SOME SPECIAL CASES OF THE
EISENBUD-GREEN-HARRIS CONJECTURE

RI-XTIANG CHEN

ABSTRACT. In this paper we prove some special cases of the Eisenbud-
Green-Harris Conjecture, which characterizes the Hilbert functions of
homogeneous ideals containing a regular sequence in the polynomial
ring.

1. INTRODUCTION

Throughout this paper S = k[x1,x2,...,x,] denotes the polynomial ring in
n variables over a field k. Given any homogeneous ideal I in S, Macaulay
[Ma] proved that there exists a lex ideal L with the same Hilbert function.
As a generalization of Macaulay’s Theorem, Clements and Lindstréom [CL)
proved that if I C S is a homogeneous ideal containing x{*,x5?,...,z% for
some integers 2 < a; < as < --- < a, and 1 < r < n, then there exists
a lex ideal L C S such that L + (z',252,...,2%") has the same Hilbert
function as I. Here, L + (x{*,z52,...,2%") is called a lez-plus-powers ideal
in S. Since x7*,z52,..., 2% is a regular sequence, it is natural to ask what
happens if I C S is a homogeneous ideal containing a regular sequence of

forms f1, fo,..., fr of degrees a1, ao,...,a,.

Conjecture 1.1. (Eisenbud-Green-Harris)]EGH]If I C S is a homogeneous
ideal containing a reqular sequence of forms f1, fo,..., fr of degrees ay,as, ...,
ar where 2 < ay <ag < --- < a, and 1 < r < n, then there exists a homoge-

neous ideal in S containing x{*, x5?, ..., x% with the same Hilbert function.

The above conjecture is called the EGH Conjecture. By the Clements-
Lindstréom Theorem, the EGH Conjecture can be stated in the following equiv-
alent form: If I C S is a homogeneous ideal containing a regular sequence
of forms fi, fa,..., fr of degrees ai,as,...,a,, then there exists a lex-plus-
powers ideal L + (x7*,z52,...,2%") in S with the same Hilbert function.

The following are some known cases of the EGH Conjecture.

Theorem 1.2. (Mermin)Me] If I C S is a homogeneous ideal containing a
reqular sequence of monomials my, mo,...,m, of degrees ai,as,...,a., then
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there exists a lex-plus-powers ideal L + (x7*,x32,..., 28
Hilbert function.

) in S with the same

Note that the above theorem is trivial if r = n.

Theorem 1.3. (Cooper)[Col] Let k be an algebraically closed field of charac-
teristic zero. The EGH Conjecture holds if I C S = k[x1,x2,x3] has minimal
generators which are all in the same degree and two of the minimal generators
form a regular sequence in k[z,xs).

Cooper [Co2] also studied the conjecture for some cases with r =n = 3 in
a geometric setting.

In [CM, Propositions 9 and 10], Caviglia and Maclagan proved that if the
EGH conjecture holds for all regular sequences of length n, then it holds for
all regular sequences of length r < n. So the rest of the paper will always
assume r = n.

Definition 1.4. (Caviglia-Maclagan)[CM] Fix integers 2 < a; < as < -+ <
a, and let d be a non-negative integer. We say that FGH(d) holds if for
any homogeneous ideal I C S containing a regular sequence of forms of
degrees aq,as,...,a,, there exists an homogeneous ideal J C S containing
xt x9?, ..., 2% such that dimy Iy = dimy Jy and dimy, Iz = dimy Jg41.
Note that given any non-negative integer d, there is a lex-plus-powers ideal
J =L+ (z{',25%,...,2%) such that dimy Iy = dimy Jy4. And the Clements-
Lindstrom Theorem implies that EGH(d) holds if and only if dimg T4 >
dimy{S1Jq P (21, 252, ..., 2% )gr1}. It follows that the EGH Conjecture
holds if and only if EGH(d) holds for all non-negative integers d. In addi-
tion, we only need to check if EGH(d) holds for d < Y. (a; — 1) because

I; =54 for d > Z?:l(ai — 1)
Lemma 1.5. (Caviglia-Maclagan)[CM] Fiz integers 2 < a1 < ags < --- < ay,
and set N = Y1 (a; —1). Then for any 0 < d < N — 1, EGH(d) holds if
and only if EGH(N — 1 —d) holds.
Theorem 1.6. (Caviglia-Maclagan)[CM] Fiz integers 2 < a1 < ag < -+ <
ap. If a; > Z;;ll (a; — 1) for all 2 < i <n then the EGH Conjecture holds.
An immediate consequence of the above theorem is that the EGH Conjec-
ture holds for n = 2. Indeed, if 2 < a1 < ag then as > a; — 1. The n = 2 case
was also obtained by Richert [Ri].
Francisco [Fr] proved the following almost complete intersection case.

Theorem 1.7. (Francisco)[Fr] Fiz integers 2 < a3 < ag < -+ < a, and let
d be an integer such that d > ay. Let I C S be a homogeneous ideal mini-

mally generated by forms f1,..., fn,g where f1,..., fn is a reqular sequence,
deg fi = a; and degg = d. Let J = (z{',2z32,..., 2%, m), where m is the
greatest monomial in lex order in degree d not in (x{*,x5%,...,2%). Then

dimk Id+1 2 dlmk Jd+1.
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In this paper we will focus on the case a; = as = --- = a,, = 2. The EGH
Conjecture was originally stated in this case [EGH]. Richert [Ri] says that
he verified the EGH Conjecture for a1 = a2 = --- = a, = 2 and n < 5, but
this result was not published. Herzog and Popescu [HP] proved that if k is a
field of characteristic zero and I is minimally generated by generic quadratic
forms, then the EGH Conjecture holds.

In section 2 of this paper, we first prove the EGH Conjecture for a; =
ag = -+ =ay, = 2 and 2 < n < 4 (Theorem 2.2) by proving EGH(1) and
using Lemma 1.5 of Caviglia and Maclagan. Then we show that the EGH
Conjecture holds in two other simple cases.

In section 3 we will prove the almost complete intersection case (Theorem
1.7 of Francisco) for a; = as = -+ = a, = 2 by using two different methods.

2. SOME CASES OF THE EGH CONJECTURE

The following proposition implies that EGH(1) holds for the case a; = -+ =
a, = 2.

Proposition 2.1. Let I = (f1,..., fn,91,---,9m) be an ideal in S, where

fi,---, fn is a regular sequence of 2-forms and g1, ..., gm are linearly indepen-
dent 1-forms over k with 1 < m <n. Set J = (x2,23,...,2%,21,...,2,,) C S.
Then
dimk Ig Z dimk JQ.
Proof. Since Jo = (21, ...,Tm)2 @span{z? ,..., 22}, it follows that
dimyg, Jo = dimg(z1,...,Tm)2 + (n — m).
Without the loss of generality we can assume that g1 = z1,...,9m = Tm

and then I = (z1,...,Zm, f1,-.., fn). Hence,
dimy Iz = dimg (21, ..., Zm )2 + dimg(I/ (21, ..., Tm))2.

Set t = dimg(I/(x1,...,2Zm))2. Then there exists 1 < iy < -+ < iy < n
such that f;,,...,f;, form a basis of the k-vector space (I/(z1,...,Zm))2.
Thus we have I = (z1,...,Zm, fi;,.-., fi,) which implies that ht(I) < m +t.
Since f1, ..., fn is a regular sequence it follows that ht(fy,..., f,) = n. But
(fi,---sfn) CIC(21,...,2y) and ht(zq,...,2,) = n, thus ht(I) = n which
implies n < m+t and then t > n—m. So dimy I, > dimy Jo and the theorem
is proved. g

Theorem 2.2. Ifay =as = -+ =a, =2 and 2 < n < 4 then the EGH
Conjecture holds.

Proof. Let N =" ,(a; — 1). Note that EGH(0) always holds trivially and
EGH(1) holds by Proposition 2.1, so we only need to show that EGH(2),. ..,
EGH(N — 1) hold.



If n=2 then N-1=1 and there is nothing to prove, so that the EGH Con-
jecture is true.

If n=3 then N-1=2. By Lemma 1.5, EGH(2) holds if and only if EGH(0)
holds. So EGH(2) holds and the EGH Conjecture is true.

If n=4 then N-1=3. By Lemma 1.5, EGH(3) holds if and only if EGH(0)
holds; EGH(2) holds if and only if EGH(1)holds. Therefore, EGH(2) and
EGH(3) hold, and the EGH Conjecture is true. O

Note that if we want to show the cases n = 5 and n = 6 then EGH(2)
needs to be proved directly which is not as simple as Proposition 2.1. Richert
[Ri] claimed that he had a proof for n < 5 but not for n = 6 because his proof
is different from mine.

The EGH Conjecture also holds in the following two simple cases where
regular sequences have nice structures.

Proposition 2.3. Let fi1, ..., f, be a reqular sequence of 2-forms in S. Then
the EGH Conjecture holds in the following two cases:
(1) fr=101,....fn =12, where l; = Z;L:laijxj for1 <i<n, a; €k

and det(a;j) # 0.

(2) For1<i<m, f; = Zm652 a; mm, where the sum is over all mono-
mials m in So, a; m € k and a; ;= 0 for m <je, xf Here we assume
Ty > X9 > - > x, and use the lex order.

Proof. (1) Note that the k-algebra map F : S — S defined by F(z;) = I;
for 1 <1 < n is an graded isomorphism. So the Hilbert function is preserved
under F~!. It follows that the EGH Conjecture holds.

(2) First we claim that a, ,> # 0 for all 1 <4 < n. Indeed, if not, then let
7 be the smallest integer such that @jo? = 0. If j = 1 then f; = 0 which is

a contradiction. Hence j7 > 1. Since a;,,, = 0 for m <je, 22, it follows that

79
(fl; ey fj) Q (iCl, . ,.’Ejfl), so that

(fl?" vfn) g (xlv~"7xj717fj+1a~"7fn)~
Since fi,..., fn is a regular sequence, we have that ht(f1,..., f,) = n which
implies ht(z1,..., 251, fj41,-.-, fn) = n, but (z1,...,25-1, fj+1,.-., fn) is
generated by n — 1 elements and its height can not be n. So we get a contra-
diction and the claim is proved.

Now we consider the initial ideal in< ,__(f1,..., fn) with respect to the re-
verse lex order such that x,, > --- > x;. With this monomial order, by the
above claim it is easy to see that in< ,  f; = 22. Thus, in< .. (fi,..., fn) =
(2,...,22). Given any homogeneous ideal I containing fi,..., f,, since
inc . (I) contains in. . (f1,...,fn) = (2%,...,22) and in. ,_ (I) has the
same Hilbert function as I, it follows that I has the same Hilbert function as
a monomial ideal containing 22, ...,22. So the EGH Conjecture holds.

O



Remark 2.4. The above proposition is actually an easy consequence of the
fact that the Hilbert function is preserved under GL(n,k) actions on the
variables or by taking initial ideas. In part (2) of the above proposition, if we
replace “lex” by “reverse lex”, or replace “m <je. xf” by “m >iex x%’ﬂ then
the result still holds.

In general, fi,..., f, do not satisfy the assumptions in the above proposi-
tion.

By part (2) of the above proposition, the EGH Conjecture in the case of
a1 = --- = a, = 2 can be stated in the following equivalent form: If I C S is
a homogeneous ideal containing a regular sequence of n 2-forms, then there
exists a homogeneous ideal in S containing f1,..., f, with the same Hilbert
function, where f1,..., f, are some 2-forms satisfying part (2) of the above
proposition.

3. ALMOST COMPLETE INTERSECTIONS

This section proves Theorem 1.7 for the case a; = -+ = a, = 2. The key
ingredient of any proof of the EGH Conjecture should be about the use of the
assumption that f1, fa,..., fn is a regular sequence in S. In [Fr], Francisco
made use of the fact that if fi, fo,..., fn is a regular sequence in S then the
minimal free resolution of S/(f1,..., fn) over S is given by the Koszul com-
plex. In this section we will use the regular sequence assumption in different
ways. Before proving Theorem 3.4, we look at some lemmas about regular
sequences. The following lemma is a special case of Proposition 7 in [CM],
which was originally proved in [DGO].

Lemma 3.1. (Davis-Geramita-Orecchia)[DGO] Let f1,...,fn be a regular
sequence of 2-forms in S. Let I be a homogeneous ideal containing f1, ..., fn.
Then for all 0 < d < n, we have

dlmk(S/(fl, ceey fn))d = dlmk(S/I)d + dlmk(S/((fl, ey fn) : I))n_d,

or equivalently,
dimg(I/(f1,-.., fn))a = dimg(S/((f1,---, fn) : I))n—d-

Lemma 3.2. Let I be an ideal in S minimally generated by some 2-forms. If
the height of I isr > 1, that is, ht(I) = r, then I contains a regular sequence

fiy-os fr of 2-forms.

Proof. Let s be the maximal integer such that I contains a regular sequence
fi,..., fs of 2-forms. Then it is easy to see that s > 1 and we have

s=ht(f1,...,fs) <ht(I)=r

Hence, it suffices to show that s = r.
To prove by contradiction, we assume s < r. Let fi,..., fs be a regular
sequence of 2-forms contained in I, then ht(f1,...,fs) =s <r. Let Py,..., P,
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be the prime divisors of the ideal (fi,..., fs). Since S is Cohen-Macaulay, we
have ht(P;)) = sfor 1 <:¢ <[. If I C P, U---U P, then there exists i such
that I C P;, which implies ht(/) < ht(P;) = s < r; but ht(I) = r, thus [ is
not contained in P; U---U P,. Since [ is generated by 2-forms, it follows that
there exists a 2-form fs11 in I such that fo11 ¢ Py U---U P. Thus, fe4q is

a non-zero-divisor of S/(f1,..., fs). Therefore, I contains a regular sequence
fi,-- -y fs, fsx1 of 2-forms, which contradicts the definition of s. So s = r and
the lemma is proved. O

Lemma 3.3. If fi1,..., fn is a reqular sequence of 2-forms in S and g1 f1 +
ngQ + o+ gnfn =0 fOT some q'fOTmS 91,92, -, 9n; then 91,92,---,9n €
(f1s---, fn)q- More precisely, we have ¢ > 2 and there exists a skew-symmetric
n X n matriz A of (q — 2)-forms such that

(g1 g2 o gn)=(f1 fo ... fa)A

Proof. Let K(fi1,...,fn) be the Koszul complex with ej,...,e, the basis
in homological degree 1. Since fi,...,f, is a regular sequence, we have
Hy(K(f1,---,fn)) = 0. Thus, if g1f1 + - + gnfn = 0 then there exists
(¢ — 2)-forms h;; for 1 <i < j < n such that

giev - gnen = Y hig(fiei — fie).

1<i<j<n

Comparing the coefficients of eq, ..., e,, we get
(g1 92 o g)=(11 fo .. fa)A,

where A is a skew-symmetric matrix with the (i, j )th entry given by —h;; for
1< J. O

Theorem 3.4. Let I C S be a homogeneous ideal minimally generated by
a regular sequence of 2-forms f1,...,fn and a d-form g with d > 2. Let

2

J = (22,23,...,2%2,m), where m is the greatest monomial in lex order in
2

degree d nmot in (x3,23,...,22). Then dimy, I51; > dimy Jgy1.

) n

We will prove this theorem by two different methods. The first method
uses Lemma 3.1 and Lemma 3.2.

Proof. Note that (f1,..., fn)nt1 = (x2,...,22)pns1 = Spi1, hence d < n.
Since the d = n case is also trivial, we will assume that 2 < d < n—1. It is easy
to see that m = 1 - - 24 and then dimy, Jy11 = dimg (2%, ..., 22)q11 +n — d.
On the other hand,

dimg Ig1 = dimg(f1, ..., fo)at1 +n—dimg ((f1, ..., fo)atr N Sispan{g}) .

Let r = dimg ((f1,- .., fu)a+1 N Sispan{g}) < n. Since dimy(2%,...,22)a11
= dimg(f1,..., fn)a+1 we need only to show r < d.
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To prove by contradiction, we assume that > d. Then without the loss of
generality, we can assume that z1g,...,2,.9 € (f1,..., fn)d+1. Then we have
1y, %r € ((f1,---, fn) : I). Note that

S ~ ket w0

(x17"'azT7f17"'afn) (flw--a.fn) '

where fi, ..., f, are the images of fi, ..., [n in the quotient ring S/ (1, ..., ;)

= k[zrq1,. .., %5). Since k[z,y1,...,2,]/(f1, ..., fn) has dimension zero, we
have ht(f1,..., fn) = n—r. Hence, by Lemma 3.2, (f1, ..., f,) contains a reg-
ular sequence g, ..., gn—, of 2-forms in the polynomial ring k[z,41,...,z,].

Thus, for all ¢ > 0,

dimk(k[xr+la e ,.’L‘n]/(fl, e ?f’ﬂ))l S (n _ T)-
Therefore, by Lemma 3.1, we have
1= dlmk(‘[/(flv s 7fn))d
= dlmk(S/(<f17 tey fn) : ])>nfd
S dlmk(S/(J}l, ey Ly, fl, ceay fn))n—d
= dimg (k[zra1s - Tl /(Fis- s fr))n—d
< (n—r)
“\n—d
=0, since r > d.

So we get a contradiction and r < d. a
The following proof of Theorem 3.4 uses Lemma 3.3.

Proof. As in the previous proof, we can assume 2 < d <n — 1.

First we consider the case d = 2 and n > 3. Now J = (2%, 23,..., 22, 2122)

sy Lbns
and dimy J3 = dimg(22,...,22)3 +n — 2. On the other hand,

dimy Is = dimg(f1, ..., fn)s + 7 — dimg ((f1, ..., fn)s N Sispan{g}).

Since dimg (2%, ...,22)3 = dimg(f1, ..., fn)s we need only to show that

dimg ((f1, .-, fn)s N Sispan{g}) < 2.

We prove by contradiction, so assume dimg((f1,..., fn)s N Sispan{g}) > 3.
Then without the loss of generality we can assume that

$1g:f'ﬁlv
T2g = [ P2,
x3g:f'ﬁ37
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where f is the row vector (f1, f2,..., fn) and py, o, P3 are some column vec-
tors of 1-forms. Hence we have

—

g(x1 22 x3)=f-(Pr P> Ps).

Since
i) T3 0
(.’El To 1’3) —X1 0 I3 = 0,
0 —I1 —X2
it follows that
i) I3 0
[ P2 Ps)|—x1 0 s
0 —X1 —XT2

=f (z2P1 — x1P2 3P — T1P3  T3Pa — 2P3) = 0.

By Lemma 3.3 there are skew-symmetric n x n matices Ajo, A13, Aoz of scalars
such that

(z2p1 — x1Pa T3P — T1P3  T3Pa — TaPs) = (Ame ApfT A23JFT) .

Since
T2 T3 0 T3
—x1 0 T3 —X9 0,
0 —T1 —XT2 T
it follows that
3
<A12fT Af T Assf T) —z2 | =0,
Z1

so that (.’EgAlz—sz13+l'1A23)fT = 0. Since ZL’3A12—£L’2A13+.’E1A23 is an n x
n matrix of 1-forms, it follows from Lemma 3.3 that 3415 —x2A13+21A423 =0
and then Ao = A13 = Asz = 0. Thus, xop7 — 21> = 0 which implies that
pi can be divided by @1. So g = f - (p1/21) and then g € (f1, ..., fn)2 which
contradicts the assumption that I is minimally generated by fi,..., fn,g. So
we have proved the case d = 2.

Then we consider the case d = 3 and n > 4. Now J = (22,..., 22, x12273)
and dimy, J4 = dimy(22,...,22)4 + n — 3. On the other hand,

dimk I4 = dimk(fl, ceey fn)4 +n — dimk((fl, ey .fn)4 n Slspan{g}).

Since dimg (2%,...,22)s = dimg(f1, ..., fn)s we need only to show that

dimg ((f1,.- -, fn)a N Sispan{g}) < 3.
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We prove by contradiction, so assume dimg((f1,. .., fn)a N Sispan{g}) > 4.
Then without the loss of generality we can assume that

$19=JF']317
w29 = f - o,
w39 = f - P,
$4g:f'ﬁ4,

where p1, pa, D3, P4 are some column vectors of 2-forms. Hence we have

gl w2 as wa)=f (B Do Dz Pi).

Since
T2 z3 T4 0 0 0
—x1 0 0 T3 Ty 0 .
(1‘1 T2 3 {E4) 0 —T1 0 —T2 0 Ty o 0’
0 0 —T7 0 —T2 —X3
it follows that
T2 T3 Tq 0 0 0
2 L o I —x1 0 0 T3 Ty 0
f (Pl b2 P3 p4) 0 — 0 — 2y 0 4
0 0 —I1 0 —To2 —I3
=f- (z2p1 —@1P2 -+ @aP3 — x3ps) = 0.
By Lemma 3.3 there are skew-symmetric n x n matices Ajs, A13, ..., Asq of
1-forms such that
(zop) — x1P2 -+ TaP3 — x3Ps) = (A12fT A34fT> :
Since
T3 Ty 0 0
i) I3 Xq 0 0 0 —X9 0 XTq 0
—X 0 0 I3 T4 0 0 —X9 —I3 0 -0
0 —x1 0 —X9 0 T4 T 0 0 ry |7
0 0 —X1 0 —T2 —X3 0 I 0 —X3
0 0 I I2
it follows that
T3 Ty 0 0
—X9 0 XTq 0
> - 0 —x9 —x3 0
T T _
(Af ™ o anfT) | L 0 L o
0 T 0 —x3
0 0 X1 X9
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that is,
(($3A12 —29A13 + $1A23)JFT oo (14A23 —x3A024 + $2A34)fT) =0.
By Lemma 3.3 there are skew-symmetric n X n matices B123,1,...,B123.n, - - -,

Basy p, of scalars such that

fBi231
r3A12 — v A1z + w1 A2z = : )
fBi2sn
fBi2a1
2412 — oAy + 21 Aoy = : )
fBi2an
fB13a1
24A13 — 23414 + 1 A34 = : )
fBl3>4,n
fBa341
x4 A23 — w3A24 + w2 A34 = :
fBa3an
Since
T3 Ty 0 0
—x9 0 Ty 0 Ty
0 —T2 —X3 0 —X3 -0
I 0 0 T4 T2 o
0 1 0 —Z3 —I1
0 0 X1 To

it follows that for any 1 <1 <mn,

—

f($4B123,i - £U3Blz4,i + $23134,i - $13234,i) =0.

Since x4B123,; — T3B124,s + T2B134,s — 1 B234,; is an n X n matrix of 1-forms,
it follows from Lemma 3.3 that

24B123; — w3B124,; + 281345 — v1DBa34; = 0,

and then B12371 == B234,n =0. Thus, $3A12 - I2A13 + I’lAQg = 0 which
implies that x3A413 — x1Aa3 can be divided by x3. Let A}5 and Abs be the
skew-symmetric matrices of 1-forms obtained from A;3 and Asz by keeping



11

only the terms containing x3, then we have

1
App = *(1321413 - $1A23)

T3
1 , ,
= ;3(‘%21413 - 1’1A23)
A Al
(1) = T2 13 —.”L'lﬁ.
x3 X3
Thus,
— N - A Al .
zopt — w1Ps = A f T = (322 — 1y 2 f T
z3 XT3
and then,
! I
(o — ZBFTY = go(py — 2B F T,
T3 T3

so that pp — ‘i—f’fT can be divided by z;. Note that ’i—f is an n X n skew-

symmetric matrix of scalars, which implies that f ‘%‘”’ f T = 0. So we have
2oL AL P - L AL r .
wig=f-(Pr—F2f ") and theng = f-=(51 — 52 f 7)€ (f1,-.., fn)s which

3 Xy T3
contradicts the assumption that [ is minimally generated by fi,..., fn,g. So
we have proved the case d = 3.
Proceeding in the same way we can prove the theorem for all 2 < d <n-—1

and we are done. O

The second proof actually uses the minimal free resolution (Koszul com-
plex) of S/(x1,xa,...,x;). This is because we add only one polynomial g in
degree d. If we add two or more polynomials in degree d, things get very
complicated and the second proof does not work any more. The first proof
also depends heavily on adding just one polynomial g. If we add two or more
polynomials in degree d, then ((f1,..., fn) : I) will not always contain many
variables as in our first proof.

After proving theorem 3.4, it is natural to consider the following problem,
which is a special case of the EGH Conjecture.

Problem 3.5. Let f1,..., f. be a reqular sequence of 2-forms in S with n > 3.
Let g,h € S be 2-forms such that dimg(f1,..., fn,g,h)2 = n+ 2. Is it true
that dimg(f1,.. ., fn,g,h)s > dimg(23,. .., 22, 2129, 2173)3 = n? + 2n — 57

From section 2, we know that it is true if 3 <n < 4, or if f1,..., f, satisfy
the assumption of Proposition 2.3. From [HP], we know that it is true if g
and h are generic 2-forms and Char(k) = 0.

By theorem 3.4 we see that dimg((f1,..., fn)s N Sispan{g}) can only be
0, 1 or 2. In the next proposition we study the case dimg((f1,...,fn)s N
Syspan{g}) = 2 by using a combination of techniques used in the two proofs
of Theorem 3.4.
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Proposition 3.6. Let f1,..., fn be a reqular sequence of 2-forms in S with
n > 3. Let g,h be 2-forms such that dimg(f1,..., fn,g,h)2 = n+ 2. If
dimg ((f1,-.., fn)s N Sispan{g}) = 2, then

dimy(f1,-- ., fn,g,h)s > n? +2n — 5.

Proof. Since dimg((f1,. .., fn)s N Sispan{g}) = 2, there exists linearly inde-
pendent 1-forms [; and I such that

llg = f : _’17
l 9= f ! H27
where f is the row vector ( fis fa, e fn) and p1, P2 are some column vectors
of 1-forms.
To prove by contradiction, we assume that dimg(fi,..., fn,g9,h)3 < n? +

2n — 5. Since

dimg (f1,--y fn, 9,13
=dimg(f1,---, fn,9)s + n—dimg((f1,. .., fn,9)3 N Sispan{h})
= (dimg(f1,..., fu)s +n—2) +n—dimg((f1,..., fn,g)s N Sispan{h})
=n?+2n — 2 —dimg((f1,..., fn,g)3 N Sispan{h}),
it follows that dimg((f1,..., fn,9)s N Sispan{h}) > 4. Without the loss of
generality, we can assume that
w1h =1l3g+ - s,
woh = lig + [ - i,
wsh =lsg+ [ ps,
wah = lsg + f - P,

where [3,14,15,ls are some 1-forms and p3, Py, Ps, Pg are some column vectors
of 1-forms. Multiplying the above 4 equations by [, because l1g = f - p1, we
get that

:Cl(llh)7.%‘2(11h)7$3(11h)7$4(11h) S (fl, ey fn)4

By the second proof of Theorem 3.4, we conclude that I1h € (f1,..., fn)s-
Similarly, we have lsh € (f1,..., fn)3. Thus,

liylo € (Ffryeeosfn) s (f1so ooy fny g, B)).
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Without the loss of generality we can assume that Iy = x; and Iy = zo.
Therefore, similar to the first proof of Theorem 3.4, we have

2 =dimg((f1,-- s fr 9, 1)/ (f1, 5 fn))2
= dimg (S/((f1,-- - fu) : (frso oy fnr 9, 0)))n—2
< dimg (S/(x1, 22, fi,- -5 fn))n—2
= dimg (k[z3, ..., 2n] /(1,5 )2

n—2
<
(2 23)
:17

which is a contradiction. So dimg(fi,..., fn, g, h)z > n?+2n — 5 and we are
done. g

Remark 3.7. The key point of the above proof is that there exist two 1-forms
Iy and ls such that Iy,l € ((f1,---,fn) : (f1,---, fn,9,h)), which is not the
case if

dimg((f1, ..., fn)sNSispan{g}) # 2 and dimy((f1, ..., fa)sNSispan{h}) # 2.
It would be interesting to study the other two cases of Problem 3.5.

We end this section by looking at two criteria and one example about
regular sequences. Here we do not assume that fi, fo,..., fn are of degrees
2. One simple criterion for fi, fo, ..., fn being a regular sequence in S is the
following:

f1s fay- -, fn is a regular sequence <= Rad(f1,..., fn) = (T1,...,24).

The other criterion follows easily from [Mt, Corollary on Page 161], which
says: f1,..., fn is aregular sequence in S if and only if the following condition
holds:

if g1f1+--+gnfn =0 for some ¢g1,...,9, €S, then g1,...,9, € (f1,---, [n)-

In general, given homogeneous polynomials f,..., f, of degrees 2 in S, it
is hard to check by hand whether f1,..., f, form a regular sequence, although
generically fi,..., f, form a regular sequence. The following example gives a
characterization of a special class of regular sequences.

Example 3.8. Let fi = x1l1,..., fn = z,l, be a sequence of homogeneous
polynomials in S, where I; = Y7, a;;x; with a;; € kand i = 1,...,n. Let
A be the n X n matrix (aij). Forany 1 <r<nand1 <4 <--- <. <n,
let Aléy,...,4,] be the submatrix of A formed by rows 41,...,4, and columns
i1,...,%-. By looking at the primary decomposition of the ideal (f1,..., fn),
we see that fi,..., f,, is a regular sequence if and only if det(A[i1,...,4,]) # 0
foralll <r<mand1l<i <---<i. <n. It would be interesting to know

if the EGH Conjecture holds in this special case.
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[CL]
[Col]
[Co2]
[CM]
[DGO]
[EGH]
(Fr]
[HP]
[Ma]

[Mt]

[Me]

[Ri]
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