemma 4.9

Let C,, and Cg be the corridors dual to o and 3 respectively—see Figure 15.
They intersect in distinct 2-cells fi; and fo of type r;; with ¢ = 1 or 2. (If
f1 = fa2, then the orientation on 8 would force both corners of 95 to be on
the top half of some 7; j-cell, and a terminal subpath of o would merge with
an initial one to create a teardrop, which contradicts Lemma 2.7.) Further, the
2-cells of D are exactly the 2-cells of C, U Cj (because a 2-cell strictly in the
interior of R would result in interior a- or b subtracks).

The inner boundary of C, UCp has subpaths coming from f; and f; (labelled
w1 and ug respectively), from C, (labelled u) and from Cjp (labelled v), and these
are oriented as shown in Figure 15. Next, we determine which letters can occur
in these labels examining Figure 5 for cells which could occur in D under the
given constraints.

Firstly, fi is an 71 «- or ra .- cell, and given that § is outward-oriented, one
sees that the only non-empty word that could arise as u; is b; for some 7 (when
f1is a ry;-1 cell and « is inward-oriented). However, as this would lead to
b-subtracks inside R, we conclude that u; is empty. Likewise us is empty. Thus
u = v as group elements.

Next, each cell of Cg apart from f; and fs is of type 73, 31,1 and r3 ;2
(as any others would introduce a-subtracks in the interior of R). Since f is
oriented outward, this means v is a word on 1, zo,t. Furthermore, the part of
B between (and excluding) f; and f> has no junctions, and so it is a by-track for

43



some fixed k. As x1,x2,t freely generate a free group in G (as a consequence of
Proposition 2.12), and each of them appears in a unique 73 3- or 73 j-cell, A
being reduced implies v is freely reduced.

If « is oriented outward, then each cell of C, apart from f; and f; is of
type 74 (as any other cells would introduce y-edges or b-subtracks to the the
interior of R). So u is a reduced word of the form ¢" for some n € Z. Now,
since v is reduced, we have that v = u = t" as words. Furthermore n # 0,
for otherwise f; and fo would be identified along a pair of adjacent edges in
each with label a; b, and as each such word appears in a unique cell, f; and
f2 would be oppositely oriented identical cells, contradicting the fact that A is
reduced. Thus R is a badge.

If « is oriented inward, then C, cannot have any 2-cells apart from f; and
f2, so u is empty. Then, as v is reduced, it is also empty, and f; and fo
are distinct cells identified along a corner in each with label a;b;. Examining
Figure 5 again, we see that this can only happen if they are a 1 ,—1-cell and an
r1,p-cell identified along their corners labelled a;b,, so that R is a button. This
completes the proof of (1).

Now assume R satisfies the additional hypotheses in (2) of this lemma (but is
not necessarily minimal). In particular, the interior R has no a;-subtracks, but
could have as- or bj-subtracks. We continue with the notation of Figure 15. The
intersection of an a;-track and a b;-track can only occur in an ry ;- or 71 ;_1-cell.
Assume for a contradiction that f; and fo are both of the former type. Now, if
o is oriented outwards, then u; and uy are empty and u is a word on by, ..., by,
(here we do not have ¢, because an 74 1-cell would produce a y-edge in R, a
contradiction). If « is oriented inwards, then u; = b, _:1 and ug = b;11 and u is
a word on

bp( Xt 7 Xt X)) bybyo1 (Xut T XLt X,) 7Y, and

bip1 b (Xt T LX X)) (i #0,q—1, p).

Now define w and v to be the images of these words in the quotient Q =
F(bg,...,by) X Z of G from (1) resulting from killing as, t,x1, 2,91, y2. Then
v is empty and u is a word on bibg,...,byb,_1,b,, which is a free basis for
F(bo,...,b,). So bi__,'_llﬂbi_l'_l = 1in @, and so @ = 1. So there is a canceling
pair in u, and this implies that there is a pair of adjacent oppositely oriented
cells, contradicting the hypothesis that the diagram A is reduced. An analogous
analysis rules out a; being outward-oriented. This proves (2). O

The next corollary summarizes the restrictions on loops in reduced diagrams
obtained so far.

Corollary 4.10. (Loops) Suppose A is a reduced diagram.
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1. A has no t-loops and no inward-oriented a- or b-loops.
2. Bvery a-loop in A encloses a y-edge.
8. A has no bj-loops, and if A has no buttons, then it has no b-loops.

Proof. Lemmas 4.2 and 4.4(2) establish (1).

Were there an a-loop enclosing no y-edges, it would satisfy the hypotheses of
Lemma 4.3(2) but fail the conclusion in part (2¢) of that lemma. This proves (2).

For (3), suppose § is a b-loop in A, as shown in Figure 16. Then § is oriented
outward by (1). If R is the region enclosed by , then R contains no y-edges
by Lemma 4.4(1). Consequently, R contains no a-loops by (2) of this corollary.
Because A has no teardrops by Lemma 2.7, any a;-subtrack in R must intersect
B in two distinct points, and divides R into two bigons.

Let A be the minimal diagram containing R. There are no 2-cells of type
T4,4,% OF T4 in Ag, because any such 2-cell would have to be inside 8 and would
give rise to a y-edge there. So Lemma 4.6(2) tells us that Ay contains at least
one 1y ,-cell. Therefore R contains an a;-subtrack. Let o be an a;-subtrack in
R that forms a bigon with a subtrack §; of 3, and is innermost in that there is
no aj-subtrack in the region R; enclosed by a and f;.

Co B

Figure 16: Our proof of Corollary 4.10(3), illustrated

Now suppose 3 is a b;-loop for some fixed 7, and so 3 is a b;-subtrack. Then
applying Lemma 4.9(2) to R;, we see that one of the intersections between «
and (7 occurs in an 7y ;_31-cell. This is a contradiction, as [, being a b;-track,
cannot pass though an r; ;_1-cell. Thus A has no b;-loops.

Finally suppose that A has no buttons and that § is a b-loop. Then, by
Lemma 4.9(1), the minimal subdiagram containing R; contains a badge. The
a-subtrack of this badge is dual to at least one ry4 ;-cell, and this cell is in the
interior of R. This is a contradiction: as already noted, each 74 ;-cell has a
y-edge, while R has none. This completes our proof of (3). O

Remark 4.11. Figure 14 shows how Corollary 4.10(3) can fail without the
hypothesis absenting buttons. Corollary 4.10(2) cannot be upgraded to rule out
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all a-loops: a reduced diagram with an outward oriented ay-track can be formed
by circling an r3 o-cell (which has y-edges) with an outward oriented aq-annulus
made up of two 71 o-cells, two r41-cells, and some 741 ;-cells.

Our next two lemmas concern the impact of the presence of Rips subwords
in the sides of t-corridors or in generalizations defined in the following manner.
The following expanded definition of a corridor C and the lemma that follows it
are motivated by applications to our proof of Lemma 4.16.

Definition 4.12. (Generalized corridors) Let C be a set of r distinct 2-cells
Cq, Cs, ..., C. in a reduced van Kampen diagram over our presentation P for
G such that there are edges eq, . .., e, with the property that fori=1,...,r—1,
the edge e; is in both OC; and 0C;41. Suppose the word read clockwise around C;
18 zifiz;_llgi, where z; labels edge e;. Then the words along the top and bottom

boundaries of C are fifa--- fr and gflggl - gt respectively.

Lemma 4.13. (Rips words cause the sides of corridors to be near
injective and adjacent corridors to have small overlap.) There ezists a
constant K > 1 such that reduced van Kampen diagrams A have the following
properties.

Suppose C is a generalized corridor, u is the path along one side of C, and
the word read along p is f := fifa--- fr (all per Definition 4.12). Refer to
fi,---, fr as the syllables of f. A Rips subword in a syllable f; of f is an
element of (Xuy)ﬂ appearing as a subword. Suppose that if 1 <i < j<r are
such that f;, ..., f; do not have Rips subwords, then f;--- f; is a reduced word
on {al,ag,bo, ey bp}il.

Suppose it C v is an injective path from the initial vertex of p to its terminal
vertex. So the word f read along Ti can be obtained from f by a sequence %
of free reductions (successive cancellations of adjacent inverse-pairs of letters).
Then:

1. (a) At least one letter of every Rips subword in a syllable survives in f.
() |fl < K[f| + K.

(¢) If a subpath ug of p is a loop and encloses no 2-cells, then the subword
fo of f read along py has length at most K.

Suppose 1 is the path along one side of another generalized corridor C' and
= f1f5--- fl, is the word read along it. Suppose that for all i, some element
of (X UY)*! is a subword of f!. Suppose C and C' have no 2-cells in common
and that they start and end on OA (that is, eg,er, e, €., are in OA). Suppose
that

I :=¢CnC = uny # 0.
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2. Suppose po and pf, are the shortest subpaths of p and of i/, respectively,
such that I = pg N pg. If 1o U pgy encloses no 2-cells, then |uol, |puo| < K.

Proof. For (1), we can interpret the sequence ¥ as folding together adjacent
pairs of edges in a | f?71|—sided simple polygonal-path in the plane until we
have the planar tree in A whose boundary circuit is p?il. Because every cyclic
conjugate of a defining relator (of Figure 5) is freely reduced, no cancellation of
a pair of letters within a syllable of f occurs in the course of X.

Given o € (XYUY)*!, let P, and S, denote its prefix and suffix, respectively,
such that o = P,S, as words, and |P,| = ||o|/2]. Suppose of all the Rips
subwords in the syllables of f, some subword o of f; is the first such that either
P, and S, is fully cancelled away in the course of X. Assume it is S, that is first
cancelled away. (The argument if it is P, will be essentially the same, and we
omit it.) Then S, must cancel with a subword of f,,, where m > [ is minimal
such that f,, has a Rips subword. But that is impossible: the C’(1/4)-condition
for X UY and the fact that each of its elements has length at least 100, imply
that some subword of o~ ! of at least a quarter of its length is a subword of f,,
and moreover the 2-cell C; cancels with C}, in A, contrary to A being a reduced
diagram. This proves (1a).

Now suppose that syllables f;,..., f; do not contain Rips subwords. Then
(by hypothesis) f;--- f; is a reduced word on {ai,az,bo,...,b,}*'. So the
number of letters that can cancel away on freely reducing fi—1fi - fjfj+1 is
less than four times the length of the longest defining relation for our group.
Together with (1a), this implies (1b) and (1c) for a suitable constant K > 1.

For (2), first we observe that I is a path because, by hypothesis, po U
encloses no 2-cells. Let wy and w( be the words read along po and pp, re-
spectively. Assume, without loss of generality, that po and py are oriented in
the same direction—which is to say that wg(w)) ™! is the word around po U pfy.
Then free reduction takes wy and wy{, to the word w read along I. (We are not
claiming w is freely reduced—further free reduction may be possible.)

The proof can then be completed in a similar manner to part (1c). In short,
if there is a Rips subword o in wy, then there must be a subword of o in wy
also and these two words have large overlap in w, so as to imply that there are
cancelling 2-cells in C and C’. So p, contains no complete Rips subword and,
because each of the syllables of 1/ contains a Rips subword (by hypothesis), uf
has length at most a constant. It then follows that pg, which also contains no
complete Rips subword, also has length at most a constant: within wg, any f;
that contains no Rips subword can only cancel with the neighbouring f;_1 or
fix1 if they contain a Rips subword (so at most some constant number of letters
in total can cancel away) and the remaining letters must be in w’, which has
length at most |ug. O
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Lemma 4.14. Suppose p is the path along one side of a t-corridor C in a
reduced van Kampen diagram A. Then the first y-edge e of A traversed by p is
not traversed a second time by .

Proof. Suppose, on the contrary, u traverses e more than once, then (because
A is planar and p is the side of a corridor) it does so exactly twice—once in
each direction—and the subpath & of u starting with the first traverse of e and
ending with the second traverse is a loop. (See Figure 17.)

t t
Figure 17: The t-corridor of our proof of Lemma 4.14

With a view to applying Lemma 4.13(1) to C, we check its hypotheses. As C
is a t-corridor, our defining relations imply that the label of uNC contains a Rips
subword for every cell C of C. There are no t-edges within the region A enclosed
by 7, for if there were, then there would be a t-loop within A, contradicting
Lemma 4.2. So 1z does not enclose any 2-cells. Thus Lemma 4.13(1a) applies,
and tells us that the label @ of & has no Rips subword from (X U Y)*! as a
subword.

On the other hand, Corollary 2.10 implies that w cannot be a subword of
the boundary word of a single 2-cell of C. In particular, if C, is the cell of C
containing the initial point of &z (and the edge e), then & extends beyond C., and
intersects at least one other cell of C. Thus if t*1ut¥T! = v is the boundary label
of C¢, where u labels uNCp, then u has the form w;y,us, where y,us is a prefix
of w. Moreover, as e is the first y-edge in p, it follows that u; has no y-edges.
Then, examining Figure 5, we see that us necessarily contains the entirety of
some Rips subword Y, from Y*! as a subword. (This is true even if the first
letter of w is the lone yjj»[1 that arises in the ry; j-cells.) This contradicts our
earlier conclusion that w has no Rips subwords. O

We will use our next lemma in our proof of Lemma 4.23(2). Here is the
intuition. Imagine a diagram consisting of a sequence of side-by-side vertical
corridors as in Figure 18. If there are no y-edges at the bottom of the diagram,
then we can slice horizontally through it and discard the portion above the cut,
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so that the diagram that remains has no y-edges and the length of the cut is at
most a constant times the length of the top.

Lemma 4.15. (y-edges in side-by-side t-corridors) There exists a constant
C > 0 with the following property. Suppose u and v are words that represent
the same element of G and that v contains no y-letters. Suppose A is a reduced
diagram for uv™'. Let xg and *; be the vertices on O/ where both u and v start
and end (respectively). Assume that every t-corridor in A connects a t¥1 in u
to a tT1 in v.

Then there is a word v' read along some injective path through AN from xg

to %1 such that |v'| < Clu| and the subdiagram A’ (per Figure 18), which is a
-1

van Kampen diagram for v(v')™1, contains no y-edges.

A/
t
t t
t
¢ v
Figure 18: Lemma 4.15, illustrated
Proof. We denote the t-corridors of A by 7q,..., 7y, for some m, where 7;

connects the ith ! in v to the ith t*! in u. Every t-corridor is of this form,
by hypothesis. Observe that m < |u].

For all 4, let S;” and Sj be the paths from v to u along the two sides of 7,
with S;” emanating from the starting vertex of the t*! of 7; in v and S;" from its
ending vertex. Assuming there is a y-edge on Sii, let eli be the lowest—which
is to say that ef is the first y-edge that Sii traverses. If there are y-edges in one
side of a 2-cell in a t-corridor, then there are y-edges in the other side of that
cell. So e; and e (if defined) are in the boundary of the same 2-cell C; of ;.
Moreover, as Lemma 4.14 guarantees that Sl-jE does not traverse egt a second
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time and, because v has no y-edges, eii is either in u or part of the neighboring
t-corridor. It follows that for all 4,

e either both e and e, ; exist, they agree, and they are not in u,
e or both exist and are in u,

e or only one exists and is in u,

e or neither exists.

Take C' to be the maximum length of a defining relator in P. Then there
is an injective path through AM from o to %, that follows portions of u and
portions of the boundary circuits of the at most |u| 2-cells C;, such that the
word v’ along this path satisfies the required conditions. (This path is shown in
blue in Figure 18.) O

Our final lemma is illustrated by Figures 19 and 20. (The path p is in the
graph dual to A(l).) In short, it says, in the notation of Figure 19, that the dia-
gram cannot flare out exponentially towards v. Its application in Lemma 4.23(3)
will be that certain regions can be sliced off a reduced diagram with the result-
ing diagram only longer by at most a constant factor. Thereby we will simplify
diagrams that demonstrate distortion.

Lemma 4.16. (The lengths of compound-tracks between points on
the boundary) There exists a constant C > 1 with the following property.
Suppose a region R in a reduced diagram A is bounded by a portion p of OA
and a compound track p that is a concatenation of a-subtracks, inward-oriented
b-subtracks, and t-subtracks. Let D be the minimal subdiagram of A containing
R. (That is, D is the union of R and the generalized corridor C through which
p passes.) So D is a van Kampen diagram for vu=1 for some words v and u
such that v is read around OA starting and ending with the edges where p and
p meet. Suppose either

1. the a-subtracks in p are oriented into R, or

2. D contains no y-edges.
Then |u| and the number of edges |p| of A that p crosses are both at most C|v].
Proof. We will establish the claimed bounds by examining the t-tracks through
R. By Lemma 4.2, there are no t-loops in R or indeed anywhere in A, because
A is reduced. Next we will argue that there is no t-subtrack 7 in R which is non-

trivial (i.e., not a single point) and which starts and ends on p and otherwise is
in the interior of R. If there were, then a subpath of 7 together with a subpath
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Figure 19: Top: a region R enclosed by a portion p of OA and a compound
track p comprised of a- and t-subtracks and inward-oriented b-subtracks per
Lemma 4.16. The lower diagrams depict the ¢-tracks incident with p when
(left) the a-subtracks are inward-oriented, and (right) when R and C contain
no y-edges. Note that each R; could have t-tracks with both endpoints on p;—
these are are not pictured here, but are shown in the detail in Figure 20.

of p would bound a region R’ C R that cannot exist in a reduced diagram: under
hypothesis (1), R’ would be contrary to Lemma 4.4(2), and under hypothesis
(2), Lemma 4.3(2) applies to R’ and its conclusion (2a) tells us there is an r4 ;-
cell and an 74 2-cell in D, and therefore a y-edge in D, contrary to assumption.

The tracks 7y,...,7, of R which have one endpoint on p and the other
on p divide R into subregions Ry, Ry, ..., R,, as illustrated in Figure 19, with
the lower left diagram depicting hypothesis (1) and lower right, hypothesis (2).
Under either hypothesis (1) or (2), the previous paragraph implies that every
t-subtrack entering the interior of R; has both endpoints on p. In more detail,
w and p can be expressed as concatenations of subpaths pg, g1, ..., tmn and po,
Pl - -+, Pm, respectively, so that for each i, the region R; is bounded by u;, p;,
7; and T;41 (with 79 and 7,41 being trivial paths).

Guided by the locations of the letters t¢ read along the edges where the 7;
meet [, €Xpress v as

v = tOupttvit2ug -t T

where €1,...,6, € {£1} and €y, €,,,11 € {0,£1}, and each v; is a subword of v
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(which may contain further t¥1).

Fix i € {0,...,m}. Let v; denote the concatenation of 7;, p; and 741, so
that R; is bounded by u; and v;. Let C1i,...,C, denote the 2-cells traversed
by v;, as shown in Figure 20 (with ¢ = 4 and r = 17). Together they form a
generalized corridor C in the sense of Definition 4.12. Let A; be the maximal
subdiagram that is a subset of R, includes the portion of A labelled by v;, and
does not intersect 7;, p or 7;,41. Let f = fi1...f, be the word along the side
of C that is in R;. Then A; is a van Kampen diagram for fv; L We refer to
fis.-., fr as the syllables of f. (It may be that f is not reduced and A; is not
homeomorphic to a 2-disc.)

I V4 —— e

75

-\ it

i
e

Figure 20: The region Ry illustrated per our proof of Lemma 4.16.

We will show that there exists a constant L > 1 such that, if |v;| denotes
the number of edges of A crossed by v;, then

vil < Lin| + L. (15)

We will argue that C satisfies the hypotheses of Lemma 4.13. The label of C},
read clockwise, is of the form af;371f;, with o, 8 € {ai',a3’, by, ... by, t*1}
being the letters labeling edges dual to which v; enters and leaves C;, respec-
tively. (The hypothesis that the b-subtracks that are part of p are oriented into
R precludes « or 8 being among b;l, RN b;l.)

Suppose f; does not have a Rips subword. Inspecting the defining relators
for G (Figure 5), we find that one of @ and S is in {a; ', a5 '} and the other is
in {al_l, a2_1, t}, and this can only occur when there is an a-subtrack in p that
is oriented out of R, contrary to hypothesis (1), which means that hypothesis
(2) must apply. But then the only way one of a and § can be ¢ is if C; is
an r4,-cell and o and § label the top and right edges (or vice versa) in the
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sense of Figure 5, which is excluded by (2) because ry ;-cells have y-edges. So
a, B e {afl,agl} and Cj is an 7y .- or 7o 4-cell, with * # 0 lest we contradict
(2). If C; is an 1 ,-cell, then f; € {by,..., by, bg_1a1}"". If C; is an 7o ,-cell,
then f; € {b1,...,bp}""

Next suppose fj;+1 also does not contain Rips word. If one of C; and
Cjs1 is an 71 4-cell and the other is an 7 .-cell, then one of them must be

an 1 4_1-cell and they meet along an edge labelled a; .

In this event, there
is no cancellation between f; and fj+1, because f;fj41 is (blﬂaflbq__ll)jEl for
some [. If, on the other hand, C; and C;1; are both 7y .-cells or both r .-
cells, then there can be no cancellation between f; and fj41 lest C; and Cj4q
be a cancelling pair of 2-cells, contrary to A being a reduced diagram. Thus
if consecutive syllables f;, ..., f; (for j <) do not contain Rips words, then
fis- s fied{b,.. .,bp,bq_1a1}jEl and f;--- f1 is a freely reduced word. So C
satisfies the hypotheses of Lemma 4.13.

Let A¢ be the minimal subdiagram of A containing C and let A; be the
maximal subdiagram of A; that contains the path labelled v; and does not
intersect the interior of A¢. Let f be the word such that A; is a van Kampen
diagram for fv; ! There are no 2-cells in A; \ A; because there would be a
t-track through such a 2-cell and we know that all t-tracks in A; connect a pair
of edges in v;. So f can be obtained from f by freely reducing f (perhaps only
partially: f need not be freely reduced), so as to remove all the letters which
label any 1-dimensional spikes of A; that protrude into C. By Lemma 4.13(1b),

there is a constant K > 1 such that
Ifl < K|f|+ K. (16)

Next, suppose C’ is a t-corridor that joins a pair of ¢-letters in v;. Then C
and C’ have no 2-cells in common: were there such a 2-cell, the t-track through
C" would intercept v; (see Figure 8). Moreover, there can be no 2-cell in any
subdiagram of A; whose boundary is made up of a path along one side of C and
a path along one side of C’: there would be a t-subtrack through such a 2-cell,
and it would either be part of a ¢-loop (contrary to Lemma 4.2) or would join
two points on p; (which we argued at the start of this proof cannot happen).
So Lemma 4.13(2) applies and tells us that the overlap between C and C’ has
length at most the constant K.

Each edge of the f-portion of A, is either in the v;-portion of A, or is the
side of such a t-corridor C’. At most |v;|/2 t-corridors join a pair of t-edges in
v;. We conclude that there is a constant K’ > 1 such that

Ifl < K'lvil. (17)

The existence of a constant L > 1 such that (15) holds now comes from
combining |v;| < |f], (16), and (17).
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Finally, using |p;| < |v;| and summing (15) over all 0 < i < m, we get that

m
ol < S lpil < L+ Lim+1) < 2Lfo].
1=0

So |p| and |u| are both at most C|v| for a suitable constant C' > 1 derived from
L and the maximum length of a defining relation. O

While we will only call on the lemma above in its full generality, we note
that in the case when p is a t-track, it gives:

Corollary 4.17. The vertex groups of the HNN-structure G = F %k, are undis-
torted in G.

4.2 Intersection patterns for a pair of paths across a disc

Towards further understanding the intersection patterns of tracks, we consider
here how a pair of transversely oriented paths in a disc may intersect if there
are no “sink-regions.” The results in this section are formulated so as to be
combinatorial, bypassing issues such as paths intersecting each other infinitely
many times. We could, equivalently, have made the paths in this section injec-
tive combinatorial paths in the 1-skeleton of a finite 2-complex homeomorphic
to a 2-disc.

Definition 4.18. (Sinks and sources) Let o and T be piecewise-linear paths
in a 2-disc D, each of which is made up of finitely many straight-line segments
and has a transverse orientation. Suppose that o and T meet 0D at exactly four
points—their end points—and that their intersections are transverse. A region
R in D such that OR is a union of subpaths of o and T is called a sink region if
the orientation on each subpath in OR points inward and a source region if the
orientation on each subpath in OR points outward. Note that by definition, the
boundary of a sink or source region does not include any part of 0D.

Lemma 4.19. Let o and 7 be paths in a 2-disc D as per Definition 4.18. If
there is mo sink region in D, then, up to a homeomorphism of D, we have
one of the cases displayed in Figure 21. (The cases are arranged into four
families according to the possible relative orientations of o and T where they
meet S = dD. Cases (2) and (3) include the possibility that o and T do not
intersect.)

Proof. Consider the planar graph G whose vertices are the points of intersection
of o and 7 and the four end points, and whose edges are the subpaths of o, T,
and 0D that connect them (call these o-, 7-, and dD-edges, respectively). The
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Figure 21: The intersections patterns of two transversely oriented chords ¢ and
7 across a disc per Lemma 4.19, if there are no sink regions. There are four
cases depending on the relative positions of the end points of o and 7 and on
their orientations. In (1) o and 7 intersect 2n — 1 times for some n > 1, in (2)
they intersect either O times or (2m — 1) + (2n — 1) times for some m,n > 1, in
(3) they intersect 2n times for some n > 0, and in (4) they do not intersect.
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path 7 subdivides D into two subdiscs (ditto the path o). Let T be the planar
graph (in fact, tree) that has

e vertices dual to every face of G (i.e, connected component of D \ G) that
the orientation of 7 points into, and

e edges dual to all o-edges.

Figure 22(left) shows an example—there is no loss of generality in taking o to
be a diameter of the disc.

Figure 22: Left: our proof of Lemma 4.19, illustrated. Right: orientations per
Corollary 4.20.

Case (1) of Figure 21 concerns when the end points of o and 7 alternate
around 0D. Cases (2)—(4) subdivide the eventuality where they do not alternate
to three mutually exclusive possibilities for the orientations of ¢ and 7 where
they meet 0D, namely, oriented towards each other, in the same direction, or
away from each other.

Depending on whether or not o and 7 intersect, there are either four or three
faces in G that have 0D-edges in their boundaries. Call these boundary faces.
A face f of G either has all the o-edges in its boundary oriented into or all out
of f, depending on which side of o the face f is on. The same is true of the
T-edges in df. In case (1), let f be the unique boundary face that has all o-
and 7-edges in Jf oriented into f. In cases (3) and (4), let f be the unique
boundary face that has all 7-edges in 0f oriented into f. Now, the vertex *
dual to f is a vertex of 7. In cases (1) and (3), every other vertex of T that is
an even distance (in 7) from = is dual to a face that is a sink region. (In the
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example of Figure 22 there are four such vertices, all a distance 2 from *. The
four faces that they are dual to are shown shaded.) In case (4) every vertex of
T that is an odd distance from * is dual to a sink region. As our hypotheses
prohibit sink regions, T is restricted accordingly. Thus o and 7 cannot intersect
in case (4), and in cases, (1) and (3), if o and 7 intersect, they must do so as
shown in Figure 21, where n is the valence of .

In the instance of case (2) if o and 7 do intersect, there are two boundary
faces f1 and fo into which all o- and 7-edges in their boundaries are inward-
oriented. Let x; and %o be their dual vertices. It follows that *; and *5 are an
even distance apart in 7 and any there can be no other vertices in 7 that are
an even distance from either. Thus T is the tree shown in Figure 21(2), with m
and n being the valences of *; and %2, and moreover, no other arrangement of
T along o is possible. O

Corollary 4.20. Suppose o and T are paths in a 2-disc D as per Definition 4.18,
but we prohibit source regions instead of sink regions. If the order and relative
orientations of o and T close to 0D are as shown in Figure 22 (right), then o
and T do not intersect.

Proof. This is case (4) of Lemma 4.19, but with the orientations reversed. O

Our final lemma is the observation which says, roughly, that a pair of oriented
paths through a disc that intersect transversely, can be “combined” to obtain a
new transversely oriented such path, so that the original paths both lie to one
side of the new path. This is illustrated in Figure 23, under the simplifying
assumption that the intersections between the paths are transverse. The lemma
allows subpaths as intersections, so it can be applied to (compound) tracks.

Lemma 4.21. Suppose for i = 1,2, an injective piecewise-linear path o; in a
2-disc D is made up of finitely many straight-line segments, and that o; meets
0D at exactly 2 points, specifically its endpoints. Suppose o1 and o2 have trans-
verse orientations. So, for i = 1,2, there are subsets Dj and D; of D, each
homeomorphic to a 2-disc, such that D = D}t U D;, and o; traverses the in-
tersection of D and D; with o; oriented into D] and out of D] . Assume oy
and oo intersect in the interior of D. We allow the intersection of o1 and o2 to
include (finitely many) straight line segments, provided their orientations agree
on the common segments.

Suppose there is a point p € 0D that is in Df N D; and is not on o1 or os.
Let C’{f be the mazimal connected open subset of D that contains p and does not
intersect o1 or oo. Let CT be the closure of CS‘ and C~ be D~ C’S‘. Then C*
and C~ are homeomorphic to 2-discs. Furthermore,

1. C7 contains p,
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2. DT UD, C C~. In particular, 01 and o2 are in C~, and

3. an injective piecewise-linear path T traverses CT N C~, connecting two
different points on OD. It is a concatenation of subpaths of o1 and o9, all
oriented into Ct, and so has a well-defined orientation (into CT ).

p
Figure 23: Lemma 4.21, illustrated.

4.3 Tracks in distortion diagrams

In Section 4.1 we established constraints on reduced van Kampen diagrams over
our presentation P for G. Here, we will show that diagrams pertinent to the
distortion of H in G are further constrained. The rigidity we will prove here
and in Section 4.4 will allow us to calculate upper bounds on distortion in
Section 5.1.

Definition 4.22. (Distortion diagrams, sides) A distortion diagram A is

a reduced van Kampen diagram for wx ™!

over P, where x s a word on t,y1, Y2
and w is a word on our generating set for G. Where no confusion should result,
we refer to the portions of the boundary circuit OA that are labelled by w and
by x simply as w and x. When an a- or b-track p connects two edges in OA
those edges must both be in w, as there are no a- or b-letters in x. So, as shown
in Figure 24, the track p subdivides A into two subsets whose intersection is p.

The subset that contains x is the x-side of p, and the other subset is the w-side.

Lemma 4.23. (a- and b-tracks in distortion diagrams.) There exists
C > 0 satisfying the following. Suppose wy is a word on the generators of G
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) w-side
x-side

X

Figure 24: An a- or b-track p in a distortion diagram

that equals in G a reduced word x on t,y1,y2, and suppose Ag is a distortion
diagram for wox~'. Assume that Ay is homeomorphic to a 2-disc. Then there
is a subdiagram A of Ag that is a van Kampen diagram for wy !
a word of length at most Clwg| and the following properties are satisfied.

, where w is

0. The portions of OA labelled by w and by x are both injective paths, so that
A is a concatenation of paths and distortion diagrams AY,... Al each
homeomorphic to a 2-disc and each demonstrating that some subword of
w equals some subword of x (as shown on the right below).

Wo
Ao A
w
— & Ay
A
X X

1. No compound track in A between a pair of edges in w is made up of a-
subtracks oriented towards w, b-subtracks oriented towards w, and t-tracks
(oriented either way). In particular, no t-corridor in A connects two t-
letters in w and every a- or b-track that connects a pair of edges in OA is
oriented towards x.

w w
N . : @
X X

2. There are no y-edges in the w-side of any b-track § that connects two edges
in OA.
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X

3. Suppose a region R is a subset of the w-side of a b-track connecting two
points in w.

(a) OR cannot be comprised of a (non-trivial) subpath of the boundary
circuit OA, a-subtracks, inward oriented b-subtracks, and t-subtracks.

(b) If OR is comprised of a-subtracks and inward-oriented b-subtracks,
then it satisfies the constraints 2b-2d of Lemma 4.3. In particular,
OR cannot be a bigon comprised of an ai-subtrack and an inward
ortented b-subtrack.

w
No ’ Almost no a No
=
X

A x

5. A has no a- or b-loops and no bigons comprised of an a-subtrack and an
outward oriented b-subtrack.

No O No a No O
b b a
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6. More generally, no region of A has boundary made up of consistently
oriented (meaning all inward- or all outward-oriented) a-subtracks and

outward-oriented b-subtracks.

No

7. Suppose « is an ai-track and B is a b-track in A.

(a) If a has one endpoint on either side of B then a and [ intersect

exactly once.
(b) If both endpoints of « are on the x-side of B, then « and 8 do not
intersect.

(c¢) If both endpoints of o are on the w-side of 3, then o and [ intersect
exactly twice.

il
i

6
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Proof. We will sever parts of Ag to obtain subdiagrams A1, then A,, and then
As, that establish, respectively, (1), then (2), and then (3). Then we will sever
parts of Az to get A such that the portion of A labelled by w is an injective
path, and we will argue that A satisfies all of (0)—(3). Then we will verify that
A also satisfies (4)—(8).

For (1), define a bad path in Ay to be a compound track connecting a
pair of edges in wy comprised of a-and b-subtracks oriented towards wg, and
t-tracks (oriented either way). Let A; be the maximal subdiagram of Ay that
contains x and intersects no bad path. Let w; be the word such that A; is a
van Kampen diagram for w;x~!. If bad paths o; and o5 intersect, then we may
apply Lemma 4.21 with p a point on x and o1 and o9 oriented towards x, to
obtain a new path 7 which is a concatenation of subpaths of o1 and o5 (and
therefore is again a bad path), such that both ¢; and oy are contained in the
wo-side of 7. Therefore there is a collection of bad paths 7y, ..., 7, that are
disjoint and are such that A; is the result of removing from A the subdiagrams
bounded by the corridors of 2-cells through which 7; passes and by subwords of
wp. Now Lemma 4.16(1) tells us that there exists a constant C; > 0 such that
lwi| < Crlwol.

For (2), we first establish that there exist disjoint b-tracks S, ..., Bk, each a
path between two points in dA1, such that every b-track between two points in
0A; is on the w;-side of B; for some i. To see this, note that following (1), all
b-tracks between pairs of points in JA; are oriented towards y, and if two such
b-tracks o1 and o9 intersect, then applying Lemma 4.21 with p a point on Y,
we obtain a path 7 connecting a pair of points on dA;, such that both ¢ and
o9 are on the wy side of 7, and 7 is a concatenation of subtracks of oy and o,
each oriented into the component of A; \ 7 containing . Since a concatenation
of consistently oriented b-subtracks is again a b-subtrack, 7 is again a b-track.
The existence of 31, ..., B as above follows.

Thus, in constructing Ay by severing parts of Aj, it suffices to guarantee
that (2) holds for 8 = f; for each 1 < i < k. Our argument in this case is
illustrated by Figure 25.

By Lemma 4.4(1), there is no y-edge in any region R; enclosed by a subpath
of 5 and a t-subtrack on the wi-side of § (such as regions Ry, Ro, and R3 in
Figure 25), as OR; has no edges in this case. Define Afg to be the maximal
subdiagram of A; that is contained in the wi-side of # and intersects no t-
subtracks that start and end on 5. Then A’ﬂ is a van Kampen diagram for
wv™!, where u is a subword of w; and v is the word along the remainder of
OA’;, as shown in Figure 25.

We will apply Lemma 4.15 to Ag. Let us check the hypotheses. To see that
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there are no y-letters in v, observe that v is comprised of subpaths that run
along the corridor associated to 3, on the side that ( is oriented away from, and
subpaths that run along the sides of ¢t-corridors. The defining relations of G (see
Figure 5) imply that the first type of subpath cannot have any y-edges, and if
there were a y-edge in a subpath of the second type, then then there would be
one on the other side of the ¢-corridor also, and so in one of the regions R;, a
contradiction.

Next, we observe that all ¢-corridors in A’ﬁ connect a t-edge in u to a t-edge
in v. This is because there are no t-loops by Lemma 4.2; were there a t-track
connecting a pair of edges in u, it would be a part (or whole) of a bad path in
Ag, and would have been cut off in the construction of Aq; and no ¢-corridor
joins pair of t-edges in v by construction.

Lemma 4.15 now implies that there is a constant Cs > 0 (depending only on
P) and a word v’ labeling a path in A'B(I)
with [v/| < Calu| such that the subdiagram enclosed by v and v’ has no y-edges.
We now cut Aj; along ', discarding the subdiagram bounded by u and v'. As

with the same endpoints as v and v

b1, - .., Bk are disjoint and non-nested, we do this independently for each 8 = f;,
L where w, is obtained
from w; by replacing a disjoint collection of subwords with words whose lengths

resulting in a subdiagram A, of A for a relation woyx ™

are greater by at most a factor of Cy. It follows that |wa| < Calwi|, and by
construction, there are no y-edges on the wy side of §; for any ¢. In particular,
(2) holds for A,.

Now suppose A has a bad path c—i.e., suppose that (1) fails for As. Since
Ay had none, o must have at least one end on along a path labelled by one of
the v’, and this path is on the w side of some 3 which is oriented towards y. If
o intersects (8 at least twice, then, since 3 is oriented towards Y, a subtrack of 8
and a subpath of ¢ together bound a region R that is precluded by Lemma 4.4
(see Figure 13). If o crosses 8 exactly once, then a subpath of 3, together with
the part of o on the x side of 8 form a bad path (in the sense of (1)) in Ao,
which is not possible. Thus any bad path ¢ in As lies on the ws side of 8. Such
paths will be removed next, in the construction of Aj.

For (3a), define a region R to be bad if it is of the form (3a) excludes:
that is, R is a subset of the wa-side of a b-track 5 connecting two edges in w
and JR is comprised of a non-trivial subpath of the boundary circuit 0As and
a compound track consisting of a-subtracks, inward oriented b-subtracks, and
t-subtracks. We may assume that 3 is one of the tracks (i, ..., 8 identified
above, which persist in A,. Here are two key observations:

i. If two bad regions R; and Ry have intersecting interiors, they are on the
wo-side of a common b-track, say 3;. Then, applying Lemma 4.21 to the
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Figure 25: Subdiagrams and t-tracks per our proof of Lemma 4.23(2)

compound tracks in dR; and JRy, we get a new bad region R3 containing
R, U R, that is again on the ws-side of ;.

ii. Suppose R is a bad region on the w-side of a b-track 5. Then the minimal
subdiagram D of As containing R contains no y-edges. To see this, note
that no subpath of 8 can contribute to OR, as [ is oriented towards ¥,
and so no 2-cell through which 8 passes can be in D. Thus D is a subset
of the w-side of 8 and has no y-edges by (2).

Define A3 to be the maximal subdiagram of As that includes x and does not
intersect any bad region. On account of (i), As is obtained from As by severing
a finitely many subdiagrams D per Lemma 4.16 by, in the notation of that
lemma, cutting along the paths labelled u;. Moreover, any two of these D have
disjoint interiors and the associated words ug label paths in 0A; that are non-
overlapping (but can share endpoints). By (ii), hypothesis (2) of Lemma 4.16
holds and we can apply that lemma to each of these D. Let w3 be the word such
that Az is a van Kampen diagram for w3y ~!. The inequality in Lemma 4.16
then tells us that there exists a constant C's > 0 such that |ws| < Cs|ws|. Finally,
Aj satisfies conditions (1)—(3): as shown above, the only paths that could fail
(1) were removed in the construction of Ag; (2) is immediately inherited from
Ay; (3a) is satisfied by construction; and, in light of (2), Lemma 4.3 implies
(3b).

If the portion of dAj3 labelled by w3 is not an injective path, then some
subword labels a subdiagram which is only attached to the rest of A3 at a single
vertex. We sever all subdiagrams that so arise, so as to produce a van Kampen
diagram A for a word wx !, with |w| < |ws], such that conditions (1)—(3) hold,
and the portion of QA labelled by w is an injective path. By hypothesis, x
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is a reduced word on t,y;,y2, which freely generate a free subgroup of G by
Corollary 2.13, so x also labels an injective path in A. So A is a concatenation
of paths and distortion diagrams A’, ..., Al each homeomorphic to a 2-disc and
each demonstrating that some subword of w equals some subword of x. This
establishes (0). Further, if we let C' = C;C2C5C}3, then our inequalities combine
to give |w| < Clwog|, as required.

For the remainder of the proof, we assume, for convenience, that A is home-
omorphic to a 2-disc. The proofs of (4)—(8) in the general case follow easily. (In
cases (a) and (c) of (7) the hypothesis forces a and /5 to be in the same compo-
nent. In case (b), the result is automatic if they are in different components.)

(4). Suppose there is a badge or button B in A. Per Definition 2.6, let G, be
the graph whose edges are the duals of the b-edges in A. Let C be the connected
component of G, that includes the b-track through B. Let ¢ be minimal such
that C includes the dual of a b;-edge. A b-track that enters a 2-cell across a
bi-edge can exit across another b;-edge unless that 2-cell is an 1 ;_1-cell. So the
minimality of ¢ ensures that C contains a b;-track 8. By Corollary 4.10(3), 8 is
not a loop, and so it connects two b;-edges in w, and is oriented towards x by
(1). So no b-tracks branch off 8 on its x-side and, in particular, the b-tracks
through B are on its w-side. (They can have subpaths in common with §.) By
(2), there are no y-edges on the w-side of 5. This ensures that B is not a badge,
as if it were, it would have an ry ;-cell contributing a y-edge to the w-side of S.

Any a;-track intersecting the w-side of 5 intersects 5 exactly once—it is not
a loop on the w-side of B (by (2) and Corollary 4.10(2)), it is dual to at most
one edge in A (by (3a)), and it intersects S at most once, for if it formed a
bigon with 8, then Lemma 4.9(2) would apply to an innermost such instance
o, and one of the intersections of a and 8 would have to occur in an 7 ;_1-cell,
contradicting the minimality of i.

Let a be the aj-track through B, which we now know to be a button. Fig-
ure 26 (top-left and top-right) shows the two possible placements of B along «,
once we assume, without loss of generality, that « is oriented towards the left
(in the sense of the figure). Let A and B be the points shown (in either case).
Let o' be the first a;-track one meets on following 5 to the right (in the sense
of the figure) from its intersection with «. (If there is no such o’ a simpler
version, which we omit, of the following analysis will apply.) Then G, can have
no junction in the (closed) region bounded by « (on the left), o’ (on the right),
B (below), and a portion of QA (above), as this region has no a;-tracks. Thus
there are three possible continuations for the b-track at A through this region:
(i) it continues to o’ or to A (as shown lower left in Figure 26); (ii) it returns
to « above the button (as shown lower middle); and (iii) it returns to a below
the button (as shown lower right). In case (iii), the b-track at B must return to
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X

Figure 26: Cases in our proof of Lemma 4.23(4)

a below the button also (as otherwise there would be a junction). In all cases
(i)—(iii) there is a region R (shown shaded in the figure) with boundary made
up of an inward-oriented b-subtrack, aj-subtracks, and (in case (i)) a portion of
the w-part of A, contrary to (3) of this lemma.

(5). In light of (4), Lemma 4.9(1) and Corollary 4.10(3) preclude bigons
comprised of an a-subtrack and an outward oriented b-subtrack and b-loops
respectively. Corollary 4.10(1) precludes inward oriented a-loops. Suppose, for
a contradiction, that there exists a non-trivial a-loop a. Then the region R
enclosed by a cannot contain a b-subtrack, as such a subtrack would give rise
to a teardrop, a b-loop, or a bigon comprised of an outward oriented b-subtrack
and an a-subtrack, all of which have been ruled out. It follows that the minimal
subdiagram containing R contains only cells of type r4 . (as any other cells with
a-letters would introduce b-subtracks), which contradicts Lemma 4.6(1).

(6). Suppose, for a contradiction, that R is a region of A whose boundary
is comprised of a-subtracks and outward-oriented b-subtracks. We may assume
that no a- or b-track intersects the interior of R, because such a track would
subdivide R into two regions, at least one of which would satisfy the hypotheses
of (6).

By (5), OR cannot be an a- or b-loop or a bigon comprised of an a-track and
an outward-oriented b-track. Any two adjacent b-subtracks in the circuit OR are
together a single b-subtrack. As the a-subtracks in OR are consistently oriented,
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the same is true for a-subtracks. So, OR is a concatenation of non-trivial paths
a1, B, - -+ Qm, B,, where m > 2 and each @; is a subtrack of some a-track a;,
each f3, is a subtrack of some b-track 3; and the 3, are all oriented out of R.

As B, is oriented out of R and its continuation (; is oriented toward x
(by (1)), R is in the w-side of B;. Now, because 35 is also oriented toward
X, and because the interior of R has no b-subtracks, So must merge with 3
either to the left or right of R, as shown in Figure 27. Then some subtrack of 5,
bounds a region R’ either with @y (per Figure 27, left) or with the concatenation
@383 A B, (per Figure 27, right). In the latter case, the extension a; of
@ cannot enter R (as R contains no a-subtracks) so must meet the part of
B2 in OR’ (after possibly passing through some other @;’s for 3 < i < m). In
either case we get a bigon B bounded by an a-subtrack and an outward-oriented
b-subtrack, contrary to (5).

X X
Figure 27: Tlustrating our proof of Lemma 4.23(6)

(7). We will use Lemma 4.19 with {7,0} = {«®,8}. Lemma 4.4(2) tells
us that there is no region in A that is bounded by inward-oriented a-and b-
subtracks, which establishes the no-sink-regions hypothesis of Lemma 4.19.

The case (7a) corresponds to case (1) of Lemma 4.19 with 7 = « and o =
B. By (1) of the present lemma, o and 8 are oriented towards x. So (7b)
corresponds to either case (2) or case (3) of Lemma 4.19 with 7 = a and 0 = 3,
and (7c) concerns case (3) with 7 = 8 and o = a. With just one exception, (5)
of the present lemma (specifically the part concerning bigons) rules out all the
intersection patterns catalogued in Lemma 4.19 apart from those listed in the
conclusion of (7). That one exception occurs in (7c¢), where we need to further
exclude the possibility that « and 3 do not cross, which we do by invoking (3)
of this lemma.
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(8). Suppose there is a bg-track Sy in the w-side of a b-track 8. If C is a
2-cell dual to Sy, then C has a y-edge, so cannot be on the w-side of 5 by (2).
Thus C is dual to 8 as well, and is an 7, g-cell. Then 3 agrees with 3y on C.
(This is clear if % is 2 or 3. If C has type 74,1, it follows from the fact that g
and fy are oriented towards x by (1).) Consequently, 8y = . O

4.4 (az,b,)-tracks

A key idea leading to the “p/q” in the subgroup distortion function of Theo-
rem A is that the generation of b, letters within distortion diagrams is offset
by generation of letters b, that must “appear” in w either as by-letters or in
the guise of as-letters. The reason for this is that b, letters feature in (as, b,)-
tracks, which are the subject of this section and will be crucial to our proof of
Lemma 5.12.

Definition 4.24. ((ag,b,)-tracks) An (ag,by)-track in a van Kampen diagram
A over our presentation P for G is a mazimal path that is a concatenation of
edges dual to consistently oriented asz-edges and by-edges in A, such that an
(a2, bq)-track entering a 2-cell of the form shown rightmost in Figure 28 across
an ag-edge leaves across the consistently oriented bg-edge. The two (a2,by)-
tracks in the 2-cell shown rightmost in Figure 28 touch, but we do not consider
them to intersect. Examples are shown in Figures 1 and 3.

Lemma 4.25. (a2,by)-tracks in a van Kampen diagram A have the following
properties:

1. (ag, by)-tracks inherit orientations from the orientations of their constituent
subtracks.

2. Every ag-edge and bg-edge in A is dual to an edge in exactly one (az,by)-
track.

3. An (ag,by)-track cannot intersect itself or another (az, by)-track.

4. The set of az- and by-edges in OA are paired off according to whether there
is an (az, by)-track whose first and last edges are dual to them.

5. If A is a distortion diagram as constructed in Lemma 4.23, then an
(ag,by)-track in A cannot be a loop.

Proof. (1) holds because constituent subtracks are consistently oriented edges
by construction.
With the sole exception of 3 4 (shown rightmost in Figure 28), all our defin-

ing relators contain either none of the letters as, a; L by, and bq_17 or contain
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Figure 28: How (aq, bq)-tracks progress through ri q—1- and 1o 4-cells

exactly one of as and b,, and exactly one of a; ' and b, ' So (2)-(4) follow.
For (5), suppose there is a (a2,bq)-loop in a distortion diagram A. As the
orientations of its constituent subtracks are consistent, it is either inward- or
outward-oriented. The former is impossible by Lemma 4.4(2) and the latter by
Lemma 4.23(6). O

Given A as per Lemma 4.23, its bg-tracks S, ..., B must be arranged con-
secutively around A as per Figure 29 (since they cannot nest by Lemma 4.23(8)).
In short, our next lemma states that the intersections of an (as, by)-track with
the bp-tracks in A progress in order around the diagram. We will use it in our
proof of Proposition 5.1 at the end of Section 5.1.

L as per Lemma 4.23.

Let Qo and P11 be the initial and terminal vertices of the w portion of OA.
For distinct points P and Q on w, write P < @Q when one reaches P first when
following w from Qg to Pn11. Suppose, as shown in Figure 29, P < Q1 <
- < Py < Qn are 2m successive points on the w-portion of OA and, for
1=1,...,m, B; is a byg-track from P; to Q; oriented towards x. Let R be the
mazximal region of A that is bounded by By, ..., Bm and the intervening subpaths
of OA.
Suppose T is an (a2, bq)-track in A starting at some P and ending at some
Q in OA, with P < Q. Let X be the set of points where T meets OR. The order
in which T wvisits the points of ¥ as it progresses from P to Q is the same as
the order in which they occur on the boundary circuit OR starting from Qg and
following it around to Pp,41.

Lemma 4.26. Suppose A is a distortion diagram for wy~

Proof. Asits constituent as- and by-subtracks are, by construction, consistently
oriented, 7 is a compound track which is oriented either towards or away from
X- The latter eventuality is precluded by Lemma 4.23(1).

The lemma will be proved by applying either Lemma 4.19 or Corollary 4.20
to pairs consisting of 7 (or a subpath thereof) and 3, for each .
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Q'rn
QO Pm+ 1

Figure 29: Illustrating Lemma 4.26

Let 4,5 € {0,...,m + 1} be such that Q;—1 < P < @Q; and P; < Q < Pj;1.
By Lemma 4.23(6), for all ¢, there is no source-region bounded by subtracks of
7 and By. If £ < i or £ > j, then the orientations of 5, and 7 near A are as
shown in Figure 22(right), so 8, and 7 cannot intersect by Corollary 4.20.

Consider traveling along 7 from P to Q. If 7 intersects [y for some k, then
T cannot intersect any [, with ¢ < k. This is because were there such an ¢,
there would be a subpath 7 of 7 that connects a pair of points on 8 U {Q}
and intersects B,. However, in the disc obtained from A by excising the w-side
of Bk, the orientations on 7 and §; are as shown in Figure 22(right), so this
intersection is contrary to Corollary 4.20.

So 7 intersects none of B1, ..., Bi—1, Bj+1, - - ., Bm and, proceeding from P,
it intersects B, Bi+1,...,/3; in order (intersecting each some number of times,
possibly zero). If P, < P < Q;, then how 7 intersects §; is described by case (1)
of Lemma 4.19. The other possibility is that P < P;, which is handled by case
(3). Case (3) likewise describes how T intersects fS;11, ..., Bj—1, and case (1)
or (3) how 7 intersects ;. These observations combine to prove the result. [J

5 The upper bound

5.1 Reduction to a free-by-cyclic quotient

Modulo calculations we will postpone to Section 5.2, we will prove here:

Proposition 5.1. For x, w and A as per Lemma 4.23, there exists a constant
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K > 1, depending only on our presentation P for G, such that

Iw‘p/q

x| < K

As a corollary, we obtain the desired upper bound on distortion:
Corollary 5.2. Dist$ (n) < exp(n?/9).

Proof of Corollary 5.2, assuming Proposition 5.1. Supposen > 0. Let x
be a reduced word on the generators of H which realizes the distortion function
of H, ie.

Dist§(n) = [x- (19)

More precisely, x is a maximal length reduced word on the generators of H that
equals, in G, some word wqy of length at most n. We can assume wy has no
subwords representing the identity in G.

Let Ag be a reduced van Kampen diagram for wox ™. If A¢ is homeomorphic
to a 2-disc, then Lemma 4.23 and hence Proposition 5.1 apply, yielding w such
that |x| < K1vl"* and |w| < Clwg|. This, combined with (19) and |wg| < n
gives the result.

Now suppose that Ag is not a 2-disc. Our choice of wy guarantees that
no two vertices along the part of dAg labelled wqy are identified. The same
holds for x, as it is reduced. It follows that wy and x are concatenations of
subwords wy, we, ..., w, and X1, X2,---,Xr respectively, such that for each 4,
either w; = x; and the paths with these labels along A are identified, or there
is a (reduced) subdiagram A; of Ay homeomorphic to a 2-disc whose boundary
reads wixfl. In either case, we have y; < Klwilp/q, and the bound we require
follows from the superadditivity of the function n — exp(n?/). O

Let x, w, and A be as per Lemma 4.23. To prove Proposition 5.1, we will
decompose A into the subdiagrams we now define.

Definition 5.3. (Decomposing a distortion diagram into b-blocks and
an a-block.) Given a b-track B in A, define Ag to be the minimal subdiagram
of A containing the w-side of 8 (see Definition 4.22). So Ag is comprised of all
the 2-cells of A that either have B passing through them or are in the w-side of
B. Say that B is outermost when there is no b-track B’ such that Ag: properly
contains Ag. The Ag such that § is outermost are the b-blocks of A.

Let By, ..., B, be the b-blocks of A as per Figure 30 (when r = 3). Define
the a-block A of A to be the mazimal subdiagram of A that contains x and
intersects no b-tracks. So A is obtained from A by severing By, ..., B,.
Corollary 5.4. For A and By, ..., B, as defined above—
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1. A is a subdiagram of A whose 2-cells are of type T4 . and T4, (per Fig-

ure 5).
2. By, ..., By are subdiagrams of A whose 2-cells are of type 11 4, 72,4, 73,5,
and 73 x -

3. For all i, there exists j; such that the outermost b-track B; of B; is a b, -
track. It is oriented towards x and the cells of A that it traverses comprise
a bj,-corridor in B; whose top boundary (the boundary the b, -edges are
oriented towards) follows ANB;. If j; = 0, then this is the only by-corridor

Proof. Lemma 4.23(2) implies that the b-blocks contain no ry .- or r4 . .-cells.
Statements (1) and (2) are then consequences of the definitions of the a- and
b-blocks. Lemma 4.23(1) tells us that every b-track is oriented towards x. Part
(3) then follows, except we also invoke Lemma 4.23(8) for its final claim. O

X

Figure 30: The a-block and b-blocks in A. The a;-track a and b-track f illustrate
a case in the proof of Lemma 5.6.

Express w as the concatenation of words
W = VoW1V W3g * - WyrUyp

where, for all i, w; is the word along dB; N A as shown in Figure 30 and the
v; are the (possibly empty) intervening subwords. Per Corollary 5.4(3), each w;
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has first letter b;l and final letter b;,. For all ¢, let W; be the word along the
other side of B;, so that B; is a van Kampen diagram for winl. Let

W = ’UQW1U1W2 e W.,-’UT. (20)
So A is a van Kampen diagram for Wy 1.

In the following lemmas we analyze the structure of a b-block B; in A. When
B; is a bo-track, this will lead (in Lemma 5.13) to an upper bound on the length
of Wz

Lemma 5.5. Let B; be a b-block of A, and let w; and W; be as above. Then
every ai-track in B; runs from an alil n w; to an a%l in W;.

Proof. Let a be an aj-track of A intersecting B;. It cannot be a loop by
Lemma 4.23(5). It must have at least one endpoint in the w-side of §8; by
Lemma 4.23(7a). If it has one endpoint on each side of §;, then it intersects j;
exactly once by Lemma 4.23(7b), and so corresponds to a single a;-track of B;
running from w; to W;. If it has both endpoints in the w-side of f3;, then, by
Lemma 4.23(7c), it intersects §; exactly twice, giving rise to two a;-tracks in B;
both running from w; to W;. O

Lemma 5.6. Suppose [; is a bo-track. Let C be an ay-corridor of B;. The
bottom boundary of C is labelled (in the direction from w; to W;) by a word Aby,
where A is a positive word on by, ..., bp.

Proof. By Lemma 5.5, C has one end in w; and the other in W;. By Corol-
lary 5.4(2),(3), the cells of C are of type r1 . (per Figure 5), and only the cell
where C meets W; has an edge labelled by, so that the bottom boundary of C
(in the direction from w; to W;) is labelled by a word Abg where A is a word on
blﬂ, ceey b;tl. We will argue that A is a positive word. Suppose, for a contradic-
tion, that A includes a letter b;l for some j. Let 8 be any b-track that has an
edge dual to the edge of JC labelled by that bj_l. Let « be the a;i-track dual to
C. By Lemma 4.23(1), 8 is oriented towards x, and so 8 intersects « at least
one more time. So a and 8 form a bigon. This leads to a contradiction: that
bigon violates (3b) or (5) of Lemma 4.23, depending on whether £ is oriented
into or out of the bigon, respectively. (The (3b) case is illustrated in Figure 30.)
We conclude that A is a positive word on by, ..., bp. O

Our next lemma is illustrated by Figure 31.

Lemma 5.7. Given B;,C, and X as in Lemma 5.6, the side of C labelled by
Abg divides B; into two subdiagrams. Of these two subdiagrams, let Ay be that
which does not contain C. Its boundary word is fibov(A\bo) L, where v and i~*
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are, respectively, some prefiz of (W; or W; ') and of (w; or w;'). (Which of
these pairs it is depends on the orientation of C. Figure 31 shows the case where
they are prefizes of W; and w;.) Let Ay be the mazimal subdiagram of Ao that
contains portions of dNg coming from \by and W;, but intersects no b-track in
Ay that connects a pair of edges in the fi portion of ONg. (See Figure 5.7.) Let
[t be the word such that ﬂbou()\bo)_l is the word read around OA,. Then:

1. The ay-tracks in Ay all arise from removing initial subtracks from ay-tracks
in Ng. In particular, each runs from an afl n i to an alil in v, and the
number of alil-letters in fi is at most the number in i, and therefore at

most |w;|.
2. In [i there are no letters b(jfl, bl_l, ceey szl and
3. There are at most |fi| letters by, ..., by, in fi.

4. The word read along the bottom boundary (in the direction from fi to v)
of a corridor dual to an ai-track in Ay is a positive word on by, by, ..., bp.
Moreover, it has only one by, namely its final letter.

b B

B3 a1

Bi

ai

Figure 31: Illustrating our proof of Lemma 5.7

Proof. There are no letters bgﬂ in i by construction. If there is a b, ! in ji for
some 1 < r < p, then it is connected by a b-track to some letter b, labeling an
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edge in OAo—in fact, that b, must be in ji, because there are no b, ! letters in \bg
(by Lemma 5.6) or in v (such are the 2-cells in by-corridors). By Lemma 4.23(1),
all such b-tracks are oriented towards x in A, and so towards v in Ag. So there
are such b-tracks B, . .., By (in Figure 31 they are shown with k = 3) in A that
we might call outermost in that

e the w-sides of any two of them are disjoint,
e every such b-track is in the w-side of one of Bi, ..., B

Then A is obtained from Ag by cutting along the top boundaries of the corridors
C’Bl,...,C’Bk dual to B1, ..., Bk.

Then (1) follows from Lemma 5.5 and the observation that, by Lemma 4.23(5),
no ai-track can cross one of the Bj twice.

For (2) and (3), we examine the b-letters in i. Those that arise as letters
in fi include no b(jfl, b;l, e ,b;l by construction. Each of the other bljEl in [
arises on the top boundary of one of the CBj at some 2-cell of type r1,; (per

Figure 5) where some other b-track branches off B]—. There are no bg-edges in Ay
except in the byp-corridor abutting v—for otherwise there would be an additional
bo-corridor and therefore a bgl in ft or A\, which is not so. So1 <1 <p-—1.
In fact, the letter cannot be a bl_1 because then there would be a b-track that
initially follows Bj until branching off into A; and eventually terminates back on
£ (not on A because A is a positive word), so as to contradict Bl, . ,Bk being
outermost. This proves (2). Then, for (3), observe that each 2-cell of type ry .
in CBj has a different a1-track passing through it which, in light of (1), connects

to an a;-edge in i between the between the endpoints of Bj.
Finally, Lemma 5.6 implies (4). O

We will use the conclusions of Lemma 5.7 to further analyze A via calcula-
tions in

bj+1bj lf] <p

21

Q = <a15b0a .. '7bp | al_lbial = @(bl) Vi >a w(b]) = {
which is a free-by-cyclic quotient of G via the map G —» @ killing as, t, 1, 22,
Y1, and ys.

Our next simplifying step, in Lemma 5.10, will dispense with the positive
ai-letters from ji. But first, we need two technical results concerning Q:

Lemma 5.8. Suppose u and v are positive words on by, ...,b,. Take o~ (u)
to denote the reduced word on by, ..., b, representing that element of Q. Then
@~ (u)v is reduced—that is, there is no cancellation between =1 (u) and v. In
particular, if w is a positive word on by, . .., b, which equals ¢~ (u)v in Q, then
v 18 a suffiz of w.
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Proof. We downwards induct on the minimal index 4 such that u includes a
letter b;. If i = p, the result holds because u is a power of b, and ¢! (u) = u.
For the induction step, write v as the concatenation ugu;, where ug ends in b;,
and w; contains no b;.

It can be checked that for j =0,...,p,

b;_&l e b;_lg,b;_llbp - -bjpob; when p — j is even,
¢TH(by) =
bty by loby by 1 - bjob;  when when p — j is odd,
which is a reduced word on b;, bji_&l, . ,b;tl whose one and only b; is its final
letter.

So ¢~ !(up) has one i-letter, its last, and ¢~ (u;) has no b; letters. Thus
0 u) = o (ug)p~t(u1) as words—there is no cancellation between the two
factors. By the induction hypothesis, there is no cancellation between ¢~ (uy)
and v, so the result follows. O

Lemma 5.9. If u and ¢~ (u) are both positive words on by, ..., by,, then
o7 W) < ul.

Proof. For 0 < j < p, let n; and m; be the number of b;-letters in v and
@~ (u), respectively. Then in view of the form of p~! given in the proof of
Lemma 5.8, we have

0 < my = ng, and so
0 <m = n—nyg < ni, and so
0 < mg = ng—ny+ng < ng, and so on,
from which the result follows. O

Lemma 5.10. Given A as in Lemmas 5.6 and 5.7, there exists a word p on
ayt by, .., by (so containing no ay,byt, .. by 1) such that |p| < 2|w;|, and an
integer 0 < I < |w;| such that in Q,

pboal = Abo.

Proof. Suppose that A = (Ao,...,\;), u = (ug,...,u;), and € = (e1,...,€),
where each A; is a positive word on by, ..., by, each u; is a prefix of A;, each
€; = &1, and ug = \g. Say that o ~tbgT = \by in Q via (X, u,€) when

-1 -1 -1 -1
o = uy ai'uy af’---uaty,
T = aj'a---af

A=\
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as words, and for all 0 < j <1,
e

Nibo = (ujay “uj_q---ay Pura] “ug) b (afaf---ay’) (22)

in @, as illustrated in Figure 32.

gl g5 M5
aj aj ay’
efd ef4 Us
o M ay
—1
edld e3l3 ® (u3
a, ay
aey2 5 aey2 As ae2”2
1 4 1 A4 ]; 1
. -
el g U E ey’l
a a
1 ) 5 1
Y I [y
ud\g l U U\
boy bof boy bof bo bo bot boy boy bo bo  boy _boy bo
€1 €2 €3 €4 €5 €2 €3 €1 €5 €1 €2 €5
a;” a;” a4 a4 a;” a;” ap a; a;” a
T

Figure 32: Illustrating our proof of Lemma 5.10 (with [ = 5). Left: a diagram
for 07 1byT = Abg in Q via (X, u,€). Centre: the result of applying move I. Right:
the result of applying move II (with j = 4).

Let Ao, ..., A\;—1 be the positive words on by, ..., b, such that A\gbg, ..., A\j_1bg
are the words along the bottom boundaries (read in the direction from [ to v) of
the aj-corridors in Aj. Let \; = A. Per Lemma 5.7, fibgr = Abg in G and, given
how the aj-corridors in A; pair off the af! in v with the af! in fi, if we define
o and 7 to be 7! and v with all letters as, t, 21, 22, y1, and yo deleted, then
they have the forms displayed above. Accordingly, they define u and € so that
o byt = Abg in Q via (X, u,€). Moreover, [ < |w;| and |u] := Zé:o lug| < 2]w;l,
the last inequality coming from summing the bounds from Lemma 5.7 (1) and
(3).

We will simplify (A, u,€) in two ways:
I. Suppose that e; = —1. Then (22) in the case j = 1 gives that in @,
)\1[)0 = U1a1Ug bo al_l = ulw_l(uobo).

Now, u; is a prefix of A\; and so ™1 (ugby) is a suffix of A1y, and so is a pos-
itive word. Therefore Lemma 5.9 applies and tells us that |¢ ! (uobg)| <
|ugbo|. Define iy to be the word obtained from ¢~!(ugby) by removing

7
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its final letter by. Then |Gg| < |ug| and Ay = witg. Define X to be A
with A\g discarded, define 1 to be u with ug discarded and u; replaced by
U1, and define € to be € with €; discarded. Then o~ 1byT = Abg in Q via
(5\, U, €), the lengths of the three sequences have all decreased by 1. And
because |ag| < |ug|, we get [a| < |ul.

II. Suppose €;_1 =1 and ¢; = —1 for some 2 < j < [. Using (22) to relate
)\j,Qb(] and )\jbo, we get

-1 -1 -1
/\jbo = Uja1U;—10q )\j_gbo ai1aq = Uu;p (Uj_l) )\j_gbo

in Q. Now, u; is a prefix of A\; and \;bg is a positive word, so the word
0 (uj—1) A\j_2bp is equal in @ to a positive word, and then by Lemma 5.8,
¢ '(u;_1) is a prefix of that positive word. Given that both ¢~ (u;_1)
and w1 are positive words, Lemma 5.9 tells us that lo™ (uj—1)| < |uj—1].
Now define X to be A with A;_; and A; discarded, define @ to be u with
u;j_o and uj_1 discarded and u; replaced with w;p ™ (uj_1)u;_2, and de-
fine € to be € with ¢;_; and ¢; discarded. Then oo = A in Q via
(5\, U, €), the lengths of the three sequences have all decreased by 2, and
] < [al.

Repeat I and II until we have (X, u,€) via which o='bg7 = Ay in @Q with
e =(1,---,1). Throughout, the bounds ! < |w;| and |u| < 2|w;| are maintained.
The resulting u = 0~ and 7 = a} have the required properties. O

A calculation in @ now bounds the length of \. We state the result in the
following lemma, deferring the proof to Section 5.2.

Lemma 5.11. There exists Cy > 1 with the following property. Suppose there

are words u on afl,bl,...,bp (so containing no al,bf17...,b;1) and X\ on
bi,...,b, (so containing only positive letters), and a number I > 1 such that
pboal = Xbo. (23)

Then, if | - |4 counts the number of by in a given word, we have:
A< Collul + AP/

In the situation of Corollary 5.4, this leads to an upper bound on the lengths
of the aj-corridors in B; for all 7 such that 3; is a bg-corridor.

Lemma 5.12. There exists C1; > 1 such that if C is as in Lemma 5.6 and £by
and \by are the words read along the top and bottom boundaries (respectively)
of C, then

max{[A[, [} < CilwfP/e.

78



Proof. First consider the word Aby along the bottom boundary of C. Use
Lemma 5.7 and 5.10 to obtain a word p = u(by, ..., b,,a; ") and a number I > 1
such that Lemma 5.11 applies. Then || < Co(|p| + [A|4)P/?. By Lemma 5.10,
we have || < 2|w;| < 2|w|.

We estimate ||, using (ag, bq)-tracks (see Definition 4.24). The dual of every
edge labelled b, in A is part of an (ag, by)-track of A with endpoints on w (by
parts (2) and (5) of Lemma 4.25). Suppose some (az, by)-track v crosses C twice.
Then the edges of A dual to v are necessarily labelled by b;“, as A has no as,
and since 7 is oriented (Lemma 4.25(1)) at least one of these must be b, '. This
contradicts the fact, established in Lemma 5.6, that A is a positive word. Thus

any (ag,by)-track crosses A at most once. It follows that |A|, < |w|. Thus
Al < Collul + NPT < Co(dlw])?/? < Cglwl?’1, (24)

for a suitable constant Cj.

Now if &by is the top boundary of an ai-corridor, then we have a relation
&by = afl()\bo)al7 where ) is a positive word on by,...,b,. Inspecting the ry .-
defining relations (of Figure 5), we see that || < C{/|\| for a suitable constant
C! > 1. Combining this with (24), we obtain max{|\|,|£|} < Cy|w[P/? for a
suitable constant Cq7 > 1. O

Our next lemma is illustrated by Figure 33. We can now derive:

Lemma 5.13. There exists a constant Cy > 1 such that for all i such that B;

s a bg-track,
|w|P/4

Wil < o (25)

wW;

b()

Figure 33: Illustrating our proof of Lemma 5.13 (with [ = 4)
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Proof. Let C be the (unique) bo-corridor in B; and let W/ be its bottom bound-
ary, so we have the relation b, IW{ bo = W;. Then there exists a constant Ky > 1
such that

Wil < KolWj|. (26)

Let Cq,...C; be the aj-corridors of B; and let Dy, ..., D; be the (closures of the)
components of B; \ (CUCy U---UC;). Then, for all j, D; is a van Kampen
diagram for the relation ,uj_lozjyj = u;, where a; is a subpath of w;, the paths
p; and v; (which are possibly empty) run along the a;-corridors bounding D;;,
and u; is a subpath of W/. We know from Corollary 5.4(2) that the 2-cells in
D; are of type 71,4, 2,4, 73,5, and 73 , .. And, as D; has no a;- or bg-corridors,
the relation u;lajyj = u’; holds in (in the notation of Figure 5)

<a27t,x1,x27 bl?"'3bp | {T2,i7 7'3’1', TB,i,j 01 S ) ép and 1 S J S 2} >7

which is a multiple HNN-extension of F'(aq,t, z1, z2) with stable letters by, . .., b,.
So, by repeated use of Britton’s Lemma [u/] < loj | KM, where K7 > 1 is a con-
stant multiplicative factor bounding the increase in length on eliminating a
pinch, and M = max(|u;l, |v;]). So |uf| < Cy|w[P’9 by Lemma 5.12. Then,
because the number of aq-corridors is [, we have

I+1 1+1 I+1

wp/q

W < 14> < 1+ oy KM < <z+2|aj|> KM < ||k
1=0 1=0 1=0

This and (26) together establish (25) for a suitable constant Cy > 1. O

We can now complete:

Proof of Proposition 5.1. Recall that A is a van Kampen diagram for wy !

and A is a subdiagram for Wx~1, where W is as defined in (20) and all the 2-cells
of A are 74 .- or 744 «-cells (per Figure 5). Now, A is a tree-like arrangement
of 2-disc components connected by 1-dimensional portions (trees). As 74 .-
and 74 4 .-cell have no z-edges on their boundaries, any z-edges in A are in
1-dimensional portions. Let A be the subdiagram of A consisting of the path
x and all its 2-disc components that share at least one edge with x. Then A
is a van Kampen diagram for /WX_I, where W is a word obtained from W
by deleting some of its letters. Then W contains no z-letters: its letters are
either along the path x or are on the boundaries of 2-cells, neither of which
have z-edges.

If 5; is not a bp-track, then W; is a word on a1 Xt X, a1 Xt X, a1as Xt X,
X, t71X,tX, and X,.tX,. And (because A is reduced and thanks to the C’(1/4)
small-cancellation condition of Section 2.1 for the set X of the X,), if a subword
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of the freely reduced form of W; contains no x-letters, then it has length at most
2. It follows that W; can contribute at most two letters to w.

Therefore, in the notation of (20), |/V[7| is at most >_._, |v;|, plus twice the
number of W; such that j; is not bg-track, plus the lengths of the remaining W;.
So, using Lemma 5.13 and that there are at most |w| subwords in W; in W, for
a suitable constant C3 > 1, we get

|w‘p/q |w|P/q

W] < |w] + 2w| + [w|C} < ¢t (27)
Next we claim that there exists a constant Cy > 1 such that
Xl < [W|cy (28)

Since the 2-cells in A are all of type ra. Or T4 (per Figure 5), Ais a
union of non-intersecting a;- and as-corridors. Each aj-corridor of /T is part
of an aq-corridor of A whose ends are in w, and Lemma 4.23(7) implies that
no two ap-corridors of A are part of the same ai-corridor in A. On the other
hand, several as-corridors of A could be part of the same (ag,by)-corridor of
A. However, by Lemma 4.26, if a pair of as-corridors of A nest (meaning one
is entirely in the W-side of the other), then they cannot be part of the same
(ag,by)-corridor of A. It follows that the same is true of A: no pair of ay-
corridors of A have the property that one is entirely in the W-side of the other.
Distinct (a2, by)-corridors end on distinct pairs of edges of w.

Thanks to these observations, we can strip away successive portions of A by
at most |w| moves, each of which either

e removes an aj-corridor, or

e removes all the ay-corridors of A that are part of the same (ag, bg)-corridor
of A.

The result is a sequence of diagrams which demonstrate that each word in a
sequence of words equals x in G. Moreover, this sequence of words starts with
W and ends with a word freely equal to x, and the length of each word is longer
than the last by at most a constant factor. This proves (28) for a suitable
constant Cy > 1.

Finally, (27) and (28) combine to yield

|p/q |p/q

< [wlekh < e el < gl

for a suitably chosen constant K > 1. O
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5.2 Why p/q?

This section is devoted to a proof of Lemma 5.11, which we used in our proof
of Proposition 5.1. The lemma concerns the group
_ 3 b; 1b‘ lf_] <p
Q = (a1,bo, .. -5 bp | a; 1bia1 = p(bi) Vi >7 (P(bj) = 7 [
b; if j =p.

We begin with two preparatory lemmas. We use the convention that the bino-
mial coefficient (') equals 0 for all 7 ¢ {0,...,n}.

Lemma 5.14. Consider the relation a] "b;aT* = X in Q, wherem >0, 0 <4 <

p, and X is a word in by, ...,b,. Then

1. For 0 < j <p—t, there are (T) instances of bi+; in A. Also, X has no by
for k <.

2. If m > 2p, then [N\ < (p+ 1)(p'fi).
3. If m < 2p, then |A| < (p+ 1)(2p)?
Proof. For (1), induct on m or refer to [BR09]. For (2), note that if 0 <i <p

and m > 2p, then p —i < p < m/2, and so (Z") < (p”ji) for all j < p—14. Then

from (1), we have
) = z{)(j‘) < Zo<p”j) < <pz~+1>(p”fi) < (p+1>(p7f,~>.

For (3), we use the fact that (?) < mJ for any j < m, and

A = Z(T]n) < ij < (p—i+1)mP™" < (p+1)(2p)P.

=0 =0
U

Lemma 5.15. Let K = (2p)p2. For all m,k,l € Z such that m > 2p and
1<Fkll<p,

1 (3) < K(7)

2. If L <k, then (7) < K(7)(,")
Proof. Let m > 2p. Now, if ¢ satisfies 1 <t < p, then m > 2t, or equivalently
—t > —m/2. Consequently, m —t+1>m —m/2+ 1 > m/2, which gives the
LL>77 in:

mt><T) _mm=1)...(m-t+1) (% ,

t!

. (29)
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Now, () < m*, (29), and k < p, respectively, imply the first, second, and
third of the following inequalities:

(Z‘)l < mh < (2ppt (”;)k < () (’l")k.

Then (1) follows since (2p)P" /' < (2p)P° = K.
For (2), now apply (29) to t =1 and t = k — [, and note that 2p < p? (since
1 <1< k < p implies that p > 2):

(T]?) < mF = mimh! < (213)”(77) (Qp)p<kT l>
_ (zp)zp(”;) (,ff l) <K (7) (knj l)'

For a word m, we write |7|, and |7|, to denote the number of b-letters and

O

the number of by-letters (respectively) in 7.

Suppose y is a word on aj*, by, .. ., bp (no ay, byt .. .,b;l letters), A is a
positive word on b1,...,b,, and [ > 1 is an integer such that in @
pboat = Abo. (30)

Lemma 5.11 asserts that
Al < Collul + |\|g)P (31)

for a suitable constant Cy > 1.

Here is the idea behind this. When we shuffle the afl letters through pubga!,
in order to collect them together and cancel them away and obtain Aby, the
effect is to apply ¢ to the intervening b-letters. Lemma 5.14(1) indicates how
the number of b-letters then grows: as a function of [, the number of b;-letters in
A is at most a polynomial of degree ¢. Whether this rate of growth is achieved
depends on p. What (31) states is how the total number of b-letters produced
is contingent on the length of ;1 and the number of b,-letters produced.

Proof of Lemma 5.11. Let Cy = (p+ 1)(2p)2*". We induct on |us.
Base case. In the base case, |u], = 0, and so p = a;' and (30) is aj 'bpa} =
Abg. Then |\, = (é) by Lemma 5.14(1), and so

4 > (): (32)
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If I > 2p, then Lemmas 5.14(2) and 5.15(1) apply so as to give the first and
second (respectively) of the following inequalities; the definition of Cyy and (32)
give the third:

! 2 (1\"1
A< o)) < G0 () < Colul+ e
If, on the other hand, I < 2p, then, by Lemma 5.14(3), we have that
A< (p+1)2p)" < Co < Collul+ M4,

with the final inequality true because [ > 1. This completes our proof of the
base case.

Inductive step. Suppose we have fiboal = Abg as per (30) with |fil, = k + 1.
We will show that [A|¢ < CZAP, where

=i+ g (33)

Suppose b; is the first b-letter in 4. Then g = a] ™b;8 for some integer m
such that 0 < m < [, and word S that contains [ — m instances of al_l and
satisfies |3], = k. The exponent sums of the a;-letters in a; ™b;a?* and a; ™ Ba}
are both 0, so there exist positive words v and A, respectively, on by,...,b,
representing them in . Then in Q,

by = fiboal = (a7™bia)(a7™ Bboal) = ~yAbo.

Thus || = |A| + |y|. We will bound |A|? by combining bounds on || and |y|.
Setting 1 = a; ™, we have ubgal = Aby in Q, where p satisfies the hy-
potheses of the present lemma and |u|, = k. By the induction hypothesis,
I\ < ConP/?, where n = |u| + |-
Before bounding |y| we make some observations about n and n. Firstly,
the presence of by in the relation a; ™ Bboal = ), together with Lemma 5.14(1)

implies that [A|, > (Z’), and so
m
n > . 34
> (") (39

Note that || = |8] + 1+ m = || + 1, leading to:

o= (a4 Mg = lul+ 1+ Mg+ hlg = n+ 1+l (35)
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Then, since |\ = |A| + ||, we have

q o .
<.>I>\|q "
j

AT < (A + 1D =

M-

7=0
q .
< Z <q> (C’onp/q)q ! |v)”  (by the induction hypothesis)
=0 M
q
q —j p—BL,
< Z(j)cg I . (36)

<.
I
o)

Similarly to the base case, we treat the cases m < 2p and m > 2p separately.
When m > 2p, our estimate depends on whether ¢ > ¢, in which case no new b,
letters are created in vy, or ¢ < ¢, in which case new b, letters are created in +.
Thus, we have three cases as follows.

Case 1: m < 2p. In this case, |y| < Cp by Lemma 5.14(3). Moreover, since
p > g, we have n”~ ¢ < nP~J and (;’) < (?) for each j. Continuing from (36),
we get

q q
ar < 3 (Neriwoeg < apy (M)t < iy
7=0 3=0

Finally, since 72 > n + 1 by (35), we obtain [A|? < CI7P, as desired.

Case 2: m > 2p and ¢ < i < p. We have that for K = (2p)p2:

vl < (p+ 1)( mn ) by Lemma 5.14(2)
p—1
m .
< (p+1)< ) asp—i<p—q<pandm>2p
p—q
P—q
< (p+ 1K (m) by Lemma 5.15(1), as m > 2p and ¢,p —q <p
q
< Cona~! by (34).

Then, continuing from (36), and using that 7 > n 4+ 1 by (35) and that

(g) < (1;) for each 7, we get

q

) q
A<y <§>03‘jnp—7<con5‘l>j <G8,
=0

Jj=0

<p ) P=i < CY(nt1)P < ClAr.
J
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Case 3: m > 2p and 1 < i < ¢. In this case, |y|, = (qTZ.) by Lemma 5.14(1)
and

v < (p+1) <prﬁ z) by Lemma 5.14(2)
< (p+ 1)K( mq) (qm ) by Lemma 5.15(2), where K = (2p)?°
p— -1
< (p+1)K? (m) ’ < " ) by Lemma 5.15(1), as m > 2p and
q q—1
l<g¢p—q<=<p

P—q 2 m

< Con @ |vlq by (34), K = (2p)* , and ||, = (q—z’)

Then, continuing from (36), we have

q . .
A< 3 (Y)ege (con's )

A\
)
[~]-

N
bS]
~——

3

]
o
=
QS

IA
S
S o~
3
_|_
2
=
=

<

where the last inequality follows from (35).
This concludes the proof of inductive step, as |\| < CoaP/¢ in all three
cases. O

6 Leveraging our groups

6.1 Iterated exponential functions

Recall that exp® denotes the k-fold iterated exponential-function. More pre-
cisely, exp!(z) = exp(r) and exp’(z) = exp(exp’~!(z)) for integers i > 1.
Here we will leverage our examples H < G from Section 2.1 to construct free
subgroups of hyperbolic groups whose distortion functions are ~-equivalent to
n— expk(np/q)7 where p > ¢ > 1 and k > 1 are integers, proving Theorem A.
We will take iterated amalgamated products of G with certain hyperbolic free-
by-free groups constructed by Brady and Tran [BT21]. We begin by reviewing
the parts of their construction we need. We write F},, to denote the free group
on m generators.
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Theorem 6.1. [BT21, Theorem 5.2] Given m > 1, there exists | > m and a
group Fy x F,, that is CAT(0) and hyperbolic.

Definition 6.2. Let G be a finitely generated group and let F,,, < G be a free
subgroup of rank my. Take mi < mg < --- so that Fp,, ., X Fp,, is the group of
Theorem 6.1 (with m;y1 =1 and m; =m). Fori > 1, define G; by

G = (Fmi el Fmi—l) *Fon Gi-1.

1

Proposition 6.3. [BT21, Proposition 4.4] In the notation of Definition 6.2,
if Distg;1 ~ f for some non-decreasing superadditive function f, then for all
integers k > 1,

Dist% (n) =~ exp*~1(f(n)).

mip

To complete the proof of Theorem A, we will take G; and F,,,, to be our
groups G and H = Fj, respectively, from Section 2.1. We will then use the
following two results to conclude that Gy, is hyperbolic when k& > 1.

Theorem 6.4. (Hyperbolicity of amalgams) If a finitely generated group
C is a subgroup of two hyperbolic groups A and B, and C is quasi-convex and
malnormal in A, then

I = A *C B

is hyperbolic. (We make no assumption on how C' sits in B.)

Proof. Since C' is finitely generated and is quasi-convex and malnormal in the
hyperbolic group A, [Bow12, Theorem 7.11] tells us that A is hyperbolic relative
to C. We then get that I' is hyperbolic relative to B by [Dah03, Theorem 0.1(2)].
A group that is hyperbolic relative to a hyperbolic subgroup is itself hyperbolic
by [Osi06, Corollary 2.41]. So T is hyperbolic. O

Lemma 6.5. If A and B are finitely generated free groups and G = A X B is
a hyperbolic group, then B is quasiconvexr and malnormal in G.

Proof. For quasiconvexity, observe that B is a retract of GG, so it is in fact
convex in G (with respect to standard generating sets).

To see that B is malnormal, recall that the group G can be identified with
the Cartesian product A x B endowed with the multiplication (a,b)(c,d) =
(app(c),bd), where py(z) = bab~? for all z € A. Note that for all (¢,d) € G we
have (¢, d)™! = (pg-1(c™1),d™1). We identify B with {1} x B.

Now if B is not malnormal, then there exists some (¢,d) € G\ B such that
(¢,d)"'B(c,d) N B is non-trivial. Thus, there exists b € B with b # 1, such that

(C,d)_l(Lb)(C,d) = (@d—l(c_l),d_l)(gﬁb(c),bd)
= (pa-1(cM)pa-1(pp(c)),d'bd) € B.
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In particular, we must have 1 = pz-1(c™1)pg-1(pp(c)) = @q-1(c Lop(c)),
and since @41 is an automorphism, we have ¢ lpy(c) = 1, or equivalently
¢ 1beb™! = 1. Observe that ¢ # 1 as (¢,d) € G\ B. So b and ¢ are commut-
ing elements of infinite order (since A and B are free and inject into G) in a
hyperbolic group, a contradiction. We conclude that B is malnormal. O

Proof of Theorem A. Given p > ¢ > 1, let G and H be the groups we
constructed in Section 2.1 and proved in Sections 3.1-5.2 to have Distg(n) o~
exp(nP/?). Define G; = G and m; = 3, so that F,,, = F3 = H. Define the
groups Gy for k > 1 as in Definition 6.2. Then, since G; is hyperbolic, and
Fp, ., @ Fp, is hyperbolic for each ¢, we inductively conclude that each Gj is
hyperbolic, using Theorem 6.4 and Lemma 6.5. Finally, since exp(np/ 7) is a
non-decreasing superadditive function, Proposition 6.3 implies

DiStI%zk (n) ~ exp®(nP/9),
as desired. O

Remark 6.6. (CAT(0) and CAT(—1) structures for the groups Gy) For
allp > q > 1, our group G of Section 2.1 satisfies a uniform C'(1/6) condition,
so can be given a CAT(0) structure by [WisO4a] or even a CAT(—1) structure
by [Bro, Gro01, Mar17]. The F; x F,, groups constructed by Brady—Tran have
a piecewise Euclidean CAT(0) structure and furthermore, F,, is ultra-convex
in F; X F,—a property they use to show that if the Gromov link condition
holds in the complex associated to a group T', then it continues to hold for an
amalgamated product of the form (Fy x F,,) g, T'. See [BT21, Lemma 5.10]
for the precise statement. Moreover, the strategy used in [Bro, Gro01] to ob-
tain CAT(—1) structures by changing each Fuclidean polygon to a hyperbolic
one by slightly shrinking each angle can be applied to the Brady—Tran groups
to obtain CAT(—1) groups for the form F; x F,,. Thus, we expect that by
choosing CAT(0) or CAT(—1) structures on the building blocks and using the
ultra-convexity as in [BT21], the groups Gy in Definition 6.2 can be shown to
be CAT(0) or CAT(—1) for all k.

6.2 Distortion of hyperbolic subgroups of hyperbolic groups

Here we use ideas originating in I. Kapovich’s [Kap99] to prove Theorem B,
which, in particular, extends our main result (Theorem A) in that it allows the
distorted subgroup H to be any non-elementary torsion-free hyperbolic group
rather than Fj.

For each of the functions f listed in Theorem B, there are constructions in
the literature consisting of a hyperbolic group K and a finite-rank free group
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F < K such that Dist® ~ f: see [Mit98a, BBDO07] for (1) when p = ¢, this
article for (1) when p > ¢, and [BDR13] for (2). We will prove the theorem by
amalgamating H with K along a subgroup of H that is isomorphic to F' and is
supplied by the following lemma.

Lemma 6.7. Suppose H is a non-elementary torsion-free hyperbolic group. For
all k > 2, H contains a malnormal quasiconvez free subgroup F of rank k.

Proof. Kapovich showed that such an H has a malnormal quasiconvex rank-2
free subgroup F(z,y) [Kap99, Theorem C]. There are malnormal rank-3 free
subgroups in F(x,y)—for example

(@9, (2y)'°)

is malnormal by the criterion of [KM02, Theorem 10.9], which can be interpreted
as being that there is no reduced word which read from two different vertices
in the Stallings graph of the subgroup makes a loop. Likewise, for all £ > 2, for
sufficiently large n, the subgroup

<l‘", yn7 (xy)n7 (.%,QyQ)n7 . (.’L‘k_ka_Q)n>

of F(xz,y) is malnormal and rank-k. The result then follows from the following
three facts. If A < B < C are groups such that A is malnormal in B and
B is malnormal in C, then A is malnormal in C. Quasiconvexity is similarly
transitive. Finitely generated subgroups of F, are quasiconvex. O

Now, given H and f as in Theorem B, let ' < K be as above so that K
is hyperbolic, F is finite-rank free, and Distﬁf ~ f. By Lemma 6.7, H has a
quasiconvex malnormal subgroup which is isomorphic to F. We will also refer
this subgroup of H as F', so that we can define

G = H*F K. (37)
The last ingredient we require for Theorem B is:

Theorem 6.8. Let ' = Ax¢o B, where A, B, and C are finitely generated groups
and let f be a superadditive function such that n < f(n) for all n.

1. If Dist® < f and DistZ < f, then Distly < f and Distly < f.
2. If Dist$(n) ~ n and Distg ~ f, then Distly ~ f.

Proof of Theorem B assuming Theorem 6.8. Given H and f as in the
theorem, let G be the group defined in (37). Since F' is malnormal and qua-
siconvex in H, Theorem 6.4 tells us that G is hyperbolic. Now Distif ~ f by
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construction, and note that every function f listed in the statement of Theo-
rem B is superadditive and superlinear. Since F' is quasiconvex in H and H
is hyperbolic, we have Dist} (n) ~ n < f(n), and Theorem 6.8(2) implies that
Dist$ ~ f. O

Proof of Theorem 6.8. We begin with some setup. For X = A, B,C, let Sx
be a generating set for X, and let Kx be a K(X,1) with 1-skeleton a rose on
|Sx| petals. We assume that Se C S4 and Sc C Sp. Then T is generated by
Sr = S4USE. Let K be the standard graph of spaces with fundamental group
T, ie.,

K = (KAl_l(KC X [0,1])|_|KB)/N

where ~ identifies K¢ x {0} and K¢ x {1} with the images of the maps induced
by the inclusion of C' in A and B respectively. For convenience, we subdivide
the cell structure so that Kg) x {1/2} c KM,

Let ¢ be the unique vertex of K¢, and let p = {c¢} x{1/2} € K¢ x[0,1] C K.
We identify I" with 71 (K, p). More precisely, identify S with the set of petals
of K(Cl) x {1/2} and S \ Sc with the collection of loops §ad, where § and §
are the interval {c} x [0,1/2] C K¢ x [0, 1] oriented towards and away from
K 4 respectively, and « is a petal of K1(41) representing an element of S4 \ Sc.
Identify Sp \ S¢c with the analogous set of loops, replacing {c} x [0,1/2] with
{c} x [1/2,1]. Let Sr be the set of the loops defined in this paragraph. Each
element of Sr is contained in KW,

The associated Bass—Serre tree is obtained by collapsing each lift of K 4 or
Kp in K to a vertex (called the A- and B- vertices, respectively) and each lift of
K¢ % [0,1] to an edge. We subdivide each edge by adding a midpoint, obtained
by collapsing a lift of Ko x {1/2}; we call each such midpoint a C-vertex. Let
T denote this subdivided tree, and let 1) : K — T denote the collapsing map.
Given an A- or B- vertex v of T, define s, to be the star of v in T. Since T is
subdivided, every vertex of s, besides v is a C-vertex.

If v € Sr corresponds to g € Sr, then each lift 4 of v in KO is considered to
be labelled by g. By construction, the image of ¥ o4 is a C-vertex if g € S, and
otherwise it is contained in a star s, for an A- or B-vertex v. More generally, if
w is any word over Sr, then for each lift p of p, there is a path &, starting at p
with label w in K1), (We abuse notation by suppressing p.)

Now if, in addition, w = 1 in T', then &, is a loop based at some (any) p
and ¥ o &, is a loop based at ©(p) in T'. The image of ¥ 0 &, is a subtree of T,
which we denote 7,,. We measure the complexity of w by n(w), which counts
the number of A- or B-vertex stars intersecting 7,,:

n(w) = #{v | vis an A- or B-vertex and s, N7, # 0}.

Note that n(w) is finite since 7, is compact, and n(w) > 1 as Y(p) € Ty.
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We are now ready to prove (1). In this proof, a geodesic word in X or over
Sx will mean a word of minimal length over Sx representing an element of X,
where X = A, B, or I". Let u be a geodesic word in either A or B and let w be
a geodesic word in T’ with = 'w =1 in T. We wish to show that |u| < f(|w|).
The proof is by induction on n(u~ w).

If n(u='w) = 1, then 7,-1,, is contained in some s,, where v is an A- or
B-vertex, depending on whether u is in A or B. We assume without loss of
generality that v is an A-vertex. By construction, s, = (YY), where Y C K
consists of some lift of K4, and all the lifts of K¢ x [0, 1/2] intersecting it. Now
€u-14 is contained Y1) and it follows that its label u~'w is a word over S4.
Thus v and w are both geodesics over S4 representing the same element of A,
so |u| = |w|. This proves the base step of the induction.

For the induction step, assume that |u/| < f(|w'| w =1
with u/ a geodesic in A or B and w’ a geodesic in ' and n(uv'~lw’) < n(u=tw).
Again, assume without loss of generality that u is a geodesic in A. Write &,-1,,
as a concatenation &,-1&,,. Then 1(§,-1) C s, for some A-vertex a (since u is
a geodesic over S4). Now, by considering ¥~1(7,-1,, \ 82), where sS denotes
the interior of s,, we obtain a concatenation &, = 3,6y, &xy - Eypay (S0 W =
ToY1x1 - - YTk, as words), such that for each i, we have that ¥(&,,) C s, (so z;
is a word over S4) and that ¢ o &, is a loop in 7,-1,, \ s, based at a C-vertex
p; of sq4.

By construction, each &,, has its endpoints in some lift of K x {1/2}, and
so y; represents an element of C', and therefore of B. Let z; be a geodesic word
over Sp with z; = y; in I', and let &,, be the path in K with the same endpoints
as &y,. Then ¥(§;,) C sp, where b; is the unique B-vertex adjacent to p;. Now
consider £ -1, = Ezi‘fyi and note that 1(§,,) intersects sp,, since the endpoints

of &, maplto p;. It follows that 7, y; intersects the same number of A- and
et 1

) whenever u'~!

B-vertex stars as 1(§y, ), and, by construction, this number is less than n(u™"'w)
(since 7,-1,, intersects the additional vertex star s,). So n(z; 'y;) < n(u~'w).
Since y; is a geodesic (being a subword of a geodesic) over Sr, we may apply
the induction hypothesis to conclude that |z;| < f(]y;|). Moreover, in I' we have
u=w = xoz11 - 2kxk (as elements). So the facts that u is a geodesic and

that n < f(n) combined with the superadditivity of f yield:
k k k k
ul < D sl + ) lal < YLl + Y i)
i=0 i=1 i=0 i=1
k k
0 i=1

1=

IN

This completes the induction step and proves (1). The bound DistY (n) < f(n)
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of (2) immediately follows.

For the reverse bound in (2), by the definition of Dist5, there exist for
each n > 1, geodesic words u, and w, over Sc and Sp, respectively, with
u, = w, in I, such that |w,| < n and |u,| = Dist5(n). Since u, is an
element of C, it is also an element of A. Let v, be a geodesic word over Sy
representing u,. Since C is undistorted in A, there exists a constant K > 1
such that |u,| < K|v,|. Then, for each n, we have found a geodesic word v,
in A which represents the same element as the word w,, over Sr of length at
most n, and |v,| > &|u,| = %Distg(n). It follows that Dist!y(n) = Distg (n).
Combined with the hypothesis Dist3(n) ~ f(n), this gives Dist)y(n) = f(n),
which completes our proof of (2). O

7 Height

7.1 Why our examples have infinite height

An infinite subgroup H of a group G has infinite height when, for all n, there
exist g1,...,9, € G such that (]_, g; 'Hg; is infinite and Hg; # Hg; for
all 4 # j. Otherwise it has finite height. New constructions of non-quasiconvex
subgroups of hyperbolic groups are natural test cases for this longstanding ques-
tion attributed to Swarup in [Mit98b]: if a finitely presented subgroup H of a
hyperbolic group G has finite height, is H necessarily quasiconvex in G?

So we note here that our examples do not speak to Swarup’s question:

Proposition 7.1. If H is the non-quasiconvex subgroup of the hyperbolic group
G we construct to prove Theorem A or, more generally, to prove Theorem B in
case (1) with p > q, then H has infinite height.

Proof. Consider I' = F(t,21,22,Y1,%2) *q,,0, With the HNN-structure from
Proposition 2.12, the defining relators being those specified by the ry ,-cells of

Figure 5.
We first show that F' = F(¢,y1,y2) has infinite height in T". It is evident
from the defining relators for I' that aleal c F. So, fori =0,1,..., we

define g; = a!, and conclude that g;rlngHl - gi_ngi. Then, for all n > 0, we
have (i, g; ' Fg; = g;;' Fg,, which is a non-trivial subgroup of the free group
F and so is infinite. And Fg; # Fg; for all i # j because, by virtue of the
HNN-structure of I', we find that a¥ € F only when k = 0. So F' has infinite
height in T'.

For the G of Section 2.1 constructed to prove Theorem A when k£ = 1, we
have H = F(t,y1,y2) = F < T < G as a consequence of the HNN structure
discussed in Section 2.4. When k > 1, the same is true because of the graph
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of groups structure of Definition 6.2. Since H has infinite height in T, it has
infinite height in G also.

For the groups G we constructed to prove Theorem B(1) when p > ¢, we have
G = Hxp K, where K is one of the groups we constructed to prove Theorem A.
So FF < H and F < T < K. Moreover, the amalgamated product structure
implies that af € H only when k = 0, so, using the same group elements g; as
before, Hg; # Hg; when ¢ # j. And, for all n > 0,

n n
90 Fgn = (o 'Fgi < (g 'Hyi.

i=1 i=1

As g, 1 Fg, is infinite, we conclude that H has infinite height. O
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