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Abstract
Effective modeltheorystudiesmodeltheoreticnotionswith aneye towards

issuesof computabilityandeffectiveness.We considertwo possiblestarting
points.If thebasicobjectsaretakento betheories,thentheappropriateeffective
versioninvestigatesdecidabletheories(thesetof theoremsis computable)and
decidablestructures(oneswith decidabletheories). If the objectsof initial
interestaretypical mathematicalstructures,thenthestartingpoint is computable
structures.We presentanintroductionto bothof theseaspectsof effectivemodel
theoryorganizedroughlyaroundthethemesof thenumberandtypesof models
of theorieswith particularattentionto categoricity (aseithera hypothesisor a
conclusion)andtheanalysisof variouscomputabilityissuesin familiesof models.

1. BasicNotions

The lectureson which this paperis basedwereintendedto be a brief intro-
ductionto effective modeltheorycenteredaroundonesetof issues:the number
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of modelsof specifiedtypeand,in particular, thenotionof categoricity. For more
generalintroductionswe refer the readerto TheHandbookof RecursiveAlgebra
(Ershov et al. [1998]), especiallythe articlesby Harizanov [1998] andErshov
andGoncharov [1998]. This Handbookalsocontainsotherusefulsurvey papers
on aspectsof effective modeltheoryandalgebraandan extensive bibliography.
Theonemostcloselyrelatedto thethemeof this paperis Goncharov [1998]. An-
otherinterestingsurvey isMillar [1999]in TheHandbookofComputabilityTheory
(Griffor [1999]). Two booksin progresson thesubjectareAshandKnight [1999]
andHarizanov [2000]. Theseareall goodsourcesfor materialandreferences.An
extensiveandveryusefulbibliographypreparedby I. Kalantari[1998]canalsobe
foundin Ershov etal. [1998].

One might well begin with the questionof what effective model theory is
about.Of course,it is aboutinvestigatingthesubjectsof modeltheorywith aneye
to questionsof effectiveness.Whatthenis modeltheoryaboutandwhatdoesone
meanby effectiveness?As for modeltheorywe simply quotefrom two standard
texts (to which we alsorefer the readerfor the terminology, notationandresults
of classicalmodel theory). ChangandKeisler [1990] say“Model theory is the
branchof mathematicallogic which dealswith theconnectionbetweena formal
languageandits interpretations,or models.” Hodges[1993] says“Model theory
is the study of the constructionand classificationof structureswithin specified
classesof structures.” We cantakethesetwo definitionsasexpressingtwo views
of thepropersubjectof modeltheory. Thefirst startswith formal languagesand
sowe maysaywith theories.(We takea theory

�
to besimply a setof sentences

in some(first-order)language� , calledthe languageof
�

. Wesaythata theory
�

is completeif
�����

or
���
	��

for everysentence
�

of � .) Thesecondstartswith
mathematicalstructures.Onemight think of theseviews as,respectively, logical
andalgebraic.They leadto a basicdichotomyin theapproachto effective model
theory. Shouldwe“effectivize” theoriesor structures.Of course,theansweris that
weshouldinvestigatebothapproachesandtheir interconnections.As for whatone
meansby “effectiveness,” therearemany notionsrangingfrom onesin computer
scienceto onesof descriptive set theorythat have someclaim to beingversions
of effectiveness.Most, if not all, of themcanbe reasonablycalledin to analyze
differentmodeltheoreticquestions.In this paper, we limit ourselvesto whatwe
view astheprimarynotionof effectiveness:Turingcomputability(or, equivalently,
recursiveness).Thuswe areleadto formal definitionsof thetwo basicnotionsof
oursubject,effective theoriesandstructures.

Definition 1.1 A theory
�

is decidableif the theoremsof
�

form a computable
set. A structure� (for a language� ) with underlyingset (or domain)  is de-
cidable if

����� ��� ��� � � � , the complete(or elementary) diagram of � , i.e. the set
of all sentences(with constantsymbolsfor eachelementof  ) truein � , is com-
putable. � is computableif � � ��� ��� � � � , the (atomic) diagramof � , i.e. theset
of all atomicsentencesor their negations(againwith constantsymbolsfor each
elementof  ) truein � , is computable.



EffectiveModelTheory:TheNumberof ModelsandTheirComplexity 3

For thosewhosebasicobjectof interest,or at leaststartingpoint, consists
of theories,the decidabletheoriesare the naturaleffective objectsof study. In
line with standardmodeltheoreticusagea structurewhosecompletetheoryhas
someproperty � is oftensaidto alsohave property � andsowe have decidable
structures.This is the “logical” point of view. On theotherhand,the algebraist
or generalmathematicianusuallystartswith structures.Fromthis point of view,
theeffective objectsarethecomputablestructures.After all, whenonethinksof
whata computablegroupshouldbeonethinksthatit shouldbea groupstructure
for which the group operationis computableand similarly for all other typical
algebraicstructures.Onedoescertainlynot assumethateven theword problem,
let alonethecompletediagram,is computable.

Notethatwe aredeliberatelyavoiding all issuesof codingor Gödelnumber-
ing. Therearetwo commonapproachesto this issue.TheEastern,andespecially
theRussian,schoolfavorsnumerations.Onestartswith aclassicalstructure� and
providesa numeration (or enumeration), thatis amap � from thenaturalnumbers�

ontotheunderlyingset � of thestructure� . Thenumerated (or enumerated)
structure ��! �#" is calledconstructiveif the(appropriatelycoded)atomicdiagram
of � , with constantsymbols$ for $&% � interpretedas �(' $ ) , is computable(recur-
sive).  ��! �#" is stronglyconstructiveif thecompletediagramof � with constant
symbols$ for $*% � interpretedas �(' $ ) is computable.Thesenotionsessentially
correspondto whatwecall computableanddecidablestructures,respectively.

An establishedWesternapproachis to saythatall elementsarenaturalnum-
bers,all setsaresubsetsof

�
andall functionsarefunctionsfrom

�
to
�

. In this
view, languagesareGödelnumbered,structuresconsistof asetof numbersandre-
lationsandfunctionsonthatset.Theformaldefinitionsof computableor recursive
for subsetsof, andfunctionson,

�
arethensimplyapplieddirectly to theoriesand

structures.We adoptwhatmight beviewedasa lessformal versionof thesecond
approachalongthelinesfollowedin Shoenfield[1971]andnow, we think, preva-
lent in thinking (if not alwaysin writing) aboutcomputability. Giventhatwe are
not consideringissuesraisedby the theoryof enumerations,we seeno reasonto
explicitly codeobjectsasnumbers.After all, we now “know” whateffective and
computablemeannot only for numbersbut for all kinds of datastructuresfrom
stringsto arrayson arbitraryfinite alphabets.Thuswe talk abouta computable
languagewithout the formalitiesof Gödelnumberingand so aboutcomputable
theories,types,etc. Similarly, we have computablestructures,lists of namesfor
their elements,diagramsand theories. Thesemay or may not “be” setsof, or
functionson,

�
. Any readerwho prefersexplicit Gödelnumberingis certainly

ableto maketheappropriatetranslations.(Wemayat times,however, resortto in-
dicesto clarify certainuniformity issues.)For thoseinterestedin theissuesrelated
specificallyto numerationswereferthereaderto Ershov [1977].

Of course,the notionsof effectivenessassociatedwith Turing computability
only makesensein thecountablesetting.



4 BakhadyrKhoussainov andRichardA. Shore

+ All languages,sets,structuresandthelike areassumedto becountableunless
explicitly statedotherwise.

Even so, not all setsor structuresarecomputable.Classically, onetypically
identifiesisomorphicstructures.Of course,this eliminatesall issuesof effective-
nessandso is often not appropriatehere. We will have to distinguishbetween
classicallyisomorphicmodels.Thefollowing definitionsof presentationsandpre-
sentabilityhelpusmakethesedistinctions.

Definition 1.2 A structure, is computably(decidably)presentableif , is iso-
morphicto a computable(decidable)structure- whichwe call acomputable(de-
cidable)presentationof , .

Beforelaunchinginto theoremsandanalyses,we presenta few examplesof
decidableor computabletheoriesandstructures.Thesetheoriesandstructureswill
serve asexamplesfor many of thenotionsandresultswe considerbelow. Proofs
for many of the factswe cite aboutthesestructurescanbe found in Changand
Keisler[1990,3.4].

Example1.3 Our languagehereis thatof (linear)orderswith onebinarypredi-
cate. . Weconsidertwo theories/10 243 , denselinearorderingswith nofirstor last
elementand /65 243 , discretelinearorderingswith first but no lastelement./10 243
is axiomatizable,7#8 -categorical (i.e. all countablemodelsareisomorphic)andso
completeanddecidable. /65 243 is axiomatizableandcompleteandso decidable
but not 7#8 -categorical. Thestandardstructuresassociatedwith thesetheoriesare9

and : , respectively, with theirnaturalorderings.Botharedecidable.As /10 243
is 7#8 -categoricaleverymodel(rememberweareconsideringonly countablestruc-
tures)is isomorphicto

9
andsodecidablypresentable./10 243 haseffectivequan-

tifier eliminationandso every computablemodel is actuallydecidable. On the
otherhand,noteverymodelof /65 243 is evencomputablypresentablenor is every
computablemodeldecidableaswe shall seebelow (for example,in Proposition
6.1). (To seethatnot every modelof /65 243 is computablypresentable,notethat
at the costof a coupleof jumpswe canform the quotientof a given /65 243 by
theequivalencerelationof beingfinitely far apart.Thisprocedurecanproducean
arbitraryorderingwith first element.If thequotientorderingis notarithmetic,the
originalmodelcan't becomputablypresented.)

Example1.4 The next theorywe mentionis ;=<?>�8 , algebraicallyclosedfields
of characteristic@ . Thelanguageis thatof field theorywith @BA CDA E and F . ;=<?>�8
is axiomatizable,7�G -categorical, i.e. all modelsof cardinality 7�G areisomorphic,
andso completeanddecidable. ;=<?>�8 alsohaseffective quantifierelimination
andsoheretooeverycomputablemodelis actuallydecidable.Eventhough;=<?>�8
is not 7#8 -categorical,every modelis decidablypresentableandbelow we prove a
generaltheoremestablishingthis fact (Theorem5.2).
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Example1.5 Finally, we briefly discussH*I , PeanoArithmeticor if oneprefers
any suitablefinitely axiomatizedsubtheorysuchas Robinson's J [1950]. The
languagehas KBL MDL N and O with theusualaxioms.Of courseH*I is axiomatizable
but, by Gödel's incompletenesstheorem,it is neithercompletenor decidable.It
is not P#Q -categorical (thecompactnesstheoremprovidesnonstandardmodelsnot
isomorphicto R ). No modelis decidable(againby the incompletenesstheorem)
andonly thestandardmodel R is computablypresentable.

Proposition1.6 (Tennenbaum[1959]) No nonstandard modelof H*I or evenof
Robinson's J is computablypresentable.

Proof sketch.Weassumethatonehasdevelopedthetheory S in questionenough
to,sayproveuniquefactorizationintoprimesandthatthestandarduniversalpartial
computablefunction is representablein that thereis a formula T6U VDL W�L XYL Z [ such
that, for each VDL W�L XYL Z in R , \(] ^ _ U W([?`aZ if andonly if Sab�T6U VDL W�L XYL Z [ . (We do
notbotherto differentiatebetweenanumberandthenumeralrepresentingit.) One
now shows that S provesthesimplefact that
( c ) deXDf�gDdeVDU h T?U VDL VDL XYL KY[�ikj ] l g*m*j�n ] o#peq gYr(m1h s4T6U VDL VDL XYL KY[eitj ]�q g*m*j�n ] o#pDl gYr [
wherej ] l g is a formulasayingthatthe V u v primedivides g .

Now let w beany nonstandardmodelof S , X any nonstandardelementof w
and g theelementof w guaranteedby ( c ). Wedefinethefunction x on R by xeU V [�`
M if w l `yj ] l g and xeU V [&`zK if w l `yj�n ] o#p l g . Clearly xeU V [ is computablefrom the
atomicdiagramof w by searchingfor an element{ suchthat w l `|j ] O}{}`~g
or w l `tj�n ] o#p Oy{z`�g . (One must exist by ( c ).) However, x is clearly not
computable.Indeed,x is diagonallynoncomputable: d�VDU xeU V [=�`|\(] U V [ [ . Thus w
is notcomputablypresentable.�

2. The Effective CompletenessTheorem

A commonthemein modeltheoryis theinvestigationof questionsaboutwhen
given theorieshave modelswith specifiedproperties.Typical examplesinclude
characterizingwhentheorieshave atomic,prime,universal,homogeneousor sat-
uratedmodels. Other questionsinvolve modelsof variousranksor dimension,
with or without indiscerniblesor evenmoreambitiouslyattemptsto characterize
all themodelsof a giventheory. In effectivemodeltheoryonenaturallywantsto
know whentheorieshave decidableor computablemodelsof eachtype or even
to attemptto characterizethedecidableor computablemodelsof a given theory.
We will investigatea few examplesof suchquestions.We begin with theissueof
whenatheoryhasamodelat all – Gödel's completenesstheorem.

Theorem 2.1(CompletenessTheorem) If a theory S is consistentit hasa model.

We presentoneeffective analogof the completenesstheoremfor decidable
theorieswith a proof modeledon Henkin's proof of the classicalcompleteness
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theorem.Thismethodof constructionis simplebut basicfor many resultsin both
classicalandeffectivemodeltheoryandwewill seeseveralvariantslatteron.

Theorem 2.2(EffectiveCompletenessTheorem) If a theory � is consistentand
decidablethenit hasa decidablemodel.

Proof. We assumethattheclassicalHenkinconstructionis known andsoprovide
only a sketchso that we cancheckits effective content.Let ��� be the language
� of � extendedby infinitely many new constants� � andlet �(� bea (computable)
list of thesentencesof ��� . Weconstructanincreasingsequenceof finite sets�*� of
sentencesof ��� (with �4�*�4�y� � ) consistentwith � with union � asin theHenkin
proof of the completenesstheorem. We needto satisfy the requirements��� for
each�=�}� :

� ����� ���e�}� or �����&��� andif �(� is of theform ���#�Y� �(� andin � then ��� � � �4�}�
for some� .

Construction: At stage� askif ��� is consistentwith �����*� . If so put �(� into
�*�  #¡ and,if �(� is ���#�B� �(� , alsoput �B� � � � into �*�  #¡ for someasyet unmentioned
� � . If �(� is notconsistentwith ���¢�*� put ����� into �*�  #¡ .
Verifications: Obviously, � is completeandthestandardargumentshows that it
is consistent.As usualtheelementsof thedesiredmodel £ aretheequivalence
classesof the � � undertheequivalencerelation ¤ givenby � ��¤z� ¥ if f � � ����� ¥ �4�}�
and the relationsandfunctionson £ aredeterminedin the naturalway by the
formulasin � .

The only issuefor us now is the effectivenessof the construction.First we
note that onecanverify that if � is decidablethen � is computable.The only
questionwe mustanswerat stage� is if �(� is inconsistentwith �����*� . This is
equivalentto whetheror not � ��¦ ����� (with new freevariables§ � substitutedin
for theconstants� � appearingin �*� or ��� ) is a theoremof � . As � is decidable
theanswerto thesequestionsis a computablefunctionof � . Thustheequivalence
relation � �*¤~� ¥ is computable.(Justlook at �*�  #¡ where � �*�¨� ¥ is ��� .) So the
equivalenceclassesform a computableset(the domainof £ ) andthe relations
andfunctionson £ aredeterminedby � . Indeed,asusual,asentence� is truein
£ if andonly if �¢�}� andso £ is decidableasrequired.©

Onethemein effective modeltheorythatwe will not pursueinvestigatesthe
questionof how hard it is (say in termsof Turing degreeor levels of the (hy-
per)arithmetichierarchy)to constructmodelsof a giventypewhenit is notpossi-
ble to producedecidableor evencomputableones.We considerthecompleteness
theoremasouronly example.In theconstructionabove theonly noneffectivestep
wasdecidingif ��� is consistentwith �¢���*� . As onecanalwaysanswerthisques-
tion computablyin ��ª (the Turing jump of � ), every consistenttheory � hasa
modelcomputable,indeeddecidable,in ��ª .
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Corollary 2.3 If « is consistentthenthere is a model ¬ of « such that theele-
mentarytheoryof ¬ , «��® ¬°¯ ±
² ³4´ µ , is computablein «�¶ (andso ·6¸¹ in « ). In-
deedbythelow basistheorem,there is alwaysonewith «�¶#º�»
® «��® ¬°¯ ±
² ³4´ µ6² ¶ .
Proof. Thefirst assertionfollows immediatelyfrom theconstructionanddiscus-
sionabove. For thesecond,insteadof asingle ¼ webuild abinarytree(of choices
of ½�¾ (andHenkin axiomsasappropriate)or ¿�½�¾ ). We terminateany path that
becomesinconsistentwhenwe find a proof of inconsistency from « . This pro-
ducesaninfinite binarytreecomputablein « (theparticular ¼ constructedabove
is aninfinite paththroughthis tree). The low basistheorem(JockuschandSoare
[1972]) saysthat thereis an infinite path À throughthe treewith À ¶ º�»�« ¶ . As
above we canconstructthedesiredmodel(andits completediagram)computably
in À asrequired.Á
Â For thesakeof conveniencewe assumefrom now on thatall theoriesarecon-

sistent.

We cannow say(in somesense)whenatheory « hasadecidablemodel.

Corollary 2.4 A completetheory « has a decidablemodel if and only if it is
decidable. An arbitrary theory « hasa decidablemodelif and only if it hasa
decidablecompleteextension.

Proof. If ¬ is a modelof « and « is completethenthesetof theoremsof « is
simply theintersectionof «��® ¬°¯ ±
² ³4´ µ with thesentencesof thelanguageÃ of
« andso « is decidableif ¬ is decidable.Even if « is not complete,if ¬ is a
decidablemodelof « thenthis setis a decidablecompleteextensionof « . The
other(if) directionof bothassertionsin theCorollaryfollow from Theorem2.2. Á

We will not in generalassumethat theoriesare complete. However, finite
modelshave little interestfrom theviewpointof Turingcomputability.

Â We assumefrom now on thatall theorieshave only infinite models.

Now thatwe “know” whena theory « hasa decidablemodel,we might well
askhow many decidablemodelsa theorycanhave. For now we identify models
up to classicalisomorphismsandsowemightbetteraskhow many decidablypre-
sentablemodelscana theoryhave. The issuesof identifying computablemodels
only whenthereis a computableisomorphismbetweenthemwill be takenup in
§6-7.

If « is incompletethenevery decidablecompleteextensionhasa decidable
modelby Theorem2.2 and,of course,modelsof distinctextensionsarenot iso-
morphic. Moreover, every decidablemodelof « is a modelof somecomplete
decidableextensionof « . Thus if one is interestedin the numberof decidably
presentablemodelsof atheory, it sufficesto consideronly completedecidablethe-
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ories.Webegin with thepossibilitythatthereis only oneasin ourexampleÄ1Å Æ4Ç
of a decidableÈ#É -categoricaltheory.

Proposition2.5 If a theory Ê is È#É -categorical thenthefollowingconditionsare
equivalent:

1. Ê is decidable.
2. Ê hasa decidablemodel.
3. All modelsof Ê aredecidablypresentable.

Proof. As È#É -categoricity implies completeness,the equivalencesall follow di-
rectly from thehypothesis,definitionsandTheorem2.2. Ë

Now, it is a remarkableclassicaltheoremdueto Vaught[1961] thatno com-
pletetheoryhasexactly two (isomorphismtypesof) models.Theeffectiveanalog
for decidablemodelsis, however, false.

Theorem 2.6 (Millar [1979], Kudaibergenov[1979]) There is a decidablethe-
ory Ê with exactlytwo(isomorphismtypesof) decidablypresentablemodels.

Proof sketch. Let Ì be a partial computablefunctionwhoserangeis ÍDÎBÏ Ð Ñ and
which doesnot have a total computableextension. Considerthe (computably
enumerablebut computablyinseparable)sets Ò¢É}Ó�ÍDÔ�Õ ÌeÖ Ô(×�ÓØÎYÑ and Ò�Ù
Ó
ÍDÔ�Õ ÌeÖ Ô(×?ÓtÐ Ñ . Let Ì É�Ú¨ÌYÙ1Ú~Û Û Û bean effective approximationto Ì suchthatÜ�ÝÞ¢ßYà á Ö ÌDâ × for all

Ü�ã�ä
.

Thelanguageof Ê containsinfinitely many unaryandbinarypredicateså(æ andç æ , respectively, where è Þ}é . Considerfirst thetheory Ê#É whoseaxiomsarethe
following setof statements:

1. êeÔ(å(É Ö Ô(× ë�êeì#Ö å(æ í#Ù Ö ì�×4î�å(æ Ö ì�× × , whereè Þ�é .
2. If

ç�ï Ö Ô�Ï ì�× , then Ô}ðÓñì and å ï Ö Ô(× ë?å ï Ö ì�× .
3. If Ô�ðÓ�ì , å�â Ö Ô(× ë?å�â Ö ì�× and ÌDâ Ö Ü ×4Ó�Î , then

ç�ï Ö Ô�Ï ì�× .
4. If Ô�ðÓ�ì , å�â Ö Ô(× ë?å�â Ö ì�× and ÌDâ Ö Ü ×4ÓzÐ , then ò ç�ï Ö Ô�Ï ì�× .

Onecancheckthatthefollowing four propertiesholdof Ê#É :
1. Ê#É hasa decidablemodel completion Ê . Moreover Ê hasa unique Ð –type

(Definition3.1) ó suchthat å ï Ö ôB× Þ ó for all
Ü Þ�é .

2. If amodel õ of Ê hasat leasttwo elementsrealizingó , then õ is notdecidably
presentable.

3. If amodel õ of Ê hasfewerthantwo elementsrealizingó , then õ is decidably
presentable.

4. If õ1Ù and õ6ö aremodelsof Ê with thesamefinite numberof elementsrealizing
ó , then õ1Ù and õ6ö areisomorphic.

Thesepropertiesshow that Ê hasexactly two decidablypresentablemodels.Ë
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Theabove proofcaneasilybegeneralized:

Corollary 2.7 For each ÷yøúù , there existsa theorywith exactly ÷ nonisomor-
phic decidablemodels.û

As for our examplesabove, an analysisof the structureof modelsof ü6ý þ4ÿ
asin ChangandKeisler[1990,3.4] easilyimplies that therearecountablymany
distinctdecidablemodels.Thesameis truefor ������� aswe shallseein Theorem
5.2.

Although the naturaleffective versionof Vaught's theoremfails, the proof
(properlyeffectivized)canbe usedto give a similar result for decidablemodels
(Theorem4.4below). Wefirst needto studyanotheraspectof thequestionof how
many decidablemodelsa theory � canhave: Whenareeachof the classically
studiedtypesof modelssuchasprime,atomicor saturatedmodelsof a decidable
theorydecidablypresentable?

3. DecidablePrime Models

Webegin ourstudyof specifictypesof modelswith primeandatomicmodels.
They will play acrucialrole in thenext two sections.

Definition 3.1 An ÷ -type � or �
	 �� � � � � � ����� of a theory � is a setof formulas
with ÷ free variablesin the languageof � which is consistentwith � suchthat� 	 �� � � � � � ����� or � � 	 �� � � � � � ����� belongsto � for eachsuchformula. An ÷ -type�
	 �� � � � � � ����� of a theory � is principal if thereis a formula ��	 �� � � � � � ����� such
that ������	 �� � � � � � ������� � 	 �� � � � � � ����� for every ��� � . In this casewe saythat��	 �� � � � � � ����� is a completeformulathatgenerates � .
Definition 3.2 A model � of a theory � in the languageþ is a primemodelof� if it canbeelementarilyembeddedinto every modelof � . � is atomicif every
÷ -tupleof elementsfrom � satisfiesacompleteformula ��	 �� � � � � � ����� of þ . (Each
of thesemodelsis unique(up to isomorphism)if it exists.)

The notionsof prime andatomiccoincidefor countablemodelsandso we
motivateour characterizationof decidableprimemodelsby two classicalcharac-
terizations.

Theorem 3.3 A completetheory � in a languageþ hasa primemodelif andonly
if everyformulaof þ consistentwith � is a memberof a principal typeover � .

Theorem 3.4 A completetheory � in a languageþ hasan atomicmodelif and
onlyif everyformulaof þ consistentwith � canbeextendedtoa completeformula.

As thenotionsof atomicandprimecoincide(for countablemodels),eachof
thesetheoremsprovidesa characterizationof thetheorieswith primemodels.We
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now considerwhatmight betheappropriateeffective versionsof thesetheorems.
In onedirection,notethatevery typerealizedin a primemodelof  is principal
andall principaltypesarerealizedin everymodelof  . Thus,if  hasadecidable
prime model,not only is every formula consistentwith  a memberof a prin-
cipal type (andsocompletable)but thereis a uniformly computablelist of these
principaltypesgivenby theonesrealizedin thedecidableprimemodel.

Theclassicaltheoremsatfirstglancesuggestthatthisconditionmightbesuffi-
cient.Weshouldusethislist of computabletypestoconstructthemodel.However,
an additionalpossibleuniformity is suggestedby eachclassicalcharacterization.
The characterizationof prime modelssuggeststhat we might needto be ableto
go uniformly effectively from formulasto (indicesfor) principal typescontain-
ing them. Thecharacterizationof atomicmodelssuggeststhatonemight needto
be ableto go uniformly effectively from formulasto generatingformulasfor the
principal typescontainingthem. Althoughthe two classicalversionsareequiva-
lent thesetwo effective versionsarenot. Thefirst is clearlynecessaryasgivena
formula ! consistentwith  anda decidableprimemodel " we cancomputably
find an # -tupleof elementsof " satisfying! . Thesetof formulassatisfiedby this# -tuple " is thena computableprincipal typecontaining! . It turnsout that this
conditionis alsosufficient. Thesecondconditionclearlyimpliesthefirst andsois
sufficientbut not,asit turnsout,necessary.

Theorem 3.5 (Harrington[1974]; GoncharovandNurtazin[1973]) A complete
decidabletheory  has a decidableprime modelif and only if there is a com-
putablefunction taking each formula to (an index for) a computableprincipal
typecontainingit.

Proof. We constructthedesiredmodelby a priority argumentreminiscentof that
for theSackssplittingtheoremfor computablyenumerablesets[1963]but instead
producinga Henkin constructionthat restrictsthe typesrealizedto the principal
ones.

Let $% list the formulasof &(' the languageof  extendedby new constants) * . We constructin stagesa sequenceof finite sets +-, . ) / 0 1 1 1 0 ) 2 3 4 of sentences
consistentwith  with union + as in the proof of Theorem2.2. Again we let! ,�576 +-, . At eachstage8 of the construction9% : , will be a principal ; -type
containingthe formula <�=>% ? / 0 1 1 1 0 <�= 2 3 ! , . @ / 0 1 1 1 0 @A% 0 =>% ? / 0 1 1 1 0 = 2 3 4 . Our goal is
to satisfythe requirementsB�% of Theorem2.2 aswell asnew ones C�% thatguar-
anteethatthemodelconstructedis primeby makingsurethatonly principaltypes
arerealized. We satisfy C�% by makingsurethat 9% : , is eventuallyconstantand
so that D ) / E 0 1 1 1 D ) 2 E satisfiesthe principal type 9% . 5GF H I ,A9% : , 4 . (We denotethe
equivalenceclassof ) * in themodelbuilt from theconstantsasin Theorem2.2byD ) * E .)
J B�%LK $�%
M�+ or N($�%�MO+ andif $% is of theform <�@AP�. @ 4 andin + then P�. ) * 4 M�+

for someQ .
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RTS�U�V�W X Y Z [ \ ] ] ] X Y U [ ^ realizesaprincipaltype _ U�`ba c dfe _ U g e .
Construction: At stageh , if only oneof i e and j(i e is consistentwith k�lOm e
put it into m e nAZ . Supposeit is o that is put into m e nAZ andso kqpbr efs o . Ast�u U nAZ \ ] ] ] \ t�u v w r e x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w z is in _ U g e which is a completetype
over k , and k{p�r e s o , t�u U nAZ \ ] ] ] \ t�u v w |>} r e nAZ x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w |>} z is
alsoin _ U g e . Sowecanlet _ U g e nAZ be _ U g e for all ~ . If both i e and j(i e areconsistent
with k�l�m e , theproblemis thataddingi e (or j(i e ) to m e to form m e nAZ maymaket�u U nAZ \ ] ] ] \ t�u v w |>} r e x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w |>} z not bea memberof _ U g e for var-
iousnumbers~ . This would forceusto changeour choiceof thetyperealizedbyW X Y Z [ \ ] ] ] \ X Y U [ ^ andso make _ U g e nAZ��` _ U g e . We view this asan injury to require-
ment S�U (which requiresthat _ U g e eventuallystabilize). As in theSackssplitting
theoremwe actsoasto minimizethepriority of thefirst requirementinjured.

Moreprecisely, welet r(�e nAZ be r e � i e and r Ze nAZ be r e � j(i e . Welet ~ � g e (for � `� \ � ) betheleast~-��h suchthat
t�u U nAZ \ ] ] ] \ t�u v w |>} r � e nAZ x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w |>} z

is notin _ U g e . (If noneexists, ~ � g e(` h .) If ~ � g e ��~ Z g e let r e nAZ ` r Ze nAZ andotherwise
let r e nAZ ` r��e nAZ . Let ~ e�`�d�c ��� ~ � g e \ ~ Z g e � . For ~���~ e we canlet _ U g e nAZ�` _ U g e as
for such ~ , t�u U nAZ \ ] ] ] \ t�u v w |>} r e nAZ x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w |>} z�� _ U g e . For ~f��~ e
we redefine_ U g e nAZ asthefirst in our uniformly computablelist of principaltypes
which contains

t�u U nAZ \ ] ] ] \ t�u v w nAZ r e nAZ x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w nAZ z .
If wehaveput

t yA��x y z into m \ weput ��x Y � z in aswell for someunusedY � . This
clearlydoesnot requireany changein the _ U g e nAZ alreadydefined.

Verifications: As k is decidableand the typeson our list are uniformly com-
putable,theconstructionis clearlycomputable.We clearlysatisfythe � U require-
mentsandsoconstructa decidablemodel � asin Theorem2.2. As all sentencesi� involving only Y Z \ ] ] ] \ Y U thatareput into m e at stageh belongto theprincipal
type _ U g e , if we canshow that a c dfe _ U g e exists for each ~ (andis say _ U ) thenwe
will haveshown that,in � , W X Y Z [ \ ] ] ] X Y U [ ^ realizestheprincipaltype _ U asrequired
to guaranteethat � is aprimemodelof k .

Weproveby inductionon ~ thatthereisastage� U suchthat ~ e ��~ for all h���� U
andso _ U g e�` _ U g � � for all h���� U . Supposethat � U ��Z exists.Weneedto show that ~ e
is greaterthan ~ for all sufficiently large h . Now, by thedefinitionof � U ��Z , ~f��~ e
for every h���� U ��Z andsoby thechoiceof m e nAZ in theconstruction,_ U g e�` _ U g � ��`_ U for all h���� U . As _ U is principal,somei x y Z \ ] ] ] \ y U z is a generatorandsoby
somestage���b� U ��Z we haveaddedi to m � . We claimthat ~ e �b~ for every h���� .
Consideri e for any h���� . Theonly way ~ e couldbe ~ is if both i e and j(i e are
consistentwith kblOm e but

t�u U nAZ \ ] ] ] \ t�u v w |>} r � e nAZ x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w |>} z is
not in _ U g e for � ` � or � . As

t�u U nAZ \ ] ] ] \ t�u v w |>} r e x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w |>} z si and i is completethis wouldmeanthatt�u U nAZ \ ] ] ] \ t�u v w |>} r e x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w |>} z s
j t�u U nAZ \ ] ] ] \ t�u v w |>} i e x y Z \ ] ] ] \ y U \ u U nAZ \ ] ] ] \ u v w |>} z

or that
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so that ¯ © or ®(¯ © , respectively, would be inconsistentwith ° © contraryto our
assumption.Thus ± is therequiredstage± � . ²

We finish this sectionwith an alternative versionof Theorem3.5 andsome
remarksaboutvariousuniformity conditions.

Corollary 3.6 A completedecidabletheory ³ has a decidableprime model if
andonly if ³ hasa primemodelandthesetof all principal typesof ³ is uniformly
computable.

Proof. Theonly if directionof this Corollaryis clearly implied by theTheorem.
Supposethen that ³ hasa prime model and the set of principal typesof ³ is
uniformly computable.As ³ hasa primemodel,every formula

¨
is a memberof

a principaltypeandsothesearchamongthosein thegivensetfor onecontaining¨
terminatesandprovidesthecomputablefunctionrequiredin thetheorem.²

The effective uniformity in the listing of the computableprincipal typesis
necessaryasanexplicit hypothesis:

Theorem 3.7 (Millar[1978]) Thereisacompletedecidabletheory ³ all of whose
typesare computablewith a primemodelbut no decidable(or evencomputable)
one.

Finally, we show that thepossiblealternateversionof Theorem3.5 thatasks
for a computableway to go from a formula to a completionis falseandso“uni-
formly atomic” is strongerthan“uniformly prime” evenfor decidablé

¡
-categor-

ical theories.

Proposition3.8 There is a (complete)decidablé
¡
-categorical theory ³ with a

decidableprimemodelbut with no computablefunctiontakingformulasto com-
pleteextensions.

Proof. Thelanguageof ³ hasinfinitely many unarypredicatesµL¶ . Theaxiomsof³ saythatthecardinalityof eachµL¶ is exactly · andthat µL¶ and µ�¸ aredisjointfor
distinct ¹ andº exceptfor somedesignatedtriples » ¹ ¢ º ¢ ¼A½ suchthat µ�¾ consistsof
oneelementfrom eachof µL¶ and µ�¸ £ Moreover, no two distinctdesignatedtriples
have any entryin common.Theactuallist of axiomsfor ³ is thusdeterminedby
the list of designatedtriples. This list will be definedrecursively to diagonalize
againsteachpossiblecomputablepartial function ¿ � which might bea candidate
for a function taking formulasto completeextensions.Thus ³ will beaxiomati-
zable. It is also ´ ¡ -categorical. (Thepartof themodelconsistingof elementsin
any µL¶ is uniquelydeterminedby theaxioms. The rest just consistsof ´ ¡ many
elementsnot in any µL¶ .) Thus ³ is completeanddecidable.
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Thelist of designatedtriplesis effectively enumeratedin increasingorder(and
so is computable)by waiting to diagonalizeeach À Á at the formula Â�Ã Á Ä ÅÆ . IfÀ Á Ä Â�Ã Á Ä ÅÆ Æ convergesatstageÇ , wechooseÈ�É Ê largerthanany numbermentioned
alreadyanddesignatethetriple Ë Ì>Í É Ì È�ÎbÏ>É Ì>ÊfÎbÏ Ð . In particular, if À Á Ä Â�Ã Á Ä ÅÆ Æ is
thegeneratingformula À�Ä ÅÆ (which implies Â�Ã Á Ä ÅÆ ) then À cannotmention Â�Ã Ñ ÒAÓ .
We claim that Ô canprove neitherthat À�Ä ÅÆ implies Â�Ã Ñ ÒAÓ Ä ÅÆ nor that it impliesÕ Â�Ã Ñ ÒAÓ Ä ÅÆ andso À Á is not a functiontakingformulasto completeextensions.To
seethatnoinformationaboutÂ�Ã Ñ ÒAÓ Ä ÅÆ canbeimpliedby À�Ä ÅÆ considerthetheoryÔLÖ gottenby restricting Ô to the language×
Ö which is × without the predicateÂ�Ã Ñ ÒAÓ . Ô Ö is clearly also Ø�Ó -categorical and consistentwith À�Ä ÅÆ . Let Ù be a
modelof ÔLÖ and Ú anelementrealizing À�Ä ÅÆ . Let Û betheotherelementof Â�Ã Á inÙ and Ü and Ý theelementsof Â�Ã Þ ÒAÓ . ( Â�Ã Á and Â�Ã Þ ÒAÓ aredisjointby construction.)
We caneasilyexpand Ù to a modelof Ô by interpretingÂ�Ã Ñ ÒAÓ aseither ß>ÚAÉ Ü à orß>Û É Ý�à . Thus À�Ä ÅÆ cannotimply either Â�Ã Ñ ÒAÓ Ä ÅÆ or Õ Â�Ã Ñ ÒAÓ Ä ÅÆ . á

4. SaturatedModelsand the Number of Decidable
Models

Definition 4.1 A model Ù of a theory Ô in the language× is a saturatedmodel
of Ô if it realizesevery type of Ô with finitely many parametersfrom â . (If it
exists,thesaturatedmodelof Ô is unique.)

Thecharacterizationof decidabletheorieswith decidablesaturatedmodelsis
somewhateasierthanfor primeones.

Theorem 4.2 (Morley [1976], Millar [1978], Goncharov [1978a]) A decidable
theory Ô hasa decidablesaturatedmodelif andonlyif thetypesof Ô areuniformly
computable.

Proof sketch. If Ô hasa decidablesaturatedmodel Ù thenthe typesof Ô are
uniformly computableaswe cansimply list the ã -tuplesfrom â and,for eachof
themthe setof formulasit satisfies.For the otherdirection,we canusetheuni-
formly computablelist of typesto do an effective Henkin construction.As the
constructionproceeds,we designatenew constantsto realizeeachpotentialtype
overpreviouslyintroducedconstants.As all thepotentialtypesovernew constants
aregivenuniformly computablyasrestrictionsto a subsetof their freevariableof
onesonourgivenlist thisprocedurecanbeeffectively organized.Roughlyspeak-
ing, theplanis to continueto makethedesignatedconstantsrealizetheappropriate
typeuntil aninconsistency is reached.Wecancheckfor inconsistencieswith pre-
viously assignedtypessincethey areall uniformly computable.We usea priority
orderingto guaranteethat,despitetheneedto cancelattemptsat realizingcertain
potentialtypes,eachactualtypeover theconstantsintroducedis in fact realized.
Thusthemodelconstructedis saturatedasrequired.á
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By Millar [1978], the explicit assumptionof uniformity is necessaryeven if
oneassumesthat the decidabletheory ä hasa saturatedmodelandall its types
arecomputable.Millar [1978, p. 63] suggeststhat the proof of this resultscan
be modifiedto show that thereis no connectionbetweenthe decidabilityof the
saturatedandprimemodels(whenbothexist). We now show that,in fact, if there
is a decidablesaturatedmodelthenthereis a decidableprimemodel.

Proposition4.3 (Ershov[1980, 381-382],seealsoGoncharov [1997, Theorem
3.4.4]) If a completetheory ä hasa decidablesaturatedmodelthenit hasa de-
cidableprimemodel.

Proof. As ä hasadecidablemodelit is itself decidableby Corollary2.4.As it has
a decidablesaturatedmodel,Theorem4.2givesusauniformly computablelist åæ
of all thetypesof ä . By Theorem3.5, it sufficesto prove that,givenany formulaç

consistentwith ä , we cango effectively to a principaltype å containing
ç
. We

begin with thefirst type åAè é onourlist containing
ç�ê�çAë

. Weproceedrecursively
to extend

ç
to
çAì

anddefinea type åAè í containing
çAì

. Given
çAì

, åAè í and î ì (from
thelist of all formulaswith thesamenumberof freevariablesas

ç
), weaskif bothî ì and ï(î ì areconsistentwith äñðfò ç�ì ó . If not,

çAì ôAõ�ê�çAì
and ö ì ôAõ ê ö ì . If so,we

find thefirst ÷ ë and ÷ õ suchthat
ç ì ø î ì
ù åæ é and

ç ì ø ï(î ì
ù åæ ú , respectively. We
let ö ì ôAõ bethelargerof ÷ ë and ÷ õ andlet

ç ì ôAõ
be
ç ì�ø î ì or

ç ì�ø ï(î ì accordingly.
It is clearthat thesequenceö ì is nondecreasingasat step û of theconstructionif÷ ë and ÷ õ aredefinedthenoneof themis ö ì andwe alwaystakethe larger. As
this procedureis effective, ò çAì ü û ùOý ó generatesa computabletype å containingç

. If ö ì is not eventuallyconstant,å would be a type of ä not equalto any åæ
for a contradiction. Once ö ì hasstabilizedsayat ö we candefine ÷ ë and ÷ õ at
only finitely many stagesþ aseachtimewe do sowe extend

çAÿ
andeliminateone

possibleå�� for ���bö from futureconsideration.Thus
ç�ì

alsoeventuallystabilizes
say at

ç æ . It is now clear that
ç æ generatesthe type åAè which is thereforethe

requiredprincipaltypecontaining
ç
. �

Wenow seewhattheproofof Vaught'stheoremthatacompletetheorycannot
have exactly two modelsgivesus.

Corollary 4.4 If a completebut not � ë -categorical theory ä hasa decidablesat-
uratedmodelthenit hasat leastthreedecidablemodels.

Proof. Let � be a decidablesaturatedmodelof ä . By Proposition4.3, ä has
a decidableprime model � . As ä is not � ë -categorical, the decidablesaturated
model � of ä is not a primemodelandso � and � arenot isomorphic.Thus �
realizesa nonprincipal(but computable)type å
	 �� . � canclearly be expanded
to a saturatedmodelof äbðOå
	 � � by properlyinterpretingthe constants� andsoä�ð�å
	 � � hasadecidablesaturatedmodelandhenceadecidableprimemodel� by
Proposition4.3. Of course,therestrictionof � is a decidablemodelof ä . As in
theproof of Vaught's theorem(asin ChangandKeisler[1990,Theorem2.3.15]),
this modelcannotbeisomorphicto either � or � . �
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On the other hand, if a decidabletheory � hasno decidableprime model
(andsono decidablesaturatedmodel)thenit hasinfinitely many decidableprime
models. To seethis, we quotea simplecaseof Millar' s effective omitting types
theorem.

Theorem 4.5 (Millar [1983]) If � is a decidabletheoryand ����� � ������� a finite
setof computablenonprincipaltypesof � thenthere is a decidablemodelof �
omittingevery(i.e. not realizingany) ��� .
Corollary 4.6 If a decidabletheory � doesnot havea decidableprime model
then � hasinfinitelymanydecidablemodels.

Proof. By Theorem2.2, � hasa decidablemodel � . As � is not a primemodel
it realizessomenonprincipaltype ��� . By Theorem4.5,thereis adecidablemodel� � of � omitting ��� . As � � is notprime,it realizesanonprincipaltype �! distinct
from ��� by construction.We now get a decidable�"! omitting both ��� and �! .
Continuingin thiswaywe getaninfinite sequence��� of computablenonprincipal
typesof � anddecidablenonisomorphicmodels �#� of � asrequired. (Each �#�
realizes��� $�� but not ��% for any & '(� .) )

Anothervariationon thequestionof how many decidablemodelsa decidable
theorycanhaveaskswheniseverymodelof � decidablypresentable.Oneobvious
necessaryconditionis thatall typesin � arecomputable.(Every typeis realized
in somemodelandonly computabletypescanberealizedin a decidablemodel.)
Thus, in particular, � can have only countablymany types. This condition is
not sufficient and the problemremainsopenin general. Thereare a coupleof
partialanswers.Theansweris simplefor *�+ -categorical theoriesandis supplied
by Proposition2.5. The nicestresult is for *�� -categorical theoriesto which we
now turn.

5. ,.- -CategoricalTheories

If a theory � is *�� -categorical (andso complete)but not *�+ -categorical then
the Baldwin-Lachlantheorem[1971] suppliesus with a full classificationof the
modelsof � in termsof a well definednotionof dimension.Therearecountably
many models �#� of � andthey arearrangedin a liner orderof type /10�2 with
respectto elementaryembeddingascendingwith increasingdimension:

�#+43(� �53(�"!�3�6 6 6�37�#8"396 6 6�37�": .

�#+ , themodelof dimensionzerois theprimemodelof � and �": , theunique
modelof infinite dimension,is thesaturatedmodelof � . Themodel �#� for �5;(<
is themodelof dimension� .

The classicexampleof an *�� but not *�+ - categorical theoryis =?>#@�+ . Here
thedimensionof a modelis its transcendencedegreeover theprimefield A . �#+ ,
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the prime model,is the algebraicclosureof B . C"D , the saturatedmodel,is the
algebraicclosureof the rationalsextendedby infinitely many transcendentalel-
ements. Each C#E for F.GIH is the algebraicclosureof B extendedby F many
transcendentals.

Thegeneralproblemwe wish to addressis thefollowing:

Question5.1 If J is K�L but not K�M -categorical theorywhen(andwhich of) its
modelsaredecidablyor computablypresentable?

5.1 DecidableModelsof N?O -CategoricalTheories

Of course,if J is K�L -categoricalandsocomplete,it hasa decidablemodelif
andonly if it is itself decidable(Theorem2.4). Actually, thedecidabilityof J is
enoughto guaranteethateverymodelis decidablypresentable:

Theorem 5.2 (Harrington[1974],Khisamiev [1974]) If J is K�L -categorical and
decidabletheneverymodelof J is decidablypresentable.

Proof. We first usethe resultsof Baldwin andLachlan[1971] to show that we
canreducethe problemto that of the existenceof decidableprime modelsfor a
decidabletheory J . (All the model theoreticfactswe cite in this proof canbe
foundin BaldwinandLachlan[1971].)

As J is K�L -categorical, thereis a principal P -type Q
R SL T U U U T S�V�W suchthatJ�XZY[J7\]Q
R ^ L T U U U T ^ V_W (with ^ E new constants)hasa stronglyminimal formula,
i.e. a formula `
R SW of a
X (the languagea of J expandedby new constantŝ E )
suchthat for every model C of J�X andevery formula b4R SW of a
X , exactly oneofcedgfih j C j Y(`
R d W�k.b4R d W l and

cedgfih j C j Y(`
R d W�knmob4R d W l is finite. Of course,J�X is K�L -categorical. Note that as J is decidableand Q is principal, J�X is also
decidable( J�X�pi`]qr` f Q]qrJspitguv` where t is a generatorof Q ). As all
modelsof J canbe extendedto onesof J�X , we canassumefor the proof of our
theoremthat J hasastronglyminimal formula ` .

Now eachmodelof an K�L -categorical theory J with a stronglyminimal for-
mula ` is theprimemodelof anextensionJ�X of J by constantsweE satisfyinga typex

which saysthat `
R weE W holdsfor each F andthat the weE arealgebraicallyinde-
pendent,i.e. thereis no formula b4R S�T y_W f x suchthatfor someP , z�{ V S�R `
R SW�kb4R S�T y_W W f x . (In fact,thecardinalityof thesetof weE is thedimensionof themodel
anduniquelydeterminesit.) Again J�X is clearly K�L -categorical. We mustverify
that it is alsodecidable,i.e.

x
is computable.We proveby inductionon thenum-

ber P of weE thatthecorrespondingtypes
x V andtheoriesJ�V#Y7Jn\ x V_R w_L T U U U T weV�W

areuniformly decidable.(They arecompleteby definition.) For Pg|�} , consider
any formula b�R S�T w_L T U U U T weV_W . In eachmodel C of J�V exactly oneof

ced�fnh j C j Y`
R d W
kgb4R d T w_L T U U U T weV_W l and
cedgf]h j C j Y�`�R d W
knmob�R d T w_L T U U U T weV_W l is finite by

the strongminimality of ` . By compactness,thereis thenan ~ fs�
suchthat
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���]����������� ��� ��Z�]��� ��� �_� �
or
���]�������5��� �
� ��Z�]�o�4� ��� �_� �

. As
���

is decid-
able,we cansearchfor andfind suchan � for

�
or
�o�

. Theotheris in � , i.e. if���#�n� ��� ��� �
� �� �o�4� ��� �_� �
then

�o��� ��� �_�5� � andif
���#�.� ��� ��� �
� �� �Z�o��� ��� ��� �

then
��� ��� �_��� � . Thuseach

���
and

����9�o���
is decidableandthemodelsof

�
arepreciselytheprimemodelsof thesetheories.To proveour theoremit therefore
sufficesto show thateachof thesetheorieshasa decidableprimemodel.

By Theorem3.5, it suffices to show that if
�

is a decidable��� -categorical
theory with a strongly minimal formula

�
then thereis a computablefunction

takingany formula � � ��� to a computableprincipaltype ��� containing� .
Given � , we constructa computabletype � in stages� by startingwith � and

addingon each �� in turn if it is consistentwith what we have put in � so far
and, if ��� is

����� ��� ���Z�]�_� ��� �� �
, we alsoadd in

����� ��� ���Z���_� ��� ���5�]�
� ��� �
for

somealgebraic
�
, i.e. onesuchthat

���]��� � ��� ��� ���
�.�
� ��� �
for some  �n¡ . Of

course,if ��� is not consistentwith whatwe have sofar we addon
� ��� . Thepoint

hereis that if
����� �5� ���o�n�_� ��� ��� �

is consistentwith whatwe have so far thenthe
formulagottenby addingit on is realizedin theprimemodelof

�
sayby ¢ . Now

thatmodelhasonly algebraicrealizationsof
�

andsowhateverelementwitnessed����� ��� ��� �5��� ��� ¢ � � is algebraicandsoalsosatisfiessomealgebraicformula
�
. Thus����� ��� �����g�_� ��� �����g�
� ��� �

canbeconsistentlyaddedonasdesired.
Weclaimthat � is principalandsotherequired��� . Considertheprimemodel£

of
��� � � ¢ � and any ¤ �[¥ suchthat

£§¦ �I��� ¤ � . As
£

is a prime model
of
�(� � � ¢ � , ¤ realizesa principal type over

�(� � � ¢ � generatedsayby
��� ��� ¢ � .

If ¤ is not algebraicthen for every formula
�

and every   �¨¡ ,
�9� � � ¢ �]��_� ��� ¢ �"©«ª �
� ���#©¬�Z� � � ��� ��� ���Z�i�
� ��� � 

. On the otherhand,as
£®¦ �¯�4� ¤ �o��_� ¤ � ¢ � , ����� ��� ���e����� ��� ��� �5� � andsoby construction

����� �5� ���e����� ��� ���e���
� ��� �Z�
� for some

�
suchthat

�¨�(� � � ��� ��� ���Z�i��� ��� �
for some   for a contradiction.

Thus
£

hasonly algebraicsolutionsof
�

, i.e. it is themodelof dimension° , and
so
£

is actuallytheprimemodelof
�

. As � is realizedin
£

, it mustbeprincipal
over

�
asrequired.

(Thislastargumentisattributedto Lachlanin Harrington[1974]. Harrington's
own proofisalsoinstructive. It beginswith theobservationthatthefunctiontaking
aformula � to its rankasdefinedin Baldwin[1973]canbeseento beacomputable
mapfrom formulasinto ± by theargumentspresentedin thatpaper. Thus,givena
formula � consistentwith

�
, we maycomputablydefinea type � ��� �� contain-

ing � by putting in, for each � in turn, either ��� or
� ��� so asto alwayspreserve

consistency andto reducetherankof ²7�� if possible.Eventually, therankmust
stabilizeandsowe producea principaltype � containing� .) ³

5.2 ComputableModels

We now turn to thequestionof whichmodelsof an ��� -categoricalbut not ��´ -
categoricaltheory

�
arecomputablypresentableif

�
is notdecidable.It is easyto

find sucha theorywith no computablemodelsby codinga noncomputableset µ
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into every model.(For example,extendACF¶ by addingon new unarypredicates·¸
and,for each¹Zº.» , axioms¼
½�¾ ·¸ ¾ ½¿ZÀÁ½gÂ(Ã�¿ and

·¸ ¾ Ã�¿ if ¹Zº]Ä but Å ·¸ ¾ Ã�¿
if ¹nÆºsÄ .) Thusthe questionis, if Ç hasa computablebut no decidablemodel,
which of themodelsÈ ¸ of Ç canor cannotbecomputable.Only a few factsare
known.

Theorem 5.3 (Goncharov[1978], Kudaibergenov[1980]) For every ÉnºiÊ there
is an Ë�Ì -categorical but not Ë�¶ -categorical theory Ç such that È#¶ Í Î Î Î Í È#Ï are all
computablypresentablebut not È ¸ for ¹ZÐ7É .
Proof. Fix Éiº�Ê . Thelanguagefor therequiredtheory Ç will consistof a unary
predicate

·�Ñ
andan É -ary predicateÒ Ñ for each Ó1º9Ê . The axiomsfor Ç will

codea computablyenumerablebut not computableset ÔsÂ9ÕZÔ4Ö into eachmodel
of dimensiongreaterthan É while maintainingthe possibility that themodelsof
dimensionlessthanor equalto É arecomputablypresentable.

Axioms:× The
·�Ñ

arenesteddownwardwith respectto Ó andexactly oneelementdrops
out ateachÓ , i.e. for eachÓgºiÊ wehave thefollowing axioms:

* ¼
½�¾ ·�Ñ Ø Ì ¾ ½¿oÀ ·�Ñ ¾ ½¿ ¿
* ÙÚ ½�¾ ·�Ñ ¾ ½¿�Û.Å ·�Ñ Ø Ì ¾ ½¿ ¿× For eachÓgºiÊ we wish to requirethat

Ò Ñ ¾ ½Ì Í Î Î Î Í ½�Ï�¿oÜ®ÝßÞe½ ¸5àÂ(½_áeâ ¹ àÂ�ã�ä4Û�Ù�å�¾ ÓgºiÔ4Ö�Û.½Ì Í Î Î Î Í ½�Ï"º · Ö ¿ .
We enforcethis requirementby thefollowing axioms:

* Ò Ñ ¾ ½Ì Í Î Î Î Í ½�Ï�¿oÀæ½ ¸5àÂ7½_á for ¹ àÂ�ã .
*For eachå#ºiÊ and Ó�ºiÔ4Ö�çè Þe½ ¸ZàÂ(½_áeâ ¹ àÂ�ã�ä4Û�½Ì Í Î Î Î Í ½�Ï#º · Ö ÀÁÒ Ñ ¾ ½Ì Í Î Î Î Í ½�Ï�¿ .
*For eachå#ºiÊ and Ó]ÆºiÔ4Ö�ç5é�Þe½ ¸ Æº · Ö â ¹Zê7É�ä#ÀÁÅZÒ Ñ ¾ ½Ì Í Î Î Î Í ½�Ï�¿ .

Verifications: It is easyto seethatthecardinalityof ë ·4ìÖ uniquelydeterminesthe
isomorphismtypeof any model È of Ç andthatall modelsÈ of size Ë�Ì have Ë�Ì
many elementsin ë ·4ìÖ . Thus Ç is Ë�Ì -categorical. Indeed,thecardinalityof ë ·4ìÖ
is thedimensionof È .

We claim thata model È of Ç is computablypresentableif andonly if there
arefewer than É distinctelementsin ë ·4ìÖ . For onedirection,supposethat there
aredistinct í Ì Í Î Î Î Í í Ï in ë ·4ìÖ . In thatcase,Ó.º]Ô9ÜÁÈîâ Â�Ò Ñ ¾ í Ì Í Î Î Î Í í Ï�¿ andsoÈ cannotbecomputablypresentableas Ô is notcomputable.

For theotherdirection,wewish to constructa computablemodel È of Ç withïñð É many elementsí Ì Í Î Î Î Í í ò , in ë ·4ìÖ . We let the other elementsof the
desiredmodelbethenaturalnumbersandwe put ¹ in

·�Ñ
if andonly if ¹5ó�Ó . We

now only have to computablydefinethe predicatesÒ Ñ . Given distinct elementsô Ì Í Î Î Î Í ô Ï from õ , notall of themarefrom amongthe í ¸ andsowecaneffectively
find an å andindeedthesmallestå suchthatoneof themis not in

· Ö . We thenlet
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ö4÷eø ù�ú û ü ü ü û ù�ýeþ
hold if andonly if ÿ������ � ú . This clearly definesa computable

model � of � with 	 
���� 	���� asrequired.�
Thusany initial segmentof themodelsof � canbethecomputablypresentable

ones.Theobviousquestionsariseasto whatelseis possible.

Question5.4 Which subsetsof ����� canbe thesetof computablypresentable
modelsof an � ú -categorical but not ��� -categorical theory � with a computable
model? In particular, mustthe prime modelalwaysbe computablypresentable?
Must thesaturatedmodelbecomputablypresentableif all theothersare?

The following theoremanswersthe two specificquestionsasked. All other
instancesof thegeneralquestionareopen.

Theorem 5.5 (Khoussainov, Nies and Shore [1997]) There are � ú -categorical
but not ��� -categorical theories� ú and ��� such that

i)All modelsof � ú excepttheprimeonearecomputablypresentable.
ii)All modelsof ��� exceptthesaturatedonearecomputablypresentable.

Proof (For � ú ). Given ����� we constructa structure �! of signature"#�ø ��� û � ú û �$� û ü ü ü þ , whereeach��% is a binarypredicatesymbolhaving thefollowing
properties:& The theory �� of thestructure�! is � ú - but not ��� –categoricaland '( is the

primemodelof �� .& Eachnonprimemodel ' of �� hasa computablepresentationif andonly if �
is ) � � .& A computableprimemodelprovides � with acertainrecursion-theoreticprop-
ertybut thereexistsa ) � � –setwhichdoesnothave thisproperty.

Thebuilding blocksof our structures�! will befinite structuresthatwe call* -cubesandnow defineby inductionon * .
Definition 5.6 A � –cube+ ú is a structure

ø ,eù�û - ._û ��� þ suchthat ��� ø /�û 0�þ holdsin+ ú if andonly if
ø / � ù and

0 � - þ or
ø 0 � ù and

/ � - þ . Given two disjoint* -cubeswe getan * ��� -cubeasanexpansionof their unionby letting � ý bean
isomorphismbetweenthe * -cubes.An � –cubeis anincreasingunionof * –cubes,* �1� with signature

ø ��� û � ú û �$� û ü ü ü þ
Definition 5.7 If �#2#� , �! is the disjoint union of * -cubesfor * �3� and�� !����4 ø �! þ .
Lemma 5.8 If � is infinite, then �� is � ú - but not ��� –categorical andthemodel
with no � -cubesis its primemodel.

Proof. It is easyto seethatthemodel �65 satisfiesthefollowing conditionswhich
areall expressibleby a setof axiomsin thelanguage" :



20 BakhadyrKhoussainov andRichardA. Shore

1. 798�:<;<=�> ? 8$@ ;<A and for each B , =�C definesa partial one-to-onefunction. (We
abusenotationby alsodenotingthispartialfunctionby =�C .)

2. For all B�DEGF andfor all 8 , =�C<? 8�A(DE =�H(? 8�A .
3. For eachB andfor all 8 if =�C<? 8�A is defined,then =�> ? 8�A , =9I ? 8�A , J J J , =�C K<I ? 8�A are

alsodefined.
4. Forall B9@ F andfor all 8 if =�C<? 8�A and =�H(? =�C<? 8�A A aredefined,then =�H(? =�CL? 8�A A E=�C<? =�H(? 8�A A .
5. For all M , B�NGB$IPO�B�Q�O�J J J<O�B�R K<ISO�B�R , 798$? =�C T ? J J J ? =�C UV? 8�A�J J J A(DE =�C<? 8�A A .
6. For eachB�W�X , BYW�Z if andonly if thereexistsexactly one B –cubewhich is

not containedin an B\[G] –cube.

Let ^ bea modelwhich satisfiesall theabove statements.For eachB�WGZ ,^ musthave an B –cubewhich is not containedin an B1[�] –cube.If an 8YWG_
doesnot belongto any B –cubefor B�W�Z , then 8 is in an X –cube.Thusany two
modelswhich satisfy this list of axiomsareisomorphicif andonly if they have
the samenumberof X –cubes.In particular, if ^�I and ^`Q aremodelsof a�b of
cardinality c$I , eachhas c$I many X –cubes(aseachcubeis countable).Thus ^�I
and ^`Q areisomorphicand a�b is an c$I - but not c�> –categoricaltheory. It is clear
thattheprimemodelis theonewith no X -cubes.d
Lemma 5.9 Each nonprimemodelof a�b is computablypresentableif andonly ifZ is e > Q .
Proof. If ^ is a modelof a�b , f�WgZ if andonly if ^ihE :<8�:<;V79j<? =$k ? 8$@ ;<A lm =$k n�I ? 8$@ jLA A . Thus if ^ is computablypresentableZ is e > Q . For the otherdi-
rection, note that it suffices to constructa computablemodel ^�I with one X -
cubewhen Z�W�e >Q . (We cancomputablyaddon more X -cubesasdesired.)We
build ^ by puttingin an B -cubewhen,accordingto the e > Q representationof Z aso Bph :<8L79;<q�? 8$@ ;�@ B$A r , we seemto have a witness8 that BYW�Z . Whenthewitness
fails, we mergethis B -cubeinto the X -cubethatwe arebuilding. More formally,
at stages we start to build a substructuret that will be an F -cubefor some F
at every stagef andwill at theendof theconstructionbean X -cube.At stagef�@
we first put into ^ an B -cubefor eachB�u�f for which we do not have oneand
associatethe cubewith the first number 8 that hasnot yet beenassociatedwithB . Then,we merge t andthe existing B -cubesfor those B�uvf for which there
is a ;�ugf suchthat q�? 8$@ ;�@ B$A fails for the 8 currentlyassociatedwith B into anF -cubefor someF largerthanany numberyet usedin theconstruction.Clearly
thesubstructuret becomestheonly X -cubeof ^ . Moreover, for BwWxX , thereis
an B -cubein thefinal structurê if andonly if :<8L79;<q�? 8$@ ;�@ B$A , i.e. if andonly
if B�WwZ asrequired.d

Wenow providetherecursiontheoreticpropertyof Z thatis guaranteedby the
existenceof a computableprimemodelof a�b (but not by any of theothermodels
beingcomputablypresentable).
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Definition 5.10 A function y is limitwisemonotonicif thereexistsa computable
function z${ |$} ~ � suchthat z9{ |$} ~ �S��z${ |$} ~9��� � for all |$} ~S��� , � � ���Vz9{ |$} ~ � exists
for every |x�1� and y9{ |����G� � �!�Vz9{ |$} ~ � .
Lemma 5.11 If the prime modelof ��� is computablypresentablethen � is the
rangeof a limitwisemonotonicfunction.

Proof. Suppose� is a computableprime modelof ��� . Define z${ |$} �V� for each|x�Y� and ���w� asthelargest���G� suchthat ���<{ |$} �<� holdsfor some�\�G� . It
is clearthat z9{ |$} �V� is monotonicin � . As every |w�G� is in an � -cubefor some� , z9{ |$} �V� is equalto this � for all sufficiently large � . �
Lemma 5.12 There exists a �!�� set � which is not the rangeof any limitwise
monotonicfunction.

Proof. Let z�� { |$} ~ � be a list of all candidatesfor representationsof limitwise
monotonicfunctions y � . At stage � we definea finite set �(� so that ��{ �<�w��   ¡ � �(� { �<� exists for all � (andhence � is � � � ). We also satisfy the following
requirementsto guaranteethat � is not the rangeof a limitwise monotonicfunc-
tion.¢

�S£ If y � { |���� �   ¡ � z�� { |$} ~ �p��� for all | , then ¤ ¥L�<¦�§V{ y � ��¨��� .

Thestrategy to satisfyasingle

¢
� worksasfollows: At stage� , pick awitness¡ � , enumerate

¡ � into � (i.e. set �(� { ¡ � ���#� ). Now

¢
� is satisfied(since

¡ �
remainsin � ) unlessat somelaterstage~ � we find an | suchthat z�� { |$} ~ � �P� ¡ � .
If so,

¢
� ensuresthat ��{ z�� { |$} ~ � ����© for all ~Sª�~ � . Thus,eithery � { |��$« or y � { |��$¬

and y � { |������ .
Keeping z�� { |$} ~ � out of � for all ~wª�~ � canconflict with a lower priority{  �® § � requirement

¢
¯ sinceit maybethe casethat

¡ ¯ �°z � { |$} ~ ± � for some~ ± ® ~ � . However, if y � { |���¬ , thenfrom somepoint on thereis only onenumber
that

¢
� preventsfrom beinga candidatefor

¡ ¯ . If y � { |���« , thenthe restriction
is transitory, i.e. as z�� { |$} ~ � is monotonicin ~ eachcandidatefor

¡ ¯ is eventually
releasedandneverpreventedfrom beingchosenasthefinal valueof

¡ ¯ .Thuseach
lower priority

¢
¯ will eventuallybeableto choosea witness

¡ ¯ that it will never
have to changebecauseof theactionsof

¢
� ² In thisway, everyrequirementcanbe

satisfiedby a typicalfinite injury priority argument.�
Proof sketch(For � � ). Wetakea ³��� set � definedby ´1�w�wµ·¶9�$¸ ¡x¹ { �9} ¡ } ´��
which is not ºp�� . (

¹
is somecomputablepredicateon �p» .) We now code � into a

computablestructure¼ with unarypredicates� ¯ andpredicates

¢
½ ¾ � of arity ´ for  } ´�} �!��� . Therelevantpropertiesof ¼ thatcanbeguaranteedby axiomsin this

languageareasfollows:

¿ The ��À¯ form adescendingchainof setswith oneelementdroppingoutateach 
.
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Á The ÂSÃÄ Å Æ codetheapproximationÇ�È É9Ê Ë�Ê Ì�Í to Ì�Î�Ï by requiringthatif Ð is
leastsuchthat Ñ9É1Ò�ÓVÔ<ËÕÒ�Ð�È Ç�È É9Ê Ë�Ê Ì�Í Í and Ö�× Ê Ø Ø Ø Ê Ö Ä ÎwÙ�Ú aredistinctforÛ ÒvÌ then Â Ä Å Æ È Ö�× Ê Ø Ø Ø Ê Ö Ä Í holdsandnot otherwise.(In particular, if Ì�ÜÎ�Ï
thenfor someÓ Ý wehaveaxiomssayingthat Â Ä Å Æ È Ö�× Ê Ø Ø Ø Ê Ö Ä Í doesnotholdfor
any Ó�ÞGÓ Ý andany Ö�× Ê Ø Ø Ø Ê Ö Ä .)
The theory ß�à of á!à is â$× - but not â�Ý -categorical with the dimensionof a

model á beingonceagaindeterminedby thecardinalityof ãpÙ Ãä . Theintuition is
thatthemoreelementstherearein ãpÙ�Ãä for a model á of ß�à , themoreof the å Ý æ -
approximationto Ï that we can“recover” from the diagramof á . In particular,
if á is the saturatedmodelof ß�à , ãpÙ Ãä is infinite and Ï is ç æ in á : ÌGÎgÏ�èÔ<Ö�× Ê Ø Ø Ø Ö Ä Î�é!ê È Ñ Û Í È á`ë ì3Ù ä È Ö�× Í�íYØ Ø Ø Ù ä È Ö Ä Í<ÍîívÈ Ñ9ÓVÍ È á�ë ì3Â Ä Å Æ È Ö�× Ê Ø Ø Ø Ö Ä Í Í ï .
As Ï is not ç Ý æ , thesaturatedmodelof ß�à is notcomputablypresentable.For eachð(ñGò

, however, we can(nonuniformly)build a computablemodel á�ó of ß�à withð
many elementsin ãpÙ Ã�ôä . The informationneededis Ïwã�È ðpõ�ö Í and,for eachÌYÒ ð which is not in Ï the least É for which thereis no Ë suchthat Ç�È É9Ê Ë�Ê Ì�Í

holds. ÷
All thetheoremsin thissubsectionaboutcomputablemodelsof â$× -categorical

theoriesuseinfinite signatures.Not too much is known aboutthe existenceof
suchstructuresand theoriesin finite signaturesor for onesthat are extensions
of standardalgebraictheories. One interestingexampleis Herwig, Lemppand
Ziegler [1999] who have establishedTheorem5.3 for Éwìgø with ß anextension
of thetheoryof groupsin thestandardsignature.

6. ComputableDimensionand Categoricity

Until now we have takenthe classicalapproachof identifying modelsup to
classicalisomorphism.However, it is not obvious thateven two computable(or
decidable)modelsthathappento beisomorphicshouldbeidentifiedwhenoneis
interestedin effective procedures.Therecould well be (andindeed,aswe shall
see,thereare)structureswith presentationsá and ù suchthat the two presenta-
tions have differenteffective properties.For example,therearecomputablepre-
sentationsof ú û�Ê Ò6ü onwhich thesuccessorfunctionis notcomputable.

Proposition6.1 Thereis a computablepresentationágì�ú é�Ê Ò�ý$ü of ú û�Ê Ò6ü such
that thesuccessorfunctionon á is notcomputable.

Proof. á will consistof theevennumbersin their usualorderplusaninfinite set
of odd numbersdeterminedandplacedin the orderingby a proceduredesigned
to guaranteethat no computablefunction þ�ÿ is the successorfunctionon á . At
stageÓ wecheck,for each� ñ Ó , if þ�ÿ È � � Í hasconvergedatstageÓ andis equalto� � õ � . If soweput

� Ó õYö into é andplaceit between
� � and

� � õ � . It is obvious
that é is computableandthat þ�ÿ È � � Í is not thesuccessorof

� � in á for any � . ÷
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Thenaturalapproachto theissueraisedby suchexamplesis to identify struc-
turesorpresentationsonly whenthereisacomputableisomorphismbetweenthem.
Of course,this only makessensewhenthestructuresthemselvesarecomputable.

� Henceforthall structureswill becomputable.

Definition 6.2 � is computablyisomorphicto � , ����	�
� , if thereis a com-
putable�������� which is anisomorphism.We alsosaythenthat � and � are
of thesamecomputableisomorphismtype.

Definition 6.3 The (computable)dimensionof a structure � is numberof its
computableisomorphismtypes. � is computablycategorical if its computable
dimensionis � , i.e. every � isomorphicto � is computablyisomorphicto � .

Notethatin acomputablycategoricalstructure� everydefinablerelationthat
is computablein any presentationof � is computablein every presentationof �
andsofor suchstructurestheeffectivenessof definablepropertiesis independent
of thepresentation.

Example6.4 � (therationals)with its usuallinearorderis computablycategori-
cal: Thestandardbackandforth argumentshowing thatthetheoryof denselinear
orderingswithout endpointsis countablycategorical is effective andsoproduces
computableisomorphismsbetweenany two suchorderings.

Example6.5 � asa modelor �	� or indeedasa structurewith only the suc-
cessorfunction ��� ��� (givenas ����� in thelanguageof arithmetic)is computably
categorical: Given any � isomorphicto � , onedefinesthe requiredcomputable
� �!�"��� by recursion. �!� #�� is thefirst elementof � andif �!� $%� is definedas&(' � then �!� $)�*� � � � +�� & � . However, it is easyto seefrom Proposition6.1
that , �.- /�0 is notcomputablycategorical.(If � is thesuccessorfunctionon � and
�1��� �2� werea computableisomorphisminto the � of Proposition6.1, ��� �%354
wouldbea computablesuccessorfunctionon � .)

Example6.6 Every finitely generatedstructureis computablycategoricalby the
naturalgeneralizationof theprecedingargumentfor , �6- �70 .
Example6.7 � , thealgebraicclosureof therationalsandsotheprimemodelof
�.8:9%; , is computablycategoricalbut <� , thecountablesaturatedmodelof �.8:9%;
(i.e. the algebraicclosureof the rationalsextendedby infinitely many transcen-
dentals)hascomputabledimension= (Corollary6.12).

All of theseexampleshave dimension � or = but, actually, every $"/>= is
possible.

Theorem 6.8 (Goncharov [1980a]) For each $ , �
/"$1/*= there is a structure
of dimension$ .



24 BakhadyrKhoussainov andRichardA. Shore

Goncharov usesa priority argumentto constructfamiliesof uniformly com-
putablyenumerablesetswith (in aprecisesense)exactly ? many distinctenumera-
tionsandthencodestheminto structuressoaspreservethedimension.Wewill see
otherapproachesto theseresultsin Theorem6.22andCorollary7.16. Although
thereareinterestingcodingsof thesefamilies into familiar typesof mathematics
structuressuchas groupsand rings (see§9), we do not know of any “natural”
structureswith dimension? for @.A ?)A1B . Indeed,for many classesof structures
it is possibleto prove that they arecomputablycategoricalor have dimensionB .
In mostof thesecasesit is actuallypossibleto characterizethestructuresthatare
computablycategorical.

Theorem 6.9 (Goncharov [1973], LaRoche[1977], Remmel[1981], Goncharov
andDzgoev [1980]) A Booleanalgebra is computablycategorical if it hasfinitely
manyatoms.If not, it hasdimensionB .

Theorem 6.10 (Remmel[1981a],GoncharovandDzgoev [1980]) A linear order
is computablycategorical if it hasonlyfinitelymanypairsof adjacentelements.If
not, it hasdimensionB .

We candeducea similar resulton algebraicallyclosedfields from a general
theoremaboutcomputablecategoricity amongdecidablepresentationsof a struc-
ture.

Theorem 6.11 (Nurtazin [1974]) SupposeC is a decidablestructure. If there
are finitelymanyelementsDE	FHG such that I C
J DE K is theprimemodelof thetheoryL6M I C
J DE K andthesetof completeformulasof this theoryis computable,thenany
two decidablepresentationsof C are computablyisomorphic.On theotherhand,
if there are no such E , thenthere are infinitely manydecidablepresentationsof C
no twoof which are computablyisomorphic.

Corollary 6.12 (Nurtazin[1974]; MetakidesandNerode[1979]) An algebraic-
ally closedfield of finite transcendencedegreeover its prime field is computably
categorical. Oneof infinite transcendencedegreehasdimensionB .

Proof. Let
L

bethetheoryof algebraicallyclosedfieldsof characteristicN . As
L

hasquantifiereliminationevery computablemodel C of
L

is decidable.(Givena
sentencewith quantifiers(in theexpandedlanguagewith constantsfor elementsofG ) find thequantifierfreeequivalent.Its truthcanbedecidedby thecomputability
of C . As

L
is O%P -categorical every model C is the prime modelof

LRQ6STL�U
V I E K U	W I X K for acomputableprincipaltype

V
providing thetheorywith astrongly

minimal formula andthe type
W

of a sequenceof transcendentals(independent
elements)asdescribedin theproof of Theorem5.2. (Actually, for this particularL

,
V

is notneededasit is alreadystronglyminimal.)ThesequenceX is finite if and
only if thetranscendencedegreeof C over its primefield is finite. In particularif
thetranscendencedegreeis infinite, thereis no finite sequenceasrequiredandso
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Y
wouldhaveinfinite computabledimension.Ontheotherhand,if thesequenceis

actuallyfinite, we caneffectively decideif a givenformula Z![ \5] ^�_ is anatom.As
in theproof of Theorem5.2,we cango effectively to a computableprincipaltype`

of aRb containingZ![ \5] ^�_ . For this particulartheory, however, we canenumerate
thecompleteformulas. (In characteristicc , they just saythat (for someordering
of the ^ 's),eacĥ in turn satisfiessomeirreduciblepolynomialover theprevious
ones.)We canthusfind sucha generatingformula d in

`
andthenaskif Zefd .

If so Z is completeandnototherwise.(MetakidesandNerode[1979]giveadirect
proof of thisCorollary.) g

An importantprogramis thusto characterizeor at leastclassifycomputably
categoricalstructuresandtheorieswhosemodelsarecomputablycategorical.One
major successalong theselines is the characterizationby Goncharov [1975] of
computablycategoricalstructureswhosetwoquantifiertheoryisdecidablein terms
of Scottfamilies.

Definition 6.13 A Scott family for a structure
Y

is a computablesequence

Z�h [ ij ] ^�k ] l l l ] ^5m n _ ] Z k [ ij ] ^�k ] l l l ] ^5m o _ ] l l l ]
of p -formulas,i.e. prenex oneswith only existentialquantifiers,satisfiablein

Y
,

where ij is a finite tupleof elementsfrom
Y

, suchthatevery q -tupleof elements
from

Y
satisfiesonetheseformulasandany twotuplessatisfyingthesameformula

from theabove sequencecanbeinterchangedby anautomorphismof
Y

.

Definition 6.14 A structure
Y

is q -decidable(for q"rtsR_ if the setof prenex
sentencesof a6u%[ Y ] j _ v w x with q.yHz alternationsof quantifiersis computable.So,
for example,

Y
is z -decidableif thesetof prenex sentencesof a6u%[ Y ] j _ v w x with

eitheronly existentialor only universalquantifiersis decidable.

Proposition6.15 If a structure
Y

hasa Scottfamily, then
Y

is computablycate-
gorical.

Proof. Let Z�h [ ij ] ^�k ] l l l ] ^5m n _ ] Z k [ ij ] ^�k ] l l l ] ^5m o _ ] l l l be a Scott family for
Y

,
where ij�{ [ j h ] l l l ] j�|~} k _ . Let

Y k and
Y��

be computablepresentationsof
Y

.
We definea mapping ���.�.k)e�� � by stages. We can assumethat for each� rt�7c�] l l l ] ��y"z � , j��� is the elementin � � correspondingto the constantj � .
At even stageswe defineimagesof elementsfrom

Y k , at odd stageswe define
preimagesof elementsfrom

Y��
.

Stage0. Set � h { ��[ j kh ] j
�
h _ ] l l l ] [ j k|~} k ] j

�|~} k _ � .
Stage 2k � 0. We can supposethat the function � � � } k has beendefined.

Assumethat � � � } k { ��[ j kh ] j
�
h _ ] l l l ] [ j k|~} k ] j

�|~} k _ ] [ � k ] \�k _ ] l l l ] [ � � ] \�� _ � andthat
� � � } k canbeextendedto anisomorphismfrom

Y k to
Y��

. Let � bethefirst num-
ber in

Y k not in thedomainof � � � } k . Considerthe tuple [ � k ] l l l ] � � ] � _ . Find an�
suchthat Z � [ ij ] � k ] l l l ] � � ] � _ holdsin

Y k . Hence p5^�Z � [ ij ] \�k ] l l l ] \�� ] ^�_ holdsinY��
. Find the first \1r*� � for which Z � [ ij ] \�k ] l l l ] \�� ] \�_ holds. Extend � � � } k by

letting � � � { � � � } k��
��[ � ] \�_ ��l
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Stage2k+1. Wedefine�7� � ��� similarly soasto put theleastelementof �	� not
yet in therangeof �7� � into thatof �7� � ��� .

Finally, let �(�*��� � ��� � . Clearly, � is acomputableisomorphism.�
Theorem 6.16 (Goncharov[1975]) If   is ¡ -decidablethenit is computablycat-
egorical if andonly if it hasa Scottfamily.

Of course,theif directionof thisTheoremfollowsfrom theprecedingPropo-
sition. For theotherdirection,oneusesa priority argumentto build a ¢ anda £�¤�
isomorphismbetween  and ¢ . Attemptsaremadeto makesurethatno ¥�¦ is an
isomorphismbetween  and ¢ . If oneof theattemptsfails, theconstructionbuilds
a Scottfamily for   . (SeeAsh andKnight [1999] for thedetailsof an ingenious
but relatively simpleproof.)

Note that the definition of computablecategoricity is on its facea § �� prop-
erty. This theoremgivesa ¨ �� equivalent(having a Scott family). Actually, the
propertyof having a Scott family caneasilybe seento be arithmeticas the re-
quirementfor an isomorphismcanbe replacedby the existenceof a setof finite
partialisomorphismswith thebackandforth property. Thus,for ¡ -decidablestruc-
tures,Theorem6.16givesa characterizationthat is significantlysimplerthanthe
underlyingdefinitionof computablecategoricity.

We now turn to the specificissueof persistenceof computablecategoricity
underexpansionsby constantsthatwill turn out to bea routeinto variousresults
andexamplesof thesortslistedabove. In particular, it will leadusto a proof that
theexistenceof aScottfamily is notnecessaryfor computablecategoricity.

6.1 Persistenceof ComputableCategoricity

Classically, it is an easyconsequenceof the Ryll-Nardzewski Theoremthat
having acountablycategoricaltheoryispersistent, i.e. preservedunderexpansions
by finitely many constants.

Theorem 6.17 If ©6ª%«  ¬ , the theoryof a structure   , is countablycategorical
thensois thetheoryof anyexpansionof   byfinitelymanyconstants.

Thenaturalquestionfor computablecategoricity hasbeenconsideredby Mil-
lar, Goncharov andothers.It is posedastheMillar-Goncharov problemin Ershov
andGoncharov [1986]:

Question6.18 (Millar,Goncharov) Is computablecategoricity persistent,i.e. if
  is computablycategorical is alsoevery expansionof   by finitely many con-
stants?

It is not hardto seethat if a structure  hasa Scottfamily ¥ � « ®¯5° ± � ° ² ² ² ° ±5³ ´ ¬
theneveryexpansionby finitely many constantsµ � ° ² ² ² µ ¶ alsohasone.Wesimply
slightly modify theoriginal Scottfamily. (Essentially, onereplaceseachformula
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·�¸ ¹ º»�¼ ½�¾ ¼ ¿ ¿ ¿ ¼ ½5À Á Â by
·�¸ ¹ º»5¼ Ã ¾ ¼ ¿ ¿ ¿ ¼ Ã Ä6¼ ½�¾ ¼ ¿ ¿ ¿ ½5À Á Å�Ä6Â andthenlists only thesatis-

fied formulas.Then,onecaneasilycheckthat thesequenceÆ~Ç ¼ Æ ¾ ¼ ¿ ¿ ¿ is a Scott
family for the expandedstructure

¹ È ¼ Ã ¾ ¼ ¿ ¿ ¿ ¼ Ã ÄRÂ .) ThusTheorem6.16givesus
ananswerwhen

È
is É -decidable.

Corollary 6.19 (Goncharov [1975]) If
È

is É -decidablethentheexpansionof
È

by finitelymanyconstantsis alsocomputablycategorical.

Millar hasimprovedthisresultby onequantifierby aquitedifferentproof. So,
roughlyspeaking,it sufficesto beableto solve systemsof equalitiesandinequal-
ities.

Theorem 6.20 (Millar [1986]) If
È

is Ê -decidablethenthe expansionof
È

by
finitelymanyconstantsis alsocomputablycategorical.

Proof (Hirschfeldt). Supposewe aregiven
È

and Ë isomorphic,computablycat-
egorical and Ê -decidablewith Ì È ¼ »5Í)ÎÏ Ì Ë ¼ Ð Í . We will build Ñ via a Henkin
construction,a sequenceÒ�Ó of partial isomorphismsfrom Ñ to Ë and, for each
potentialisomorphismÔ�Õ�Ö7ÑH× È , a partialmap Ø�Õ�Ö ÑH×ÙË suchthat

Ú either thereis an Û suchthat Ø�Õ is total and Ø�Õ Ô Å5¾Õ is an isomorphismfrom
Ì È ¼ »5Í to Ì Ë ¼ Ð Í ,Ú or Ò ÏÝÜ Þ ß Ó7Ò�Ó exists andis an isomorphismfrom Ñ to Ë but no Ô�Õ is an iso-
morphismfrom Ñ to

È
.

As thesecondalternativecontradictsthehypothesisthat
È

is computablycat-
egorical, we will have the desiredcomputableisomorphismbetweenÌ È ¼ »5Í and
Ì Ë ¼ Ð Í . In theconstructionwe actuallyact,whenwe can,to guaranteethat Ô�Õ is
not anisomorphismfrom Ñ to

È
(andsowe do not have to worry aboutit). Thus

we let à6Õ bethe requirementthat Ô�Õ is not anisomorphismfrom Ñ to
È

. As the
constructionproceeds,we saythat à6Õ is satisfied(or not) dependingon whether
we have acertaintypeof witnessto Ô�Õ 's notbeinganisomorphismfrom Ñ to

È
.

For convenience,we assumethat thedomainof eachmodelconsideredhere
is á . Let â7ã À�ä À å æ beaneffective list of all atomicsentencesin thelanguageof

È
expandedby addinga constantç for eachè6é)ê . By ã ÇÀ and ã ¾À we meanëìã À and
ã À , respectively.

For any conjunctioní of literalscontainingnoconstantç for èìî ï andpartial
computablefunction Ô with computabledomain,we let ð ¹ ñ Â Ï�ò if Ô ¹ ñ Â~ó Ï"ô ,
ð ¹ ñ Â Ï ½�õ if Ô ¹ ñ Â	ö , anddenoteby íì÷ Ô~ø the formula ù ½ Ç!ú ú ú ù ½5Ä í ¹ û�ü ð ¹ ý Â ¼ ¿ ¿ ¿¿ ¿ ¿ ¼ þ ü ð ¹ ï Â Â . So, for example, if ã À is the sentenceÿ ¹ û ¼ ��¼ ��¼ ��Â and Ô Ï
â�Ì Ê ¼ �7Í ¼ Ì � ¼ ��Í ä , then ã ¾À ÷ Ô~ø Ï ù ½ Ç ù ½�¾ ù ½�� ù ½	� ÿ ¹ ½ Ç ¼ 
�¼ ½�� ¼ ��Â , while, on the other
hand,ã ÇÀ ÷ Ô~ø Ï ù ½ Ç ù ½�¾ ù ½�� ù ½	� ë~ÿ ¹ ½ Ç ¼ 
�¼ ½�� ¼ ��Â .

We notea few immediateconsequencesof this definition. In what follows, �
will alwaysbeeither

ý
or Ê .
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Proposition6.21

1. If ������ ��� and � is anextensionof � then ������ ��� .
2. If ������ ��� and �����! #"$� thenthereis anextension� of � with domain �

suchthat ������ ��� .
3. If ������ ��� and ���%'& & �)(�* +,.- � ��� - then ���& �)(�*./ 0.+,1- � ��� .
4. Let 2.3 4 5 5 5 4 2.6 and 7 3 4 5 5 5 4 7 6 be two sequencesof naturalnumbers.If 8�
%'& ��� 9!: ;<4 2 ,!=�> ;�?�@�A � - andB1����� 9!: ;<4 7 ,!=�> ;�?$@�A � - then : C4 2.3 4 5 5 5 4 2 ,.=D : BE4 7 3 4 5 5 5 4 7 ,.= .

5. Supposethat � is total andsurjective, �! #"$�GFH9#I!4 5 5 5 4 JLK$M A , N��*	� ��O J �
and BP�Q%'& *�� ��� - for someliteral * . Thenthereis a total computableR which
is theidentityon 9#I!4 5 5 5 4 J�K�M A suchthat ��S*	� ��TUR�� . Let * V�F$%�*�� R�� . Then
���%'& *#V � ��� - and B1��%'& & %�* V - � ��� - . W
We now describeourconstruction.

Construction. At eachstageX , wedefinepartialcomputablefunctionsY.Z and [	\ ] Z ,^S_H`
.We also constructthe atomicdiagram acb of d by addingon oneof the

literals * 3 Z or *./Z ateachstageX . We usethefollowing notations:�eZ is theconjunc-
tion of all theliteralsin acb at theendof stageX ; f g ] Z is theleastnumbersuchthat
�'g ] Z & f g ] Z -�F$2 , if oneexists, f g ] Z�F$I otherwise;J g ] Z�F$h i	jk& & l \ m!g �! #"$[	\ ] Z - n�9#f \ ] Z >^ ?$o A�n�9.o A.- .

We saythat a stageX is o -expansionaryif �'g ] Z is injective, �'g ] Z & f g ] Z -cp	Fq2 ,
9#I!4 5 5 5 4 J g ] Z ASrs�! #"E�'g ] Z , �! #"$�'g ] ZLtG9#I!4 5 5 5 4 h i	jk& �! #"$�'g ] Z 0	/ - A , and u v	wU�'g ] Zxt
9#I!4 5 5 5 4 h i	jk& u v	w��'g ] Z 0	/ - A . (Thus,if thereareinfinitely many o -expansionarystages,
�'g is total, injective,andsurjective.)

We begin at XyFGI with ��3zF|{ , Y#3zF|{ and [�g ] 3zF|{ for each o _}` . We
assumeby inductionthat ~G���eZ � Y.Z � andfor each o _�` , ~G���eZ � [�g ] Z � . At stage
XL�EM we find the least oy?GX , if any, suchthat ��g is not satisfiedandoneof the
following conditionsholds.

1. For some� , ~���& �eZ<(S* + Z - � Y.Z O J g ] Zk��M � and �G��%'& & �eZ<(�* +Z - � �'g ] Z � - or
~$��%'& �eZ<(S* + Z - � Y.Z O J g ] Zk��M � and �G��& & �eZ<(S* + Z - � �'g ] Z � - .

2. Not 1 andfor some� ,
(a) ~��Q& �eZ<(S* + Z - � Y.Z<O J g ] Zk��M � ,
(b) ~��Q& �eZ<(S* + Z - � [�g ] Z � , and
(c) XU��M is an o -expansionarystage.

3. Not (1 or 2 aandb), andfor some� ,
(a) ~��Q& �eZ<(S* + Z - � Y.ZcO�J g ] Z<��M � ,
(b) ~���%'& & �eZ<(S*./ 0.+Z - � Y.ZcO	J g ] Z<��M � - , and
(c) ~���%'& & �eZ<(S* + Z - � [�g ] Z � - .
If suchan o exists,we saythat o is activeat stageXU��M . Let JxF$J g ] Z<��M . For

eacĥ
'� o , let [	\ ] Z � / FE{ . For eacĥ

�� o , let [	\ ] Z � / FE[	\ ] Z . Declareall �U\ , ^�� o ,
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to beunsatisfied.
If 1 or 3 holdswe mustabandonthe currentattemptat the isomorphism�

andso let ��� � � ������� . If 1 holds,we have a witnessto fact that �'� is not an
isomorphismfrom � to � andwedeclare��� to besatisfied.

If 2 holds,therearetwo cases.If ��� � �y��� , we restartour definition of ���
usingthe assumedisomorphismbetween� �y� �	� and � �x� � � : Find the leasttuple
� �.� � � � � � �.� �	� � of distinctnumberssuchthat �.�   ¡ ¢��$� andif wedefine ��� � � ��� to be
thepartialfunctionmappingeach£�¤�¥ to �.¦ , then

1. �$§�¨e� ��� © ��� � � ��� ª and
2. for all «)¬® and ¯Q°E±#²!� ³ ´ , �®§$µ ¨�¶<·Q¸#¹¶ º © ��� � � ��� ª�»¼�½§Eµ ¨�¶<·Q¸#¹¶ º © �'� � �Q¾
¥ � � �<¿�³ ª ,

and define ��� � � ��� in this manner. (Sucha tuple exists because,since ��� is not
satisfied,�H§�¨e� ��� © �'� � � ª , sothat �G§�¨e� ��� © ±!� À � � � � �	� ´ ª , and � �y� �	��Á� � �x� � � .)

If ��� � ��Â�q� , we extend ��� so asto keep ��� and ��� � �	�� looking like isomor-
phisms. If Ã Ä!Å#Æ���� � � Ã is even, let Ç be the leastnumbernot in È É	Ê'��� � � , let £
be a numberlarger than any previously appearingin the construction,and de-
fine ��� � � �����Ë��� � ��Ì�±!� £<� Ç�� ´ . If Ã Ä!Å#Æ$��� � � Ã is odd, let Í be the leastnumber
not in Ä!Å#Æ���� � � , let Î be suchthat �q§E¨e� ��� © ��� � ��Ì}±!� Íe� Î�� ´ ª , andlet ��� � � ���y�
��� � �<Ì�±!� Íe� Î�� ´ .

If nosuchÏ exists,let Ð besuchthat ��§�µ ¨e�.·L¸ Ñ � º © Ò.� ª andlet ÆSÓ Ô�µ Ä!Å#Æ�Ò.� º ¿�³
�$¥ . For eachÕ�°�Ö , let �	× � � ���'�$�	× � � .

In any case,we continueto extendthe diagram ØcÙ andthe isomorphismÒ .
We add ¸ Ñ � to ØcÙ andlet ¨e� ���U�E¨e�<·S¸ Ñ� . If Ã Ä!Å#Æ�µ Ò.�<¾ ¥ º Ã is even,let Ç betheleast
numbernot in È É	Ê�µ Ò.��¾ ¥ º , let £ bea numberlargerthanany previously appearing
in theconstruction,andlet Ò.� ���U��Ò.�z¾�¥eÌL±!� £<� Ç�� ´ . If Ã Ä!Å#Æ�µ Ò.��¾ ¥ º Ã is odd,let Í be
theleastnumbernot in Ä!Å#Æ�µ Ò.��¾ ¥ º , let Î besuchthat ��§�¨e� ��� © Ò.�<¾ ¥�Ì)±!� Íe� Î�� ´ ª ,
andset Ò.� ���'��Ò.�<¾ ¥UÌ�±!� Íe� Î�� ´ .

Notice that,whichever caseholds, �|§�¨e� ��� © Ò.� ��� ª andfor each ÏS°�Ö , �|§
¨e� ��� © ��� � � ��� ª , which arethe inductionhypothesesneededfor thenext stageof the
construction.

Verifications. Sinceat eachstage�¿$³ we addedeither ¸#� or its negationto ØcÙ ,
ØcÙ is theatomicdiagramof a structure� . Because� and � are ³ -decidable,the
constructionis effectiveandso � is computable.

Supposefirst that thereis an Ï suchthat ��� is active infinitely oftenandlet Ï
betheleastsuchnumber. We wish to show that ��� � �	�� is thedesiredcomputable
isomorphismfrom � �y� �	� to � �x� � � . Let  � bea stagesuchthatno �U× is active for
Õ'¤EÏ at any stage«UÚE � . It follows from thedefinitionof ¥ � � � thatthereexistsan
#�zÚ| � suchthat ¥ � � ¶L�|¥ � � � Û for all «zÚ|#� . Let ¥ �c�|¥ � � � Û . It follows from the
definitionof Ò.� that thereexists  ÜcÚG#� suchthat Ò#¶)¾<¥ ��¿E³)�sÒ.� Ý�¾�¥ ��¿$³ for
all «zÚ| Ü . As ��� is active infinitely often it is never satisfiedafter stage Ü . So
condition1 never holdsafter this stage.Thus �Þ§�¨e� © �'� ª for every �ÚG Ü , and
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henceß'à is anisomorphismfrom á to â .
Weclaimthatit isnotpossiblefor condition3 toholdinfinitely often.Suppose

otherwise.Let ã äcåEã æ besuchthat ç!è#éEß'à ê ë ìcísî#ï!ð ñ ñ ñ ð ò à ó . Inspectingthewayô à ê ë õ�ö is definedwhencase2 holdsand
ô à ê ëx÷Gø , we seethat thereis an ãSåGã ä

suchthat
ô à ê ë õ�öU÷Eî!ù ú<ð û.ü.ýLþ#úQÿ$ò à ó for a tuple ù û�� ð ñ ñ ñ ð û�� � ý , û�� � � ��÷ � , suchthat

for all �
	�ã ,
1. ������ õ�ö � î!ù ú<ð û.ü.ý�þ#ú�ÿ�ò à ó � and
2. ���� ������� ö ������ � î!ù ú<ð û.ü.ý�þ#ú�ÿ�ò à ó ����â���� ������� ö ������ � ß'à! 	ò à#"%$ � .
Sucha tupleexistsbecauseù âyð û	ý'& ÷ ù �xð � ý and ß'à � ( à ê ë � ÷$û .

Now supposethat ��")$ is thefirst stageafter ã*")$ atwhichcondition3 holds,
andlet + beasin thatcondition.Then �,�.-/� � ������� �� � � ô à ê � � � . On theotherhand,�0����� � ô à ê � � . Thus �0�1� ���*�)� ö ����2� � ô à ê � � . Since

ô à ê � is an extensionof
ô à ê ë õ�ö ,�,�3� ������� ö ���� � � ô à ê ë õ�ö � . But thenby 2 above, â4�3� ������� ö ���� � � ß'à5 kò à*"$ � . But

by partb of condition3, ���-/� � ������� ö ���� � � 67�8 �ò à#"%$ � � . By Proposition6.21(5),
thereexistsa 9 andan + suchthat â:�3-/� � �; � ß'à � � and ���3-/� � ö ���; � 67�5 <ò à*"<$ � � .
But then � �; mustbein � ; õ�ö , sothat â%=>� ; õ�ö , contraryto ourassumption.

Socondition3 holdsonly finitely often.Sayit neverholdsafterstageã ?Lå�ã ä .
Sincecondition2 holdsinfinitely often,thereareinfinitely many @ -expansionary
stages.Thus,since A�à is never satisfied,ß'à is a computableisomorphismfrom á
to â . Furthermore,

ô àU÷<B C ézë ô à ê ë is well-defined,andin fact
ô à � D � ÷ ô à ê ë � D � for

theleast ãE	$ã ? for which
ô à ê ë � D � is defined.Since�<�.�eë � ô à ê ë � for all ãE	$ã ? , ô à

is a computableisomorphismfrom á to � .
Thus

ô à*FLß �	öà is a computableisomorphismfrom â to � . But if we let (S÷B C é)ëG( à ê ë , then
ô à
Fcß �	öà � û � ÷ ô à � ( � ÷ � . Thus in fact

ô à
Fzß �	öà is the desired
computableisomorphismfrom ù âyð û	ý to ù �xð � ý .

Finally, supposefor the sakeof a contradictionthat every @ is active only
finitely often. It is not hardto seethatat any @ -expansionarystage,oneof condi-
tions1, 2, or 3 musthold. Thus,if thereareinfinitely many @ -expansionarystages
then A�à is eventuallypermanentlysatisfied.

As wehave mentioned,if ã is astagesuchthat,for eachH*I@ andeach�'å$ã ,A
J is not active at stage� and ò à ê �U÷Gò à ê ë , thenfor all �cåGã , 67�5 �ò à ê ë*"<$y÷,6.ë� 
ò à ê ëG".$ and �%����� � 67�K �ò à ê ëL".$ � . Sothefact thateach@ is activeonly finitely often
impliesthat 6y÷>B C éE� 67� existsandis anisomorphismfrom á to � .

Thus á is isomorphic,but notcomputablyisomorphic,to â , contradictingthe
computablecategoricity of â . M

Thus1-decidabilitysufficesto guaranteethepersistenceof computablecate-
goricity. We will seein thenext sectionthat,without suchanassumption,com-
putablecategoricity neednot be persistent.Moreover, the equivalenceof com-
putablecategoricity with having a Scott family establishedby Goncharov under
theassumptionof 2-decidabilitydoesnothold for all 1-decidablestructures(The-
orem7.19).
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6.2 Nonpersistenceof ComputableCategoricity

We now seethat the additionof even a singleconstantfor any elementof a
computablycategoricalstructurecanchangeits dimension.

Theorem 6.22 (Cholak,Goncharov, Khoussainovand Shore [1999]) For eachN�O�P
there is a computablycategorical Q such that theexpansionQ!R of Q gotten

by addingona constantnaminganyelementof Q hasdimensionexactly
N
.

Idea of Proof (for
N.S�T

). We first constructa (uniformly) computablyenumer-
ablefamily of distinctpairsof sets U S�V7W#X Y Z [ YKO.P
\]S1VLX ^K_ ` a
_ Z [ Y
O.PK\ which
is symmetric, i.e. for every

Y!O>P
thereis a b O>P suchthat

W#X Y Z!S:X ^K_ ` a
_ Z8SX a/c ` ^
c Z
. In additionto thecomputableenumeration

W
, thereis oneothernatural

computableenumerationof this family, dW definedby dW#X Y Z*S,X a
_ ` ^K_ Z . This familyU is constructed(by a e R R typepriority argument)to have dimension
T

in thesense
that thereis no computablefunction f suchthat

WS dW f but, for every one-one
computableenumerationg of the family, thereis a computablefunction f such
that

W�S gLf or dW�S gLf . Thetwo enumerationsof this family arethencodedsym-
metricallyinto agraphsothatthewholestructureiscomputablycategorical. If one
addsonaconstant,however, it distinguishesbetweenthetwo codedenumerations
andsoonehasastructureof dimension

T
. h

For iN1jkT , one can generalizethe notion of symmetricfamily to one-one
enumerations

W
of families U of

N
-tuplesof sets. The combinatorialdetailsbe-

comefairly complicated.A simplerapproachto a proof of thegeneraltheoremis
providedin thenext sectionasacorollaryto someresultsondegreespectra.

7. DegreeSpectraof Relations

Anotherimportanttopicin computablemodeltheorythatturnsouttobeclosely
connectedto computablecategoricity is thatof thedependenceof thecomputabil-
ity propertiesof relationsnot includedin the languageof a givenstructureon its
presentation.For example,in “standard”presentationsof l m ` n8o the successor
function is computablebut it is not computablein every presentation(Proposi-
tion 6.1). Similarly, standardpresentationsof the algebraicallyclosedfield pq of
characteristice andinfinite transcendencedegreemakethe relationof algebraic
dependencecomputablebut not all presentationsdo. (Indeed,if algebraicdepen-
denceis computablein both of two isomorphiccomputablealgebraicallyclosed
fieldsthenthey arecomputablyisomorphic.However, Corollary6.12saysthat if
they have infinite transcendencedegreetheir dimensionis infinite.) On theother
hand,theseparticularrelationsareeasilyseento alwaysbe co-computablyenu-
merableandcomputablyenumerablerespectively. Othersremaincomputableor
computablyenumerablein everypresentation.Suchrelationsweresingledoutand
studiedby AshandNerode[1981].
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Definition 7.1 (Ash andNerode)If r:sutKv is an w -ary relationon a structurex
, r is intrinsically computable(computablyenumerable) if y*z r
{ is computable

(computablyenumerable)for every isomorphismy.| x�}k~ .

Example7.2 � �K� �8� : Successoris not intrinsicallycomputable.

Example7.3 � �K� �7� : Everycomputablerelationis intrinsicallycomputable.

We know thatthetwo structuresdiscussedabove, � �K� �8� and �� , arenotcom-
putably categorical while similar ones(suchas � �K� �7� and algebraicallyclosed
extensionof

�
of finite transcendencedegree)arecomputablycategoricalandin

eachof themthis phenomena(of a relationbeingcomputablein onepresentation
andnot in another)doesnot arise. Onemight naturallyaskif computablecate-
goricity guaranteesthat a relationcomputablein onepresentationis computable
in all. Theansweris bothyesandno. If we restrictour attentionto relationsthat
aredefinableor even invariantunderall automorphismstheansweris yes.

Proposition7.4 If a structure
x

is computablycategorical theneverydefinable
relation r (or oneinvariantunderautomorphisms)on

x
that is computablein any

presentationof
x

is intrinsically computable,i.e. computablein everypresenta-
tion of

x
.

Proof. Suppose
x

is computablycategorical, r
� is computable,and � is an iso-
morphismfrom

x
to
~

. We wish to show that ��z r
�#{ is computable.As
x

is
computablycategorical, thereis a computableisomorphismy>| x�}k~ . r
� and
r � arecomputableandso their imagesunder y arecomputablyenumerableand
complementaryandhencecomputable.As r is invariantunderautomorphisms,
in particularunder���G� y , y*z r
�#{��>��z r
�#{ andso ��z r
��{ is alsocomputable.�

So for computablycategorical structurestheeffectivenessof definableprop-
ertiesis independentof thepresentation.If we askinsteadthatevery computable
relation on

x
(definableor not) be intrinsically computable,the answerto our

questionis no. Computablecategoricity doesnot suffice to guaranteethat every
computablerelationis intrinsicallycomputable.(SeeExample7.7below.) Instead
we areled to astrongernotion.

Definition 7.5
x

is computablystableif every isomorphismy.| x1}�~ is com-
putable.

Example7.6 � �K� �7� is computablystable. Indeed,every isomorphismbetween
two presentationsis uniquelydeterminedby the computableprocedureof send-
ing the leastelementin onepresentationto the leastone in the other and then
proceedingby recursionasin Example6.5.

Example7.7 � � � �8� is computablycategorical but not computablystable. In
fact, given any two presentationsof � � � �8� , the usualbackandforth argument
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shows thattherearecontinuummany isomorphismsbetweenthem.Moreover, the
usualback and forth argumentcan be run in eachof countablymany intervals
to, for example,constructanautomorphismtakinga computablesubset(suchas�

) to a noncomputableone(any setconsistingof oneelementfrom eachinterval� ��� �E�%� �
for
��� �

).

Proposition7.8 (AshandNerode[1981]) � is computablystableif andonly if
everycomputablerelationon � is intrinsically computable.

Proof. As every isomorphismbetweenpresentationsof � is computable,thear-
gumentof Proposition7.4shows that the imageof any computablerelation � on� underany isomorphismis computable.For theother(if) direction,consider�
asa structureon theset � andtherelation � giving, in � , thesuccessorfunction
on � . If �3���4��� is anisomorphismand �K�� ,�*¡ �
¢#£ is computablethenthe
constructionof Example6.5computes� . ¤

Onecan,in fact,give a moreinformative characterizationof computablesta-
bility like thatprovidedfor computablecategoricity in termsof Scottfamiliesby
Theorem6.16. In placeof a sequenceof formulaseachof which determinesa
sequenceof elementsof thegivenstructure� up to automorphisms,oneneedsa
sequenceof formulasthatuniquelydefinetheelementsof � . On theotherhand,
we now only needthe

�
-decidabilityof � for thecharacterization.

Theorem 7.9 (AshandNerode[1981], Goncharov [1975]) If � is
�
-decidable

then � is computablystableif andonly if there are constants¥ �%¦ anda com-
putablesequence§�¨ � ¥ � ��� of existential formulassuch that for each © there is a
uniqueª ��¦ satisfying§�¨ andeach ª ��¦ satisfiessome§�¨ .
Proof sketch. It is easyto seethat theexistenceof a family asdescribedinsures
thatevery isomorphism�>���1��� is computableas,oncetheimageof thecon-
stants ¥ arefixed, � mustsendthe uniquesolutionof each §�¨ � ¥ � ��� in � to the
solutionof the sameformula in � . The proof of the otherdirection(only if) of
this theoreminvolvesa finite injury priority argument. Oneattemptsto build a� isomorphicto the given � by a «5¬ isomorphismbut not by any computable
isomorphism. The leastfailure of this diagonalizationrequirementoccursonly
becausethe elementson which we might diagonalizeareuniquelydefinedfrom
thosefixedby higherpriority requirements.Thesealreadyfixedelementsarethe
constants¥ required.Theportionsof thediagramof � to which wehave commit-
tedourselvesat variousstagesof theconstructionprovide thedesiredformulas§�¨
whenvariousextra parametersarereplacedby existentially quantifiedvariables.¤

Moregenerally, wewouldlike to know whenaspecifiedcomputable(or com-
putablyenumerable)relationis intrinsically computableor computablyenumer-
able.An examinationof thetwo examplesconsideredabove,  � � ®8¯ and °± , gives
usaclueasto whenarelationis intrinsicallyc.e.Therelation ² � ��� ³G� on � saying
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that ´ is nottheimmediatesuccessorof µ is definablein thestructure¶ ·K¸ ¹8º by the
existentialformula »G¼G½ ½ µ�¾%¼E¾%´G¿ ÀÁ½ ´5¾%¼5¾%µ�¿ ÀÁ½ µ]Â´G¿ ¿ andsoiscomputably
enumerablein any presentationof ¶ ·K¸ ¹8º . Thebinaryrelation Ã]½ µ�¸ ´G¿ sayingthatµ and ´ arealgebraicallydependentis equivalentto thedisjunctionof an infinite
computablelist of existentialformulasÄGÅ eachasserting(in thelanguageof fields)
thatthereisanonzeropolynomialof degreeÆ in µ and ´ whichequalsÇ . Any such
relationis againclearlycomputablyenumerablein any presentationof a field. To
enumeratethedependentpairs,onesimplydovetailsthesearchesfor witnessesfor
eachof theexistentialformulasÄ�Å . Thesephenomenasuggesta definition.

Definition 7.10 A relation È8½ µ�É ¸ Ê Ê Ê ¸ µ Å ¿ onastructureË is formallycomputably
enumerable if it is equivalentto a disjunction Ì>Ä�Í ½ µ�É ¸ Ê Ê Ê ¸ µ Å ¿ of a computable
sequenceof existentialformulas ÄGÍ with freevariablesµ�É ¸ Ê Ê Ê ¸ µ Å . È is formally
computableif both È and È areformally computablyenumerable.

Clearly, any formally computable(computablyenumerable)relationis intrin-
sically computable(computablyenumerable).AshandNerode[1981] prove that,
undermild decidabilityconditions,this conditionis alsonecessary.

Theorem 7.11 (AshandNerode[1981]) If È4Î1Ï Å and ¶ Ë]¸ ÈÁº is Ð -decidable,
then È is intrinsically computablyenumerable if and only if it is formally com-
putably enumerable. È is intrinsically computableif and only if it is formally
computable.

Actually, the 1-decidabilityof ¶ Ë]¸ ÈÁº is a bit strongerthan what Ash and
Nerodeneed.They only needto beableto decidefor eachÑ in Ï andeachexisten-
tial Ä#½ Ñ ¸ µ�¿ if thereis an Ò3ÓÔ È suchthat Ë:Õ ÂÄ#½ Ñ ¸ ÒG¿ . However, someconditions
arenecessaryasGoncharov [1980a]andManasse[1982] have constructedexam-
plesof intrinsicallyc.e. relationswhich arenot formally c.e.Therehasbeena lot
of work, primarily by Ash, Ash andKnight andtheir studentsgeneralizingthese
results(understrongerdecidability conditions)to syntacticcharacterizationsof
relationsbeingintrinsically Ö/× or Ø5× for all levels Ù of thehyperarithmetichier-
archy. They alsoprovidesimilargeneralizationsof thenotionsandresultsoncom-
putablecategoricity andstability to higherlevels of thehierarchyof computable
infinitary formulas. ThesepapersincludeAsh [1986], [1986a],[1987]; Ash and
Knight [1990], [1994], [1995],Barker[1988] andChisholm[1990a].Relatedre-
sultswhenthenotionsarerelativizedto thedegreeof noncomputablemodelscan
be found in Ash, Knight, ManasseandSlaman[1989], Ash, Knight andSlaman
[1993] andChisholm[1990]. Herethe resultsareproven by forcing arguments
andtheextradecidabilityhypothesesarenotneeded.

Facedwith a computable(or c.e.) relation È on Ë which is not intrinsically
computable(or c.e.),what canwe sayaboutits imageunderisomorphisms?In
particular, how complicatedcan Ú*Û È
Ü befor a(computable)relation È on Ë andan
arbitraryisomorphismÚ>Ý�ËßÞ2à (with à computable,of course).An approach
to thisquestionis suggestedby thefollowing definition.
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Definition 7.12 If á1â<ãKä is an å -ary relationon æ , thedegreespectrumof á ,ç8è�é�ê�ë áÁì , is í7îLï ð�ñ ë ò*ó á
ô ì�õ ò.ö æ1÷�ø is anisomorphismù .
Therearea numberof resultsgiving conditionsunderwhich thedegreespec-

trum of a computablerelationconsistsof preciselysomeparticularstandardclass
of degreessuchasall thedegrees,thec.e.degrees,etc. We concentrateon theis-
sueof finding instanceswherethespectrumis finite andtheconnectionsbetween
this issueandthedimensionof thegivenstructure.Thefirst resultsof thissortare
dueto Harizanov. Hereis oneexample.

Theorem 7.13 (Harizanov[1993]) There is an æ andan á on æ such æ hasex-
actlytwocomputablepresentationsand

ç8è�é�ê�ë áÁì
úí7û�ü ýLù with ý noncomputable
and þEÿ � .

Thenext problem(that remainedopenfor sometime) waswhetherþEÿ � could
be replacedby c.e. in this resultor, moregenerally, what is possiblefor intrin-
sically c.e. relationsespeciallyfor structuresof finite dimension.Goncharov has
announcedasolution,basedonworkwith Khoussainov, constructingastructureæ
of dimension2 with arelation á on æ with degreespectrumconsistingof û anda
nonzeroc.e. ý . He constructsfamiliesof c.e.setsandcodestheminto a structure.
Khoussainov andShorehave independentlydirectly constructeddirectedgraphs
of eachfinite dimensionå with relationshaving variousdegreespectra.Moreover,
thesestructurescanbe simply modifiedto provide examplesof onesfor each å
which arecomputablycategoricalbut whenexpandedby a constanthave dimen-
sion å . Wefirst statethemainresultfor dimension2.

Theorem 7.14 (KhoussainovandShore [1998]) There is a rigid directedgraphæ (i.e. onewith no nontrivial automorphisms)of dimension
�

anda subsetá ofã such that
ç8è�é�ê�ë áÁì�ú�í7û�ü ýLù with ý noncomputableand c.e. Moreover, the

relation �uú1í ë � ü �Gì õ ��� á �	��
 � � á ���
 there is an isomorphismfrom æ ÿ toæ�� which extendsthemap
���÷��Gù is computable.

We sketchtheproof of this theoremin §9. For now we give somegeneraliza-
tionsandcorollaries.

Theorem 7.15 (Khoussainovand Shore [1998]) For any computablepartially
orderedset � there is a rigid directedgraph æ of dimensionthecardinality of �
and a subsetá of ã such that

ç8è�é�ê�ë áÁì�� ú � . (Theordering on
ç8è�é�ê�ë áÁì is

givenby Turing reducibility.) Indeed,we can also guaranteethat á�� is c.e. for
every computablepresentationø of æ and that, if � has a leastelement,then
the leastelementin

ç8è�é�ê�ë áÁì is 0. Moreover, there is a uniformly computable
sequenceæ�� of representativesof the computableisomorphismtypesof æ such
that therelation �,ú<í ë � ü �Gì õ ��� á ��� 
 � � á ��� 
 there is an isomorphismfromæ�� to æ! which extendsthemap

���÷��Gù is computable.
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Corollary 7.16 For each natural number"$#&% there existsa computablycate-
gorical structure ' whoseexpansionbyfinitelymanyconstantshasexactly " many
computableisomorphismtypes.

Proof. Takethestructure( givenby Theorem7.15for thepartialorderconsisting
of " many incomparableelements.Let (�) , *!+-,.+-" bethecomputablerepresen-
tativesof thecomputableisomorphismtypesof ( . So, in particularthesets /10�2
areTuring incomparable.We usethecomputabilityof 3 to pastethe (�) together
to producea ' asrequired.More precisely, 4 consistsof thedisjointunionof the5 ) andtheedgesof ' aretheonesin each(�) . In addition, ' hasanextra binary
predicatedefinedby the relation 3 in thetheoremandanequivalencerelation 6
whoseequivalenceclassesarethe

5 ) .
Clearly ' is a computablestructure.Now let '17 beany computablepresenta-

tion of ' . Let (�7 8 and (�79 be two equivalenceclassesin '17 . Thesetwo substruc-
turesof '17 consideredasgraphsareisomorphicto ( . Hence (�7 8 is computably
isomorphicto oneof ( 8 , : : : , (<; . Without lossof generalitysupposethat (�7 8 is
computablyisomorphicto ( 8 via a computablefunction = 8�> ( 8<? (�7 8 . If (�79
werecomputablyisomorphicto ( 8 via acomputablefunction = 9�> ( 8@? (�79 , then
we would beableto decide/10A in ( 8 asfollows: B in

5 8 belongsto /10A if and
only if C = 8 C B�D E = 9 C B�D D�FG3 . Henceall thestructures(�7 8 , : : : , (�7; arepairwisenon-
computablyisomorphicandsorepresentall thecomputableisomorphismtypesof
( , i.e. arecomputablyisomorphicto ( 8 E : : : E (<; (in someorder). Hence '17 is
clearlycomputablyisomorphicto ' andso ' is computablycategorical.

Now let H beany elementfrom ( 8 . Considertheexpandedstructures'@) con-
sistingof ' with the new constantinterpretedas HI) , the imageof H in (�) . It is
clearthatall the '@) areisomorphicbut notcomputablyso. Thusthedimensionof
'@) is at least " . On theotherhand,as ( is rigid thereareno choicesotherthan
the HI) asthe interpretationof H in ' . Thus,by thecomputablecategoricity of ' ,
any structureisomorphicto say ' 8 mustbecomputablyisomorphicto oneof the
'@) andsothedimensionof thesestructuresis precisely" asrequired.J
Corollary 7.17 (KhoussainovandShore [1998]) There existsa computablycat-
egorical structure withouta Scottfamily.

Proof. If structureof previouscorollaryhada Scottfamily it would remaincom-
putablycategoricalwhenconstantswereadded.J

A similarconstructionprovidesanexampleshowing thatevenif thestructure
is persistentlycomputablycategoricalit neednothave aScottfamily.

Theorem 7.18 (KhoussainovandShore [1998]) There existsa structure without
a Scott family such that every expansionof the structure by a finite numberof
constantsis computablycategorical.

Kudinov independentlyprovedmore.
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Theorem 7.19 (Kudinov[1996]) There is a computablycategorical K -decidable
structure L with no Scottfamily.

Proof sketch. Kudinov slightly modifiesa family of computableenumerations
constructedby Selivanov [1976] and then codesthe family as a unary algebra
in sucha way asto producea computablycategorical structurewith a decidable
existentialtheorybut noScottfamily. M

Of course,thisTheoremshows thattheassumptionof N -decidabilitywasnec-
essaryin Goncharov's characterization(Theorem6.16)of computablycategorical
structuresasoneswith Scottfamilies.By Millar' s resulton persistence(Theorem
6.20),Kudinov's structureis persistentlycomputablycategoricalandso is alsoa
witnessto Theorem7.18.

A very naturalquestionis whetherevery c.e.degreecanberealized(with O )
asadegreespectrum.Hirschfeldthasrecentlyansweredthisquestionby adapting
andextendingthemethodspresentedhere.

Theorem 7.20 (Hirschfeldt [1999]) For everyc.e. degree P there is an L anda
relation Q on L such that R!S	T�U�V Q�W�XZY[O\ P^] . IndeedP canbereplacedby any
uniformlyc.e. array of c.e. degrees.

Hirschfeldt's constructionpreciselycontrolsthedegreespectrumof the rela-
tion Q but doesnot controldimensionof L . Thusthe following questionis still
open.

Question7.21 (Goncharov andKhoussainov [1997]) Which _ -tuplesof c.e.de-
greescanberealizedasthedegreespectrumof a relationon astructureof dimen-
sion _ ?

If we move beyond the c.e. degreestherearea few resultsby Harizanov on
possibledegreespectrabut notmuchis known. However, weshouldpointout that
severalnaturalstrengtheningsof theseresultscanruledoutby classicaldescriptive
settheoreticresults.

Remark 1 For a givenrelation Q on a computablestructure L , theset YIQ�`ba c
is a computablepresentationof L�] is d1ee in Q . Thus,there are countablepartial
orderingsthatcannotberealizedin thec.e. degreesasthedegreespectrumof any
relation Q on anycomputablestructure L . (Justconsideronethat is too compli-
catedto be d1ee .) Similarly, such a partial ordering with leastelementcannotbe
realizedanywhere in theTuring degreesas thedegreespectrumof a computable
relation Q on a computablestructure L . Nor can it be true that any finite set
of degreescan be realizedas the degreespectrumof any relation Q on a com-
putablestructure L . Indeed,anydegreespectrumcontainingbotha hyperarith-
meticdegreeanda nonhyperarithmeticdegreeis uncountableasany d1ee setwith
a nonhyperarithmeticmemberis uncountable.
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8. Algebraic Examples

In §6 we saw severalexamplesof theorieswhosemodelsall have dimensionf
or g andalgebraicconditionscharacterizingthemodelsin eachclass.Thethe-

ories of this sort consideredtherewere linear orderings,Booleanalgebrasand
algebraicallyclosedfields.Wecite two more.

Theorem 8.1 A real closedfield of finite transcendencedegreeover h is com-
putablystable. Oneof infinite transcendencedegreehasdimensiong .

Proof. If a real closedfield i hasfinite transcendencedegreeover h and jlk
inmpo is anisomorphism,let q�r s t t t s qIu bea transcendencebasisfor i over h
and v r s t t t s v u betheir imagein o . Calculatejbw q�x for any elementq of y by first
findinganequationover h�z q�r s t t t s qIu { satisfiedby q . Findall its solutionsandthe
placeof q amongthesesolutionsin theorderof i . Now, jbw q�x mustbethesolution
of thesameequationover h�z v r s t t t s v u { whichlies in thesameplaceamongall the
solutionsin o listed in order. Thus j is computable.On the otherhand,if i is
of infinite transcendencedegreethenby Theorem6.11,it hasdimensiong . (Note
that asthe theoryof real closedfields haseffective quantifierelimination,every
computablemodelis decidable.Moreover, theprimemodelof |�}w i�s ~ x for any
finite list ~ of elementsof i is of finite transcendencedegreeandsonot i itself.)�

Theorem 8.2 (Goncharov[1981]) If i is anabeliangroupthenit hasdimensionf
or g .

Theproofof thisresultis particularlyinterestingbecauseit reliesonimportant
sufficientconditionfor a structureto havedimensiong .

Theorem 8.3 (Goncharov [1982]) If there is a �<�� isomorphismbetweeni and
o but nocomputableonethen i hasdimensiong .

Ontheotherhand,theresultsdescribedin §6.2and§7,aswell asmany earlier
papers,supplyexamplesof structuresof dimension� for each����g . Indeed,our
resultssupplyexamplesof structuresof dimension� whosepresentationsarechar-
acterizedby the Turing degreeof a specificrelationon the structure.Moreover,
representativesof the � many computableisomorphismtypesof thesestructures
canbepastedtogetherto producea singlecomputablycategorical structuresuch
thatanexpansionby constantsyieldsastructureof dimension� . Of course,when
therearecharacterizationtheoremsthat show that thedimensionmustbe

f
or g

suchconstructionsarenotpossible.Ontheotherhand,for many familiaralgebraic
theoriesfor which we cannotprovide sucha dichotomyandcharacterization,it is
possibleto constructexamplesof modelsnot only of eachfinite dimensionbut
alsoonesexhibiting theadditionalpropertiesenjoyedby theexamplesin §7.
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Theorem 8.4 (Goncharov [1980a], [1981]; Goncharov and Dobrotun [1989],
Goncharov, Molokov and Romanovski[1989]; Kudinov (personalcommunica-
tion); Hirschfeldt, Khoussainov, Slinko and Shore [1999]) For each of the fol-
lowing theoriesand each ���-� , there is a model � with a subset� such that
thedimensionof � is � and thedegreespectrumof � consistsof � differentc.e.
degrees.Moreover, for each � there is a model� which is computablycategorical
but someexpansionbyconstantshasdimension� : graphs,lattices,partial orders,
nilpotentgroups,rings(with zero divisors)andintegral domains.In each casethe
subset� canbetakento bea substructure of theappropriatetype.

Theresultson theexistenceof modelsof eachof thesetheoriesof eachfinite
dimensionaredueto variouspeople(mostto Goncharov andhis coauthors,the
onefor integral domainsis dueto Kudinov). They weretypically first provedby
codingsof familiesof c.e. sets.For graphs,the resultsinvolving degreespectra
andextensionsby constantsaredueto Khoussainov andShoreandaredescribed
in §7. (Actually, theoriginalpaperuseddirectedgraphsbut anexaminationof the
constructionshows that it is possibleto useundirectedgraphsinstead.) All the
otheronesinvolving degreespectraandextensionsby constantshavebeenproven
by Hirschfeldt,Khoussainov, SlinkoandShore[1999].

Althoughdirectconstructionsaresometimespossible,theseresultscanall be
derived from the resultson graphsby finding a sufficiently effective coding of
graphsinto modelsof eachtheory. Theideais that,if thecodingis sufficiently ef-
fective,all thecomputabilitypropertiesinvolvedcarryover. Thusall thesetheories
arenotonly undecidablebut thecodings(of saygraphs)neededto prove thatthey
areuniversal(i.e. codeall of predicatelogic) arehighly effective. (In additionto
simplecodingsof thedomainandedgerelationon theinitial graph,animportant
issueis theeffective reversibility of thecoding.Thatis, onewantsthemodelcod-
ing a givengraphto effectively determinetheoriginal graph.)On theotherhand,
thetheoriesdiscussedin §6whosemodelsareall eithercomputablycategoricalor
of dimension� aredecidableandhave strongstructuretheoremsthatareusedin
theproofs.Weexpectthattherearenaturaltheoriesthatareneither“so decidable”
asthoseof §6 nor “so undecidable”astheonesin Theorem8.4. In particular, we
suggestthetheoryof fieldsasa goodtestcaseasit is undecidablebut theproofs
of undecidability(that we know) interpret � in a ratherspecificway ratherthan
arbitrarystructures.

9. The BasicTheorem on DegreeSpectra

In thissectionwesketchtheproofof theTheorem7.14,thecase���-� of our
maintheoremondegreespectra.

Theorem7.14(KhoussainovandShore [1998]) There is a rigid directedgraph �
of dimension� with computable(butnotcomputablyisomorphic)presentations���
and ��� anda subset� of � such that �!�	����� ���!�&�[�� �^� with � noncomputable
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and c.e. Moreover, the relation ��� �^¡ ¢£ ¤�¥ ¦ ¢G§©¨1ª	«!¬G¤§©¨1ª®�¬ there is an
isomorphismfrom ¯�° to ¯�± which extendsthemap ¢�²³�¤�´ is computable.

Proof sketch. Our directedgraph ¯ will consistof disjoint componentsµ ¶1· ¸ all
of onespecialtype. The graphwe denoteby µ ¶!¸ is uniquelydeterminedby the
set ¶n¹l�[º@¦ º¼»Z½I´ . It consistsof one ¾ -cycle andone º -cycle for eachº¼§¿¶ .
In addition,thereis oneelementof the ¾ -cycle, calledthe top of thegraph,from
which thereis anedgeto oneelementof eachº -cycle for º$§$¶ . Thiselementof
the º -cycle is calledthecodinglocation for º . For convenience,we alsodenote
µ �[º´ ¸ by µ º	¸ . We build up our graphusing two operations,À and Á . The sum
µ Â�¸Àlµ ¶!¸ of two graphsis simply their disjoint union. The product, µ Â�¸bÁµ ¶!¸ ,
of two graphsof our specialform is gottenby taking disjoint copiesof µ Â�¸ and
µ ¶©Ã¼Â�¸ andidentifying thetop elements(andtheassociated¾ -cycles)in eachof
the two graphs.For example µ ½ ¸bÁ�µ Ä ¸�Å� µ �[½^£ ÄI´ ¸ and µ �[½^£ Ä^£ Æ[´ ¸bÁ�µ �[Ä^£ ÆI£ Ç^£ ÈI´ ¸!Å�
µ �[½^£ Ä^£ ÆI£ Ç^£ ÈI´ ¸ . Notethat µ Â�¸�Á^µ ¶!¸	Å� µ ¶!¸^Á^µ Â�¸ .

Ourplanis to constructourgraph̄Z��µ ¶1° ¸[ÀGµ ¶�± ¸[ÀÁ Á Á ÀGµ ¶1É ¸[ÀÁ Á Á together
with enumerationsof thesets ¶1· so that ¶1·Ã-¶�Ê�Ë�lÌ for Í�Ë��Î (andindeedwe
guaranteethat ¶1· Ï ÐbÃ¼¶�Ê Ï Ð�Ë�-Ì for every Ñ and Í1Ë�GÎ ). Soclearly

Ò ¯ is rigid.

Therequired̈ will bea subsetof thecodingpointsin ¯ . We enumeratetwo
presentations̄�° and ¯�± of ¯ as ¯�° Ï Ð and ¯�± Ï Ð eachisomorphicto µ ¶1° Ï Ð ¸ À$µ ¶�± Ï Ð ¸ À
Á Á Á andtheinterpretations̈1· (as ¨1· Ï Ð ) of ¨ in ¯�· sothat

Ò ¨1° is computablyenumerablebut not computable:As the constructionpro-
ceedswe enumeratethe elements¢ of ¨1° so as to makethe setenumerated
noncomputableby a standarddiagonalizationprocedure.Ò ¨�± is computable:As weenumerateanumber¢ into ¨1° , wemakesurethatthe
correspondingelement¤ of ¯�± is a new largenumber. Thus ¨�± is enumerated
in increasingorder.Ò �Z���^Ó ¢£ ¤�Ô¦ ¢�§G¨1°�¬�¤�§G¨�±b¬¡ Õ�Ö$×	¯�°�Å� ¯�± ¥ ¡ Öb¡ ¢�¥���¤�¥ ´ is computable:
By theprocedurealludedto above for choosingthe ¤�§¨�± correspondingto a
given ¢�§$¨1° , thepairs Ó ¢£ ¤�Ô@§$� areenumeratedin increasingorder.Ò ¯�°�Ø!Ù�¯�± : This is guaranteedby the previous requirementsthat ¨1° is com-
putablebut ¨�± is not. By therigidity of ¯ , thereis only oneisomorphismfrom
¯�° to ¯�± andit musttake ¨1° to ¨�± . If it werecomputableit wouldpreservethe
computabilityof theinterpretationof ¨ .Ò EverycomputablepresentationÚ	Ê of ¯ is computablyisomorphicto ¯�° or ¯�± :
Ourplanhereis to definemapsÛ Ê Ï Ð sothatateverystageÑ of theconstructionat
which it still looksasif Ú	Ê mightbeisomorphicto ¯ , Û Ê Ï Ð is a monomorphism
from Ú	Ê Ï Ð into ¯�· Ï Ð (for Í���Ü or Ý ) andthat,at theendof stageÑ , if we cannot
extendthe currentmap Û Ê Ï Ð thenwe switch so that Û Ê Ï Ð Þ	± is a monomorphism
from Ú	Ê Ï Ð Þ	± into ¯�± ßI· Ï Ð Þ	± . If, aftersomestageà , we never switchour potential
isomorphismthen á@�[Û Ê Ï Ð ¦ à�â-Ñ[´ is, in fact,thedesiredcomputableisomorphism
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from ã	ä to å�æ . On the otherhand,if we switch infinitely often we guarantee
that thereis a specialcomponentç�ä of ã	ä which is not a componentof å and
so ã	ä is not isomorphicto å .

The crucial ideaneededfor the constructionis how to diagonalizeto makeè1é
noncomputablewhile its isomorphicimage

è�ê
remainscomputableandalso

maintaincontrolover thepotentialisomorphismsbetweenã	ä and å�æ . Thediago-
nalizationprocedureis basedon two symmetricoperationsë (left) and ì (right)
on sequencesof graphsí î1æ ï .
Definition 9.1 ë�ð í î ê ï ñ ò ò ò ñ í î1ó ï ô is thegraph

í î ê ï	õ^í î�ö ï^÷¿õ õ õI÷-í î1ó ø ê ï�õ^í î1ó ï�÷-í î1ó ï	õ^í î ê ï .
ì�ð í î ê ï ñ ò ò ò ñ í î1ó ï ô is thegraph

í î ê ï	õ^í î1ó ï�÷-í î ê ï	õ^í î�ö ï�÷¿ò ò ò ÷¼÷<í î1ó ø ê ï	õIí î1ó[ï .
We apply the ë operation,for example,to a graph ã whosecomponentsin-

cludethe í î1æ ï by removing all the í î1æ ï andinserting ë�ð í î ê ï ñ ò ò ò ñ í î1ó ï ô . We also
adoptthe conventionthat theelementsof the componentí î1æ ï arethe sameones
in thecorrespondingsubgraphin thecomponentí î1æ ï�õ^í î1æ ù ê ï of ë�ð í î ê ï ñ ò ò ò ñ í î1ó ï ô
while thoseelementsin thenew graphcorrespondingto onesin í î1æ ù ê ï of theorig-
inal grapharenew elementsin í î1æ ï�õ�í î1æ ù ê ï (with ú for û�÷©ú when ü1ý&û ). This
conventionis importantfor establishingcomputabilitypropertiesof thegraphsbe-
ing constructed.

We will applyan ì operationin theconstruction(to å ê ) only whenwe also
applyan ë one(to å é ). We alsohave thecorrespondingconventionthat theele-
mentsof thecomponentí î1æ ø ê ï arethesameonesin thecorrespondinggraphin the
componentí î1æ ø ê ï õ í î1æ ï of ì�ð í î ê ï ñ ò ò ò ñ í î1ó ï ô while thoseelementsin thenew graph
correspondingto onesin í î1æ ï of theoriginalgrapharenew elementsin í î1æ ø ê ï õ í î1æ ï
(with þ for û when ü.ý�ú ).

Thefollowing lemmais immediatefrom thedefinitions.

Lemma 9.2 For any sequenceí î ê ï ñ ò ò ò ñ í î1ó ï of graphs, ë�ð í î ê ï ñ ò ò ò ñ í î1ó ï ô and
ì�ð í î ê ï ñ ò ò ò ñ í î1ó ï ô are isomorphicand extend í î ê ï�÷�õ õ õ�÷&í î1ó ï . Moreover, if ã
has the í î1æ ï as componentsthen replacingtheir sumwith ë�ð í î ê ï ñ ò ò ò ñ í î1ó ï ô or
ì�ð í î ê ï ñ ò ò ò ñ í î1ó ï ô producestwo isomorphicgraphseach extendingã . ÿ

Theplanfor diagonalizationis now easilydescribed.To makesurethat
è1é��ý���

, we choosenumbers� � ñ � � and � � andinsertcopiesof í � � ï ñ í � � ï and í � � ï into å é
and å ê . For definiteness,saythat � � is the(numberwhich is) thecodinglocation
for � � in thesegraphs.We now wait for

� � ð � � ô to converge to þ . If it never does
we do nothingandsowin as � � is not in

è1é
. If

��� ð � � ô convergesto þ at stage	 ,
we replacethecomponentsí � � ï ñ í � � ï and í � � ï in å é and å ê by ë�ð í � � ï ñ í � � ï ñ í � � ï ô and
ì�ð í � � ï ñ í � � ï ñ í � � ï ô , respectively; put � � into

è1é
andits imagein å ê into

è�ê
. The

crucial point hereis that, by our conventions,the imageof � � (asan elementof
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��  � � � �  ��� � �  � � � �
in ��� � in � �  � � � �  ��� � �  � � � � andso in ��� is a new large number.

Thuswe diagonalizefor ��� but keep ��� computable.
The remainingissueis how to simultaneouslysatisfy the requirementsthat,

if isomorphicto � , �! is computablyisomorphicto ��� or ��� . Considerthe re-
quirementfor asingle � . Following theideadescribedabove,wechooseaspecial
component

 "#�
of � andmakeits imagein the ��$ participatein infinitely many of

the left andright operationsdonefor diagonalizations.We have somedefinition
of expansionarystagethatmeasurestheextentof apossibleisomorphismbetween� and � . If thereareonly finitely many suchexpansionarystagesthen � is not
isomorphicto � andnootheractionsarenecessary. Sosupposethereareinfinitely
many expansionarystages.

At eachexpansionarystage% wehaveamonomorphism& ' from � into ��$ and
components

 " $ ( ' � of ��$ (for )�*,+ or - ) correspondingto thespecialcomponent "#�
of � . If we wish to diagonalizeat a codinglocation . � in the rangeof & , we

wait for the next expansionarystage % and perform



and � operationsin ���
and ��� , respectively, on thesequence

 � � � �  ��� � �  � � � �  /0� � �  " $ ( ' � �  12� � . Here
/0�

and12�
areeithernumberschosenin advancefor the requirementfor � or setsthat

have participatedin oneof thesetwo locationsin a previousoperationfor � . In
any case,all of thesecomponentsare in the rangeof & ' when we perform the
operations.Suppose& ' mapped� into ��$ . Thecrucialpoint is thatwhenwe next
get an expansionarystageat 3 and it is possibleto extend & ' so as to keep

 "#�
mappedinto

 " $ ( ' � thenit is possibleto extend & ' to be a mapof � into ��$ at 3 .
Thekey ideahereis thateachcomponentin theoriginalsequencecan“grow into”
only oneof two componentsin thefinal one,itself or the oneimmediatelyto its
left (or right dependingon whether )�*4+ or - ). Thusif the imageof oneof the
componentsremainsfixed thenwe cansee(in the reverseorderof theoperation
performed)thateachcomponentin turn remainsfixedasit hasno otherplaceto
go. In this case,we extend & ' to & 5 still mapping � into ��$ . If it is not possible
to keep

 "#�
mappedinto

 " $ ( ' � thenwe change& soasto define & 5 asa mapfrom� into ��� 67$ . This alsomeansthat
 " $ ( 5 � is not thesamecomponentin ��$ aswas " $ ( ' � (or we couldhave keptit fixed). (Actually it is thecomponentthathadbeen /0� �

or
 12� �

dependingon thespecificsof thesituation.)We now guaranteenever
to usetheold

 " $ ( ' � componentin any futureoperation.
Theultimateconsequenceof sucha procedureis that,if we changetherange

of & 5 infinitely often,
 "#�

becomesinfinite in � but eachcomponent
 " $ ( ' � that is a

potentialimageof
 "#�

in ��$ is involvedin only finitely many operationsandsois
itself finite. Thus,in this case,� is not isomorphicto � . On theotherhand,if �
actuallyis isomorphicto � , wekeepextending& ' from somestageonwhile never
changingthe ��$ to which it maps� . In this case,we arrangethedefinitionof & '
so that if it eventuallymapsonto ��$ andso determinesthe requiredcomputable
isomorphismfrom � to ��$ .

We have, of course,omittedsomeof thecombinatorics(particularlytheway
in which we extendthedomainof & ) evenin this caseof one � requirement.The
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full constructionconsistsof usinga moduleof this sortfor eachrequirementon a
typical 8 9 9 priority tree.Of course,thepreciseactionsfor adiagonalizationrequire-
mentat a node : (e.g.which specialcomponentshave to go into thesequenceon
which theoperationsareperformedandin whatorderthey go on this list) depend
on theoutcomeof nodes; of higherpriority containedin : which aredevotedto
various <!= . (Thechoicesherearewhetherthereareinfinitely many expansionary
stagesor not andif sowhethertherangeof > ? is fixedas @ from somepoint on or
we changeit infinitely often.)Thedetailscanbefoundin Khoussainov andShore
[1998].

We take this opportunityto point out two correctionsthat shouldbe made
to thedetailsof thegeneralconstructionfoundin Khoussainov andShore[1998].
Thefirst is thatwheneveroneapplies(or considerstheapplicationof) anoperation
for anode; to asequenceof theformA�BC D!E F G B F H BC D!E F A�BCIF J K#L BM N O P D!E F H BC!F Q Q Q R BESF A�BE7F J K#L BM T O P D!E F H BE
oneshouldinsteaduseits ; -transformwhich is definedto be the sequence

A BU T FJ K#L BM V T O P D!E F H BU T F A BU W F J K#L BM V W O P D!E F H BU W F Q Q Q F A BU X F J K#L BM V X O P D!E F H BU X F A BC D!E F G B F H BC D!E F A B= T F
J K#L BM Y T O P D!E F H B= T F A B= W F J K#L BM Y W O P D!E F H B= W F Q Q Q F A B= Z F J K#L BM Y Z O P D!E F H B= Z where @ E F @ [ F Q Q Q F @ \ list,

in order, the @ suchthatthedesignatedisomorphismfor the ; U0] ;_^0` aS@�bdc e such
that ;f` aS@!bgc e�h]ji at k�blc is > mM V O P D!E andn E F n [ F Q Q Q F n o list, in order, the n suchthat
thedesignatedisomorphismfor the ; = ] ;_^0` a n2bpc e suchthat ;f` a n2bpc e2h]pi is> EM V q r s T .

Thesecondconcernsthemarkingof numberswith thesymbolst Mu . No num-
bersshouldbe markedin Case1 of theconstruction.As a result,condition1 in
Subcase2.1 shouldbe weakenedby not requiring that the imageof > BM V O P D!E has
nonemptyintersectionwith

A BU if thedesignatedisomorphismfor ; U is > mM V O P D!E or
with H BU if thedesignatedisomorphismfor ; U is > EM V O P D!E . Instead,themarkingtake
placeat theendof eachstageof theconstructionasfollows:

At the end of stagek�bvc we do someadditionalcancelationandmarking.
Supposek�bvc is a w recovery stage. If thereareany uncancelledcomponents
isomorphicto J x M O y O z L or J { M O y O z L for |~}pk (and ;d�pw ) which,necessarily, havenot
participatedin any operation,we cancelthemandappointnew ones J x M O y O P D!E L orJ { M O y O P D!E L , respectively. We now markall of the following with t y u if they arenot
alreadysomarked:

1. Any cancelledcomponent.
2. Any componentassociatedwith a node; to theleft of w .
3. Any componentof theform J � M O P D!E L with ;d�lw .
4. Any componentsof theform J x M O P D!E L , J { M O P D!E L or J � MSO P D!E L for ;d�pw .
5. Any componentsof theform J x M O M V O P D!E L or J { M O M V O P D!E L for ;g�l; U�� w .
6. Any componentsof theform J x M O y O P D!E L if ;d�pw andthedesignatedisomorphism

for w is > Ey O P D!E or of theform J { M O P D!E L if ;j�vw andthedesignatedisomorphism
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for � is � �� � � �!� .
7. If, at �2�4� , we performedan operationon the � -transformof a sequence� �� �!� � � � � � �� �!� � � ��I� � �#� �� � � � ��I� � � � � � � � � �� � � �#� �� � � � �!� � � �� (andso �_�4� ), then,

for � �_¡ � � , we mark
��¢£ or � ¢£ if � £ �_� andit haspreviouslyparticipatedin

anoperation;we mark
��¢£ if � £ �¤� andthedesignatedisomorphismfor � £ is� �� ¥ � � �!� ; wemark � ¢£ if � £ �p� andthedesignatedisomorphismfor � £ is � �� ¥ � � �!� ;

andwemarkboth
��¢£ and � ¢£ for � £ �p� .

Thechangesneededin theverificationsto takeadvantageof thesecorrections
arestraightforward.A completecorrectedversionof the papercanbe found at
http://math.cornell.edu/~shore/.¦
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