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We investigate the complexity of mathematical problems from two perspectives:
Medvedev degrees and reverse mathematics. In the Medvedev degrees, we cal-
culate the complexity of its first-order theory, and we also calculate the complex-
ities of the first-order theories of several related structures. We characterize the
join-irreducible Medvedev degrees and deduce several consequences for the in-
terpretation of propositional logic in the Medvedev degrees. We equate the size
of chains of Medvedev degrees with the size of chains of sets of reals under C.
In reverse mathematics, we analyze the strength of classical theorems of finite
graph theory generalized to the countable. In particular, we consider Menger’s
theorem, Birkhoft’s theorem, and unfriendly partitions.
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CHAPTER 1
INTRODUCTION

Medvedev degrees describe the relative complexity of subsets of w* in a com-
putational sense. A set Y C w” is at least as complicated as a set X C w* if there
is a computational procedure for producing a member of X' given a member of
Y. We interpret a set X C w* as an abstract mathematical problem. Namely, X
corresponds to the problem of finding a member of X'. Under this interpretation,
the Medvedev degrees serve as a model for studying the relative complexity
of mathematical problems. We investigate the Medvedev degrees in Chapter 2,
Chapter 3, and Chapter 4. See Section 1.3 for a full introduction to the Medvedev
degrees and related structures.

Chapter 2 is mainly concerned with calculating the complexities of the first-
order theories of the Medvedev degrees and related structures. The main results
are as follows.

e The first-order theories of the Medvedev degrees and the Muchnik de-
grees are both recursively isomorphic to the third-order theory of arith-
metic (Theorem 2.3.10).

e The first-order theories of the closed Medvedev degrees, the compact
Medvedev degrees, the closed Muchnik degrees, and the compact Much-
nik degrees are all recursively isomorphic to the second-order theory of
arithmetic (Theorem 2.4.10 and Theorem 2.6.5).

e Neither the closed Medvedev degrees nor the compact Medvedev degrees
is elementarily equivalent to either the closed Muchnik degrees or the com-
pact Muchnik degrees (Theorem 2.7.2).

e The first-order theory of the Medvedev degrees of I1{ classes is recursively
isomorphic to the first-order theory of arithmetic (Theorem 2.9.4).

e For any of the above-mentioned degree structures and also for the Much-
nik degrees of II{ classes, the structure’s three-quantifier theory as a lattice
is undecidable, and the structure’s four-quantifier theory as a partial or-
der is undecidable (Theorem 2.3.11, Theorem 2.4.11, Theorem 2.6.6, Theo-
rem 2.9.5, and Theorem 2.11.7).

e The degree of the Medvedev degrees of 11 classes is 0” in the sense that
there is a presentation of the Medvedev degrees of I1{ classes recursive in
0" and that 0" is recursive in any such presentation (Theorem 2.10.6).

In Chapter 3, we characterize the join-irreducible Medvedev degrees and in-
vestigate the Medvedev degrees as semantics for propositional logic. The main
results are as follows.

e A Medvedev degree is join-irreducible if and only if it is the degree of the
complement of a Turing ideal (Theorem 3.1.3).

e There is a Medvedev degree greater than the second-least degree that
bounds no join-irreducible degree greater than the second-least degree
(Theorem 3.2.5).



e The filter in the Medvedev degrees generated by the non-minimum closed
degrees is not prime (Theorem 3.4.3).

In Chapter 4, we provide an explicit construction demonstrating that the
statement “there is no chain in (2*°, C) of cardinality 2%°” is consistent with ZFC
(Corollary 4.2.6). We then compare the cardinalities of chains in the Medvedev
degrees to the cardinalities of chains in (2%, C). The main results are as follows.

e For any cardinal x, there is a chain of cardinality » in (22”, C) if and only if
there is a chain of cardinality « in the Medvedev degrees (Theorem 4.3.1).

e The statements “there is a chain in the Medvedev degrees of cardinality
22",” “there is a chain in the Muchnik degrees of cardinality 22°,” and “there

is a chain in (2%°, C) of cardinality 2*"” are equivalent and are independent
of ZFC (Corollary 4.3.2).

Reverse mathematics is an analysis of the logical strength of theorems from
ordinary mathematics in the context of second-order arithmetic. Given a the-
orem, we wish to determine the weakest set of axioms required to prove that
theorem. Theorems requiring stronger axioms are considered more complicated
than theorems requiring weaker axioms. See Section 1.6 for a full introduction
to reverse mathematics.

We consider reverse mathematics in Chapter 5 and Chapter 6. The main
result is that Menger’s theorem for countable graphs is provable in the system
IT}-cay (Theorem 5.2.4). We also present several partial results concerning the
reverse mathematics of Birkhoff’s theorem and of unfriendly partitions.

1.1 Basic concepts and notation

Letn € w, 0,7 € w<, f,g € w,and X,Y C w”. Then

e f [ nis the initial segment of f of length n,

e |o| is the length of o,

e 0 C 7 means that ¢ is an initial segment of 7,
e 0 C f means that o is an initial segment of f,
o [(o)={few|oCf}

e 0" f is the concatenation of o and f:

o(n) ifn < |o|

10 ={ 50y o=l
e f @ gis the function defined by

f(m) if n = 2m
(f@g)("):{g(m) if n = 2m+ 1,



e o X ={c"f|feXx}
e X+Y={f®g|feXNnge)} and
e X xY=0XUl").

The + and x in the last two items above correspond to the lattice-theoretic
operations of join and meet in the Medvedev and Muchnik degrees, which is
explained in the introduction to these degrees below. These symbols also retain
their more common meanings, such as addition for + and product and cartesian
product for x. The meaning of a particular instance of either symbol will be
clear from context.

The function (-,-): w X w — w is a fixed recursive bijection. ®, denotes the
e Turing functional. ® always denotes a Turing functional, and if f € w®,
then ®(f) is the partial function computed when ® uses f as its oracle. For
o € w, ®(o) is the partial function that, on input n € w, is computed by
running ¢ on input n for at most |o| steps and using o to answer oracle queries.
The restriction on the running time of (o) ensures that oracle queries are only
made of numbers < |o|. Consequently, if ®(o)(n)], then ®(f)(n) = ®(c)(n) for
all f D o.

Let A, B C w. A<, B if and only if there is a one-to-one recursive function f
such that Vn(n € A« f(n) € B). A and B are recursively isomorphic if and only
if there is such an f that is a bijection. The Myhill isomorphism theorem states
that A and B are recursively isomorphic if and only if A =, B, thatis, if and only
if A<; Band B <; A (see [69] Section L.5).

A set X C w” is independent if and only if g L1 fo & f1 @ -+ & f,_1 for any
distinct g, fo, ..., fu—1 € X. Let { f,,}new C w* be a sequence of functions, and let
m € w. Define ., f» and @B, () /n BY

(D f)((i.5)) = fi(j) and

(D fn><<i,j>>={£i(j) L
new\{m}

The sequence {f.}new <€ w¥ is strongly independent if and only if
Vi (fm £ EBnEw\ (m} fn)- A sequence of sets {X), } e, with &, C w® for each n

is strongly independent if and only if { f, },e. is strongly independent whenever
Vn(f, € X,).

We consider Baire space w* and Cantor space 2¥, both with their usual prod-
uct topologies. Basic open sets in w* have the form /(o) for ¢ € w<“. 2 has
the subspace topology. When we are working in Cantor space, we usually write
I(o) for I(o) N2“.

A tree is a set T C w<* closed under initial segments: (Vo,7 € w<¥)(c €
TAhT C o—71 € T). A function f € w* is a path through T if and only if
(Vn e w)(f [ neT). If T is a tree, then [T'] denotes the set of all paths through
T.If X C w* is closed, then X is the set of paths through the tree 7' = {¢ | (3f €



X)(o C f)}. Conversely, if T' C w<“ is a tree, then [T is a closed subset of w*.
A set X C w” is compact if and only if it is closed and bounded (i.e., there is a
g: w — wsuch that (Vf € X)(Vn € w)(f(n) < g(n))) if and only if it is the set of
paths through a finitely branching tree.

X C w*isalll class if and only if it has a II{ definition. That is, if and only if
X ={f € w | Vny(f,n)} for some recursive predicate ¢. A useful characteriza-
tion of the I1{ classes are as the sets of paths through recursive trees: aset X C w®
isa I1Y class if and only if X = [T] for some recursive tree T (see [17] Lemma 2.2).
For this reason, the IT{ classes are sometimes called the effectively closed sets.
The II{ classes have been persistent objects of study throughout computabil-
ity theory, due in no small part to their applications to recursive mathematics
and reverse mathematics. The surveys by Cenzer [14] and by Cenzer and Rem-
mel [17] provide an extensive overview of the theory of the II{ classes, as does
the forthcoming book by Cenzer and Remmel [16].

In this work, we only consider II{ classes that are non-empty subsets of 2*.

Henceforth the term “TIY class” refers exclusively to a non-empty II} subset of
2%,

1.2 Distributive lattices and Brouwer algebras
A lattice L is distributive if and only if 4+ and x distribute over each other:

o (Vx,y,z€ L)(x+(yxz)=(r+y) x(x+z)) and
o (Va,y,z€ L)(xx(y+2) = (z xy)+(x x 2)).

An element z of a lattice L is join-reducible if and only if (3y, z < x)(y + z = x).
Otherwise z is join-irreducible. Dually, x is meet-reducible if and only if (Jy, z >
z)(y x z = x). Otherwise z is meet-irreducible. We frequently use the following
well-known characterization without mention.

Lemma 1.2.1 (see [7] Section II1.2). If L is a distributive lattice, then x € L is join-
irreducible if and only if (Vy,z € L)(x < y+z—x <yVaz < z). Dually, x € L is
meet-irreducible if and only if Vy,z € L)(z > yxz—=x >yVa > z).

Proof. Suppose z is join-irreducible and < y + z. Then
r=xx(y+z) = (xxy)+(zxz2).

Thus z = z x y or x = x x z which means z < y or < z. Conversely, if z is join-
reducible, then by definition there are y, 2 < x with y + z = x. The proof for the
meet-irreducible case is obtained by dualizing the proof for the join-irreducible
case. ]

A lattice L is join-complete if and only if every non-empty X C £ has a least
upper bound. L is meet-complete if and only if every non-empty X C L has a
greatest lower bound. L is complete if and only if it is both join-complete and



meet-complete. Similarly, a lattice £ is countably join-complete if and only if ev-
ery non-empty countable X C £ has a least upper bound. L is countably meet-
complete if and only if every non-empty countable X C £ has a greatest lower
bound. £ is countably complete if and only if it is both countably join-complete
and countably meet-complete. In a lattice £, a set X C L is called strongly join-
incomplete if and only if for every finite {y; | i < n} C X thereis an € X such
that z £ 3, , v;. Dually, a set X C L is called strongly meet-incomplete if and
only if for every finite {y; | i <n} C X thereisanz € X such thatz £ [],_, v

Sometimes we want to ignore the lattice operations of a lattice £ and con-
sider £ as a partial order. When we do, we write (£; <) to indicate that we are
considering only the partial order structure on L.

A Brouwer algebra is a distributive lattice B with least element 0 and greatest
element 1 such that for all z, y € B there is a least z € B such that z + z > y. This
least z is denoted = — y.

Brouwer algebras give semantics for propositional logic. For a Brouwer al-

gebra B, a valuation is a function v: propositional variables — 3. A valuation v
extends to all propositional formulas ¢ by defining

v(pAp) = v(p) +r(y),

v(p V) =v(p) x (),

vip—=9) =vip) = ( ); and
v(mp) = v(p) =

A propositional formula ¢ is called valid in B if v(p) = 0 for every valuation
v. Let PTh(B)' denote the set of propositional formulas valid in B. The axioms
of intuitionistic logic are valid in every Brouwer algebra 5, so IPC C Th(B) C
CPC for every Brouwer algebra B. Here IPC denotes intuitionistic logic and
CPC denotes classical logic. Logics L for which IPC C L C CPC are called
intermediate logics.

1.3 Mass problems and reducibilities

A mass problem is a set of functions X C w®. Mass problem X Medvedev reduces
(or strongly reduces) to mass problem Y (written X <)) if and only if there is a
Turing functional ® such that (Vf € Y)(®(f) € &) (written ®(Y) C X). Mass
problems X and ) are Medvedev equivalent (or strongly equivalent, written X =, )
if and only if X <, and Y <;X. The relation = is an equivalence relation
on 27, and the equivalence class degy(X) is called the Medvedev degree of X.
D, = {degs(X) | X C w*”} denotes the collection of all Medvedev degrees.

Mass problem X Muchnik reduces (or weakly reduces) to mass problem ) (writ-
ten X <, V) if and only if (Vf € V)(3g € X)(g9 <r f). Muchnik reducibility is
the non-uniform version of Medvedev reducibility. Mass problems X and ) are

!Usually what we call PTh(B) is called Th(). In this work, Th(B) always denotes the set of
first-order sentences true in /5.



Muchnik equivalent (or weakly equivalent, written X =, )) if and only if X <, Y
and Y <;, X. The equivalence class deg,(X) is called the Muchnik degree of X.
Dy, = {degy(X) | X C w*”} denotes the collection of all Muchnik degrees.

Medvedev introduced D; in [41] as a formalization of Kolmogorov’s ideas of
a “calculus of problems” and a “logic of problem solving.” Medvedev’s intu-
ition was that a mass problem X represents a mathematical problem, namely
the problem of finding an element of X. For example, if A C w, the problem
“find an enumeration of A” may be formalized as “find an element of the mass
problem X = {f € w* | ran(f) = A}.” Under this interpretation, X <;) means
that problem X’ is at least as hard as problem ) in a strongly intuitionistic sense:
solutions to ) can be translated to solutions to X by a uniform effective proce-
dure. Muchnik introduced his non-uniform variant in [45].

Medvedev reducibility and Muchnik reducibility induce a partial orders on
the corresponding degrees: deg(X) < deg()) if and only if X < Y, where deg =
degs and < = <, in the Medvedev case, and deg = deg,, and < = <, in the
Muchnik case. D, and D,, are distributive lattices. For mass problems X and ),
it is an easy check that in both cases

deg(X) + deg(Y) = deg(X + ),
deg(X) x deg()) = deg(X x ),

and that join and meet distribute over each other. In the Muchnik case, the
equivalence X' x Y =, X U ) always holds, and degy (X) x degy()) = degy (X U
Y'). This equivalence is not always true in the Medvedev case.

D, and D,, have a least element 0 = deg(w*) and a greatest element 1 =
deg(0). In both structures, a mass problem has degree 0 if and only if it contains
a recursive function, and a mass problem has degree 1 if and only if it is empty.
D, and D,, also both have a second-least element 0’ = deg({f € w“|f >10}).
The Medvedev degree 0’ and Muchnik degree 0" have little to do with the Turing
degree 0’ (the Turing jump of the Turing degree 0). In this work, 0’ usually refers
to the second-least Medvedev or Muchnik degree, and it is clear from context
which degree is meant. Finally, both D, and D,, are Brouwer algebras. For mass
problems & and Y,

deg(X) — degs(Y) = degs({e"g | (Vf € X)(e(f D g) € V)}) and
degy (X) — degy (V) = degw({g | (Vf € X)(Fh € Y)(h <1 f© g)}).

See Sorbi’s [74] for a good introduction to D and D,,.

1.4 Substructures of D, and D,,

Substructures of D, and D,, naturally arise by restricting the family of mass
problems under consideration. We consider the degrees of closed mass prob-
lems and effectively closed mass problems (i.e., I1{ classes).



1.4.1 Closed degrees

A Medvedev or Muchnik degree is closed (compact) if it is of the form deg(X)
where X is closed (compact) in w®. Let

Dy = {degs(X) | X C w” A X is closed},
D! = {deg,(X) | X C w” A X is compact},

s,cl T

Dy o = {degy(X) | X Cw” AX is closed}, and
DY = {degy(X) | X C w” A X is compact}.

By inspecting the definitions, one can check that if X and ) are closed (compact),
then so are X + ) and X' x ). Thus D; . and Dy, are distributive sublattices of

C

D;, and Dy and Dy, are distributive sublattices of D,,. Similarly, D, is a
distributive sublattice of D and D', is a distributive sublattice of Dy, 1. D,

w,cl

D4, Dy, and DY} all have least element 0 = deg(w®”) = deg(2¥) and greatest

s,cl’
element 1 = deg()). Notice that w” is not compact, but it has the same degree as
2%,

The closed subsets of w* form the topologically simplest class which yields
non-trivial degree structures because every non-empty open set contains a re-
cursive function. As such, closed degrees are worthy objects of study. For ex-
ample, Bianchini and Sorbi [9] studied the filter in D generated by the non-
minimum closed degrees. Lewis, Shore, and Sorbi [39] have made a recent study
of topologically-defined collections of Medvedev degrees.

In general, every X C w* is Medvedev equivalent (and hence also Muchnik
equivalent) to some Y C 2v.

Lemma 1.4.1. If X C w* then thereisa Y C 2* with X =, ).

Proof. For f € w®, let graph(f) € 2¢ denote {(n,m) | f(n) = m}. Given X, let
Y = {graph(f) | f € X}. Let ® be the functional such that ®(f)((n,m)) = 1 if
f(n) =mand ®(f)((n,m)) = 0 otherwise. Then ®( f) = graph(f) tor all f. Thus
d(X) = V. Let U be the functional such that ¥(g)(n) searches for an m such that
g({n,m)) = 1 and outputs such an m if it is found. If ¢ is the characteristic
function of graph(f), then ¥(g) is total and equals f. Hence ¥(X') = ). O

If we let D' denote the Medvedev degrees of mass problems X' C 2« and let
DY denote the Muchnik degrees of mass problems X C 2¢, then Lemma 1.4.1
says D, = D' and D,, = DY'. However, if ¥ C w” is closed, then the ) C 2¢
produced by Lemma 1.4.1 need not be. Turing functionals are continuous, but
w* and 2* are not homeomorphic. Nevertheless, if ¥ C w“ is compact, then
Lemma 1.4.1 produces a closed Y C 2¥. So every compact X C w* is Medvedev
equivalent (and hence also Muchnik equivalent) to a closed (hence compact)
Y C 2. This explains the notations DY}, and DY, for the collections of compact
degrees.

Our topological considerations of Medvedev reducibility are consequences
of the familiar use property (see [37] section 1.3). If ®(f)(m) = n, then there is



a finite 0 C f such that o contains all the answers to the oracle queries made
during the computation of ®(f)(m) = n. This is written ®(c)(m) = n and
implies ®(g)(m) = n for any g O 0. The starting point is the following simple
lemma.

Lemma 1.4.2. Let m,n € w. For any program ®, the set {f € w* | ®(f)(m) =n} is
open. If ®(f) is total forall f € X, then {f € X | ®(f)(m) = n} is clopen in X.

Proof. If ®(f)(m) = n, then by the use property there is some o C f such that
®(0)(m) = n. Hence {f € w* | &(f)(m) = n} = U{L(0) | ®(0)(m) = n}.

If ® is total on X, then

{feX|®(f)(m)=n}=XN{f €w|®(f)(m)=n}
= X0 ([({f €w? | ®f)(m) # i}).

i#n

The last equality holds because if ®(f) is total and ®(f)(m) # i for all ¢ # n,
then it must be that ®(f)(m) = n. O

1.4.2 Effectively closed degrees

Recall our convention that a I1{ class is a non-empty II{ subset of 2*. Let

& = {deg,(X) | X isaIl! class} and
Ey = {deg,(X) | X isa I} class}.

By inspecting the definitions, one can check that if X and Y are both II{ classes,
then so are X + )Y and X x ). Thus &; is a distributive sublattice of D, (in fact of
DYL) and &, is a distributive sublattice of D,, (in fact of DY ;). Moreover, given
indices for trees 7; and 7}, we can effectively produce produce indices for trees
corresponding to [To] +[73] and [Tp] X[T1]. Let To+Thy = {oc @7 | 0 € ToAT €
T1 A |’7'| S |O'| S |7'| —|—1} Then [To] —l—[Tﬂ = [TQ —I—Tl] and [To] X[Tl] = [OATQU1AT1].

& and &, inherit the least element 0 = deg(2¥) from D, and D, respectively.
The empty set is not a I1Y class, so deg(()) is not in & or &,. However, & and
&, still have a greatest element 1. Let DNRy, = {f € 2¥ | Ve(f(e) # P.(e))}
(DNR stands for diagonally non-recursive). Then 1 = deg(DNR;) has greatest de-
gree in both & and &, (see [65] Lemma 3.20). There are many more natural IT{
classes which also have greatest degree. For example, the class of all (appropri-
ately Godel numbered) complete consistent extensions of Peano arithmetic has
greatest degree in both & and &,,.

& and &, are the effective counterparts of D_}; and Dy',. They have enjoyed
considerable attention from many authors, beginning with Simpson’s sugges-
tion to the Foundations of Mathematics discussion group that &, is analogous
to &r, the Turing degrees of r.e. sets, but with more natural examples [64]. This
analogy with & drives much of the research on & and &,. For example, ev-

ery non-minimum member of & and &,, is join-reducible [10], reflecting Sacks’s



splitting theorem for &t [51], and & dense [15], reflecting Sacks’s density the-
orem for & [53]. The question of whether &, is dense remains open. See the
recent surveys by Simpson [61] and Hinman [26] for an overview of & and &,,.

The interplay between uniformity and compactness gives us a simple de-
scription of Medvedev reducibility between two II{ classes.

Lemma 1.4.3. [Ty] < [T}] is 33 relative to the trees Ty and T.

Proof. For a given Turing functional ®, we show that

®([T1]) C [Tp) if and only if
(Vn € w)(ds € w)(Vo € 2°)(c € Th — P(0) [ n € Tp),

where ®(o) [ n € Tj abbreviates (Vi < n)(®(0)(i)}) AP(0) [ n € Tp. It then
follows that

[To] <s[T1] if and only if
(Je € w)(Vn € w)(3s € w)(Vo € 2°)(c € T} = P.(0) [ n € Tp),

which gives our X definition of <.

For the forward direction, let n € w be given. Let ¥ = {c € 2<¥ | ®(0) [ n €
Ty}. The condition ®([T1]) C [T} implies that [T1] C |, .5, (). By compactness,
there is a finite >y C ¥ such that [T1] C (J,cy, I(0) and an s € w such that
(VO’ S 25)(0' el —>(E|0'0 c 20)(0'0 - 0')) Then (\V/O' S 2S)<O' el —)@(0’) r n e T())

For the reverse direction, consider f € [1}]. Givenany n € w, let s € wbe such
that (Vo € 2°)(c € T} > ®(0) [ n € Ty). Then ®(f | s) [ n € Ty, so (f) [ n € Tp.
Thus Vn(®(f) [ n € Ty). Hence ®(f) € [1y], and therefore ®([73]) C [To). O

A sequence of trees {7}, } e, is uniformly recursive if and only if the set {(n, o) |
o € T,} is recursive. A recursive sequence of I1Y classes is a sequence of 1Y classes
{X, }new for which there is a uniformly recursive sequence of trees {7, },,¢., such
that 7,, € 2<¥ and A&,, = [T,,] for each n € w. For convenience, we also allow
indexing over recursive sets A and consider recursive sequences of I1{ classes
of the form {&X, },,c4. Though not strictly necessary for our results, a convenient
fact is that there is a recursive sequence of all II! classes (with many repetitions).

Lemma 1.4.4 (see [16] Chapter XV and [17] Section 2.7). There is a uniformly re-
cursive sequence of infinite trees {1, }eec,, such that if {Z.}ee., is the corresponding
recursive sequence of 119 classes, then for every 11 class X there is an e € w such that

e

Proof. In fact, [17] Lemma 2.2 proves that every II! class is of the form [T] for a
primitive recursive tree. Let { P. }.c., be a recursive sequence of all primitive re-
cursive functions. Then define 77 to be the tree 7. = {0 € 2<% | (V7 C 0)(P.(7) =
1)}. If P. is the characteristic function of a tree, then 77 is that tree. Thus if X' is a
I19 class, then X = [T!] for some e € w. We just need to make a final adjustment
to ensure that every tree in the sequence is infinite. To this end, let

T.={ce2¥|oceT.vVVm<|o|)(c |m¢&T.—(Nre2™(re¢T.))}.



1.5 PA™ and the standard model of arithmetic

In the next chapter, we code structures that model PA™ (Peano arithmetic with-
out induction) in distributive lattices. For reference, we present the axioms of
PA™ as they appear in [33].

Definition 1.5.1 (see [33] Section 2.1). PA™ is the theory axiomatized by the fol-
lowing sentences.

(i) Vz,y,2((x+y)+2=a4+ (y + 2))

(i) Vz,y(z +y =y + z)

(iii)) Vo, y, z((z X y) X 2 =2 X (y X 2))

(iv) Vo,y(r x y =y X )

(V) Vz,y, 2(x x (y + 2) = (z X y) + (2 X 2))
(vi) Ve(x + 0=z Az x 0=0)

(vil) Vz(z x 1 = x)
(viii) Vz,y, z(z < yAy < z—x < z)

(ix) Vz—(z < 2)

(x) Vr,y(x <yVz=yVy <)

(xi) Vz,y,2(xe <y—x+z<y+2)

(xil) Vz,y,2(0 < zAx <y—x X2 <y X z)
(xiii) Vz,y(x < y—Jz(x 4+ 2z =y))
(xiv) 0 < IAVz(0<z—z=1V1<ux)
(xv) Vz(x =0V 0 < x)

To reduce the quantifier complexity of axiom (xiii) for when we analyze the
fragments of Th(L) for various lattices £, we introduce the monus symbol ="
and Skolemize. We call the resulting theory PA™

Definition 1.5.2. PA™ is the theory whose axioms are the same as PA~ but with
axiom (xiii) replaced by the axiom Vz,y(z <y =z + (y ~ =) = y).

The standard relational model of arithmetic is the structure N' = (w;<
,+,%,0,1), where < is a 2-ary relation on w, + and x are 3-ary relations on
w, and 0 and 1 are constants in w interpreted as the usual less-than, plus, times,
zero, and one respectively. Th(N) denotes the first-order theory of N. We use
the relational versions of + and x instead of the usual functional versions be-
cause our coding techniques most naturally code relations. Any formula in
which + and x are relation symbols can be trivially translated into an equiv-
alent formula in which + and x are function symbols. Translations in the other
direction require unnesting. In general, a formula is said to be unnested if and
only if every atomic subformula is of the form z =y, c =y, f(zo,...,2n-1) = v,
or R(zy,...,r,_1), where z, y, and the z; for i < n are variables, c is a constant
symbol, f is a function symbol, and R is a relation symbol. Every formula can be
recursively translated into an equivalent unnested formula (see [28] section 2.6).
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When unnesting is applied to a first-order formula in the functional language
of arithmetic, we get an equivalent formula in which every atomic subformula
isoftheformz =y, 0=y, 1=y, <y, x+y =z orz xy =z Thatis, we
get an equivalent formula in the relational language of arithmetic. Therefore the
relational and functional versions of Th(N) are recursively isomorphic.

Thy(N') denotes the second-order theory of A, in which we allow second-
order variables X, quantification 3X and VX, and second-order membership
z € X. Th3(N) denotes the third-order theory of \V, in which we allow second-
order variables X, third-order variables X, quantification 3X, VX, 3X, and VX,
second-order membership = € X, and third-order membership X € X.

We also make use of the structure N~ = (w; <, +, X, —,0, 1), where <, +, X, 0,
and 1 are as for \V, and - is the 3-ary relation on w corresponding to the function

Lo Jr—y ifz >y
v y_{O ifr <u.

Clearly, N =PA", N~ =PA~,and PA™ - PA".

Let M = PA™. An initial segment of M is a <-downward-closed substructure
M of M: (Vo € M')(Vy € M)(YVI Ey < z)—(y € M')). An initial interval of
M is a subset of M of the form {y € M | M =y < xVy =z} for some z € M.
The reason that we have defined initial intervals to be non-empty is simply for
later convenience.

For us, the crucial facts about PA™ and its models are the following.

Lemma 1.5.3 (see [33] Theorem 2.2). If M = PA~, then there is an initial segment
of M that is isomorphic to N. In particular, N is the unique model of PA~, up to
isomorphism, in which every initial interval is finite.

Lemma 1.5.4 (see [33] Corollary 2.9). If ¢ is a X9 sentence and N |= ¢, then PA™ -
@.

1.6 Reverse mathematics

Reverse mathematics, introduced by Friedman [24], is an analysis of the
logical strength of the theorems of ordinary mathematics in the context of
second-order arithmetic. A result in reverse mathematics typically has the
form “T is equivalent to strong stystem over weak system,” where
strong stystem and weak system are subsystems of second-order arith-
metic and 7 is some theorem from ordinary mathematics. This means that 7" is
provable in strong stystem and that all the axioms of strong stystem
are provable in weak systemU{T}. The proof of strong stystem from
weak systemU{T} is called a reversal.

We now describe the axiomatic systems relevant for our work. We fol-
low [67], the standard reference for reverse mathematics. Also see [4] Sec-
tion 2 for a thorough introduction to most of the systems we consider and for
computability-theoretic interpretations of these systems.
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Before we describe the systems, we need to know that the basic axioms are the
sentences

Vm(m +1#0)
YmVn(m+1l=n+1—m=n)
Vm(m +0=m)

vm¥n(m+ (n+1) = (m+n)+1)
Vm(m x 0 = 0)

Vm¥n(m x (n+1) = (m xn) +m)
Vm=(m < 0)

Vmv¥n(m <n+1<(m <nVm=n)),

that the induction axiom is the sentence
VX((0e XAVn(ne X =n+1€ X))—=Vn(n e X)),

and that the comprehension scheme consists of all universal closures of formulas
of the form

AXVn(n € X < ¢(n)),

where ¢ can be any formula in the language of second-order arithmetic in which
X does not occur freely. Full second-order arithmetic consists of the basic ax-
ioms, the induction axiom, and the comprehension scheme.

RCAq (for recursive comprehension axiom) consists of the basic axioms, the XY
induction scheme, and the A comprehension scheme. The ¥? induction scheme
consists of all universal closures of formulas of the form

(0(0) AVn(p(n) = p(n + 1)) = Vne(n)

where ¢ is Y. The A comprehension scheme consists of all universal closures
of formulas of the form

Vn(p(n) <> ¥(n)) —3IXVn(n € X < ¢(n))

where ¢ is X9, ¢ is 1Y, and X does not occur freely in ¢. RCA, is the stan-
dard weak system for the purpose of reversals. RCA, proves that the function
(i,7) — (i+j)* +iis injective (see [67] Section I1.2). For X C N'and n € N, we
define

(X)n={i]|(i,n) e X}and

(X)"=A{(i,m) | (i,m) € X Am < n}.

RCA proves that if X exists, then so do (X),, and (X)". We interpret (X), as the
n'h column of X and (X) as set of the first n columns of X.

WKLo (for weak Konig’s lemma) consists of RCA, plus the axiom “every infi-
nite subtree of 2<N has an infinite path.” The following equivalent formulation
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is useful. A tree T C N<V is called bounded if and only if there is a function
g: N— N such that (V7 € T)(Ym < |7|)(7(m) < g(m)). Over RCAy, WKL, is

equivalent to the statement “every bounded infinite subtree of N*" has an infi-
nite path.” See [67] Lemma IV.1.4.

ACA, (for arithmetical comprehension axiom) consists of the basic axioms, the in-
duction axiom, and the arithmetical comprehension scheme. The arithmetical com-
prehension scheme is the restriction of the comprehension scheme to formulas
 that are arithmetical.

ATRg (for arithmetical transfinite recursion) consists of ACA, plus an axiom
scheme that says if a set can be constructed by iterating arithmetical compre-
hension along an existing well-order, then that set exists. Let LO(X, <x) be a
formula that says “< is a linear order on the set X,” and let WO(X, <x) be a
formula that says “<x is a well-order on the set X.” Given a formula 6(n,Y),
let Hy(X, <x,Y) be a formula that says “LO(X,<x) and Y = {(n,j) | j €
XAO(n,{{(m,i) €Y |i<x j})}.” The axioms of ATR, consist of those of ACA
plus all universal closures of formulas of the form

VXV<x (WO(X,<x)—3JY Hy(X,<x,Y))

where 6 is arithmetical. An easier-to-understand equivalent of ATR, is the sys-
tem X separation, which consists of the axioms of RCA plus the all universal
closures of formulas of the form

=3n(po(n) Apr(n)) = 329n((po(n) = n € Z) AMpi(n) = n & Z)),

where ¢y and ¢; are X} and Z does not occur freely in either p, or ¢; (see
[67] Theorem V.5.1).

¥1-DCy (for X1 dependent choice) consists of ACA and the scheme of 3] depen-
dent choice. The scheme of X} dependent choice consists of all universal closures
of formulas of the form

VeV X3Yn(n, X,Y)—3ZVnn(n, (Z2)",(Z),)

where 7 is X} and Z does not occur freely in 7.

[I}-CAq (for IIj comprehension axiom) consists of the basic axioms, the induc-
tion axiom, and the TI; comprehension scheme. The IT; comprehension scheme is
the restriction of the comprehension scheme to formulas ¢ that are IT;.

RCA is strictly weaker than ACA(, which is strictly weaker than both ATR,
and ¥1-DCy. ATRg and X]-DC, are independent over RCA,. However, ATR,
proves the consistency of 3¥;-DCy. Both ATR, and X]-DCy are strictly weaker
than IT1-CA,,.

Our proof of Menger’s theorem in II{-CA, relies on two key meta-
mathematical facts. The first key fact concerns the existence of f-models. The
second key fact concerns the existence of models of 3] -DCj.

Definition 1.6.1. A countable coded w-model is a set X C N viewed as coding the
structure M = (N, {(X),, | n € N}, +,-,0,1,<).

13



We usually identify a countable coded w-model X with the structure M that
it codes.

Definition 1.6.2. A countable coded [3-model is a countable coded w-model M that
is absolute for ¥} formulas with parameters from M. That s, if p is a ¥} formula

with parameters from M, then M = ¢ if and only if ¢ is true.

Theorem 1.6.3 (see [67] Theorem VII.2.10). The statement “for every X there is a
countable coded 3-model M with X € M” is equivalent to I1;—CAq over ACA.

It is helpful to keep in mind that ACA, proves that every countable coded
[-model is a model of ATR (see [67] Theorem VII.2.7).
Theorem 1.6.4 (see [67] Theorem VIII.4.20). ATR, proves that for every X there is a
countable coded w-model M of X1-DCq with X € M.

The statement “for every X there is a countable coded w-model M of X]-DC,
with X € M” is in fact equivalent to ATR, over RCA,. See [67] Lemma VIII.4.15
for the reversal.
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CHAPTER 2
CODING TRUE ARITHMETIC IN THE MEDVEDEV AND MUCHNIK
DEGREES

The results of this chapter also appear in [54] and [57], both by the author.

A classic problem in computability theory is to determine the complexity of
the first-order theory of a given degree structure, such as Dr, D;, or D,,. The
benchmarks are theories of arithmetic, the comparisons are made via recursive
isomorphisms, and the results typically express that the first-order theories of
the degree structures are as complicated as possible. The original result of this
sort, due to Simpson, is that the first-order theory of Dy is recursively isomor-
phic to the second-order theory of true arithmetic [62]. We show that the first-
order theories of D and D,, are both recursively isomorphic to the third-order
theory of true arithmetic (Theorem 2.3.10). This result was obtained indepen-
dently by Lewis, Nies, and Sorbi [38].

Various substructures arise in the study of degree structures, and the com-
plexities of their first-order theories naturally come into question. In the Turing
degrees, two popular substructures are D (<t 0’), the Turing degrees below 0’,
and &r, the Turing degrees of r.e. sets. Both D (<1 0’) and &r have first-order
theories that are recursively isomorphic to the first-order theory of true arith-
metic. The D (<t 0’) case is due to Shore [59]. The &y case is due to unpublished
work of Harrington and Slaman (see also [46]). We consider the substructures
Ds.a, DY, and & of D, and the substructures D, 4, DY, and &, of D,. Our

s,cl’ w,cl’
results are that the first-order theories of D; ., Dy, Dy,c1, and DY are all recur-
sively isomorphic to the second-order theory of true arithmetic (Theorem 2.6.5
and Theorem 2.6.5), that the first-order theory of &; is recursively isomorphic to
the first-order theory of true arithmetic (Theorem 2.9.4), and that the first-order
theory of &, is undecidable (Theorem 2.11.7). The question of the exact com-
plexity of the first-order theory of £, remains wide open. Cole and Simpson
conjecture that the first-order theory of &, is recursively isomorphic to O (the
w™ Turing jump of Kleene’s O), the obvious upper bound [19]. As a bonus, our
coding methods also yield that neither D; ) nor Dg\, is elementarily equivalent

to either Dy, or Dy, (Theorem 2.7.2).

We also consider the decidabilities of fragments of the first-order theories of
Ds, Dy, and their substructures. Our results are that if £ is any of D;, Dy, Ds q,
DY Dwet, Dyl &, o1 E, then the ¥i3-theory of £ as a lattice and the ¥j-theory
of L as a partial order are undecidable (Theorem 2.3.11, Theorem 2.4.11, Theo-
rem 2.6.6, Theorem 2.9.5, and Theorem 2.11.7). In the positive direction, Binns
has shown that the X9-theories of & and &, as a lattices are identical and de-
cidable [10]. Binns’s results also imply that the X{-theories of D, Dy,, Ds q, Dg}ﬂ,
Dy, and Dy as lattices are decidable. Cole and Kihara have shown that the
39-theory of & as a partial order is decidable [18]. No further results of this
sort are known. There has been a huge amount of difficult work on the decid-
ability of various fragments of the first-order theories of Dr and &r. In light
of the guiding analogy that & and &, are like &1, we summarize the results

for Er for comparison (see [60] for a survey of this area). The X{-theory of &t
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as an upper-semilattice is decidable [52]. The decidability of the Y5-theory of
Er as a partial order and the decidability of the ¥3-theory of &t as an upper-
semilattice remain unknown. However, the X9-theory of £t as a partial order
is undecidable [36]. Moreover, if one extends the partial infimum function on
Er (as an upper-semilattice) to any total function, then the X9-theory of the re-
sulting structure is undecidable [43]. These two undecidability results for Er
suggest by analogy that the X3-theory of &; as a lattice, the 3X3-theory of & as a
partial order, the Eg—theory of &, as a lattice, and the Eg—theory of &, as a partial
order may all be undecidable.

We prove that & is as complicated as possible in terms of degree of presen-
tation (Theorem 2.10.6). Specifically, we prove that the degree of & as a lattice
is 0. This means that 0" computes a presentation of & as a lattice and that 0"
is computable in every presentation of & as a lattice. A corollary is that & has
no recursive presentation as a partial order. The natural presentation of &, has
Turing degree O [19], so it is reasonable to expect that £, has degree O, though
this question remains open. For comparison, it follows from the results of [46]
(though it is not stated explicitly) that the degree of £t as an upper-semilattice
is 0.

2.1 Interpreting the Medvedev and Muchnik degrees in arithmetic

Before we code arithmetic into D,, D,,, and their substructures, we show how to
interpret these structures in arithmetic.

The reductions Th(D;) <; Th3(N) and Th(D,,) <; Th3(N) follow from the
fact that every mass problem X is equivalent to some ) C 2¢ (i.e., Lemma 1.4.1)
and that the Medvedev and Muchnik reducibilities are definable in third-order
arithmetic.

Lemma 2.1.1. Th(Dy; <) <1 Th3(N) and Th(Dy,; <) <1 Th3(N).
Proof. The relation R(Y, e, m,n) expressing ®.(Y)(m) = n is definable by a for-
mula which says “there exists a number s coding a sequence of configurations

witnessing the computation ®.(Y')(m) = n.” The relation S(X,Y, e) expressing
®.(Y) = X is definable by the formula

Vm((m e X - R(Y,e,m,1)) A(m ¢ X — R(Y,e,m,0))).
Thus the relation X' <; ) is definable by the formula

P(X,Y) = 3eVY (Y € Y= 3IX(X € XAS(X,Y,e))).

Now, given a first-order sentence ¢ in the language of partial orders, pro-
duce a third-order sentence ¢ in the language of arithmetic by replacing quan-
tifications Vz and 3z with third-order quantifications VX" and 3&, by replacing
atomic formulas x < y with ¢(X,)), and by replacing atomic formulas z = y
with (X, V) Ap(Y, X). Then N | ¢’ if and only if Dy = 1.

The reduction Th(Dy,; <) <; Th3(N) is obtained by switching the quantifiers
Je and VY in the definition of the formula ¢ above. O
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The interpretations of D and Dy (Dyy, and DY) in second-order arith-
metic rely on the fact that X C w¥ (X C 2v) is closed if and only if it is the set of
paths through some tree 7' C w<* (T' C 2<¥). Thus we quantify over all closed
mass problems by quantifying over all trees. Fix some definable coding of se-
quences, trees, and functions in second-order arithmetic. See [67] Section I1.2 for

a particularly careful method.

Lemma 2.1.2. Th(D;q; <) <1 Thy(N), Th(DY}; <) <1 Thy(N),

Th(DW cl; < ) < ThQ(N) and Th(stlcl, < ) S ThQ(N)

Proof. The relation P(f,T) expressing “function f is a path through tree 7 is
definable by the formula

Vndo(o € T A|o| =nAVi < |o])(a(z) = f(1))).

Relations R(g, e, m,n) expressing ®.(g)(m) = nand S(f, g,¢€) expressing ® (9) =
f are definable as in Lemma 2.1.1. Thus the relation [T] <,[S] is definable by the
formula

(T, 5) = 3evg(P(g,5) = 3f(P(f,T) NS(f,g,¢€)))-

Now, given a first-order sentence 7 in the language of partial orders, produce
a second-order sentence ¢’ in the language of arithmetic by replacing quantifi-
cations Vz and Jx with second-order quantifications V7, and 37, quantifying
over trees T, C w<¥, by replacing atomic formulas » < y with ¢(7},7,), and
by replacing atomic formulas © = y with ¢(7.,,T,) A o(T,,T,). Then N' = ¢/
if and only if Dy = 9. This proves Th(Dsq; <s) <; Thy(N). The reduc-
tion Th(DJy; <s) <1 Thy(N) is exactly the same, except we quantify over trees
T C 2<%,

The reductions Th(Dy,a; <w) <1 Thy(N) and Th(DY! ; <y) <1 Thy(N) are ob-
tained by switching the quantifiers Je and Vg in the definition of the formula ¢

above. O]

To interpret & in first-order arithmetic, we use the recursive sequence con-
taining all I1{ classes { Z. }.c,, from Lemma 1.4.4 and the fact that Z; <, Z, isa X}
property of i and j.

Lemma 2.1.3. Th(&;; <) <; Th(N).

Proof. Let {Z.}cc, be a recursive sequence containing all IIY classes as in
Lemma 1.4.4, and let {7.}.c, be the corresponding uniformly recursive se-
quence of trees. Given a first-order sentence v in the language of partial orders,
produce an equivalent sentence in the language of partial orders by replacing
every atomic formula x = y by the formula + < yAy < z. Then produce a
tirst-order sentence ¢’ in the language of arithmetic by replacing every atomic
formula z < y by the I formula from Lemma 1.4.3 expressing [T] <¢[T,]. Then

N E ¢ if and only if & = 1.
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2.2 Coding arithmetic in distributive lattices

We present our scheme for coding arithmetic in distributive lattices. Although
the definitions below make sense in any lattice, they were designed with the par-
ticular goal of coding NV into D;, Dy, and their sublattices in mind. For example,
meet-irreducible elements play a major role in the coding. One may dualize the
coding to replace meet-irreducible by join-irreducible, but this would not suffice
for our purposes because all non-zero elements of & are join-reducible [10]. The
coding presented here has been slightly modified from the original version de-
veloped in [57] in order to reduce the quantifier complexity of coded relations.

221 Coding models of relational theories

Definition 2.2.1. For elements s and w of a lattice, s meets to w if and only if
y(y >wAsxy=uw).

Definition 2.2.2. For a lattice Land aw € L,

E(w) = {s € L | s is meet-irreducible A s meets to w}.

The next two lemmas prove important properties of F in distributive lattices.

Lemma 2.2.3. If £ is a distributive lattice and w € L, then E(w) is an antichain.

Proof. Suppose for a contradiction that there are s,s’ € E(w) with s > §'. Let
y > w be such that s xy = w. Then s’ > y because s’ is meet-irreducible,
s > sxy,and § 2 s. Therefore s > s’ > y > w, giving the contradiction
SXY=1y>w. 0

Lemma 2.2.4. If L is a distributive lattice and {s;},<, C L is a finite non-empty
antichain of meet-irreducible, non-maximum elements, then E([],_, s:) = {si}i<n-

Proof. Suppose n = 1. There is a y > sy because sy is not maximum. Thus
So Xy = Sp, SO y witnesses that sy, meets to so. Thus sy € E(sp). On the other
hand, if x € E(sq), then there is a y > sy such that x xy = sy. Since sq is
meet-irreducible and sy ? y, it must be that sy > z. E(s¢) is an antichain by
Lemma 2.2.3 and sy € E(s), so it must be that = = so. Hence E(sy) = {so}.

Suppose n > 1, and let w = [],_, s;. First we show that s; € E(w) for each
i<n.Fixi<nandlett;=[[{s; | j <nAj#i}sothats; xt; =w. Thens; #t,
because otherwise the meet-irreducibility of s; implies that s; > s; for some
J # i, contradicting that {s;};<, is an antichain. Thus s; is meet-irreducible and
t; witnesses that s; meets to w. Hence s; € E(w). Conversely, if € E(w), then

x is meet-irreducible and z > w. Thus x > s; for some ¢ < n, so x = s; because
E(w) is an antichain by Lemma 2.2.3. Thus E(w) = {s; }i<n- O

In the above lemma, the non-maximum hypothesis is only for the n = 1 case.
If n > 1, then no member of {s;};-, is maximum because it is an antichain, so
the non-maximum hypothesis is automatically satisfied. If £ has a maximum
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element 1, then E(1) = () even though 1 is meet-irreducible. This is by the
definition of “meets to,” because there isno y € £ with y > 1.

Given an element w of a lattice, we think of w as code for the set E(w). The
symbol “E” stands for “elements,” as in the elements of the set coded by w.!

Now we code 2-ary and 3-ary relations on E(wy) for an element w; of a lattice
L. The same scheme can code n-ary relations for any n € w, but we only need
to code 2-ary and 3-ary relations to code N. The intuition behind the follow-
ing definition is that if sg, uy € E(wy), then sy + uo should code the pair (sg, up).
However, this coding makes the pairs (so, 1) and (uo, so) indistinguishable be-
cause sp+uy = uy+5so. To solve this problem, we fix additional parameters
wy, w2, m € L. Once wy, wy, wy, m € L are fixed, any ¢ € £ can be interpreted as
coding a 2-ary relation R? on E(wy) and a 3-ary relation R? on E(wy).
Definition 2.2.5. Let £ be a lattice and fix elements wy, wy, we, m € L. Then any
¢ € L defines a 2-ary relation R? on E(w) and a 3-ary relation R? on E(wy) by

R2(s0,up) if and only if sy € E(wp) Aug € E(wy)
A Juq(uy; meets to wy Aug+uy > mASg+u > c)
R2(s0, 1o, vo) if and only if sy € E(wo) Aug € E(wg) Avg € E(wy)
A Fuy Fvg (ug meets to wy A vy meets to wo
Aug+up > mAvg+vy > mASg+up+ vy > c).

With Definition 2.2.5 in hand, we can define codes for models of various the-
ories. For PA™ we have the following definitions.

Definition 2.2.6. In a lattice £, a code (for a structure in the language of arithmetic)
is a sequence of elements

W= (w07 Wy, W2, M, €7p7 t? 2 O)
from L interpreted as coding the structure
Mg = (E(’LUQ), Ri R; Rfa Zs O)

where R}, R}, and R} are the relations on E(w,) defined from ¢, p, and ¢, respec-
tively, as in Definition 2.2.5.

In Definition 2.2.6, w is for “w,” mis for “match,” ¢ is for “less,” p is for “plus,”
t is for “times,” z is for “zero,” and o is for “one.”

If « is a code in a lattice £, then sentences in the language of arithmetic are
interpreted in M, in the obvious way.

Definition 2.2.7. Let ¢ be a first-order sentence in the language of arithmetic.
The translation of ¢ is the first-order formula ¢’ (wy, wy,we, m, ¢, p,t, z,0) (with
the displayed variables free) in the language of lattices obtained from ¢ by mak-
ing the following replacements.

UIn [57], E(w) was called E(w) (see [57] Definition 4.4) and its definition required that the
s € E(w) also be minimal with respect being meet-irreducible and meeting to w. The minimality
requirement is unnecessary by Lemma 2.2.3.
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Replace < by the formula defining Rf,
e replace + by the formula defining R,

e replace x by the formula defining R},

e replace 0 by z,

e replace 1 by o,

e replace Jz by the formula expressing 3z € E(wy), and

e replace Vx by the formula expressing Va € E(wy).

If £ is a lattice and o/ is a code, then Mz |= ¢ means that £ |= ¢/ ().

Definition 2.2.8. In a lattice £, a code for a model of PA™ is a code w such that
Mg ): PA™.

If ¢ is a first-order sentence in the language of arithmetic, then its translation
¢’ is a first-order formula in the language of lattices. Thus for such a sentence ¢,
the property “i is a code such that M; = " is first-order. The property “u is a
code for a model of PA™" is therefore expressible by a first-order formula in the
language of lattices.

To code true first-, second-, or third-order arithmetic in a lattice, we impose
an extra first-, second-, or third-order correctness condition on a code  for a
model of PA™, and we impose additional assumptions on the properties of the
lattice in which the coding is done. In this way we ensure that coded structures
Mz are isomorphic to N and that first-, second-, and third-order quantification
over M, can be simulated by first-order quantification over L.

2.2.2 The finite matching property and the first-order correctness condition

In this section we present sufficient conditions for interpreting true first-order
arithmetic in a distributive lattice. Our strategy is to recognize the codes 1 such
that Mz = N as the codes & of models of PA™ such that every initial interval of
M is finite. The following definitions allows us to compare the cardinalities of
initial intervals of coded models of PA™.

Definition 2.2.9. Let £ be a lattice and let @ be a code for a model of PA~. An
a € L codes an initial interval of M if and only if (3s € E(w))(Vb € L)(b €
E(a) <> R2(b,s)Vb=s).

Definition 2.2.10. For a lattice £ and elements r, g € £, E(r) matches E(q) if and
only if there is a z € £ such that

(i) (Vz € E(q))3y € E(r))(z+y € E(z)),and
(i) (v € B(r)@y € B(q))(x+y € F(2)).

Clearly if E(r) matches E(q), then |E(r)| = |E(q)|.- The next definition en-
forces a weak converse of this fact.
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Definition 2.2.11. A lattice £ has the finite matching property if and only if when-

ever ¢,q € L are such that |E(q)| = |E(¢')| = n for some n € w then there is an
r € L such that £ (r) matches both E(q) and E(¢').

We can now define the first-order correctness condition and prove that a code
for a model of PA™ that satisfies the first-order correctness condition always
codes a structure isomorphic to A provided that £ is distributive, that £ has the
finite matching property, and that some code in £ codes a structure isomorphic
to V. It follows that Th(N') <; Th(L).

Definition 2.2.12. In a lattice £, a code w satisfies the first-order correctness condi-
tion if and only if

(i) (Vs € E(wp))(Fa € L)(Vb € L)(b € E(a) <« Ri(b,s) Vb = s) (that is, every
initial interval of M; is coded by some a € £), and
(ii) for every a € L that codes an initial interval of M; and every code ' for a

model of PA™ that satisfies item (i), there is an ¢’ € £ that codes an initial
interval of Mz and an r € £ such that E(r) matches both E(a) and E(d).

Observe that the property “u is a code a model of PA™ that satisfies the first-
order correctness condition” can be expressed by a first-order formula in the
language of lattices.

Lemma 2.2.13. Let L be a distributive lattice with the finite matching property.

(i) If W is a code such that Mg = N, then i is a code for a model of PA™ satisfying
the first-order correctness condition.

(ii) If there is a code W such that My = N, then Mg = N for every «' that is a that
is a code for a model of PA™ satisfying the first-order correctness condition.

Proof. For item (i), let @ be a code such that M; = N. The code w is a code for
a model of PA™ because M3 = N. For Definition 2.2.12 item (i), let s € E(wy)

and notice that {b | R(b,s) Vb = s} is finite because it is an initial interval of
a structure isomorphic to A and that it is an antichain because it is a subset of
FE(wo) which is an antichain by Lemma 2.2.3. Thus a = [[{b | RZ(b,s) Vb = s}
witnesses Definition 2.2.12 item (i) for s because E(a) = {b | RZ(b,s) Vb = s} by
Lemma 2.2.4. For Definition 2.2.12 item (ii), let a € £ code an initial interval of
M and let @’ be a code for a model of PA™ satisfying Definition 2.2.12 item (i).
|E(a)| = n for some n € w because E(a) is an initial interval of a structure
isomorphic to N. Mgz = PA™, so by Lemma 1.5.3 there is an initial interval of
Mz of cardinality n and, by Definition 2.2.12 item (i), there is an o’ € £ coding
this initial interval. Thus |E(a)| = |E(a’)| = n, so by the finite matching property
there is an r € £ such that F(r) matches both E(a) and E(a’). Thus @ is indeed
a code for a model of PA™ satisfying the first-order correctness condition.

For item (ii), let w be a code such that Mz = N, and let w' be a code for
a model of PA™ satisfying the first-order correctness condition. We show that
Mgz = N. By Lemma 1.5.3, it suffices to show that every initial interval Mz
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is finite. Thus let s’ € E(wy}), let {0/ | R%(V/,s') VI = s'} be the corresponding
initial interval, and, by Definition 2.2.12 item (i), let ' € £ code this initial
interval. By item (i), @ is a code for a model of PA™ satisfying Definition 2.2.12
item (i), so by Definition 2.2.12 item (ii) (applied to @) there is an a € £ coding
an initial interval of Mz = A such that |E(a)| = |E(d’)|. E(a) is finite, hence the
initial interval {V' | RZ (V/,s') VI = s} is finite. O

Lemma 2.2.14. Let L be a distributive lattice with the finite matching property such
that there exists a code W such that Mgz = N. Then Th(N') <; Th(L; <).

Proof. 1t suffices to prove Th(N') <; Th(L) because Th(L) <; Th(L; <) as the lat-
tice operations + and x are first-order definable from the partial order <. Let
¢ be a first-order sentence in the language of arithmetic. Let 0 be the first-order
sentence

0 = 3w (W is a code for a model of PA™
A W satisfies the first-order correctness condition

AMg E )

in the language of lattices. By Lemma 2.2.13, there are codes in £ for models of
PA™ satisfying the first-order correctness condition, and every code in £ for a

model of PA™ satisfying the first-order correctness condition codes a structure
isomorphic to N. Thus NV |= ¢ if and only if £ = 6. O

2.2.3 The coding countable subsets property and the second-order correct-
ness condition

In this section we present sufficient conditions for interpreting true second-
order arithmetic in a distributive lattice. Our strategy is to use first-order quan-
tification over the lattice to quantify over all countable subsets of a coded struc-
ture. We then recognize the codes w such that M ; = N as the codes @ of models
of PA™ such that M is well-founded.

Consider a code o for a structure M, in a lattice £. Given a € L, let F(a) =
{s € L | s > a}. Every element a € L codes the subset F'(a) N E(wy) C E(wy).
Using this coding, we extend the translation described in Definition 2.2.7 to
second-order sentences ¢ in the language of arithmetic.

Definition 2.2.15. Let ¢ be a second-order sentence in the language of arith-
metic. The translation of ¢ is the first-order formula ¢’ (wg, wy, we, m, ¢, p,t, z,0)
(with the displayed variables free) in the language of lattices obtained from ¢
by making the replacements described in Definition 2.2.7 and by also making
the following replacements.

e Replace the second-order variable X by the first-order variable vy,
e replace z € X by the formula expressing x € F(vx) N E(w), and
e replace quantifiers 3.X and VX by Jux and Vv respectively.
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If £ is a lattice and o is a code, then Mz |= ¢ means that £ |= ¢/ ().

Notice that even though ¢ is allowed to be a second-order sentence in the lan-
guage of arithmetic, its translation ¢’ is still a first-order formula in the language
of lattices.

The next definition ensures that if « is a code such that M; = N, then for
every S C E(wp) there is an a € £ such that F(a) N E(w) = S. That is, every
subset of F(wy) has a code, so quantifying over all subsets of E(wy) is the same
as quantifying over all coded subsets of E(wy).

Definition 2.2.16. A lattice £ has the coding countable subsets property if and only
if for every w € £ and every countable S C E(w) there is an a € £ such that
Fla)NE(w) = 9.

The following second-order correctness condition recognizes the structures
isomorphic to N/ among the coded models of PA™ in a distributive lattice with
the coding countable subsets property.

Definition 2.2.17. In a lattice £, a code w satisfies the second-order correctness
condition if and only if for every a € L, if thereis an s € F'(a) N E(wy), then there
is an R2-least such s.

Observe that the property “w is a code a model of PA™ that satisfies the
second-order correctness condition” can be expressed by a first-order formula
in the language of lattices.

Lemma 2.2.18. Let L be a distributive lattice with the coding countable subsets prop-
erty.

(i) If W is a code such that Mg = N, then i is a code for a model of PA™ satisfying
the second-order correctness condition.

(ii) If w is a code for a model of PA™ satisfying the second-order correctness condition,
then Mw’/ = N

Proof. Ttem (i) is true because N is a well-founded model of PA™. For item (ii),
let @ be a code for a model of PA™ satisfying the second-order correctness condi-
tion. If Mz were not well-founded, then there would be a countable S C F(wj)
with no R?-least element. By the coding countable subsets property, there would
be an a € L such that F'(a) N E(wy) = S. This contradicts the second-order

correctness condition. Thus M is a well-founded model of PA~ and hence is
isomorphic to NV. O

Lemma 2.2.19. Let L be a distributive lattice with the coding countable subsets prop-
erty such that there exists a code W such that Mg = N. Then Thy(N') <; Th(L; <).

Proof. It suffices to prove Thy(N) <; Th(L) because Th(L) <; Th(L; <) as the lat-
tice operations + and x are first-order definable from the partial order <. Let ¢
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be a second-order sentence in the language of arithmetic. Let 6 be the first-order
sentence

¢ = Jw(w is a code for a model of PA™
A w satisfies the second-order correctness condition

AMg = )

in the language of lattices. By Lemma 2.2.18 item (i), there is a code « for a
model of PA™ satisfying the second-order correctness condition. Thus to show
that V' |= ¢ if and only if £ |= 0, it suffices to show that, for every such @, N |= ¢
if and only if My |= ¢. Let o be such a code. Then Mz = N by Lemma 2.2.18
item (ii). In this case E(wy) is countable, so if S C E(wy), then thereisana € £
such that F'(a) N E(wy) = S by the coding countable subsets property. That is,
quantifying over all coded subsets of E(w) quantifies over all subsets of E(wy).
Therefore N = ¢ if and only if M = ¢. O

2.2.4 The coding all subsets property and the third-order correctness condi-
tion

In this section we present sufficient conditions for interpreting true third-order
arithmetic in a distributive lattice. Our strategy for recognizing ' among coded
models of PA™ is the same as in the previous section. Given w € £, we show
how to simulate quantification over subsets of 2¥(*) by quantification over the
subsets of E(r) for some other r € L.

Consider a code w0 for a structure M in a lattice £. As in the previous section,
every a € L codes the subset F'(a) N E(wy) C E(wy). Fix anr € L. Then every
b € L also codes a set S,.(b) C 2F("0), where

S, (b)) ={X C E(wy) | (3s € F(b)NE(r))(Vu € E(wp))(u € X +>u < s)}.

Here “r” stands for “reals,” and we think of E(r) as the set 2. F(b) N E(r)
ranges over subsets of E(r) as b ranges over £, and this is how we simulate
third-order quantification over M by first-order quantification over L.

We can express F(a) N E(wy) € S.(b) (that is, “the subset of E(w,) coded

by a is an element of the subset of 25(*°) coded by b and r”) by the following
first-order formula in the language of lattices:

(s € F(b)N E(r))(Yu € E(wp))(a <u>u < s).

Using this coding, we extend the translations described in Definition 2.2.7 and
Definition 2.2.15 to third-order sentences ¢ in the language of arithmetic.

Definition 2.2.20. Let ¢ be a third-order sentence in the language of arithmetic.
The translation of ¢ is the first-order formula ¢'(wo, wy, we, m, €, p, t, z, 0,7) (With
the displayed variables free) in the language of lattices obtained from ¢ by mak-
ing the replacements described in Definition 2.2.7 and Definition 2.2.15 and by
also making the following replacements.
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e Replace the third-order variable X by the first-order variable vy,
e replace X € X by the formula expressing F(vx) N E(wg) € S,(vx), and
e replace quantifiers 3& and VX by Juy and Vuy respectively.

If £ is a lattice, «w is a code, and r € £, then M, = ¢ means that £ |= ¢ (W, r).

Again, even though ¢ is allowed to be a third-order sentence in the language
of arithmetic, its translation ¢’ is still a first-order formula in the language of
lattices. Note the inclusion of the new parameter r in the translation ¢'.

The next definitions ensure that if « is a code such that Mz = N, then there
is an 7 € £ such that for every S C 2P(“0) there is a b € £ such that S,(b) = S.
That is, every subset of 2£(*0) has a code, so quantifying over all subsets of 2(w0)
is the same as quantifying over all coded subsets of 27(w0).

Definition 2.2.21. A lattice £ has the coding all subsets property if and only if for
every w € L and every S C E(w) thereis an a € £ such that F'(a) N E(w) = S.

Lemma 2.2.22.

(i) If L is a meet-complete distributive lattice with 1, then L has the coding all subsets
property.

(i) If L is a countably meet-complete distributive lattice with 1, then L has the coding
countable subsets property.

Proof. For (i), Let w € £, and let S C E(w). If S = (), then take @ = 1. Then
F(a) N E(w) = () because by definition 1 does not meet to any element of L. If
S #(,thenleta =[] S. Clearly S C F(a) N E(w). For the converse, suppose for
a contradiction that there is an = € (F'(a) N E(w)) \ S. This = meets to a because
xmeetstow and x > a > w. Let y > a be such that x x y = a. Then, forall s € S,
we have that s > = x y, that s # x because E(w) is an antichain by Lemma 2.2.3
and = ¢ S, and that s is meet-irreducible. Thus s > y for all s € S which gives
the contradiction a > .

The same proof works for (ii) when S is countable. O

Definition 2.2.23. In a lattice £, a code @ satisfies the third-order correctness con-
dition if and only if @ satisfies the second-order correctness condition and there
isan r € L such that

(Va € L)(3s € E(r))(Vu € E(wp))(a < u<>u < s).

Observe that the property “1t is a code a model of PA™ that satisfies the third-
order correctness condition” can be expressed by a first-order formula in the
language of lattices.

Lemma 2.2.24. Let L be a distributive lattice with the coding all subsets property such
that there exists a code w such that Mg = N and such that W satisfies the third-order
correctness condition. Then Thy(N) <; Th(L; <).
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Proof. It suffices to prove Ths(N') <; Th(L) because Th(L) <; Th(L; <) as the lat-
tice operations + and x are first-order definable from the partial order <. Let ¢
be a third-order sentence in the language of arithmetic. Let 6 be the first-order
sentence

f = JFw3r(w is a code for a model of PA™
A r witnesses that 0 satisfies the third-order correctness condition

A Mu?,r ’: 90)

in the language of lattices. By hypothesis there exist @ and r such that « is a code

for a model of PA™ and r witnesses that w satisfies the third-order correctness
condition. Thus to show that ' |= ¢ if and only if £ = 6, it suffices to show

that, for every such w and r, N' | ¢ if and only if Mz, = ¢. Fix such a &
and r. Mgz = N by Lemma 2.2.18 item (ii). Every subset of E(wy) is of the form
F(a)NE(w) for some a € L by the coding all subsets property. We need to show
that every subset of 2P(%0) is of the form S, (b) for some b € L. To this end, let
X C 2B For each X € X, let ax € L be such that F(ax) N E(w) = X by the
coding all subsets property, and let sx € E(r) be such that (Vu € E(wy))(ax <
u+u < sy) by the third-order correctness condition. Again by the coding all
subsets property, let b € L be such that F'(b) N E(r) = {sx | X € X}. Then
S,(b) = X. We have shown that quantifying over all coded subsets of E(wy)
quantifies over all subsets of F(w,) and that quantifying over all coded subsets
of 2P(®0) quantifies over all subsets of 2F(0). Therefore N' |= ¢ if and only if

Mg, E .

2.2.5 Counting quantifiers

An analysis of the quantifier complexity of our coding scheme shows that to
determine the truth of existential sentences in NV we only need to determine the
truth of II9 sentences in L.

We switch to coding models of PA™ because the axioms of PA™ are all of the
form V#y)(Z) for quantifier-free ¢). Here code now means a code for a structure
in the language of N'". A code is now a sequence

W= (U)(), Wi, W2, M, €7p7 tv d7 2, 0)
(with “d” for “difference”) interpreted as coding the structure

M;H = (E(w0)7 R?a R?;a R?v Rga Zs 0)'
As in Definition 2.2.7, sentences in the language of N~ translate to formulas
in the language of lattices. The new -+ relation is replaced in the translation
by the formula defining R3. A code for a model of PA™ is a code w such that
M = PA™.
In the language of lattices, “s is meet-irreducible” is a IIY property and “s
meets to w” is a Xy property, so “s € E(w)” is a A property. Hence RZ(sg, u1)
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and R3(so, u1, v9) are both A properties of s, u1, v2, and the coding parameters
wop, wy, wy, m, and c. Therefore, our coding translates atomic formulas in the
language of N~ to AY properties of lattices. Every Boolean combination of Aj
properties is again a A property, so our coding also translates quantifier-free
formulas in the language of N~ to AJ properties of lattices. Thus if ¢ = 37%)(7)
is a sentence in the language of N~ where ¢ is quantifier-free, then the transla-
tion ¢’ (1) may be taken to be a XY formula in the language of lattices. Similarly,
if ¢ = V2 (Z), then the translation ¢(«w) is II3. Thus “M = PA™” can be ex-
pressed by a IIj formula in the language of lattices. The axioms of PA™ need to
be unnested before they are translated, but this can be done in such a way that
they all remain of the form Vz(Z) for quantifier-free 1.

In a lattice, the relations 2 +y = z and x x y = z are definable by II? formu-
las in the language of partial orders. This translation increases the quantifier-
complexities calculated in the previous paragraph by one alternation. Existen-
tial sentences in the language of N~ translate to 33 formulas in the language
of partial orders, and universal sentences in the language of N~ translate to IT)
formulas in the language of partial orders. The property “M_ = PA™” is a II}
property of @ in the language of partial orders.

Lemma 2.2.25. Let L be a lattice, and let « be a code such that M = N . Then
Y9-Th(L) and ¥9-Th(L; <) are undecidable.

Proof. We prove
{37(F) | ¢ is quantifier-free AN = 37 (F)} <, H3-Th(E,).

It is well-known that the problem of determining whether ' | 3% (%) for
quantifier-free ¢ is undecidable.? Clearly X3-Th(L£) =, [I3-Th(L).

Let ¢ = 37 (Z) be a sentence in the language of arithmetic where v is
quantifier-free. Let 6 be the sentence

0 = V(M = PA™ = M | o)

in the language of lattices. As calculated above, M |= PA™ is a II3 property of
W, and M = ¢ is a X property of «. Thus 6 is a IIJ sentence in the language
of lattices. We need to show NV |= ¢ if and only if £ |= 6. Suppose N |= . Then
PA™ + ¢ by Lemma 1.5.4, which implies that £ |= 6. Suppose N [~ ¢. Then by
assumption there is a code & such that M_ = N . For this @, M_ = PA™ but
M [~ o, which implies £ }~ 6.

The proof that 33-Th(L; <) is undecidable is the same. The above sentence 6
is I19 in the language of partial orders. O

2For example, undecidability is implied by Matiyasevich’s solution to Hilbert’s tenth prob-
lem [40]. It is a standard fact in computability theory that determining whether N |= 37¢(Z)
is undecidable if 1 is allowed bounded quantifiers, but allowing bounded quantifiers in v in-
creases the quantifier complexity of the translated formula.
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2.3 The complexities of Th(D;; <;) and Th(Dy; <y,)

In this section we prove Ths(N) <; Th(Dy; <) <1 Th(Ds; <;), thereby complet-
ing the proof that all three theories are pairwise recursively isomorphic.

2.3.1 Defining D,, in D,

The Muchnik degrees are definable in the Medvedev degrees [22], thereby giv-
ing Th(DW7 Sw) Sl Th(Dsa Ss)

Definition 2.3.1. For a mass problem 4, let C'(A) denote the Turing upward-
closure of A: C(A) ={f | (3g € A)(g<r f)}

Definition 2.3.2. A Medvedev degree s is called a degree of solvability if s =
degs({f}) for some f € w®.

Definition 2.3.3. A Medvedev degree m is called a Muchnik degree if m =
degs(C(A)) for some mass problem A.

Notice that C'(A) <, Bif and only if B C C'(A). Medvedev degrees of the form
degs(C(A)) are called Muchnik degrees because A <,, B if and only if C'(B) C
C(A) if and only if C(A) <, C(B). The mapping degy(A) — degs(C(A)) embeds
D,, into D; as an upper-semilattice but not as a lattice [71].

Lemma 2.3.4 (Medvedev [41], Dyment [22]). The degrees of solvability and the
Muchnik degrees are definable in D,

The formula defining the degrees of solvability is
O(z) =Jy(x < yAVz(x < z—y < 2)).

For a degree of solvability x = degs({f}), the witnessing y is the degree
degs({e"g | c(g) = fAg£r f}). Complete proofs that 6 defines the degrees
of solvability are found in [22] and [74]. We reproduce the definability of the
Muchnik degrees here. The result essentially appears in [22], but is not phrased
in terms of definability.

Proof that the Muchnik degrees are definable in Ds.

The defining formula is x(z) = Yy(Vz((0(2) ANy < z) =2 < z) =2z < y), where
¢ is the formula defining the degrees of solvability as above. Let degs(C'(A))
be a Muchnik degree. If B satisfies (Vf € w*)(B<{f}—= C(A) <{[f}), then
in particular we must have C(A) <, {f} for all f € B. Hence B C C(A)
and so x(degs(C(A))) holds. Conversely, suppose x(degs(A)). As (Vf €
w’)(C(A) <A{f} = A<{[}), we have A<,C(A). Thus A=,C(A), so degs(.A)
is a Muchnik degree. O

Corollary 2.3.5. Th(Dy,; <) <1 Th(Ds; <y).
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Proof. Interpret Th(D,,) inside Th(D;) by restricting quantification in D, to quan-
tify only over degrees of the form degs(C(.A)). That is, given a sentence ¢ in
the language of partial orders, generate a sentence ¢’ by inductively replacing
subformulas Jz¢ and Vze by formulas Jz(x(x) A¢) and Vz(x(z) = ¢). Then
D, = v if and only if Dy = ¢/ O

In Dy, a degree s is also called a degree of solvability if s = deg, ({f}) for
some f € w”. The formula #(z) as above defines the degrees of solvability in
Dy, and the proof is similar to that for Ds.

2.3.2 Coding third-order arithmetic in D,

We find a code w in D, such that Mg = N. First, it is well-known and an easy
observation that D,, is a complete lattice. Hence D,, has the coding all subsets
property by Lemma 2.2.22.

Lemma 2.3.6. D,, is a complete lattice.

Proof. Let X C D,, be non-empty, and let (&; | i € I) be a selection of
one representative for each degree in X. Then the least upper bound of X is
degy (MN;e; C(X;)) and the greatest lower bound of X is degy (U,.; C(X;)) (which

equals degy (U,c; X5))- O

The crucial point is now the existence of the degree r witnessing that our w
satisfies the third-order correctness condition.

Lemma 2.3.7. Let W be a <t-antichain, and let w = deg,,(W).

(i) If x € Dy, meets to w, then x <, deg,,({ f}) for some f € W.
(i) E(w) = {deg.({f}) | f € W}.

Proof. (i) Let x € D,, be such that x meets to w. Suppose for a contradiction
that (Vf € W)(x £y degw({f})). Let y € D,, witness that x meets to w. That is,
y >y wand x x y = w. Then, for all f € W, deg,({f}) is meet-irreducible (as it
is the degree of a singleton), x £, deg.({f}), and x x y <, degy({ f}). Therefore
(Vf e W)(y <y degw({f})) which gives the contradiction y <, w.

(ii) Given f € W, itis an easy check (using the fact that VV is a <r-antichain)
that deg,,( W\ {f}) witnesses that deg,, ({ f}) meets to w. Hence {deg,, S{ fHlfe
C E(w). To see equality, let x € E(w). By item (i), x < degw({ f}) for some

f € W. We have just shown that deg,,({f}) € E(w), and E( ) is an antichain
by Lemma 2.2.3. So it must be that x = deg,, ({f})- O

~The following lemma is proved using standard recursion theoretic tech-
niques.

Lemma 2.3.8. If A = {f; | i € w} is a countable independent set, then there exists a
Turing antichain R = {gx | X € 2“} such that {f; |i € X} ={f € A| f<rgx}
foreach X € 2“.
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Proof. We construct partial functions ¢,: w —w for ¢ € 2<“ and put gx =
Unewdx - The g, will have the following properties.

(i) If o C 7thendom g, C dom ¢, and the two functions agree on their common
domain.

(ii) If s < |o] and o(s) = 0 then ¢,(( s, j )) is defined for all j and equals O for all
but finitely many j.

(iii) If s < |o| and o(s) = 1 then g,((s, 7)) is defined for all j and equals f,(j)
for all but finitely many j.

(iv) g,((s,j)) is defined for only finitely many (s, j ) with s > |o]|.

Items (i)—(iii) ensure that each ¢gx is a total function, and item (iii) ensures
fs<rgx for all s € X. In addition we satisfy the following requirements for
alle,i e wand all X,Y C w.

d Ri,(z* i ¢ X —D(gx) # fi
¢ QX X #£Y = P(gx) # gy

Let gy = 0. At stage s we have g, for all o of length s.

Atstage s = 2 (e,7) we handle requirement R_';. For each o of length s do the
following. If o(i) = 0, if there is a finite partial function h, with domain disjoint
from g,, and if there is a number n such that ®.(g, U h,)(n)] # fi(n), then
redefine g, to be g, Uh,. Then for each ¢ of length s put g, = g, U{((s,7),0) |
(s,7) ¢ domg,} and put g,y = g5 U {({s,), fs(4)) | (s,5) ¢ dom go}.

At stage s = 2e + 1 we handle requirement Q¥. List the pairs (o, 7) with
lo| = |7| = s and o # 7. For each such (o, 7) do the following. Let n be least
such that n ¢ dom g,. If there is a finite partial function &, with domain disjoint
from g, and if there is a number m such that ®.(g, U h,)(n)) = m, then redefine
g tobe g, Uh, and redefine g, tobe g, U{(n, m+1)}. After these extensions are
made for each pair (o, 7), then for each ¢ of length s put g,~¢ = g, U{((s,7),0) |
(5,§) ¢ domg,} and put g,y = g, U{{(s,7), fs(4)) | (5,5) ¢ dom g, }.

We verify i ¢ X — f; £1 gx. Suppose that i ¢ X and ®.(gx) = f;. Consider
stage s = 2 (e, i) of the construction. Letc = X [ sandlet f = {fi | t <
sAo(t) = 1}. The function f computes the graph of the partial function g,.
Thus we can use f to simulate the computation ®.(g,Uh)(n) for any finite partial
function h with domain disjoint from g,. We now have the contradiction f; <t f
as follows. Given input n, use f to search for a finite partial function h with
domain disjoint from g, such that ®.(g, U h)(n)] = m for some m. There must
be such an h because gx extends g, and ®.(gx)(n)|. Moreover, we must have
m = f;(n). Otherwise at stage s we would have been able to find an h,, such that

D, (9o U hy)(n)d # fi(n), and this would imply @.(gx) # fi.

We verify X # Y — gy £r1 gx. Suppose for a contradiction that ®(gx) = gy
Choose an index e for ¢ greater than the least e such that X(e) # Y(e), put
s=2+1,andletc =X [ 5,7 =Y | s. Consider the g, and g, we have right
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before we process the pair (o, 7) in stage s. Let n be least such that n ¢ dom g,.
Since gy extends g, and ® ( x) is total, we must have found a finite h, and
number m such that ®.(g, U h,)(n)l = m. But then we extended g, so that
g-(n) =m + 1. Thus ®.(gx )( ) = m # gy(n), a contradiction. O

Lemma 2.3.9. There is a code w in Dy, such that M = N~ and such that w satisfies
the third-order correctness condition.

Proof. Let Wy = {fontnews Wi = {fin}new, and Wo = {f2,,}ne., be such that
Wy U W, UW, is independent. Then let

z = deg ({foo}), and
o = degy ({fo1})-

These degrees give the code w. By Lemma 2.3.8, let R = {gx | X € 2“} bea
Turing antichain such that {fo, € Wy | i € X} = {fo, € Wo | fo,i <1 gx} for each
X € 2% Letr = degy(R).

By Lemma 23.7 item (i), E(wo) = {degw({fon})}new- The map
degw({fon}) > n is the isomorphism witnessing M_ = N ~. Clearly z — 0 and
o — 1. We show that the map preserves <. The proofs that the map preserves
+, X, and ~ are similar. Let4,j € w. If i < j, then deg,({f1;}) meets to w; by
Lemma 2.3.7 item (ii), and it is easy to see that degy ({ fo;}) + degw({f1;}) >wm
and that degw({fo,}) +degw({f1;}) >w € Thus Ri(degw({fo:}), degw({fos}))-
Conversely, suppose that Rj(degy({fo,}). degw({fo;})). Let u; € D, be such
that u; meets to wy, degy ({fo;}) + w1 >y m, and deg,, ({ fo.;}) + 11 >y £. Since u;
meets to wy, it must be that u; <, degy({f1x}) for some & € w by Lemma 2.3.7
item (i). Thus degy, ({ fo,;}) + degw({ f1.t}) >w m. However, if k # j, then f; ;© fi
does not compute any member of M by independence. Thus u; <,, degy,({f1,;}),
which implies that degy, ({ fo.;}) + degw ({f1;}) >w £. Again by independence, if
i £ j,then fy,; ® f1,; does not compute any member of £. Hence ¢ < j.

wo = deg,, (W),
w = deg,, (W),
= degy, (Ws),
m = degW<M) fOI' M = {fO,n S fl,n}nEw U {fO,n @ f2,n}n€wa
£ = deg, (L) for L={fo:® f1;|i<j}
p = degy(P) for P={foiDf1;® for |1 +j=k}
t = degw(T) for T =1{foi® fr;® for | i xj=k},
d = deg,, (D) for D={fo:® fr; D for | i Jj=k},
(
(

We now check the third-order correctness condition. To do this, we first
need to check the second-order correctness condition. Let a € D, be such
that F'(a) N E(wy) is non-empty. Let n € w be least such that degy({fo.n}) €
F(a) N E(wp). Then this degy ({fo..}) is the R;-least element of F(a) N E(wy).
Thus the second-order correctness condition holds. Now, given an a € D,,
let X = {i | degw({f0:}) € F(a) N E(wq)}, and let s = degy({gx}). Then
s € E(r) by Lemma 2.3.7 item (ii) because R is a <p-antichain. Also, for
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all degy ({foi}) € E(wo), a<deg.({fo;}) if and only if i € X if and only if
deg,, ({fo.}) <ws. Thus the third-order correctness condition holds. O

The following theorem was proved independently by Lewis, Nies, and
Sorbi [38].

Theorem 2.3.10. Th(D; <) =; Th(D;; <) =1 Th3(N).

Proof. Th(Ds; <s) <1 Th3(N) by Lemma 2.1.1. Th(Dy; <y)<; Th(Ds; <;) by
Corollary 2.3.5. For Th3(N) <; Th(Dy; <), by Lemma 2.3.9 let w be a code
in D,, such that M_ = N~ and such that w satisfies the third-order correctness
condition. Removing the degree d from the code w gives a code v such that

Mg = N and such that V satisfies the third-order correctness condition. D, has
the coding all subsets property by Lemma 2.2.22 because D,, has a greatest el-

ement and is meet-complete by Lemma 2.3.6. Hence Th;(N) <; Th(Dy; <) by
Lemma 2.2.24. L]

Theorem 2.3.11. 3X3-Th(D,,) and X3-Th(Dy; <) are both undecidable.

Proof. By Lemma 2.3.9, there is a code w in D,, such that M_ = N . The results
then follow from Lemma 2.2.25. O]

The undecidability of %3-Th(D;) and the undecidability of X}-Th(Dy; <) are
proved in Theorem 2.6.6.

2.4 The complexities of Th(Dy «; <) and Th(D' ;<)

w,cl»

In this section, we prove Thy(N) <; Th(Dy, a; <w), Th(DY ;; <), and in the next

w,cl) =W
section we prove Thy(N') <; Th(Ds; <s), Th(Dgy; <s). Recall from Lemma 2.3.4
that the degrees of solvability are definable in D, and D,,. The definability of
the degrees of solvability in any of £ = D;q, DY}, Dy.a, Dy would give an
immediate proof of Thy(N') <; Th(L; <) for that £. This is because the Turing
degrees are isomorphic to the degrees of solvability and because the first-order
theory of the Turing degrees is recursively isomorphic to Thy(N) [62]. Singleton
mass problems {f} are compact, so the degrees of solvability are in all these
lattices. However, we do not know if the degrees of solvability are definable in

any of these lattices.

Question 2.4.1. Are the degrees of solvability definable in Ds., Dy, Dy, OF
DOL 2

w,cl*

We show that Dy, and Dy, are countably meet-complete. Hence both lat-
tices have the coding countable subsets property by Lemma 2.2.22.

Lemma 2.4.2. Both D, and Dy, are countably meet-complete.
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Proof. Let X = {x; | i € w} be a countable set of degrees in D, .. Let X; C w* be
a closed representative of x; for each i. The degree x = degy (U, i" ;) is the
greatest lower bound of X in D,, and |J,., i~ 4] is closed. Hence x € Dy, o, so x
is the greatest lower bound of X in D, .

The above proof does not work for D' | because J,, i~ A; is not compact.

We provide a modified proof for DY ;. Let X = {x; | i € w} be a countable set of
degrees in DY ;. Let A; C 2 be a closed representative of x; for each i. Choose
any g in any non-empty A; (if all the &; are empty, then 1 is the greatest lower
bound). Leto; = (g | i)~(1—g(i)) for eachi € w. The set X = {g} U (U, 0" X))
is closed in 2, so let x = deg,(X). Then x € DY, and it is easy to see that

x = degy (U;e, i" ;). Hence x is the greatest lower bound of X in DY, (and in
D). O

Question 2.4.3. Are D,,  and D! , countably join-complete?
, w,cl y ] p

Lemma 2.4.4. Let W C w* be a closed <r-antichain, and let w = deg,, (WV).

(i) If x € Dy, o meets to w, then x <, degy({f}) for some f € W.
(i) E(w) = {degw({f}) | f € W}

The same is true with 2 in place of w* and D}, in place of Dy, 1.

Proof. (i) The proof of Lemma 2.3.7 item (i) works in both the D, . case and the
DY | case.

(ii) First consider the D,, . case. Let f € W. Let T be a tree such that W = [T].
Let (7; | i € w) list the sequences in 7" that are not initial segments of f (so that
(Vg € W)(g # [+« Fi(r; C g))). Let T; denote the full subtree of T rooted at 7;:
T, = {o € w¥ | 7,70 € T}. Let R be the tree | J,.,i"T; where i"T; = {i"0 | 0 €
T;} for each i. Let Y = [R], and let y = deg,()). If, for a mass problem A, we let
degr(A) = {degr(f) | f € A} denote the set of Turing degrees of the members of
A, we see that degr()) = degr(W) \ {degr(f)}. From this and the fact that W is a
<r-antichain, it follows that y >, w and deg,, ({f}) X y = w. Hence deg,, ({f}) is
meet-irreducible (because it is the degree of a singleton) and meets to w. Thus
{degw({f}) | f € W} C E(w). To see equality, let x € E(w). By item (i),
x < degw({f}) for some f € WW. We have just shown that deg,,({f}) € E(w),
and E(w) is an antichain by Lemma 2.2.3. So it must be that x = deg,, ({f}).

For the D! | case, as before let f € W, and let T be a tree such that W = [T7.
Let (7; | i € w) list the sequences in T that are not initial segments of f. Let T;
denote the full subtree of T  rooted at 7;. Choose any g € W\ {f} Gf W = {f},
then the lemma is trivial). Let o; = (¢ [ i)"(1 — g(¢)) for each i € w. Let R be the
tree | J,., 0:"T;. Let Y = [R]. Then degr()) = degr(W) \ {degr(f)}. The proof
now proceeds exactly as in the D, . case. O

Definition 2.4.5 (Dyment [22]). W C w* is called effectively discrete if (Vf €
W)(Vg € W)(f # g— f(0) # g(0)).
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An effectively discrete mass problem is closed and at most countable.

Lemma 2.4.6. There is a code w in Dy, o such that M = N ™.

Proof. Let Wy = {n" fon}new, Wi = {n" fin}new, and Wo = {n" fo, } e be such
that W, UW; UW, is independent. Then let

wo = degy(Wp),

w; = deg,, (W),

wo = deg,, (Wh),

m = deg, (M) for M ={(2n)"(fon ® fin)}new

U{(2n +1)"(fon @ f2,n) bnew

£ = deg, (L) for  L={(i,7) (fou® f15) i <j},

p = degy(P) for P ={((i,7),k) (fou® f1;® for) | i +J =k},
t = degy(7) for T ={((5,5),k)" (foi® fr; © far) | i X j =k},
d = degy (D) for D ={((i,7),k) (foiD f1; © fax) | i = j =k},
z = degy ({0 fo0}), and
o = degw({1" fo})-

The above mass problems are all effectively discrete, so their degrees are all in
Dy, . These degrees give the code w. The proof that M_ = N~ is the same as
in the proof of Lemma 2.3.9. Use Lemma 2.4.4 in place of Lemma 2.3.7. O]

An infinite effectively discrete Turing antichain is not compact, so we can no
longer rely on them to provide codes. Instead we use the following definitions.

Definition 2.4.7. Let g € 2“. A set X C 2* is called a g-spine (or just a spine) if it
is of the form {g} U{o;"f; | i € A} where A C w is infinite, o; = (g [ i)~ (1 — g(7))
foreachi € A, and f; € 2* for each i € A.

Definition 2.4.8. Let ¢ € 2¥ and let X C 2% be countable. Fix an enumeration
(fi | i€ w)of X. We denote by spine(g, X') the g-spine {g} U {o;,"fi | i € w}
where o; = (g [ i)"(1 — g(¢)) for each i € w. We denote by spine(X’) the f;-spine
Spine(f()v X \ {fO})

Notice that a spine is a closed subset of 2*.

Lemma 2.4.9. There is a code w in D, such that M = N

Proof. Let W) = {fontnew Wi = {fin}tnew, and W) = {fa,}ne. be such that
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WiUW; UW, C 2¢ is independent. Then let
wy = degy, (W) for W, = spine(W)),

z = degw({foo}), and
o =degw({fo1}).

These degrees give the code w. The proof that M = N is the same as in the
proof of Lemma 2.3.9. Use Lemma 2.4.4 in place of Lemma 2.3.7. O

Theorem 2.4.10. Th(Dy, q; <y) =1 Th(DY 4; <) =1 Thy(N).

wi = deg, (W) for W = spine(W;),
= degy (W) for W2 = spine(Wj),
m = degW(M) for - Splne({fOn D fl n}necu U {fOn D f2 n}nEw)
£ = degy (L) for = spine({ fo; ® f1; |1 < j}),
p = degy(P) for = spine({ fo; ® f1; ® for |1 +7 =k}),
t = degy(7) for = spine({ fo; ® f1; @ for | i X j = k}),
d = deg, (D) for = spine({ fo,; ® f1; ® for | i~ J = k}),
(
(

Proof. Th(Dy a; <) <1 Thy(N) and Th(Df}Vld; <w) <1 Thy(N) by Lemma 2.1.2.
For Thy(N) <; Th(Dy a; <w), by Lemma 2.4.6 let w be a code in D, such
that M_ = N~. Removing the degree d from the code w gives a code
v such that Mg = N. D, has the coding countable subsets property by
Lemma 2.2.22 because D, has a greatest element and is countably meet-
complete by Lemma 2.4.2. Hence Thy(N) <; Th(Dy; <,,) by Lemma 2.2.19. The
proof that Thy(N) <; Th(DY ; <) is the same. Use Lemma 2.4.9 in place of

WCl’—

Lemma 2.4.6. U

Theorem 2.4. 11 The fragments ¥3-Th(Dy, o), £-Th(Dy «; <w), £3-Th(Dy. ), and
¥9-Th(Dy! y; <w) are all undecidable.

Proof. By Lemma 2.4.6, there is a code w in Dy, o such that M, = N . By
Lemma 2.4.9, there is a code W in DY) such that M = N~. The results then
follow from Lemma 2.2.25. ]

2.5 D;. and DY}, have the coding countable subsets property

D; 4 and DY}, are not countably meet-complete by Lemma 2.7.1, so Lemma 2.2.22
does not apply to them. We need to prove that both D; . and D?%, have the

s,cl

coding countable subsets property. The next lemma is a clarifying example. It
implies that a closed (compact) W has meet-reducible degree in D; (Dgld) if
and only if it has meet-reducible degree in D.

Lemma 2.5.1 (Dyment 22]) If W =X x ), then W XU y where X and y are
disjoint and clopen in W, X > X, y > Y, and W=, X x y
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Proof. Let ® be such that (W) C 0°X U1°Y. Put X = {f € W | &(f)(0) = 0}
and put Y= {feW]|®(f)(0) =1}. By Lemma 1.4.2, X and ) are clopenin W,
and it is easily checked that X >, X and )AJ >s ) (hence W < X x JA)). We have
W>,0XU1"Y by the reduction which sends f to 0~ f if ®(f)(0) = 0 and sends
ftol1”fif &(f)(0) = 1. O

For comparison with the Muchnik case, if a closed (compact) ¥V has meet-
reducible degree in Dy, o (D‘?V{Cl), then it has meet-reducible degree in D,,. How-
ever, we do not know the converse.

Question 2.5.2. If W is closed (compact) and W=, X x ) for X,Y >, W, then
are there closed (compact) such X and )?

If the X in Lemma 2.5.1 has meet-irreducible degree, then we have the fol-
lowing refinement.

Lemma 2.5.3. If W=, X’ x Y where X has meet-irreducible degree and ) >, W, then
W = X UY where X and Y are disjoint and clopen in W, X =, X, and X # .

Proof. Asin Lemma 2.5.1, let ® be such that (W) C 0" X U1"Y, put X = {f €
W|<I>()()—O}andput)/—{fEW|(I>()()—1} Then W = XUJJ,
xXny = 0, Xandyareclopean X> X, y> Y, andW_sXxy To
see that X’ >, X observe that X > W_SX X y X has meet-irreducible degree,

so X >, XorX > y We cannot have X > )) because y > Y and this would
1mply W= AXXxY=Y>W. Thus X >, X. Similarly X z y for otherwise

W=Y>V>W. O
Corollary 2.5.4. For all w € D;, E(w) is at most countable.

Proof. Fix a representative W for w. Lemma 2.5.3 shows that if x € E(w), then
x has a representative of the form {f € W | ®(f)(0) = 0} for some program
®. There are only countably many programs, so there can be at most countably
many x € E(w). O

Notice that Corollary 2.5.4 is in contrast to the Muchnik case, in which a
degree may have uncountably many meet-irreducibles that meet to it. For ex-
ample, if W is a <r-antichain, then, in Dy, | E(deg(W))| = | by Lemma 2.3.7.
There exist uncountable <rt-antichains, and there even exist uncountable closed
<r-antichains (see [69] Section VI.1). Also notice that if w is closed (compact)
and x is meet-irreducible and meets to w, then Lemma 2.5.3 produces a closed
(compact) representative for x. Thus for a closed (compact) degree w, the meet-
irreducible degrees that meet to w are the same whether they are computed in
D; or in Dy (D).

Lemma 2.5.5. Let W be a mass problem such that E(degs(W)) is countable, and let
(X | i € w) bea list of representatives for the degrees in E(degs(W)). Then there are

mass problems (X; | i€ w) such that:
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(i) X; CWis clopen in W for each i,
(i) XN X; =0 fori # 7,
(iii) /'E =, &, for each i,
(iv) X, F W\ P?ifor each i.

Proof. Inductively construct the sequence (X; | i € w). At the start of step
n + 1 we have ()( | i < n) satlsfymg (i)—(iv) for i, 7 < n, and we have indices
€o, ..., e, such that, for i < n, X {fEW\UKZX | ®.,(f)(0) = 0} and

W\Ujgz‘X {fGW\UNX | . (£)(0) = 1}.

We first show W=, Xy x - - - X X}, X (W \ Uicn & ) The meet is >,V because
each term is a subset of W. To see the reverse inequality, write the meet as

Ui<n P~ XU (1) (W Uicn & Y;). Then apply the following reduction. For
each i < n in order, check if ®.,(f)(0)is 0 or 1. Ifitis 0, send f to i~ f. If itis 1,

go to the next i. If .,(f)(0) = 1 for each i < n, thensend f to (n +1)" f.
We now have X, > W =, 2?0 X e X .}?n X (W \ Uicn ??Z) We cannot have

X1 > Q?Z for any ¢ < n because /E =, &; and the &)’s are incomparable be-
cause E(degs(WV)) is an antichain by Lemma 2.2.3. However, X,.; has meet-

irreducible degree. Therefore &, .1 > W\ U, X;. Moreover, by distributivity
degs (X, +1) meets to degs (W\UZ “n A) becauseidegS (X,41) meets to deg, (W) and
deg (Xn+1) >, deg; (W \ Uicn X ) >, degs(W). Thus, as in Lemma 2.5.3, there is
an Xn+1 CW\ Uign X, clopen in W' \ Uign X; and an ent1 such that

X = {f WA & | 20,0 (1)(0) = 0},

W U & ={Few\ & | o, (h0) = 1},
i<n+1 i<n

~

Xpi1 =5 Xpy1, and

‘)?n-l—l zsw\ U ‘)?z

i<n+1

Clearly Xy is disjoint from X, fori < n. X, is clopen in WV because it is
clopen in W\ U, Xi which is clopen in W. Finally, &, w1 AW\ X because
X, has meet-irreducible degree, X, 1 % X, fori < n, X, Z WA\ Uicpir &

and W\ X411 =, Xo x -- XXHX(W\UiSnJFI z). D
Lemma 2.5.6. Let W be a mass problem. Then for any S C E(degs(W)) there is an

A CW closed in W such that F'(degs(A)) N E(degs(W)) = S. In particular, if W is
closed, then so is A. Thus Dy and DY, have the coding countable subsets property.

s,cl
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Proof. We only consider the case in which E(w) is infinite. By Corollary 2.5.4,
E(w) is countable. Let (X; | i € w) be a list of representatives for the degrees
in E(w). Apply Lemma 2.5.5 to W and (X |i€w)to get a new set of repre-
sentatives (X; | i € w) dls]01nt and clopen in W with X, F W\ X; for each i.
Put A = W\ U{X,; | degs(X;) ¢ S}, and note that A is closed in W. We show
f > A if and only if degs(zﬁ) e S If degs(zﬁ) € S then Q?Z C A and so )/(\z > A.
If degy(X, ) gé Sthen A C W\ X; and so A>, W \ X,. Thus X, #< A because
X AW\ X 0

2.6 The complexities of Th(D;q; <;) and Th(DY};; <)

We can now prove that Thy(N') <; Th(Ds«; <s) and Thy(N) <; Th(DY; <y).

s,cl

Lemma 2.6.1. Let W C w" be an effectively discrete <r-antichain, and let w =
degs(W).

(i) If x € Dy meets to w, then x <, degs({f}) for some f € W.
(i) E(w) = {degs({f}) | f € W}.

Proof. (i) Let x € Ds 1 be such that x meets to w. Suppose for a contradiction that
(Vf € W)(x £sdegs({f})). Lety € D, witness that x meets to w. Thatis, y >, w
and x Xy = w. Let X’ be a representative for x, and let ) be a representative for
y. Then X x Y =W, so let ® be a Turing functional such that (W) C 0~ U
1°Y. If &(f) € 0°X for some f € W, then x <,degs({f}) for this f, contrary to
assumption. Thus it must be that ®(f) € 1°) for all f € W. That is, ® witnesses
that w >, y, a contradiction.

(ii) Given f € W, it is an easy check (using the fact that )V is an effectively
discrete <r-antichain) that deg;(W \ {f}) witnesses that degs({f}) meets to w.
Hence {degs({f}) | f € W} C E(w). To see equality, let x € E(w). By item (i),
x <gdegs({f}) for some f € W. We have just shown that deg;({f}) € E(w), and
E(w) is an antichain by Lemma 2.2.3. So it must be that x = degs({ f})- O

Lemma 2.6.2. There is a code w in Dy such that M_ = N .

Proof. If Wy, Wi, Wa, M, L, P,T,D,{0" foo},and {1” fo1} are the mass problems
defined in the proof of Lemma 2.4.6, then their Medvedev degrees give a code

w in D, o such that M_ = N ™. The proof that M, ~ is the same as in the
proof of Lemma 2.3.9. Use Lemma 2.6.1 in place of Lemma 23.7. O
To code N in D¢}, we need to reprove Lemma 2.6.1 for spines.

Lemma 2.6.3. Let W = {g} U {o,"fi | i € X} C 2% be a g-spine that is a <r-
antichain, and let w = degs(W).

(i) If x € DY, meets to w, then x < degs({f:}) for some i € X.

s,cl
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(i) E(w) = {deg;({fi}) | i € X}.
Proof. (i) Letx € DY, be such that x meets to w. Suppose for a contradiction that
(Vf e W)(x £edegs({f})). Lety € DY}, witness that x meets to w. Thatis, y >, w
and x X y = w. Let X be a representative for x, and let ) be a representative for
y. Then X x Y =W, so let ® be a Turing functional such that (W) C 0~ U
1°Y. If ®(0;"f;) € 0°X for some i € X, then x < degs({f;}) for this i, contrary
to assumption. Thus it must be that ®(o,”f;) € 17 for all i € X. It must also

be that ®(g) € 17). If not, then ®(¢)(0) = 0 and there is some 7 C g such that
®(7)(0) = 0. Choose i € X with i > |7|. Then 7 C 0;, giving the contradiction

®(0,” f:)(0) = 0. Therefore ®(W) C 1°Y. Thus w >y, a contradiction.

(ii) Given 7 € X, it is an easy check (using the fact that W is a g-spine that
is a <r-antichain) that deg;(W \ {0;" f;}) witnesses that degs({f;}) meets to w.
Hence {degs({fi}) | : € X} C E(w). To see equality, let x € E(w). By item (i),
x <sdegs({fi}) for some i € X. We have just shown that degs({ f;}) € E(w), and
E(w) is an antichain by Lemma 2.2.3. So it must be that x = degs({ fi})- O

Notice the difference between Lemma 2.4.4 and Lemma 2.6.3. If W is a g-
spine that is a <p-antichain, then in DY ; we have deg, ({g}) € E(deg,(W)), but

in DY}, we have deg({g}) ¢ E(degs(W)).

Lemma 2.6.4. There is a code W in DYy such that Mg = N .

Proof. Let g, W) = {fon}tnew, Wi = {fin}tnew, and Wy = {f2,, }new be such that
{g} UWLEUW; UW, C 2¢ is independent. Then let

z = degs({foo}), and
o = degy({fo1})-

These degrees give the code w. The proof that M_ = N is the same as in the
proof of Lemma 2.3.9. Use Lemma 2.6.3 in place of Lemma 2.3.7. O

Theorem 2.6.5. Th(D, ;<) = Th(D; <.) =, Thy(N).

= degs(Wh) for W, = spine(g, W),
= degs(W) for W, = spine(g, W;),
= degs(Ws) for W2 = spine(g, W),
m = degﬁ(M) for - splne(g {fO n D fl n}nEw U {fOn D f2 n}nEw)
£ = degs(L) for = spine(g, {fo: ® f1; |1 <j}),
p = degy(P) for = spine(g, {foi ® f1; ® for | i+ J = k}),
t = degs(7) for = spine(g, {foi @ fi; ® fox | i x j =k}),
d = deg,(D) for = spine(g, {foi @ fi; ® fox | i = J =k}),
(
(

Proof. Th(Ds; <s) <1 Thy(N) and Th(Dgy; <s) <1 Thy(N) by Lemma 2.1.2. For

Thy(N) <4 Th(Ds.a; <s), by Lemma 2.6.2 let w be a code in D;  such that M =
N~. Removing the degree d from the code w gives a code V such that Mg =
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N. Dsq has the coding countable subsets property by Lemma 2.5.6. Hence
Thy(N) <; Th(Ds; <s) by Lemma 2.2.19. The proof that Thy(N) <; Th(DYL; <)

s,clr —=s

is the same. Use Lemma 2.6.4 in place of Lemma 2.6.2. O

Theorem 2.6.6. S-Th(D,), S0-Th(Dy; <,), X9-Th(Dsq), S0-Th(Dya; <s), S0
Th(DYY), and ¥3-Th(DYy; <) are all undecidable.

Proof. By Lemma 2.6.2, there is a code w in Dy such that M_ = N~. One
readily checks that this w is also satisfies M_ = N~ when M_ is interpreted in
Ds instead of D, because Lemma 2.6.1 is valid in Ds. By Lemma 2.6.4, there is a
code w in D}, such that M = N~ The results then follow from Lemma 2.2.25.

[

2.7 A first-order sentence distinguishing D; ., and D!, from D,, ; and D!

s,cl w,cl

Dy and DY are countably meet-complete by Lemma 2.4.2. In contrast, if
X CDggorX C Dgél is countable and strongly meet-incomplete, then X does
not have a greatest lower bound by the following lemma. Recall that a subset X
of a lattice £ is strongly meet-incomplete if and only if for every finite {y; | i <
n} C X thereisan z € X such thatz # [[,_, v

Lemma 2.7.1 (Dyment [23]; See also [74]). No countable strongly meet-incomplete
X C Ds has a greatest lower bound.

The proof of Lemma 2.7.1 works in D; , and it only requires a slight modifi-
cation for D!

s,cl*

If w is a code for a model of PA™ that satisfies the second-order correctness
condition in any of D; ., D%, Dy,.a, D%, then E(wy) is countable. This obser-

s,cl/ w,cl’

vation gives us the following theorem.

Theorem 2.7.2. Neither D, nor DYy, is elementarily equivalent to either Dy o or
D\(z)vl,cl'

Proof. Let ¢ be the first-order sentence “for all ), if « is a code for a model
of PA™ that satisfies the second-order correctness condition, then F(w,) has a
greatest lower bound.” The sentence ¢ is true in both D, 4 and Dy, because
such an E(wy) is countable and these lattices are countably meet-complete by
Lemma 2.4.2. On the other hand, ¢ fails in both D, and DY};. If W is the code
produced in either Lemma 2.6.2 or Lemma 2.6.4, then E(w,) = {degs({f:}) |
i € w} where {f; | i € w} is a <p-antichain. It is then easy to check that

E(wy) is strongly meet-incomplete and hence has no greatest lower bound by
Lemma 2.7.1. H

The relationship between D; and Dgil and the relationship between D,
and D! | require further study.

w,cl
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Question 2.7.3.

e Is every closed X C w“ Medvedev equivalent to some closed J C 2¢? If
not, are D, and Dy, isomorphic? If not, are D, and DY}, elementarily
equivalent?

e Is every closed X C w* Muchnik equivalent to some closed Y C 2“7 If
not, are D, q and DY | isomorphic? If not, are Dy, 4 and Dy, elementarily
equivalent?

2.8 Meet-irreducibles in & and r.e. separating degrees

In this section we present facts about the meet-irreducibles in & that allow us
to implement our coding in &. We begin with a characterization of the meet-
irreducibles in &,.

Lemma 2.8.1 ([6] Corollary 3.5). Let Q be a 1Y class. Then degs(Q) is meet-
irreducible if and only if for every clopen C C 2% either QNC =, Qor QN C° =, Q.

Proof. We prove the contrapositive in both directions. First, suppose C C 2
is clopen, QN C#;Q, and QNC#, Q. O NC>,9 and Q N C° >, Q by the
identity functional, so it must be that 9 N C >, Q and Q N C°>; Q. C is clopen,
so there is a finite set of strings {o;}i<, C 2<% such that C = (J,_, I(c). Then
07°(QNC)U1I(QNCY) <, Q by the functional

P {O“f if (3i < n)(o; C f)

1°f otherwse.

What we have shown is degs(Q N C) >;degs(Q), degs(Q N C°) >;degs(Q), and
degs(Q N C) x degs(Q N C%) <;degs(Q). Thus degs(Q) is meet-reducible.

Conversely, suppose deg;(Q) is meet-reducible, and let X and ) be I1) classes
suchthat ¥ >, 9,V >, 0Q,and Q=,0"XU1"). Let ® be such that $(Q) C 0~ X' U
17Y. Consider theset X = {f € Q | ®(f)(0) = 0}. ®(f) is total for all f € Q,

so we can write X = QN {f € 2¢ | &(f)(0) # 1} (where ®(f)(0) # 1 includes
the possibility that ®(f)(0) diverges), which is the intersection of two closed
subsets of 2¢. Hence X is compact. Let ¥ = {o € 2= | &(0)(0) = 0}. Then X C
U,esx 1(0), so by compactness there is a finite ¥y C X such that X C Uses, (o).
Let C = [J,cy, I(0) be this clopen set. ® witnesses that @ N C >,0" & and that

QNC>,1"Y. As0" X =, X >, Qand 1" Y =, )V >¢ Q, we have the desired clopen
set C C 2¥ such that Q9 NC#, Q and QN C° %, Q. O

Degrees of r.e. separating classes are the main examples of meet-irreducibles
in &,.

Definition 2.8.2. For A, B C w, define
S(A,B)={fe2?|Vn(ne A= f(n)=1)A(n€ B— f(n) =0))}.
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An f € S(A, B) is said to separate A from B. S C 2¥ is an r.e. separating class if
and only if there are disjoint r.e. sets A, B C w such that § = S(A4, B).

From the definition, an r.e. separating class is always a II{ class. An's € &;is
an r.e. separating degree if and only if s = deg,(S) for an r.e. separating class S.

Lemma 2.8.3 ([15] Lemma 6). If S is an r.e. separating class and C C 2“ is a clopen
set such that SNC # 0, then SNC =, S.

Proof. Let S = S(A, B) be an r.e. separating class and let C C 2“ be a clopen set
such that SN C # (. S <, S N C by the identity functional. To see S >, SNC, let
o be such that I(0) C Cand SN I(o) # (. For any f € 2, let f, be the function
obtained from f by replacing the initial segment of f of length |o| by o

o(n) ifn <|o|
Jo(n) = {f(n) ;fn > |o|.

The condition S N (o) # () implies that o separates {n € A | n < |o|} from
{n € B | n < |o|}. Thus if f separates A from B, then so does f,. Therefore the
functional f — f, witnesses S >, S NC. O

Lemma 2.8.1 and Lemma 2.8.3 imply that every r.e. separating degree is
meet-irreducible. It is important to note (as in [15]) that the r.e. separating
classes are closed under + and consequently that the r.e. separating degrees
are closed under join: if S(Ay, By) and S(A;, B;) are r.e. separating classes then
S(Ag, By) + S(A1, By) = S(Ag @ A1, By @ B1). Thus the join of two r.e. separating
degrees is meet-irreducible. In fact, the join of any r.e. separating degree and
any meet-irreducible degree is again meet-irreducible.

Lemma 2.8.4. Let q € & be meet-irreducible and let s € & be an r.e. separating degree.
Then q + s is meet-irreducible.

Proof. Suppose q+s>;x xy for some x,y € &. We show q+s>.x or
q+s>,y. Let Q, X, and Y be II? classes such that deg,(Q) = q, degs(X) = x,
and degs()) = y respectively, and let S be an r.e. separating class such that
degs(S) = s. Let ® be such that #(Q+S) C 0°X U17). By compactness, choose
ao € 2<¥suchthat SN I(o) # 0 and an n € w such that

(Vre2)(3f e Q)(rC f)—=o(rda)(0))).

LetC = UJ{I(1) | 7 € 2" AN®(7 @ 0)(0) = 0}. Then C is clopen, and ¢ witnesses
that (QNC)+(SNI(0))>;0"X =, X and that (QNC)+(SNI(0)) > 1"V =D
Since S N [(0) =;S by Lemma 2.8.3 and either Q N C=,Q or Q N C°=,Q by
Lemma 2.8.1, we have either Q +S >, X or @+ S >, ) as desired. O

Our proof that & has the finite matching property uses the following lemma

of Cole and Kihara. It is the main tool in their proof that the X3-theory of & as a
partial order is decidable.
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Lemma 2.8.5 ([18] Lemma 1). Let {q;}i<n C & and let m € w. Then there is a set
{r;}icm C & such that

(vIcm)(vsK Cn)
(Jm K=0A) ai?s Hqi—><2qi+2ri) ;fs(Hqi x Hr))
i€J €K ieJ el €K ¢l
where ), 4x; = 0and [[,.yx; = 1 = degs(DNRy).

Cole and Kihara note that the {r;};~,, that they construct in Lemma 2.8.5
are all r.e. separating degrees. Their proof of Lemma 2.8.5 is an elaboration of
Cenzer and Hinman'’s proof that & is dense [15]. Cenzer and Hinman prove that
if p, q € & are such that q £, p, then there is an r.e. separating degree r € & such
that q x r 4 p and q s p +r. Thus if p <. q, then p <;(p+r) X q <; q, yielding
density. To make Lemma 2.8.5 somewhat easier to read and apply, we note that
we only need the following special case.

Lemma 2.8.6. Let {q;}icn, C & \{1} and let m € w. Then there is a set of r.e. separat-
ing degrees {r;}icm C & such that

(i) (Vi,i' <n)(Vj <m)(q s Qv = Qi+ 15 Zs i),
(i) (Vi <n)(Vj,5' <m)(j #j —q+r; Zsry), and
(iii) (Vi <n)(Vj <m)(q;+r; %s1).

Notice that item (iii) follows from item (ii) unless m = 1.
We can now show that & has the finite matching property.

Lemma 2.8.7. & has the finite matching property. That is, if q,q’ € & are such that
|E(q)| = |E(d)| = n for some n € w, then there is an r € & such that E(r) matches
both E(q) and E(q).

Proof. If n = 0, then let r = q. Any degree z vacuously witnesses that E(r)
matches E(q) and that E(r) matches E(q’). So suppose n > 0, let E(q) =

{di}i<n, and let E(q') = {dq}}i<n. Apply Lemma 2.8.6 to {q; }i<,, U {d}}i<, with
m = n, noting that {q; };<, and {q;}.<,, are both antichains by Lemma 2.2.3, to
get r.e. separating degrees {r; };,, such that

(i) q; +r; ?sqx and g} +r; %, q, whenever i, j, k < n are such that i # k, and
(ii) q; +r; #sr) and g, +r; ?s 1, whenever ¢, j, k < n are such that j # k.
(iii) q; +r; A1 and g} +r; #s 1 whenever i, j < n.

(Lemma 2.8.6 applies because, by definition, 1 does not meet to any degree and
so cannot be in F(q) or £(q’).)

Putr = [[,_,ri,z = [[,_.,(qi +1;), and 2’ = [],_,.(q; +r;). We show that z
witnesses that £(r) matches £(q). The proof that z’ witnesses that £(r) matches
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E(q') is similar. Item (ii) implies that {r; };<,, and {q; + r; };,, are both antichains.
Lemma 2.8.4 implies that q; +r; is meet-irreducible for each i < n. Therefore
E(r) ={r;}i<, and E(z) = {q; +r;}i<, by Lemma 2.2.4. Suppose q; +r; >,z for
some 7,j < n. Then q; +r; >, q) +r; for some k < n because q; +r; is meet-
irreducible by Lemma 2.8.4. Item (i) implies that ¢ = k, and item (ii) implies that
j = k. Thus for each i < n, r; is the unique y € E(r) such thatq; +y € E(z), and
q; is the unique y € E(q) such that r; +y € E(z). Thus z witnesses that E(r)
matches F(q). O

We need one last fact about the r.e. separating classes to implement our cod-
ing in &.

Lemma 2.8.8 ([32] Theorem 4.1). There is a recursive sequence {S,, } ne., 1-€. sSeparat-
ing classes that is strongly independent.

2.9 The complexity of Th(&;; <)

In this section we prove that Th(&;; <¢) =; Th(N) and that II3-Th(&;) and 13-
Th(&; <) are undecidable. By Lemma 2.2.14 and Lemma 2.2.25, it suffices to
find a code w in & such that M_ = N .

Definition 2.9.1. Let Q be a I1{ class with no recursive member. Let A be an infi-
nite recursive set, and let {0, } ,c4 be a recursive sequence of pairwise incompa-
rable strings such that J, . , I(0,) = 2¢\ Q (for example, let T" be a recursive tree
such that Q = [T'] and let {0, },c4 be the strings o ¢ T of minimal length). Let
{8, }ne be an infinite recursive sequence of I1Y classes. Define spine(Q, {S, }nea)
to be the I1? class

spine(Q, {S,}nea) = QU U 0" S

neA

Lemma 2.9.2. Let Q be a I1Y class with no recursive member. Let {S,, }nc 4 be an infinite
recursive sequence of r.e. separating classes (indexed by a recursive set A) that is an
antichain and is such that Q £, S, for all n € A. Let w = degs(spine(Q, {S,}nea))-

(i) If x € & meets to w, then x <, degs(S,,) for some n € A.
(ii) E(w) = {degs(S,) | n € A}.
Proof. Let W = spine(Q, {S,, }nea)-

(i) Let x € & be such that x meets to w. Suppose for a contradiction that
x %sdegs(S,) for all n € A. Let X be a I1{ class such that x = degy(X), and let Y
be a I1{ class such that deg,())) witnesses that x meets to w. That is, ) >,V and
W=,0"X U1 Y. Let ® be such that ®(Q U | J,,c 4 0»"Sn) C 0" X U1 V.

Claim.

(a) ®(0,°S,) C17Y foralln € Aand

44



(b) (Q) C17).

Proof of claim. If item (a) fails, then for some n € A there is a clopen C C 2 such
that (¢,,°S,,)NC # 0 and ®((0,,"S,)NC) C0~X. So (0,"S,)NC >, 0" X =, X. The
class 0,,~S,, is an r.e. separating class because S, is, so (0,,”S,,)C =5 0,,"S,, =5 S,,
where the first equivalence is by Lemma 2.8.3. Thus the contradiction X < S,,.

If item (b) fails, then there isan f € Q and a o C f such that (c)(0)] = 0.
Since I(0) ¢ Q, there is an n € A such that 0,, 2 0. Hence ®(0,,"S,) € 17,
contrad1ctmg item (a). ]

The claim shows that $(Q U |J
tradicts ) >, W.

(ii) Let n € A. To see that degy(S,) € E(w), let Y = QU U;c 4\ o) 00" Si-
Claim. S, #, Y

n"Sp) € 17Y. Thus Y <, W, which con-

TLEW

Proof of claim. Suppose for a contradiction that @ is such that ®(S,,) C V. If there
isani € A\ {n} such that ®(S,) N (6;"S;) # 0, then there is a clopen C C 2
such that S, NC # 0 and ®(S, NC) C 0,°S;. S, =:S,, N C by Lemma 2.8.3,
and S, N C>,0,"S;=:S;. This contradicts that {S,},c4 is an antichain. Thus
®(S,) N (0,°S;)) = 0 for all n € A. Therefore ®(S,) C Q. This contradicts
Q £, Sn. O

It is easy to check that W=,0"S,, U 17, so, by the claim, degs()) witnesses
that deg,(S,,) meets to w. The degree degs(S,,) is meet-irreducible because it is
an r.e. separating degree. Thus deg,(S,,) € E(w).

We have shown that {degs(S,) | n € A} C E(w). To see equality, let
x € E(w). By item (i), x <;degs(S,) for some n € A. E(w) is an antichain
by Lemma 2.2.3 and degs(S,,) € E(w), so it must be that x = deg(S,,). O

We now have all the ingredients to find a code for N in €.

Lemma 2.9.3. There is a code w in &, such that M ~ N,

Proof. By Lemma 2.8.8, let Q be an re. separating class and let {So,}new,
{S1.1}new, and {S2,, }neo be recursive sequences of r.e. separating classes such
that {Q} U {So.n}new U {S1.n}tnew U {San tnew is strongly independent. Then let

=degs(Wy) for W, = spine(Q, {Son}new)s
wy =degs(Wy) for W, = spine(Q, {S1.1}new),
=degs(Wo) for W, =spine(Q, {San}new)s
m = degs(M)  for /\/l = spine(Q, {So.n + S1.n tnew U {Son + S2.n tnew)
£ = deg( for = spine(Q, {So,; +S1,; | i < j}),
p = degg( for —splne( AS0i+S1,+Sok | i+ J=k}),
t = degg( for T = spine(Q, {So,;i +S1; +Sox | i X j =k}),

~—

L
P
T
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d= degS(D) for D = spine(Q, {So,i +517j +‘52,k | 1 ;j = k}),
VASS degs(&],o), and
o = degy(So.1).

By Lemma 2.9.2 item (ii), E(wq) = {degs(So.) tnew- The map degs(Sopn) — n
is the isomorphism witnessing M = N~. Clearly z — 0 and o — 1.
We show that the map preserves <. The proofs that the map preserves +,
x, and = are similar. Let i,j € w. If i < j, then degy(S;;) meets to w;
by Lemma 2.9.2 item (ii), and it is easy to see that degy(Sy ;) + degs(S1 ;) >« m
and that degs(SOJ») + degs(SLj) > £. Thus R%(degs (SO,i)a degS(SO,j)). Conversely,
suppose that RZ(degs(So;),degs(So;)). Let u; € & be such that u; meets
to wy, degs(Sp ) +u >sm, and degy(Sp;) +u; >£. Since u; meets to wy, it
must be that u; <, degy(S1 ) for some £ € w by Lemma 2.9.2 item (i). Thus
degs(So,;) +degs(S1x) >sm. However, if k # j, then no member of Sy ; + Sy
computes any member of M by strong independence. Thus u; <;degy(S;),
which implies that degs(Sy ;) + degs(S1,j) >s £. Again by strong independence, if
i £ j,thenno member of Sy ; + S ; computes any member of £. Hencei < j. [

Higuchi also used spines of recursive sequences of independent r.e. separat-
ing classes to prove that & is not a Brower algebra [25].
Theorem 2.9.4. Th(&;; <) = Th(N).
Proof. Th(&s; <s) <1 Th(N) by Lemma 2.1.3. For Th(N)<; Th(&; <s), by
Lemma 2.9.3 let w be a code in & such that M_ = AN~. Removing the degree d

from the code w gives a code v such that Mg = N. & has the finite matching
property by Lemma 2.8.7, thus Th(N') <; Th(&; <s) by Lemma 2.2.14. O

Theorem 2.9.5. ¥.3-Th(&,) and X9-Th(&; <) are undecidable.

Proof. There is a code w in & such that M_ = N~ by Lemma 2.9.3. The results
then follow from Lemma 2.2.25. O

210 The degree of & is 0"

In this section, we consider the complexities of presentations of &,.

Definition 2.10.1. A presentation of & as a partial order consists of a relation <,C
w X w such that the structure P = (w; <p) is isomorphic to (&; <). A presentation
of & as a lattice consists of a relation <,C w X w and functions +,: w x w — w and
X1 w X w— w such that the structure £ = (w; <., 4+, X ) is isomorphic to &;.

We measure the complexities of presentations by their Turing degrees.

Definition 2.10.2. The degree of a presentation P of & as a partial order is
degr(P) = degr(<p). The degree of a presentation £ of & as a lattice is
degr (L) = degr(<z @+, @ Xg).
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Equivalently, the degree of a presentation is the Turing degree of its atomic
diagram, suitably Godel numbered.

Lemma 2.10.3. There is a presentation L of & as a lattice with degr (L) <1 0".

Proof. Let {Z.}.c be a recursive sequence containing all II9 classes as in
Lemma 1.44, and let {7.}.c, be the corresponding uniformly recursive se-
quence of trees. Since [T;] <([T}] is a XY property of (i, ;) by Lemma 1.4.3, we
can use 0” to make a new sequence of trees {7}.c, such that {[7}]}cc., con-
tains exactly one representative for each degree in &. Inductively, let T be T;
for the least i € w such that (Vj < e)([T;] #[1}]). Again using 0", fori,j € w
define i <, j if and only if [T]] <([T}], define +.(3, j) to be the k& € w such that
[T}] =[T} + T7], and define x (i, j) to be the k € w such that [T}] =,[0~T] U17T7}].
Then £ = & and degr (L) <1 0". O

We prepare to show that every presentation of & as a lattice computes 0”. Let
{X, }new be a recursive sequence of II{ classes, and let m € w. Define }

and ZHEW\{m} X, by

> x={P

new

Vn(f, € Xn)} and

new new
Z Xn:{ @ fn Vn(n%m—)fneXn)}.
new\{m} new\{m}

The predicates Vn(f, € X,) and Vn(n # m— f, € X,) are II! because the se-
quence {X; }ne. is recursive. Hence }°, . X, and ), 1, X are 11 classes. If
{S(A., B,) }new is a recursive sequence of r.e. separating classes, then one checks

that
> S(An, B) = S(ED A P B) and

new new new
Y S(AwBy) ( fan An,< fan Bn>u{(m,k>|kew}>.
new\{m} new\{m} new\{m}

These two II! classes are in fact r.e. separating classes because any IIY class that
is a separating class must be an r.e. separating class. If 7" is a recursive tree
such that [T] = S(A,B) for A,B C w,then A = {n | (3s > n)(Vo € 2%)(c €
T—o(n)=1}and B = {n | (3Is > n)(Vo € 2°)(c € T—o(n) = 0)}, both of
which are r.e.

Lemma 2.10.4. Let Q be an r.e. separating class, and let p(e,m,k, () be a recursive
predicate. Then there is a recursive sequence of I1Y classes { X c.m)}(e,m)ew SUch that for
alle,m € w

~fo if Vk3lo(e,m, k, ()
degS(X<6’m>) - {degS<Q) ifEIk‘v’ﬁ—Mp(e,m; k7€>
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Proof. Let A and B be disjoint r.e. sets such that Q@ = S(A, B). Let {A;}sc., and
{Bs}sew be recursive stage enumerations of A and B respectively. For e, m € w,
let X/, ) be the r.e. separating class Xcm) = S(Cem), D(e,m)) Where

Clemy = {(k,z) | Is(x € AN (VL < 5)(—p(e,m, k,0)))} and
Diemy ={(k,x) | Is(x € B, AV < 5)(—p(e,m, k, 1))}

For all k € w, the k'™ column of C|. ) is a subset of 4, and the k" column
of D(¢m) is a subset of B. Thus C(.,,) and D, are disjoint. The sequences
{Cremy}emyew and {Dem)}iem)ecw are uniformly re., which implies that the
sequence {X<e,m>}<e,m>ew is a recursive sequence of H(l) classes.

To see that X ., has the desired degree, first suppose that Vk3lp(e, m, k, ().
In this case, the set C. ) is recursive. To determine if (k,z) € C(. ), search
for the least ¢ such that ¢(e, m, k, £), which must exist by assumption. Once ¢ is
found, enumerate A up to stage ¢. Then (k,z) € C(. ) if and only if v € A,.
X(e,m) contains the characteristic function of . ,,), which we have just shown
is recursive, so degs(&X.m)) = 0. On the other hand, if IkV{—¢(e,m, k, (), then
tix a witnessing k. In this case, the k™ column of Clem) is A, and the k™ column
of Diemy is B. Given f € 2¢, let f; be the function fi(z) = f((k,z)). If f
separates C(.,) from D . ), then f; separates A from B. Thus the functional
f — fr witnesses X/, >; Q. The functional f — ¢ where g((i,2)) = f(z)
always witnesses Q >¢ X/ ). Hence degs(X;cm)) = degs(Q). O

Lemma 2.10.5. If L is a presentation of & as a lattice, then 0" <t degr(L).

Proof. Let £ = (w; <g,+,, Xr) be a presentation of &. Let f: & — L be an iso-
morphism. Fix a X3-complete set C C w. We show how to compute C' from
degr(L).

By Lemma 2.8.8, let Q be an r.e. separating class and let {S;,}ne. and
{S1.1}new be recursive sequences of r.e. separating classes such that {Q} U
{S0.n tnew U {S1.1 }new is strongly independent. Then let

wo = degs(Wy) for W, = spine(Q, {So» }new)s
wy = degs(Wy) for W, = spine(Q, {S1.1}new),

v = degs(V) for V= Z So.n»

new

r = degs(R) for R =spine(Q,{R,}new), Where R,, = Z So.m,
mew\{n}
m = degs(M) for M =spine(Q,{So.+ Sin}necw), and
p =degs(P) for P =spine(Q,{Son+ Sint1tnecw)-

Let {Z.}cc, be a recursive sequence containing all TI{ classes as in
Lemma 1.4.4. Let D C w be the set

D={e|InneCAZ<;SonNV<sZ.+R,)}
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D is ¥ because C is XY, the sequences {Z, }ccw, {Sontnew, and {R,}ne. are re-
cursive, and <; is X by Lemma 1.4.3. Let ¢(e, m, k, ) be a recursive predicate
such that D = {e | ImVk3Ilp(e,m, k,()}. By Lemma 2.10.4, let { X ) }(e,m)ew e
a recursive sequence of 119 classes such that for all e,m € w

(o if Vk3lp(e,m, k, 0)
degS(X<67m>) - {degs(g) if E”fvg_‘¢<eyma kag)

Let x = degy(X) for X = spine(Q, {Z. + Xiem) }em)ew)-

The procedure for determining whether n € C from degr (L) uses the fixed
parameters f(w), f(w1), f(v), f(r), f(m), f(p), f(deg.(Sno)), and f(x). Given
n € w search L for elements a; ; for i < 2and 1 < j < n and for an element b
satisfying the conditions

(i) a;; meetsto f(w;) foralli < 2andall1 < j <n,
(i) ag;+car; > f(m)forall 1 < j<mn,
(iii) aoj+caij+1 >¢ f(p) forall0 < j <n—1(whereago = f(degs(Sop))),
(iv) b meets to f(r), and
(V) aon+cb > f(v).

When the search is completed, output “yes” if f(x) <, ao, and output “no”
otherwise.

First, observe that the above search is recursive in degr (L) because the “meets
to” relation is r.e. in degr(£). Furthermore, the search will always terminate
because the elements a; ; = f(degs(S;;)) foralli < 2and all 1 < j < n and the
element b = f(degs(R,)) satisfy conditions (i)-(v), and the search will eventually
find them. Conditions (i) and (iv) follow from Lemma 2.9.2 item (ii). Notice that
Q and {R,;};e. satisfy the hypothesis of Lemma 2.9.2 because {Q} U {Sp ; }jew is
strongly independent. Conditions (ii) and (iii) are easy to see. For condition (v),
it is also easy to see that Sy, + R, = V.

We need to show that the procedure outputs “yes” on input n if and only if
n e C. Leta;; fori <2and 1 < j <nand bbe the elements found in the search
performed on input n.

Claim. Foralli <2andall 1 <j <mn,a;; <; f(degs(S;;)).

Proof of claim. For each i < 2 and each 1 < j < n, let A;; be a II{ class such
that degs(A;;) = f'(a;;). By condition (i) of the search and Lemma 2.9.2
item (i), Ag1 <sSo,m and A; 1 <, Sy, for some m, k € w. Condition (iii) implies
that Sp o+ S1.x >s P, which is false by strong independence unless £ = 1. So
A;1 <811 Knowing this, condition (ii) implies that Sy, + S11 > M, which
is false by strong independence unless m = 1. So A1 <:Sp1. Now proceed
by induction. Let 1 < j < n and assume that Aj; <;Sy; and that A4 ; <, 51 ;.
Just as in the argument for the base case, Ag 11 <sSo,m and A j+1 <sS1 for
some m, k € w. Sy ;+ Si > P by condition (iii), which implies that £ = j + 1.
So.m + 81 j+1 >s M by condition (ii), which implies that m = j + 1. O
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At the end of the search, ag,, <, f(degs(So,)) by the claim, b meets to f(r) by
condition (iv), and ag,, +, b >, f(v) by condition (v). By Lemma 2.9.2 item (ii),
b <. f(degs(R,,)) for some m € w. However, if m # n, then Sy, < R,,,, in which
case Sy, + Rm =s Rm #s V- Thus it must be that b <, f(degs(R,))-

Suppose n € C. Since {2, }.c, lists all the IT{ classes, there is an e € w such
that degs(Z.) = f~'(aq,). This e satisfies In(n € CNZ. <;So, AV <s Z. +R,).
Thus e € D, which means ImVk3lp(e, m, k,¢). If m witnesses this property
for e, then degy(X(c,n)) = 0 and Z, + X (¢ ) =5 Z.. Thus X < Z., which means
f(x) <¢ aop . Thus “yes” was the output.

Suppose n ¢ C. We show X £, Sp .-
Claim. Forall e,m € w, So, %5 Ze + Xiem)-

Proof of claim. If degs(X(emy) = degs(Q), then Sy, #sZ.+ Xem) because
So.n 25 Q by strong independence. If degs(X(..m)) = 0, then Vk3lp(e,m, k. 0).
Therefore e € D, so there is an n’ such thatn’ € C, Z, <, Sy, and V <, Z. + R,.
Notice that n # n' because n ¢ C and n’ € C. Therefore Sy, <;R,.. So
if So.n>s 2., then R,y >3 Z.. So V£ Ry =5 Z. + Ry, a contradiction. Hence
SO,n zs Z.+ X( e,m)- O

Suppose for a contradiction that ¢ is such that (S, ,,) C X. If there are n, m €
w such that ®(Sy,) N (0(em) (Ze + X(em))) # 0, then there is a clopen C C 2¢
such that Sy, NC # 0 and (Sp, NC) C T(em) (Ze+ Xiem)). Son=sSo, NC
by Lemma 2.8.3, and Sy, N C >4(0(e.m) " (Ze + Xiem))) =s Ze + X(em). This con-
tradicts the claim. Thus ®(Sy,) N (T(em) " (Ze + Xiemy)) = 0 for all e,m € w.
Therefore ®(S;,,) C Q. This contradicts Q £, Sp,,. Hence X £, S, It follows
that f(x) £, ao, because ap,, <. f(degs(So,)). Thus “no” was the output. U

Theorem 2.10.6. The degree of & as a lattice is 0", That is, there is a presentation of
& as a lattice recursive in 0" and 0" is recursive in every presentation of & as a lattice.

Proof. Lemma 2.10.3 proves that there is a presentation recursive in 0”, and
Lemma 2.10.5 proves that 0" is recursive in every presentation. O

Corollary 2.10.7. & has no recursive presentation as a partial order.
Proof. In any lattice, the relations x +y = z and = x y = z are definable from the
partial order by II? formulas. Thus if & had a recursive presentation as a partial

order, it would have a presentation as a lattice recursive in 0'. This contradicts
the theorem. O

211 The undecidability of Th(&,,) and Th(&; <)

In this section, we code N~ in &, thereby showing that XJ-Th(&,) and XY-
Th(€w; <w) are undecidable. In place of separating classes, our coding of N~ in
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&y uses Simpson’s 3 embedding lemma and his embedding of &t into & A set
X C w¥ is XY if and only if it is of the form X = {f € w* | ImVkIlp(f,m, k, ()}
for some recursive predicate .

Lemma 2.11.1 (X embedding lemma [66] Lemma 3.3). Let S C w* be X and let
P C 2% be a 119 class. Then there is a 119 class Q C 2 such that Q=,, S U P.

In the Muchnik case, deg(S) x degy(P) = degw(S UP) for any S,P C w”.
For this reason, the 3 embedding lemma may be phrased as “if S is ©J and P is
a ITY class then deg,, (S) x degy (P) € &,.” For our purposes, P is always DNR,,
so degy (P) = degw(DNR;) = 1, the greatest element of &,.

If Ais an re. set, then {A} is a X3 (in fact a II9) subset of 2. One of Simp-
son’s original applications of his 3} embedding lemma is to show that the map
degr(A) — degy({A}) x 1 is an upper-semilattice embedding of £ into &, pre-
serving the least and greatest elements [66]. To show that this map is indeed an
embedding, Simpson uses the following variant of the Arslanov completeness
criterion, which we also employ.

Lemma 2.11.2 (see [31] Lemma 4.1 and [69] Theorem V.5.1). If A isan r.e. set, then
DNRy < {A} ifand only if A=r0.

Proof. It is easy to compute a function in DNR, from 0'. Conversely, if A com-
putes a function in DNR;, then A computes a function f such that Ve(Wj) #

W.), where here {W,}.c, is the standard enumeration of the r.e. sets (such an
[ is called fixed-point free; see [31] Lemma 4.1). Thus A=1 0’ by the Arslanov
completeness criterion (see [69] Theorem V.5.1). O

For comparison, it is not known whether &1 embeds into &. See [11] for
turther results concerning embedding distributive lattices in & and &,.

For us, the key property of the degrees deg,, ({A}) x 1 for r.e. sets A is that
they are all meet-irreducible in &, (of course these degrees are generally meet-
reducible in Dy,).

Lemma 2.11.3. If A is an r.e. set, then degy ({A}) x 1 is meet-irreducible in E,,.

Proof. Suppose that x,y € &, are such that deg,({A}) x1>,xxy. Either
degyw({A}) >w x or deg({A}) > y because deg,,({A}) is the degree of a single-
ton. As1>,xand 1>, y, either deg, ({A}) x 1 >, xordeg,({A}) x1>,y. O

If {A, },ep is a uniformly r.e. sequence of r.e. sets indexed by a recursive set
B (i.e., theset {(n,m) | n € BAm € A,}isre.), then {A,},cp is a X2 subset of
2¢ and degy ({An}nen) X 1 € &;. In place of Lemma 2.8.8, we use the following
simpler fact.

Lemma 2.11.4 (see [69] Section VIL.2). There is a uniformly r.e. sequence of r.e. sets
{An}new that is strongly independent.

Notice that Lemma 2.11.4 is also a consequence of Lemma 2.8.8. If
{S(A,, B,) }new is a recursive sequence of r.e. separating classes that is strongly
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independent, then {A,, },c., and { B, } .., are both uniformly r.e. sequences of r.e.
sets that are strongly independent.

Lemma 2.11.5. Let { A, }nep be an infinite uniformly r.e. sequence of r.e. sets (indexed
by a recursive set B) that is a <rp-antichain. Let w = degy ({4 }nen) X 1.

(i) If x € &, meets to w, then x <, degy({A,}) x 1 for somen € B.
(ii) E(w) = {degy({A,}) x 1 |n € B}.

Proof. (i) Let x € &, be such that x meets to w, and suppose that
X %y degw ({A,}) x 1 for all n € B for a contradiction. Since x <, 1, it must be
that x £, deg({A,}) forall n € B. Lety € &, witness that x meets to w. That

is,y >y wand x xy = w. Let X and Y be I1? classes such that x = deg, (X) and
y = degy(Y). Then X UY <, {A,} foralln € B. Thus Y <,{A,} foralln € B

because X %, {A,} for all n € B. Therefore J <,{A,},cp, which implies that
y <, W, a contradiction.

(ii)) Let n € B. To see that degw(éAn}) x1 € E(w), let y =
degw ({Ai}ien\(ny) x 1. It is easy to check that (degy({A,}) X 1) Xy = w. More-
over, degy({A,}) x 1 2w y. This is because {A,} Z2w{Ai}ticn\n) as {Ai}icp is a
<t-antichain and because {4, } zw DNR; by Lemma 2.11.2 (note that A, <10’

because { A; }icp is a <r-antichain). Thus y >, w, and therefore y witnesses that
degw({A,}) x 1 meets to w. The degree deg,({A,,}) x 1 is meet-irreducible in &,

by Lemma 2.11.3. Thus degy, ({4, }) X 1 € E(w).

We have shown that {deg,({4,}) x1 | n € B} C E(w). To see equality,
let x € E(w). By item (i), x <, degyw({A4,}) x 1 for some n € B. E(w) is an
antichain by Lemma 2.2.3 and deg,,({A4,}) x 1 € E(w), so it must be that x =
degw ({A4,}) x 1. O

We are now able to code N in &,.
Lemma 2.11.6. There is a code w in &, such that ./\/l_ ~ N,

Proof. By Lemma 2.11.4, let { Ao }new, {A1.n}new, and {As,, bre, be uniformly re.
sequences of r.e. sets such that {4y, }new U {A14}new U {42} new is strongly
independent. Let

Wy = degW(Wo) x 1 for Wy = {AO,n}nEwa
w; = deg,(Wy) x 1 for Wi = {Al,n}nEwa
wy = deg,(Ws) x 1 for Wy = {As1 }new
m = degW(M) for M ={A0n ® A1n} ncw U{Aon ® Ao tncws
£ = deg, (L) % for L={Ap;®A,;]|1<j}
p = degy(P) x for P ={Ao0; ®A1; ® Ao | 1+ j =k},
t = degy (7)) X for T = {Aoﬂ; DA D Asg |ixj=k},
d = deg, (D) x for D={Ag; DA ;D Ay |i~j=k},
z = degy, ({ Ao, 0}) x 1, and
0 = degy({Ag}) X 1.
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To aid readability, let a;; = deg.({4;;}) for all i < 3 and j € w. By
Lemma 2.11.5 item (ii), E(wo) = {agp, X 1}new. The map ap, x 1 — n is the
isomorphism witnessing M_ = N. Clearly z — 0 and o — 1. We show that
the map preserves <. The proofs that the map preserves +, x, and — are similar.
Leti,j € w. If i < j, then a; ; X 1 meets to w; by Lemma 2.11.5 item (ii), and by
distributivity

(ap; x 1) +(ay; x 1) =(ag;+ay;) x1
= degyw({Ao; ® A1,}) x1
> m, and

(ag; x 1) +(ar; x1) = (ag; +a; ;) x1
= degy({Ao; & A1;}) x 1
> L.

Thus Rj(ap; x 1,a9; x 1). Conversely, suppose that R3(ap; X 1,a9; x 1). Let
u; € &, besuch that u; meets tow, (ag; x 1) +u; >, m,and (ap; x 1) +u; > £.
Since u; meets to w;, it must be that u; <, a;; x1 for some £ € w by
Lemma 2.11.5 item (i). Thus (ag; x 1) +(a; x x 1) >\, m, so by distributivity

degw({AO’j ) Al,k}) X 1= (aojj +a17k) X 1= (a()’j X 1) —l—(aLk X ].) Zw m.

However, if £ # j, then {Ay; ® Ay} #w M by strong independence and
{Ao; ® A1y} #wDNRy by Lemma 2.11.2. This implies that degy({Ao; @
Aix}) x 12, m, so it must be that & = j. Thus u; <, a;; x 1, which implies
that (ap; x 1) +(a;; x 1) > £. Then

degw({Aoﬂ- ) Al,j}) X 1= (ao’z' —i—al,j) X 1= (ao’z' X 1) —i—(al,j X 1) Zwe

So if i ¢ j, then {Ay; ® Ay ;}#w L by strong independence and {Ay; @
A1 ;} #wDNRy by Lemma 2.11.2, giving the contradiction degy({Ao; &
Ay ;}) x 1%, £ Hencei < j. O

Theorem 2.11.7. 33-Th(&,,) and X9-Th(E; <,,) are undecidable.

Proof. There is a code w in &,, such that M_ = N~ by Lemma 2.11.6. The results
then follow from Lemma 2.2.25. O]

Clearly then Th(&y; <) is undecidable. Unfortunately we do not yet
know how to prove anything like the finite matching property for &, to ob-
tain Th(N) <; Th(&y; <y). The proof of the finite matching property for &
(Lemma 2.8.7) appeals to a lemma of Cole and Kihara that grew out of Cen-
zer and Hinman's proof that & is dense. By analogy, perhaps progress must be
made on the density of &, before further progress is made on the complexity of
Th(Ew; <w)-
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CHAPTER 3
JOIN-IRREDUCIBLES AND PROPOSITIONAL LOGICS IN THE
MEDVEDEV DEGREES

The results of this chapter also appear in [56] by the author.

We present solutions to three problems concerning the Medvedev degrees.
First, Dyment characterized the meet-reducible elements of D; in the following
theorem. Its corollary helps identify meet-irreducible Medvedev degrees.

Theorem 3.0.8 ([22]). A Medvedev degree a is meet-reducible if and only if a =
degs(A) for a mass problem A for which there are r.e. sets Vi, Vi C w<* such that

o (VfeA)(FoeclyuWi)(oCf),
o The following mass problems are <. -incomparable:

{feA|(FoeW)(ocC fl}and{f e A| (Fo € Vi)(oc C f)}

Corollary 3.0.9 ([22]). If A is a mass problem such that 0~ A C A forall o € w<*,
then degs(A) is meet-irreducible.

In particular, 0’ is meet-irreducible because 0" f >1 0 whenever o € w<* and
f>r0.

The problem of characterizing the join-irreducible elements of D5 was posed
in [74]. We prove that a € D; is join-irreducible if and only if a = degy(w” \ Z)
for some Turing ideal Z (Theorem 3.1.3).

Second, providing semantics for propositional logic was one of Medvedev’s
main motivations behind introducing D;, and he proved PTh(Ds) = JAN in
Medvedev [42]. JAN denotes the logic IPC +-p V ——p named after Jankov who
studied it in Jankov [30]. In any Brouwer algebra B, the quotient of B by
the principal filter generated by a € B is denoted B /a. The quotient B /a is
isomorphic to the interval [0, a] which is a Brouwer algebra under the opera-
tions inherited from B. Logics of the form PTh(D; /a) have been studied in
Skvortsova [68]!, Sorbi [73], and Sorbi and Terwijn [75]. Our work is motivated
by the following question which remains open.

Question 3.0.10 ([75]). Is PTh(D; /a) C JAN for all a>;0'?

Sorbi and Terwijn’s study of Question 3.0.10 in [75] lead them to ask whether
every degree > 0’ bounds a join-irreducible degree > 0’ because a “yes” answer
to this question implies a “yes” answer to Question 3.0.10. However, Sorbi and
Terwijn conjectured that there is a degree >, 0’ that bounds no join-irreducible
degree >, 0', and we prove that this is correct (Theorem 3.2.5). We also provide
slight extensions to some of the results in [73], thereby widening the class of
degrees a for which PTh(D; /a) C JAN is known.

Third, we use techniques similar to those used to characterize the join-
irreducible degrees to prove that the filter generated by the non-minimum de-
grees of closed mass problems is not prime (Theorem 3.4.3). This problem was
posed in Bianchini and Sorbi [9] and in Sorbi [74].

ISkvortsova and Dyment are the same person. Dyment got married and became Skvortsova.
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3.1 Characterizing the join-irreducible Medvedev degrees

A Turing ideal is a set Z C w® that is closed downward under <t (ie., f €
INg<rf—g € I)and closed under & (i.e., f,g € ZT— f ® g € I). We prove
that a € D is join-irreducible if and only if a = degs(w* \ Z) for some Turing
ideal 7.

For a mass problem A, let C(A) denote the Turing upward-closure of A:
C(A) ={f| (3g € A)(f>19)}. A mass problem A is called Turing upward-
closed if A = C(A). The identity functional witnesses C'(A) <, .A for any mass
problem 4, and if A and B are mass problems such that A is Turing upward-
closed, then A <, B if and only if B C A. Our starting point is the following
observation.

Lemma 3.1.1 ([74]). If A is a mass problem such that degs(.A) is join-irreducible, then
w* \ C(A) is a Turing ideal.

Proof. We prove the contrapositive. If w* \ C(A) is not a Turing ideal, then
there are f,g ¢ C(A) with f ® g € C(A). This means that {f},{g} %A but
{f}+{g} >s A. Thus deg,(.A) is join-reducible. O

The next lemma is the main step in our characterization.

Lemma 3.1.2. If A is a mass problem such that degs(A) is join-irreducible, then
A=,C(A)

Proof. We prove the contrapositive. Suppose A#;C(A). Then it must be that
A& C(A). We find mass problems X and ) such that X, Y ?; Abut X +) >, A.
Thus degg(.A) is join-reducible.

To find X and ), first find a sequence (h,, | n € w) of functions and a sequence
(en | n € w) of indices such that

(i) ®.,(h,) € Aforalln € w,
(ii) @, (hon) ¢ Aand D, (hont1) ¢ Aforall n € w, and
(iii) hn(0) = (n,ep,€1,...,e,-1) foralln € w.

We find the desired sequences by iterating the following claim.

Claim. If A<, C(A), then for every e,m € w there is an h € C(A) such that h(0) =
m and ®.(h) ¢ A.

Proof of claim. Suppose not. Then there are e, m € w such that h(0) = m implies
P.(h) € Aforall h € C(A). Thus h — ®.(m"h) is a reduction witnessing
A <,C(A), a contradiction. O

Suppose we have h; and e; for all i < n. To find h, and e,, let e = |n/2|
and let m = (n,ep,e1,...,e,-1). By the claim, there is an %,, € C(A) such that
hn(0) = m and ®.(h,) ¢ A. The fact that h,, € C(A) means that there is an e,
such that ¢ (h,) € A.
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Now set X = {hs, | n € w}and Y = {hoy11 | n € w}. Then ¢.(X) ¢ A and

o.()) Q A for each e by item (ii). Hence X,) }_‘S A. The following reduction
witnesses X +) >, A.

Given h, decompose h as h = f @ ¢g and decode f(0) and ¢(0) as f(0) =
(2n,z0,21,...,22,—1) and g(0) = (2m + 1,v0, Y1, - . ., Yom ). If either f(0) or ¢g(0)
is not of the required form, then output the 0 function (as such an & cannot be

in X +Y). Otherwise output ®,, .,(g) if 2n > 2m + 1 and output ®,, (f) if
2m+1 > 2n.

Suppose this reduction is applied to some b = hy, @ hopt1 € X+ Y. In
this case f = hon, ¢ = hamt1, and f(0) and ¢(0) are of the required form by
item (iii). So if 2n > 2m + 1 we output @, . (homt1) and if 2m + 1 > 2n we
output ®.,, (ha,). Both alternatives are in A by item (i). Thus X' +) >, A. O

Theorem 3.1.3. A Medvedev degree a is join-irreducible if and only if a = degs(w”\Z)
for some Turing ideal T.

Proof. Suppose a is join-irreducible, and let .4 be a mass problem such that a =
degs(A). ThenZ = w* \ C(A) is a Turing ideal by Lemma 3.1.1, A=, C(A) by
Lemma 3.1.2, and therefore A=, C(A) = w*” \ Z. Hence a = degs(w* \ Z) for the
Turing ideal 7.

Conversely, suppose 7 is a Turing ideal and let A’ and ) be mass problems
such that X', Y #,w” \ Z. We show that X + Y ?;w“ \ Z. Observe X,y € w* \ Z
for otherwise the identity functional would witness X', Y > w*\Z. Let f € XNZT
and let g € Y N Z, thereby making f & g € (¥ +)) N Z. The function f @ g is in
X + ), but it does not compute any member of w* \ Z. Therefore X + Y zs w¥\Z.
Hence degs(w* \ 7) is join-irreducible. O

Theorem 3.1.3 is also valid with D,, in place of D, a fact first noticed by
Terwijn [76]. The proof of Lemma 3.1.1 also works for D,,, and it is easy to check
that A=,, C(A) for any mass problem A (i.e., the D, analogue of Lemma 3.1.2
is trivial). This gives the forward direction of Theorem 3.1.3 for D,,. The proof
of the reverse direction of Theorem 3.1.3 also works for D,,.

3.2 Degrees that bound no join-irreducible degrees > 0’

Recall that JAN is the intermediate logic IPC +—pV ——p. The results of this
section and the next are motivated by Question 3.0.10: is PTh(D; /a) C JAN for
every a >, 0'?

PTh(Ds /0’) = CPC because D, /0’ = [0,0'] = {0,0’}. In fact, 0’ is the only

degree for which PTh(D; /0’) = CPC. This is because if a >, 0', then 0’ — a = a,

hence 0’ x(0' — a) = 0’. Thus let p = 0’ to see that the formula p VV —p is not valid
in PTh(D, /a).

Furthermore, if a >,0’, then we cannot have PTh(D, /a) > JAN. It is an
easy check that in any Brouwer algebra B with meet-irreducible 0 (such as the
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algebras D; /a), -pV ——p € PTh(B) if and only if 1 is join-irreducible. How-
ever, if a >, 0’ is join-irreducible, then PTh(D, /a) = JAN [73]. Thus if a>,0’
and PTh(D, /a) O JAN, then —pV ——p € PTh(D; /a) which implies that a is
join-irreducible which implies that PTh(D;s /a) = JAN. Thus a “no” answer
to Question 3.0.10 must yield a degree a such that PTh(D, /a) ¢ JAN and
JAN ¢ PTh(D, /a).

The following theorem shows that to give a “yes” answer to Question 3.0.10
it suffices to show that every a >, 0’ bounds a finite meet of join-irreducible de-
grees >, 0.

Theorem 3.2.1 ([73]). If a is a degree such that a>,|];_, d; for join-irreducible de-
grees d; >;0', i < n, then PTh(D; /a) C JAN.

(The above theorem is stated more generally in [73]. Each degree d; for i < n
is allowed to be either join-irreducible or De-irreducible. See the parenthetical
discussion following Theorem 3.3.1 for the definition of De-irreducible and an
explanation of why we do not consider such degrees here. Theorem 3.3.1 is a
restatement of [73] Theorem 2.11 which is the main tool used to prove Theo-
rem 3.2.1.)

The degrees of the mass problems B; = {g | g £r f} play an important role in
the study of Question 3.0.10. The following lemma from Sorbi [72] encapsulates
the properties of the degs(B)’s that we need in this section and the next.

Lemma 3.2.2 ([72]).

(i) Every degs(By) is join-irreducible.
(ii) Every Y ., degs(By,) is meet-irreducible.

(iii) Let V and J be finite sets and let U, and I; be finite sets for eachv € V and j € .J.
Let x; and y;] be degrees of the form degs(By) for everyv € V, u € U, j € J, and
i€l Leta=3% ]y, xpandb =73 ;[1ic;, yi- Then a<;b if and only
if

(Vo e V)(3j e J)(Vie L) (Buel,)(x!<.y!).

(iv) In the notation of item (iii),

Hbzz{nyg

i€l

(voev)(ITv/ 2 11 XZ)}

iEIj UGU'U
(where the empty join is 0).

Proof. Item (i) is by Theorem 3.1.3 and item (ii) is by Corollary 3.0.9. Item (iv)
is proved in [72]. Item (iii) follows from item (iv) because a <;b if and only if
b—a=0. O
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In [75] it is asked if every degree a>;0" bounds a join-irreducible de-
gree >, 0, and it is conjectured that this is not the case based on the evidence
provided by the following theorem.

Theorem 3.2.3 ([75]). There is a degree a>,0" such that a #degs(By) for every
f>70.

Our characterization of the join-irreducible degrees implies that every join-
irreducible degree >, 0’ bounds some degree deg(B;) with f >10. Thus the
conjecture is correct.

Corollary 3.2.4 (to Theorem 3.1.3). If a >, 0’ is join-irreducible, then a >, degs(By)
for some f > 0.

Proof. If a is join-irreducible, then, by Theorem 3.1.3, a = degs(w* \ Z) for some
Turing ideal 7. If degs(w* \ Z) >4 0’, then Z contains some function f >1 0. Thus
w? \ Z C By. Hence a = degs(w* \ Z) >, degs(By). O

Theorem 3.2.5. There is a degree a >, 0" such that every degree x with 0’ <;x <sais
join-reducible.

Proof. By Theorem 3.2.3, let a >, 0" be such that a %, degs(B;) for every f > 0.
This a is the desired degree because, by Corollary 3.2.4, if a >, x for some join-
irreducible x >, 0', then a >; degs(B;) for some f > 0. O

The degree a satisfying Theorem 3.2.3 was constructed by diagonalization
in [75]. We can give somewhat more concrete examples of degrees satisfying
Theorem 3.2.3 and Theorem 3.2.5. Recall the following definitions. Functions
f, g >1 0 are a Turing minimal pair if, for all h, h <t f, g implies h < 0. A function
[ has minimal Turing degree if, for all h, h <y f implies h <1 0. Minimal pairs
and minimal degrees exist. In fact, there are continuum many distinct minimal
Turing degrees. See Lerman [37] Section II.4 and Section V.2.

Theorem 3.2.6. If f and g are a minimal pair, then the degree a = degs(By) x degs(B,)
witnesses Theorem 3.2.5.

Proof. Let f and g be a minimal pair. Then degs(By), degs(B,) >s 0" because
f,9>10. Thus degs(By) x degs(B,) >s 0’ because 0’ is meet-irreducible by Corol-
lary 3.0.9. To show that degs(By) x degs(B,) bounds no join-irreducible de-
gree >, 0, it suffices by Corollary 3.2.4 to show that degs(5) x degs(B,) bounds
no degy(By,) for h > 0. This is true because f, g is a minimal pair, so for any
h>10, either h £t f or h«rg. Thus either h € By or h € B, which means
B x B, contains a function =rph. B, contains no function <t h, therefore
B f X Bg ;és Bh. L]

We can extend the idea behind Theorem 3.2.6 to find a degree a>,0’ that
does not bound any finite meet of join-irreducible degrees >, 0'. Several of our
examples in this section and the next are of the form deg(J,.,, i"D;) for mass
problems D;, i € w.

s
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Lemma 3.2.7. Let d = deg, (U, i"D;) where degy(D;) >, 0’ for each i € w. Then
d> 0.

Proof. Suppose for a contradiction that ® is a reduction witnessing d <, 0’ (i.e.,
O(f) € Ui D; for all f>10). Let o € w<* be such that ®(c)(0)] and let
i = ®(0)(0). Then f — ®(o" f) is a reduction witnessing 0’ > degs(D;), contra-
dicting degy(D;) > 0'. O

Theorem 3.2.8. There is a degree a >4 0’ such that no degree x with 0’ <¢x <ga is of
the form [[;_, d; for join-irreducible degrees d; >s0’, i < n.

Proof. By Corollary 3.2.4, it suffices to find a degree a >0’ which is not above
any degree of the form [[!_, degs(By,) where f; >1 0 for each i < n. Let {g; | i €
w} be a countable collection of functions all of distinct minimal Turing degree.
Let A=J,., i By, and put a = degy(A). Lemma 3.2.7 proves that a >, 0'.

Now consider any degree [ [, degs(By,), where f; >1 0 for each ¢ < n. There
isa j € wsuch that, for each i < n, g; 21 fi. Thus for this j, deg(By,) % degs(By,)
for each 7 < n. Therefore deg,(B,,) s [}, degs(By,) because degy(B,,) is meet-

irreducible. Clearly degy(By,) >sa, so a 2, [ [\, degs(By,) as well. O

S

For mass problems A;, i € w, the Medvedev degree deg;(|J;.,, i"A;) is not in
general the greatest lower bound of the degrees degs(A;), i € w. Such greatest
lower bounds need not even exist. For example, the degrees degy(B,,), i € w
from Theorem 3.2.8 do not have a greatest lower bound. This follows from re-
sults in Dyment [23] (specifically, see Lemma 2.7.1), which studies when count-
able collections of degrees have least upper bounds and greatest lower bounds.

If a is a degree such that a #, d for all join-irreducible d >, 0, thena—d = d
for all join-irreducible d >, 0'. The degree a constructed in Theorem 3.2.8 enjoys
a similar property.

Theorem 3.2.9. There is a degree a >, 0' such that a— [[;_,d; = [[._, d; whenever
d; >, 0" and is join-irreducible for each i < n.

Proof. Asin Theorem 3.2.8, let {g; | i € w} be a countable collection of functions
all of distinct minimal Turing degree, let A = | J,., "By, and put a = deg,(A).
Suppose d; >0’ and is join-irreducible for each i < n. By Theorem 3.1.3, for
each i < nlet Z; C w* be a Turing ideal such that d; = degs(w” \ Z;). Thus

[T di = deg. (UL i~ (@ \ 7)) and

a%fgdi _ deg3<{eﬂg ] (Vf e A) ((I)e(f ®g) e LnJOi“(w“’ \L-)) })

We now describe a reduction witnessing a— [ [, d; > [, d.

Given ey, for each i < n + 1 search for a string "o, such that ®.((i"0;) &
9)(0)4. If there is a k < n such that

P ((i"0:) ® 9)(0) = De((5705) ® 9)(0) =k
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for two distinct 4, j < n + 1, choose the least such k and output £~ g. Otherwise
output 0.

Suppose we apply this reduction to e”g € A= i~ (w* \ T;). P(f @ g)
must be total for each f € A, and for each i € w there is an f € A with f(0) = i.
Thus for each i < n+1 the search finds a string i~ ; such that ®.((i"0;) ® g)(0)J.
Moreover, each i”0; can be extended to a function in A, so ®.((i"0;) © g)(0) < n
for each i < n + 1. Therefore there is a least £ < n for which there are distinct
i,j <n+1with®.((:"0;)®g)(0) = .((j70;)®9)(0) = k. The reduction outputs
k~g, so we must show that k~g € |J_, ¢~ (w* \ Z;) which means we must show
that g ¢ Z;.. Suppose for a contradiction that g € Z;.. The functions g; and ¢; have
distinct minimal degree, so either g £t g; or g £ g; (¢ >1 0 because a % [[}_, d
by Theorem 3.2.8). For the sake of argument, suppose g £t ¢;. Then 0;"g £t ¢;
as well, so 0,7g € By, and i"0,”g € A. However, ®.((i"0,"g) © g) € k™ (w* \ Zy)
by the choice of i~¢;. This cannot be because (i"0;"g) @ g € I, thus anything it
computes is also in Zy. O

By Corollary 3.3.6, the degree a = deg,(lJ,., " B,,) used to witness Theo-
rem 3.2.8 and Theorem 3.2.9 satisfies PTh(D; /a) C JAN and so does any degree
that bounds it. There are, however, degrees >, 0’ that do not bound any degree
of the form deg, (U, i"D;) where degy(D;) >, 0’ and is join-irreducible for each
1€ Ww.

Theorem 3.2.10. There is a degree a >, 0" such that a ;fs degs(U
degs(D;) >¢ 0" and is join-irreducible for each i € w.

1EW

i"D;) whenever

€W

Proof. Let D, be such that degs(D;) >, 0" and is join-irreducible for each i € w. By
Corollary 3.2.4, for every i € w there is an f; >7 0 such that D; >, By,. The mass
problem By, is Turing upward-closed for each i € w, so D; C By, for each i € w.
Thus {J,c,, 7"D;i € U,e, i”By,- Hence it suffices to find a degree a >, 0’ that does

not bound any degree of the form deg; (U "B fi), where f; >1 0 for each i € w.

1EW

We use the same construction used in [75] to prove Theorem 3.2.3. Build mass
problems A, C {g | g >0} such that {g | g >7 0} \ A, is finite for each s € w. Set
Ay ={g | g>10}. Atstage s + 1, choose h; > 0 such that i, does not compute
any of the (finitely many) functions in {g | g >7 0} \ A,. If ®,(h,) is total and
>10, let gs = ®4(hs) and set A;11 = A, \ {gs}. Otherwise set A, = A;. Put
A = ,e, As and put a = degy(A).

To see a >, 0', observe that by construction ®,(h;) ¢ A for each s € w. Now
let f; >1 0 for each i € w. We need to show that ®.(A) € |J,.,i" By, for every
index e. To do this, we first show that the functions in {¢g | ¢ >70} \ A have
distinct Turing degree. Suppose that g; leaves A at stage i + 1 and g, leaves A at
stage j+1fori+1 < j+1 (i.e, at stagei+1we had ®;(h;) = ¢, >1 0, and at stage
j + 1 wehad ®;(h;) = g; >r0). Then g; £r g; because otherwise g; <t g; <t h;,
contradicting that h; was chosen #rg; at stage j + 1. Now suppose P.(g) is
total for all ¢ € A. Fix any ¢ € w<* such that ®.(0)(0)], and let n be such
that ®.(0)(0) = n. A is missing at most one function =r f,, so let ¢ € A be
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such that 0 C g and g=r f,. Then ®.(g)(0) = n, but ®.(g9) ¢ n"By,. Hence
@.(A) & Use, "By, =

Question 3.2.11. Let a be the degree constructed in Theorem 3.2.10. Does
a—degs(U,e, i"D;) = degs(U,e, " D;) whenever degy(D;) >,0" and is join-
irreducible for each i € w? Is PTh(D; /a) C JAN?

Finally, we note that the answer to Question 3.0.10 is “no” for D, in place
of D;. Let f >1 0 have minimal Turing degree, and let a = deg, (8;). Then, in
Dy, [0,a] = {0,0',a} and JAN C PTh(D,, /a) C CPC.

3.3 New degrees whose corresponding logic is contained in JAN

We extend Theorem 3.2.1 by proving that PTh(D, /a) C JAN for degrees a
such that a>;degs(lJ,.,i"D;) for some collection of join-irreducible degrees
degs(D;) >0/, € w.

s

A propositional formula is called positive if the connective ‘=" does not appear
in it. For a logic L let L" denote the positive formulas in L, and for a Brouwer
algebra B let PTh" (B) denote the set of positive formulas valid in B. JAN is
the maximum intermediate logic L for which L* = IPC™ [30]. This means that
Lt = IPC" implies L C JAN for any intermediate logic L. Thus PTh"(B) =
IPC™ implies PTh(B) C JAN for any Brouwer algebra B.

Let By and B, be Brouwer algebras. An injection f: By — B; is called a B-
embedding if it preserves 0, 1, +, X, and — (and therefore also —). An injec-
tion f: By — By is called a Bt-embedding if it preserves 0, +, x, and — (but
not necessarily 1 or —). If B; B-embeds into By, then PTh(B;) C PTh(B;),

and if B, B-embeds into B,, then PTh"(B,) € PTh"(B;). Both of these facts
are easily checked in light of [49] Theorem VI.2.4. If a < b are in a Brouwer

algebra B, then B /a B*-embeds into B /b by the identity. This implies that

PTh" (B /b) C PTh* (B /a), and it follows that the a for which PTh(B /a) C JAN
is upward-closed in any Brouwer algebra B.

Our goal is to Bt-embed a certain class of Brouwer algebras into D; /a. For
any set X, let Fr(X') denote the free distributive lattice generated by X and let
0 @ Fr(X) denote Fr(X) with a new bottom element 0. The elements of Fr(X)
are all of the form ., [[,cy, 2o where V and the U, are finite sets of indices
and the z}, are all in X (see for example Balbes and Dwinger [7] Section V.3). For

such representations, >,y [[,er, 70 < 225 [ Lie, y! if and only if
(VweV)3jeJ)(Viel) Buel,)(z=yl).

If a,b € Fr(X) are such that a 7 b, then a—b exists. To see this, let a =
> vev Hluep, tnand b =32 TLer, y! be representations for a and b. Then check

oon= {0t (V) (It £ T )}
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If @ > b are in Fr(X) for an infinite X, then a — b fails to exist because in this
case Fr(X) has no least element. We see then that a — b exists for every a,b €

0@ Fr(X).

If X is finite, then so are Fr(X) and 0 @ Fr(X). Hence both are Brouwer
algebras. Let Fr(n) denote the free distributive lattice with n generators. The
logic LM = (1, ., PTh(0 @ Fr(n)) is called the Medvedev logic of finite problems.
(LM is usually defined in terms of Brouwer algebras isomorphic to the 0 & Fr(n).
See [75] for details.) We take advantage of the fact that LM* = IPC™ [42].

If X is infinite, then 0 @ Fr(X) fails to be a Brouwer algebra only because it
lacks a top element. Therefore the notion of a B*-embedding makes sense when
we allow B; or B; to be 0 @ Fr(X). If we let 0 @ Fr(X) @ 1 denote Fr(X) with a
new bottom element 0 and a new top element 1, then 0 @ Fr(X) ¢ 1 is always a
Brouwer algebra.

For any partial order (P, <p), let Fr(P,<p) denote the free distributive
lattice generated by (P, <p). Fr(P,<p) is the quotient Fr(P)/= where, for

a = >,y Huer z and b = Zje] HZ.GIJ_ yf in Fr(P), a = b if and only if
(@ = b)A(b = a),and a < bif and only if

(Vo e V)(3j e J)(Viel})(3uel,) (= <pyl).

Fr(P, <p) is always a distributive lattice, and 0 & Fr(P,<p) & 1 is always a
Brouwer algebra; also see [72].

The following lemmas facilitate our embeddings. Lemma 3.3.3 is a slight
generalization of the claim in the proof of [72] Lemma 2.3 and of [68] Lemma 6.
The embedding is done in Theorem 3.3.4 which is nearly identical to [73] The-
orem 2.11. Part of the reason for reproducing the proof here is to (hopefully)
correct the notational inconsistencies in the proof in [73]. We restate [73] Theo-
rem 2.11 for reference.

Theorem 3.3.1 ([73] Theorem 2.11). Let d = [[;_, d; where d; >, 0" and d; is join-
irreducible for each © < n. Then 0 @ Fr(P,<p) @ 1 B embeds into Dy /d for every
countable partial order (P, <p).

(The above theorem is stated more generally in [73]. Each degree d; fori <n
is allowed to be either join-irreducible or De-irreducible. A degree a is dense if
it is of the form degs(.A) where A is dense in w*, and a degree d is De-irreducible
if a—d = d for all dense degrees a. We do not consider De-irreducible de-
grees in our version of [73] Theorem 2.11, which is Theorem 3.3.4, because in
Theorem 3.3.4 we require that the mass problems D; (which play the role of
the degrees d; in [73] Theorem 2.11) are Turing upward-closed. Mass problems
that are Turing upward-closed are dense and hence their degrees are not De-
irreducible.)

Lemma 3.3.2 ([22]). If X 3_45 Y are mass problems, then there is a YW C X with |W| <
w such that W # V.

Proof. X ;fs Y means that there is no Turing functional ¢ such that ®(X) C ).
Thus for each functional ®. there must be some function f. € X such that
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O.(f.) ¢ Y. Let W consist of a choice of one such f. € X for each functional
.. ]

Lemma 3.33. Let U, V, and F;, for i € w be mass problems such that
UiEw " Fi<sU+V and o~U C U for all o € w=*. Then there are mass problems
Vi fori € wsuch that | J,.,i"Vi =V and F; <U +V; for each i € w.

Proof. Let U, V, and F; for i € w be as in the statement of the lemma. Let ¢
be such that ®(U +V) C |J,.,i"Fi. For each i € w, define V; = {g € V |
(o € w)(®(oc @ g)(0) = i)} VU, i Viis clear. |, i"V; <V by the
reduction which, given g, searches for a ¢ € w<“ such that ®(c & ¢)(0)] and
outputs ®(c®g)(0)"g. Toseei~F; <, U +V;, consider the reduction which, given
f @ g, searches for a 0 € w<* such that ®(c ©¢)(0) = 7 and outputs ®((¢” f) B g).
If f®og e U+, then such a o is found, o~ f is in U, and ®((o"f) @ g) is in
i F. O

Theorem 3.3.4. Let d = deg(UJ,.,i"D;) where degs(D;) >, 0', deg(D;) is join-
irreducible, and D; is Turing upward-closed for each i € w. Then 0@ Fr(2*) B*-embeds
into D /d.

Proof. Let D; for i € w be as in the statement of the theorem, let D = | J,.,i"D;,
and let d = degs(D). Lemma 3.2.7 proves that d >,0’. By Lemma 3.3.2,
let A C {f | f>10} be a countable mass problem such that A#,D. Let
{fz | * € 2¥} be a collection of functions such that f, |r f, for all z,y € 2¢
with © # y and such that f £ f, for all f € Aand = € 2*. Such a sequence
can be constructed via standard recursion-theoretic techniques: build a perfect
tree whose paths are Turing incomparable and do not compute any functions in
A. See for example [37] Section 11.4. Notice that B;, <; A (because A C Bjy,) for
each z € 2v.

Define G: 0 @ Fr(2¥) — D; as follows. Let G(0) = 0 and let G(z) = degs(By,)
on the generators z € 2 of Fr(2¥). Then extend G to all of 0 & Fr(2¥) so that
G(Xvey uew, 28) =X vev uew, G(2%). G preserves 0, +, and x by definition,
and G is injective and preserves — by Lemma 3.2.2 items (iii) and (iv). Hence
G is a BT-embedding (this is essentially [72] Corollary 2.5). Now define H: 0 &
Fr(2¥) =D /d by H(a) = G(a) xd for all a € 0 & Fr(2¥). This H is the desired
B*-embedding. By definition, H preserves 0, +, and x. We must show that H
is injective and that H preserves —.

Clearly H(a) = 0 if and only if a = 0, so to show that H is injective
we let a,b € Fr(2¥) be such that H(a) <, H(b) and show that a < b. Let
a = Y ,ev[l.ep, 70, be a representation for a and let b = -, ;T y! be a
representation for b. H(a) <, H(b) means that

ST GEh) xd<)> [[GW) xd

veV uel, jed i€l
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Therefore
S ] e <as S T66) = TI{6ti) [0 < I 4
veV uel, jeJ i€l; jeJ jeJ

where the equality is by distributivity ([ [, /; denotes the Cartesian product of
the I,’s). Hence

ZHG ><d< ZG foreachaeHI

veV uely jedJ jeJ

Each .. JG(yi(j)) is meet-irreducible by Lemma 3.2.2 item (ii). Also,

d £, ZjeJG(yi(j)) for each o € [];.; I, because ) . ;G (y i(j)) <sdegs(A) but
d % degs(A). Thus

oIl c) SSZG(yi(j)) foreacha € [] 1;,

veV uel, jeJ jeJ
and this implies that

> I 66 < I c) [a <TI0}

veV uel, jeJ jeJ

The left-hand side of the above inequality is G(a) and the right-hand side is G(b).
G is a BT-embedding, so we conclude a < b.

If either of a,b € 0 @ Fr(2¥) is 0, then clearly H(a—b) = H(a)— H(b). So
as before, leta = 3~ oy [[,cp, 2y andletb = 3" [er, y! be in Fr(2«). We see
H(a—0b)>s H(a) — H(b) because

H(a—b)+ H(a) = H((a—b) +a) >, H(b).

To show that H(a—b) <, H(a) — H(b), we show that if z € D; is such that
H(b) <sH(a)+z, then H(a—b) <,z. Suppose H(b) <s H(a) +z. That is,

S TIcw) xa< (3 I Glat) xd) +2. (3.1)

jeJ iel; veV uely

Since a —b = 3" {[L,es, yl | (YoeV) (ITies, y! £ [Tuew, %) }, we have
H(a—b) =G(a—b) xd

- {IT06) | (e v) (T 06 £ I 66) } <a

i€l i€l u€Uy
It suffices to show that, given j € J, if [, G (y!) satisfies
(VvEV)(HG v) 2. [T ¢(2).
i€l ueUy
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then [[,.,, G(y!) x d <,z. Suppose [[,., G(y]) is such a meet. Then we know
Yo eV )(3JueU, G(yg) £, G() ).
o)) ([0 .66

By choosing such a v € U, for every v € V and by appealing to Lemma 3.2.2
items (i) and (ii), we see that there is an « € [[, ., U, such that

H G(yf) s Z G(mg(v))' (3.2)

iEI]' veV

Distributing 3~ [T,y G(2%) in the right-hand side of (3.1) yields

[[GW) xd<,d G(a2

i€l veV

The degree )\, G( ) is a finite join of degrees of the form degy(B;) and thus
has a representative U such that o° C U for all 0 € w<*. So by Lemma 3.3.3
there are mass problems Z; for i € I; and Z; for i € w such that

7z = (H degs(Z ) x degg (U @'”ZAZ),

el j 1€W
G( yf <s Z G( xj;(v) + degs(Z;) for each i € I;, and
veV
degs(D;) Z G + degs( l) for each i € w.
veV

Each G(y]) is join-irreducible, and G(y!) £:> ey G(2%,)) by (32). Thus
G(y!) <sdegs(2;) for each i € w, s0 [Lics, G(yl) < [Tic;, degs(2:). Each deg,(D;)
is join-irreducible by assumption, and degy(D;) £s Y, v G(:BZ(U)) because the
right-hand side is <sdegs(A) but the lef/’E-hand side is not. It follows that
degs(D;) < degs(Z;) for each i € w, and so Z, C D, foreachi: € w becalise each D;
is Turing upward-closed. Thus |J;,i"Z; C D, so d <, deg(UU,, " Z;). There-
fore [T,e;, G( yl) xd < ([Tics, degs(2i)) x degs (Ui, i"Z;) = z as desired. O

Corollary 3.3.5. If a>,d are degrees such that d = degi(U,.,i"D;) where
degs(D;) >4 0" and is join-irreducible for each i € w, then 0 @ Fr(2*) B*-embeds into
D /a.

Proof. Let a, d, and D, for i € w be as in the statement of the corollary. Let
dy = degy (U, ©"C(D;)) and notice that d >, dy. D; =, C(D;) for each i € w by
Lemma 3.1.2, so d, satisfies the hypotheses of Theorem 3.3.4. Thus 0 & Fr(2¥)
Bt-embeds into Ds /dy which B-embeds into D; /a. O
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Corollary 3.3.6. If a>.d are degrees such that d = degs(U;c,i"D;) where
degs(D;) >4 0" and is join-irreducible for each i € w, then PTh(Ds /a) C JAN.

Proof. The Brouwer algebra 0 @ Fr(n) Bf-embeds into 0 @ Fr(2¥) for each n,
and 0 & Fr(2+) B*-embeds into D, /a by Corollary 3.3.5. Thus PTh™(D; /a) C
Nye, PTh (0 & Fr(n)) = LM* = IPC*. So PTh(D, /a) C JAN. 0

Theorem 3.3.4 can be modified to B-embed 04Fr(2¥)®1 into D; /d for degrees
d as in the statement of Theorem 3.3.4. However, if a < b in a Brouwer algebra
B, it is not in general the case that B /a B-embeds into B /b. So the proof of
Corollary 3.3.5 fails for B-embedding 0 & Fr(2¢) & 1. Theorem 3.3.4 can also
be modified to prove a more precise analogue of [73] Theorem 2.11 (restated as
Theorem 3.3.1). Let d = degs(U,c, i"D;) where degy(D;) >, 0', degy(D;) is join-
irreducible, and D; is Turing upward-closed for each i € w. Then 0 & Fr(P, <p
) & 1 B-embeds into D; /d for every countable partial order (P, <p).

34 3. isnot prime

Recall that a filter § in a lattice is called prime if a+b € §—a € FVb € § for
all @ and b in the lattice. Theorem 3.1.3 can be phrased as a characterization of
the prime principal filters in D;: a degree a generates a prime filter if and only
if a = degs(w” \ Z) for some Turing ideal Z. There is little general theory of the
non-principal filters in D, but several specific cases have been studied in Dy-
ment [22], Sorbi [70], Bianchini and Sorbi [9], and Lewis, Shore, and Sorbi [39].
See also [74] for a summary of many of the results appearing in these works. We
consider the filters § and §,.

Definition 3.4.1.

e A degree a is called dense (closed) if a = degs(A) for an A that is dense
(closed) in w*.

e J denotes the ideal generated by {a | a is dense}.
e § denotes D; \ J.
e §. denotes the filter generated by {a | a>;0 and is closed}.

The join and meet of two dense degrees is dense [22], and the join and meet of
two closed degrees is closed [9]. It follows that 7 = {b | (Ja>;b)(ais dense)}
and §4 = {b | (3a<ib)(a>;0and isclosed)}. The basic properties of J, §,
and §. are as follows. J is a prime ideal [70], § is a prime filter [9], J is not
principal [22], § and § are not principal [9], and § € § [9]. Both [9] and [74]
ask for a proof that § is not prime. We provide a proof of this fact now.

Lemma 3.4.2. For any f € w® there are A, B C w* such that A+ B>{f} and, for
any closed C C w®, if A>,C or B>, C, then C contains a recursive function.
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Proof. Fix a recursive bijection w <> w<*. For e,n € w, if
VmVo (31 D 0)(D(n"7)(m)]),

then define (e, n, i) € w<* by induction on ¢ € w as follows. Letn(e,n,0) = n"0,
where o is the least string such that ®.(n"¢)(0)}. Given n(e,n,i), let n(e,n,i +
1) =n(e,n,7)"0"0, where o is the least string such that ®.(n(e,n,7)"0"0)(i+1)J.

Let f € w¥. We construct A and B such that the following conditions hold.

e If g € A, then ¢(0) has the form
g(O) - <£7 <n07x07y0>7 ceey <W—1>$£—17y£—1>>7

where ¢ € wand n; € w, z; € {0,1}, and y; € w for each i < ¢.
e If g€ Aand (n.,0,y. ) is in the e position of g(0), then

- ImIo (V1 2 0)(Pe(n."7)(m)7T), and
— any h € B with h(0) = n. is of the form h = n.~ 0" f, where |o| = y..

e If g€ Aand (n., 1,1, ) is the e position of ¢(0), then

- YmVo (31 D 0)(Pe(n."7)(m)]), and

- any h € B with h(0) = n, is of the form h = n(e,n.,i)"1" f for some
1€ w.

e The above properties hold with the roles of A and B reversed.

We construct A and B in stages. The construction is similar to the construc-
tion in Lemma 3.1.2 in that if g goes into A before h goes into B, then /(0) codes
how to recover f from g, and similarly with the roles of A and B reversed. Start
atstage Owith A=0,B8=10,s=(),and t = ().

Stage e + 1: Set n, = e"t.

Case 1: 3m3o (V1 D 0)(P(n.~7)(m)T). Choose such a o and putn.~o” f in A.
Update s = 5™ (n., 0, |0]).

Case 2: YmVo (31 2 0)(P(n."7)(m)l). Put the functions n(e,n.,7)"1" f in A
for each i € w. Update s = s~ (n,,1,0).

Repeat the above procedure with the roles of A and B reversed and the roles
of s and ¢ reversed. This completes stage e + 1. Then go on to stage e + 2. This
completes the construction.

Suppose A >, C where C is closed. We show that C contains a recursive func-
tion. The proof with B in place of A is the same. Let ®.(.A) C C. Consider stage
e + 1 of the above construction. Case 1 must not have occurred because other-
wise A would contain a function n.,”¢" f such that ®.(n.~c" f) is not total. Thus

case 2 occurred, and so A contains the function 7(e,n.,7)"1" f for each i € w.
Let k be the recursive function k = n.”0y"0"01"0703"0" - - -, where n(e, n., 1) =
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ne"0p"0" -~ 070, for each i € w (think of % as the “limit” of the strings n(e, n, 7)
as i — o0o0). Then ®.(n(e,ne,i)"1"f) € C and P.(n(e,ne, i) 1°f) [ i = Pe(k) [ i
for each i € w. Thus C contains the recursive function ®.(k) because C is closed.

We now describe a uniform procedure for producing f from g ® h € A+ B.

First decode h(0) as h(0) = (¢, {no,To,Y0),---,{ne—1,%e—1,Y¢—1 ) ) and look for
g(0) among the n.. If (¢(0),0,v.) appears in h( ) at position e, then output g

from position y. + 1 onward as in this case g = 0 f for some string o of length
ye + 1. If (¢(0),1,0) appears in h(()) at position e, then g = n(e, g(0),7)"1" f
for some i € w. Compute which i by successively computing the n(e, 9(0),7),
matching them against g, and checking if the next bit of g is 0 (in which case
compute 7(e, g(0),j + 1)) or 1 (in which case j = 7). Output f once i is found.

The number ¢(0) appears among the n. coded into /(0) if g went into .A before
h went into B. Otherwise i went into 3 before g went into A, so h(0) appears
among the n. coded in ¢(0). In this case, switch the roles of g and h and apply
the above procedure to compute f.

Theorem 3.4.3. 3 is not prime. In fact, if & C Fo, & # {1} is a filter, then & is not
prime.

Proof. Suppose & C § is a filter such that & # {1}. Let f >0 be such that

degs({f}) € &. Let A, B C w” be as in Lemma 3.4.2 for this f. Let a = degy(A)
and b = degy(B). Then a,b ¢ & because a,b ¢ §,, buta + b € & because
a+b>.degs({f})- O

If x and y are degrees such that y is closed and y £, x, then there is no dense
degree z such that y <,x+ z [39]. Therefore, if & C F., & # {1} is a filter, then
any degrees a and b witnessing that & is not prime must both be in § \ &.

The results of the previous section suggest two new filters to study.
Definition 3.4.4.
e & denotes the filter generated by

{d | d >, 0" and is join-irreducible}.

o §) denotes the filter generated by

{degs(U i“D,») ’ (Vi € w)(degs(D;) >; 0" and is join-irreducible)}.

=)

& is exactly the set of all degrees b for which b >,[]\_,d; for some join-
irreducible degrees d; >s 0', i < n, and $ is exactly the set of all degrees b for
Wthh b > deg, (U, D;) for some join-irreducible degrees deg(D;) >, 0', i €

ZELU

Theorem 3.4.5. 5, C & C H C {a|a>,0'}. & € F (hencealso $ ¢ F). Neither &
nor §3 is principal.
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Proof. Every closed degree >,0 bounds a join-irreducible degree >0’ [75].
Hence §, C 6. & C §is clear. Tosee & ¢ §, observe that every By is dense, so if
f>10, then degs(B;) € &\ F. This also shows & ¢ F.. The degree constructed
in Theorem 3.2.8 witnesses ) ¢ &. The degree constructed in Theorem 3.2.10
witnesses {a | a>,0'} ¢ $. We show that & is not principal. The proof for ) is

the same. First, if A is countable and contains no recursive functions, then there
is a function f > 0 such that g £ f for all g € A. Thus B <, A (as A C By) for
this f. Every degs(By) for f >1 0 is in &, so every degs(.A) where A is countable
and contains no recursive function is in &. If & were principal, it would be gen-
erated by a degree x such that x <, degs(.A) for all countable A not containing a
recursive function. By Lemma 3.3.2, the only such x are 0 and 0. We know 0
and 0’ are not in &, so & cannot be principal. O

We end with a question.
Question 3.4.6.

o [sFCB&?Is§ C H?
e Is & prime? Is §) prime?
e Is {a | PTh(Ds /a) C JAN} a filter?

To prove that {a | PTh(D, /a) C JAN} is a filter, it suffices to prove that
PTh(Ds /(a x b)) C JAN whenever both PTh(D; /a) and PTh(Ds /b) are C JAN
because {a | PTh(Ds /a) C JAN} is upward-closed in D.
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CHAPTER 4
FORCING NO BIG CHAINS IN THE POWER SET OF THE REALS

Let x < X be infinite cardinals. Independence phenomena concerning the
question of whether or not there is a chain (i.e. linearly ordered subset) in (2%, C)
of cardinality A were studied extensively by Baumgartner [8] and Mitchell [44].
However, the particular case of £ = 2* and A = 22 was not discussed explic-
itly. In the positive direction, the following results appear in Baumgartner [8].
Baumgartner attributes his techniques to Sierpinski.

Theorem 4.0.7 (see [8]). If 2<" = k&, then there is a chain in (2%, C) of cardinality 2".

Corollary 4.0.8 (see [8]). ZFC + CH proves that there is a chain in (2*°, C) of cardi-
nality 2%°. Thus if ZFC is consistent, then so is ZFC + “there is a chain in (2*°, C) of
cardinality 22°.”

Proof. CH implies 2<“* = w;. So apply Theorem 4.0.7 with k = w;. O

In the negative direction, Comfort and Remus noticed in [20] that the consis-
tency of ZFC + “there is no chain in (2%°, C) of cardinality 2*°” indeed follows
from Baumgartner’s results in [8]. The main purpose of this chapter is to give
a more explicit proof of the consistency of ZFC + “there is no chain in (227, C)
of cardinality 22°” (Corollary 4.2.6). We thank both Todorcevic and Mitchell for
independently suggesting the proof that we give.

The author was introduced to the foregoing problem via the Medvedev de-
grees. In [77], Terwijn uses Corollary 4.0.8 to prove that if ZFC is consistent,
then so is ZFC + “there is a chain in the Medvedev degrees of cardinality 22°.”
We prove the following theorem in ZFC. For a cardinal A, (2*°, C) has a chain
of cardinality A if and only if the Medvedev degrees do (Theorem 4.3.1). Thus
the statement “there is a chain in the Medvedev degrees of cardinality 2*°” is
independent of ZFC.

4.1 Forcing prerequisites

This section contains the basic facts about forcing and about chain conditions
that we need in the next section. We follow [35] when possible. The reader
familiar with this material may skip ahead.

First, a partial order may be replaced by an isomorphic partial order without
changing the forcing extension.

Lemma 4.1.1 (see [35] section VIL.7). Let P,Q € M and let i: P — Q be an isomor-
phism in M. Let G C P. Then G is P-generic over M if and only if i"G is Q-generic

over M. In this case M |G] = M[i"G].

Forcing with a partial order P x Q is equivalent to forcing with the partial
orders P and QQ one-at-a-time in either order.
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Lemma 4.1.2 (see [35] section VIII.1). Let P,Q € M and let Gy C P, G; C Q. Then
the following are equivalent:

(i) Gy x Gy is P x Q-generic over M,
(ii) Gy is P-generic over M and G is Q-generic over MGy}, and
(iii) G, is Q-generic over M and G is P-generic over M[G,].

If (i)—(iii) hold, then M |Gy x G1] = M|Go|[G1] = M[G1]|Go). Moreover, if G is P x Q-
generic over M, then G = Hy x H; for some Hy C P and H; C Q which thus satisfy
(1)—(iii).

Let k be a cardinal. A partial order P is x-closed if every descending chain
of conditions having order-type < « has a lower bound. A partial order P has
the x-chain condition (abbreviated x-cc) if every X C P of cardinality x has two
compatible elements. Notice that P is x-cc if and only if for every sequence
of conditions (pe | £ € k) there are distinct {,( € & such that p; and p; are
compatible. A partial order P has property K,, if every X C P of cardinality « has
a pairwise compatible subset of cardinality x. Notice that if « is regular, then P
has property K, if and only if for every sequence of conditions (p¢ | £ € ) there
isaset X C x of cardinality  such thatif £, ( € X then p, and p; are compatible.
Clearly property K, implies x-cc. We consider k = w; and k = w,. Traditionally
ws-cc is called ccc and property K, is called property K.

Partial orders that are x-closed preserve cardinals < k, and partial orders
that are x-cc preserve cardinals > «. It follows that a partial order that is both
r-closed and x*-cc preserves all cardinals.

The following lemmas easily generalize to other cardinals, but we state the
versions that we use which are in terms of ws.

Lemma 4.1.3. If P and Q have property K,,,, then so does P x Q.

Proof. Let ((pe,q¢) | € € we) be a sequence of conditions from P x Q. Applying
IP’s property K, to the sequence (p¢ | £ € w;) yieldsaset Y C w, such that |Y| =
wy and pe and p, are compatible for every ¢,( € Y. Applying Q’s property K,
to the sequence (¢ | £ € Y) yields a set X C Y such that | X| = w; and ¢
and ¢, are compatible for every ¢, ( € X. The conditions (p¢, ¢¢) and (p¢, g¢) are
compatible for every ¢, ( in X, so X witnesses property K, for the sequence

((Pe: ge) | € € wa). O

Lemma 4.1.4. If P is wo-cc and X C P has cardinality w,, then there is a p € P such
that p I |G N X | = [@.

Proof. Fix abijection f: w, <+ X. If there is no such p, then there is a name & such
that

Ip IF (€ @) A(VE € @) (f(&) e GNX =€ €d).

Now let A C P be a maximal antichain of conditions with the property (Vp €

A)(3B € wo)(p IF & = §). We have that |A| < w; because P is wy-cc. Thus we
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are able to choosg v € wy such thatif p € Aand p IF & = [ then § € . Clearly
f(v) IF fv(’y) € G N X; therefore f(y) IF ¥ € & Choose p < f(v) such that

p Ik & = [ for some 3 € wy. This § must be > ~. Hence p is incompatible with
everything in A, thereby contradicting A’s maximality. O

Lemma 4.1.4 is stated in its most natural way, but we make greater use of the
following reformulation.
Lemma 4.1.5. Let P be wy-cc, let X C wq have cardinality w, and let (pe | £ € X)
be a sequence of conditions from P. Let Z = {(&,p¢) | € € X} be a name for the set
{€ € X | pe € G}. Then thereis ap € P such that p IF |Z| = |ws].

Proof. If [{pe | £ € X}| < wsq, choose p such that [{{ € X | pe = p}| = wo.
Otherwise choose p by applying Lemma 4.1.4 to the set {p; | £ € X}. O

A partial order with property K., retains property K, in an extension cre-
ated by forcing with an w,-cc partial order.

Lemma 4.1.6. If P is wy-cc and Q has property K,,, then 1p |- Q has property K,,.

Proof. Suppose not. Then there is a P-name f and a condition p € P such that

pIF (f: @2 = Q) ANVX C 2)(IX] = 02| = (36, ¢ € X)(f(€) L F(O)).

That is, p forces that the sequence (f(¢) | £ € ws) of conditions from Q is a
counterexample to Q having property K,,, (as P preserves w,). For each { € w,,
choose a condition p; € P and a condition ¢¢ € Q such that p; < p and p, I
f(€) = Ge. This defines a sequence of conditions (pe | ¢ € w,) from P and a
sequence of conditions (g¢ | £ € wy) from Q.

We show that the sequence (¢: | £ € ws) is a counterexample to Q having
property K,,. To this end, let X C w, have cardinality w,, let Z be a P-name
for the set {¢ € X | pe € G}, and apply Lemma 4.1.5 to the sequence (p¢ |
£ € X) to get a condition p’ < p such that ' I+ |Z| = |&,]. We now have
that p' IF (Z C W) A (|Z| |c2]). Thus, as p’ < p, we also have that p’ I- (3¢, ¢ €
Z)(f(f) L f(()) Let £ and ¢ be P-names such that p’ I- (5 = Z) (f(f) 4 f({))
Finally, choose p” < p’ and choose £,( € X such that p” I+ (f = A (C = ().
Then p” - €, C € Z, and so, by the definition of Z,p" Ik De,Dc € G. Hence

P (&) L FO)AUE) = de) AF(O) = d)- So it must be that g¢ L qc. D

We work with partial orders of the form Fn(/, 2, ), which is the set of partial
functions p: I — 2 of cardinality < x ordered by p < ¢ if and only if p extends g.
If |I| > &, forcing with Fn(7, 2, k) adds |/| subsets of «, thereby making 2 > |I|
in the extension (see [35] section VIL.6).

In order to show that our partial orders have the desired chain conditions,
we recall the notion of a A-system and the corresponding A-system lemma. A set

A is called a A-system if there is a set r such that a N b = r whenever a and b are
distinct members of A.
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Lemma 4.1.7 (A-system lemma; see [35] section I.1). Let « be an infinite cardinal.
Let 8 > k be reqular and satisfy (Va < 0)(Ja<"| < 0). Assume |A| > 6 and (Vz €
A)(|z| < k). Then there is a A-system B C A with |B| = 6.

Finally, in order to show that the cardinal arithmetic works out as desired in
our extensions, we recall that sets in an extension M [G] have nice names in M. If
P € M is a partial order and o is a name, then a nice name for a subset of o is a

name 7 of the form (J{{7} x A, | 7 € dom(c)} where each A, is an antichain in
P.

Lemma 4.1.8 (see [35] section VIL5). If P € M is a partial order and o, ;1 are names,
then there is a nice name 7 for a subset of o such that 1p I+ (1 C o) —(p = 7).

A nice name for a subset of an existing set + € M is particularly nice. A nice

name 7 for a subset of the canonical name # = {(, 1p) | ¥ € =} can be taken to
be of the form |J{{y} x A, | y € =}.

4.2 Forcing no chains in (22°, C) of cardinality 2*

Recall that a (set-theoretic) tree is a partial order (7', <r) such that, for each t € T,
the set of predecessors {s € T' | s <y t} is well-ordered by <;. We usually write
T for (T, <7). The level £(t) of at € T is the order-type of {s € T' | s <7 t}, the "
level of T'is Leve = {t € T'| £(t) = &}, and the height of T is the least £ such that
Leve = 0. A branch through T is a maximal linearly ordered subset of 7. The
length of a branch is its order-type. We rephrase our question about chains as a
question about trees via the following theorem.

Theorem 4.2.1 (Baumgartner, Mitchell; see [8]). Let k < X be infinite cardinals.
The following are equivalent:

o There is a tree of height < k and cardinality < xk with > X\ branches.
o There is a chain in (2%, C) of cardinality \.

In light of Theorem 4.2.1 (with k = 2% and A = 2*"), we force there to be no
chain in (22”, C) of cardinality 22" by forcing there to be no tree of height < 2¢

and cardinality < 2% with > 22° branches. Our proof is similar to Silver’s proof
that one can force there to be no Kurepa trees given that there is an inaccessible
cardinal (see [35] section VIII.3).

Our strategy is as follows.

(i) Let M = GCH, and, in M, let P = Fn(w,, 2,w) and Q = Fn(w,,, 2,w;). Force
with P x Q.

(ii) P x Q preserves cardinals. If G is P x Q-generic over M, then, in M|[G],
2¥ = wy, 2! = Wy, and 2¥2 = w7 .
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(iii) Suppose T' C wy X ws is a tree in M [G] of height < w, and of cardinality < ws.
T has < |wy*“?| = w,, branches of cardinality < w,. Thus we need only show
that 7" has < w, branches of cardinality ws. To do this, factor P x Q into an
isomorphic partial order R, x R; with the following properties.

- M[G] = M|[Gy]|G:1] where G| is Ry-generic over M and G, is R;-generic
over M[Gy],

- T € M[Gy|, and, in M |G|, T has < w3 branches, and
— any branch of 7" in M |[Gy][G] of cardinality w, is already in M [Gy).

Thus T  has < ws < w, branches of cardinality w, in M[G].

Let M, P, and Q be as in step (i) of the strategy.

Lemma 4.2.2. In M, the partial order P has property K, and the partial orders P, Q,
and P x Q all have property K,,,.

Proof. To see that [P has property K, let X C P have cardinality w; and let A be
the set of domains of the functions in X. Then |A| = w; and (Vz € A)(|z| < w).
As (Va < wy)(|a=*| < wy), Lemma 4.1.7 gives us a A-system B C A of cardinality
wy with finite root r. There are only a finite number of functions f: r — 2, so
there must be one such f for which the set {g € X | (domg € B)A(g O f)} has
cardinality w;. This is the desired pairwise compatible subset of X. The proof
that P has property K, is the same as the above, but with w, in place of w;.

For Q, let X C Q have cardinality w,, and let A be the set of domains of the
functions in X. |A| = wy because for a fixed countable z C w,, there are only
2¥ = w; possible functions x — 2. We have (Vz € A)(|z| < wy) and, as |w; | =
wi, we have (Va < wy)(|Ja=“'| < wy). Thus Lemma 4.1.7 gives us a A-system B C
A of cardinality w,; with countable root r. There are only w; functions f: r — 2,

so there must be one such f for which the set {g € X | (domg € B) A (g 2 f)}
has cardinality w,. This is the desired pairwise compatible subset of X.

Finally, P x Q has property K,,, by Lemma 4.1.3. O

The next lemma completes step (ii).

Lemma 4.2.3. P x Q preserves cardinals. If G is P x Q-generic over M, then, in M[G],
2¥ = Wy, 2 = Wy, and 2° = w .

Proof. We use Lemma 4.1.2 to equate forcing with IP x Q to forcing with Q then
with P. Let G be IP x Q-generic over M. Factor G as G = Gy x G; where G, C P
and G; C Q so that M[G] = M][G:]|Go]. Forcing with Q adds w,, subsets of
wy, and Q is both w;-closed and wy-cc. Thus, in M[G4], 2“* > w,, and M[G,]
has the same cardinals as M. Forcing cannot add any new finite functions, so
M|[G4]’s version of Fn(ws, 2,w) is exactly [P because forcing with Q preserves ws.
Below we need that (w2)“ = wy in M[G,]. This equality is true in M by GCH and
remains true in M [G] because of the fact that Q is w;-closed implies that forcing
with Q adds no new functions w — ws.
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PP is ccc, and forcing with P adds w, subsets of w. Thus M[G;][Gy] has the
same cardinals as M |G|, and, in M [G4][Go], 2¥ > w,. So we have that M[G] =
M[G4][Go] has the same cardinals as M (i.e. P x Q preserves cardinals) and that,
in M[G], 2* > wy and 2*' > w,,. Furthermore, in M[G], 2** > w because
292 > 21 > w,, and 2“2 cannot have cofinality w,. We show the desired reverse
inequalities by counting nice names.

To see 2 < ws, count the nice P-names for subsets of w in M[G;]. Such a
name has the form (J{{n} x A, | n € w} where each A, is an antichain in P. P
is ccc and has cardinality w,, hence P has (w;)* = w, antichains. Therefore there
are < (wq)¥ = wy nice names for subsets of w in M[G,]. Forcing with P preserves
cardinals, so there are < w, subsets of w in M|[G].

To see 2 < w,,, count the nice P x Q-names for subsets of w; in M. Such
a name has the form (J{{a} x A, | @ € w;} where each A, is an antichain in
P x Q. P x Qhas property K,,, by Lemma 4.2.2, so its antichains have cardinality
< wy. The fact that GCH holds in M implies that P x Q has cardinality w,, and
consequently that P x Q has < (w,,)“" = w,, antichains. Therefore there are
< (W )" = Wy, Nice names for subsets of w; in M. Forcing with P x Q preserves
cardinals, so there are < w,, subsets of w; in M[G].

Finally, to see 22 < w , count the nice P x Q-names for subsets of w, in M.
Such a name has the form [ J{{a} x A, | @ € wy} where each A, is an antichain
in P x Q. There are < (w,,)*? = w}, nice names for subsets of w, in M. Forcing
with P x Q preserves cardinals, so there are < w subsets of w, in M[G]. N

The next lemma is the crux of step (iii).

Lemma 4.2.4. Suppose, in some model N, that T' C wy X wy is a tree of height w, and
that R is a partial order with property K.,. If G is R-generic over N, then there are no
new branches of T' in N|G] of cardinality w,.

Proof. In N, let B C 2“2 be the set of branches through 7" and let b be a name for
a branch through T'. Suppose for a contradiction that there is a condition p € R

forcing that b is a new branch of cardinality w,. Thatis, p I (b is a branch) A(|b| =

|0s|) A(b ¢ B) (note R preserves w,). For each ¢ < w,, we can find an z, € Lev,
and a p; < p such that p; |- &, € b. Apply R’s property K,, to the sequence
(pe | € € we) to get a set X C wsy such that | X| = w, and such that pe and
pc are compatible for every £,( € X. Notice that if £ < ( are in X, then the
compatibility of p; and p, implies that z¢ < z.. Therefore the set ¢ = {z € w, |
(3¢ € X)(z < )} is a branch in B. Let Z be a name for the set {¢ € X | p¢ €
G}, and, by Lemma 4.1.5, choose p’ < p such that p' I- |Z| = |&;|. We now show

that p/ IF b = ¢ which contradicts that p I+ b ¢ B. To this end, suppose that i
is R-generic with p’ € H, and now work in N[H]. Suppose that x € b N Lev,.
There is some ¢ > £ with p. € H because |Z| = |w;|. Therefore z; € b because
pc IF & € b. Hence & <7 x and so = € c. This proves b C ¢, and equality follows

from the fact that both b and ¢ are branches of cardinality w, in a tree of height
wWa. O
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We can now carry out step (iii).

Theorem 4.2.5. If ZFC is consistent, then so is ZFC + “there is no tree of height < 2
and cardinality < 2° with > 2% branches.”

Proof. Let M = GCH. In M, let P = Fn(ws, 2,w) and let Q = Fn(w,,,2,w;). Let
G be P x Q-generic over M. By Lemma 4.2.3,

MIG] = (2 = wn) A2 = wa) A(2% = o).
We show that in M [G] there is no tree of height < wy and cardinality < wy with
> w;; branches. A tree of cardinality w, is isomorphic to a tree C wy X wy, so it
suffices to show that in M[G] there is no tree C w; x w; of height < w, with > wf
branches.

Suppose T' C wy X ws is a tree of height < w, in the extension M [G]. Then, in

M, T has a nice name of the form 7' = |J{{5} x A, | s € ws X w,} where each
A, is an antichain in P x Q, a partial order with property K, by Lemma 4.2.2.

Thus each A, has cardinality < w;, and hence the set X = {& € w,, | (3(p,q) €
U cws xe, As) (@ € dom q)} has cardinality < w,. Add elements of w,, to X so that

it has cardinality exactly w,. Let Qx = Fn(X,2,w;) and let @, \x = Fn(w., \
X,2,w). Itis easy to check that Qy x Qu.,\x = Q50 factor P x Qas (P x Qx) x
Q. \x- In terms of step (iii) as described above, P x Qx is Rp and Q,,,, \ x is Ri.
By Lemma 4.1.1, there is a (P x Qx) x Q,,, \x-generic set H such that M[H] =
MI|G], and, by Lemma 4.1.2, H = H, x H; where H, is P x Qx-generic over M
and H, is wa\ x-generic over M[Hy|. By our choice of X, the P x Q-name T is

also a P x Qx-name. So our tree T is in the intermediate extension M[H,|. The
models M, M[Hy|, and M[H|[H,] = M[H]| = M|G] all have the same cardinals
because M and M[G] do by Lemma 4.2.3. Also, M[Hy| = (2¥ = wy) A(2* =
w2) A(2*2 = w3) by a proof similar to that of Lemma 4.2.3. Furthermore, Q,,, \x
has property K., in M[Ho] by Lemma 4.1.6 because Q, \x and P x Qx have
property K,, in M by a proof similar to that of Lemma 4.2.2. Now, T has <
2“2 = w3 branches in M [H,|. Lemma 4.2.4 tells us that 7" does not have any more
branches of cardinality wy in M[Hy|[H;] than it does in M[H,|. So, in M[G], T
has < ws branches of cardinality ws and < |wy*?| = w,, branches of cardinality
< ws for a grand total of < w,,, branches. O]

In light of Theorem 4.2.1, our main goal is a corollary of Theorem 4.2.5.

Corollary 4.2.6. If ZFC is consistent, then so is ZFC + “there is no chain in (2*°,C)

2w yr

of cardinality 2.

Corollary 4.2.7. The statement “there is a chain in (2%, C) of cardinality 2% is
independent of ZFC.

Proof. Corollary 4.0.8 gives the consistency of the statement, and Corollary 4.2.6
gives the consistency of its negation. O
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4.3 Big chains in the Medvedev degrees

We show, in ZFC, that the cardinalities of chains in (22°, C) are the same as the
cardinalities of chains in D,. The forward direction of Theorem 4.3.1 is due to
Terwijn [77].

Theorem 4.3.1. For any cardinal r, there is a chain in (227, C) of cardinality r if and
only if there is a chain in D; of cardinality k.

Proof. Let € C 2%° be a chain of cardinality «. Let (fe | £ € 2¥) be a <r-antichain
(in the pairwise incomparable sense) of functions in w*”. For each C € ¢, let
Xe ={fe | € € C}. Then, for C,D € ¢, C C D implies Az >, Xp. The inequality
Xe > Xp holds because X; C Xp. To see that the inequality is strict, let ¢ €
D\ C so that f- € &Xp \ Ac. The function f. does not compute any function in
A¢ because the f¢’s were chosen to be a <t-antichain. Thus there is no Turing
functional ¢ for which ®(Xp) C A,. The set {degs(AX¢) | C € €} is therefore a
chain in D; of cardinality .

Conversely, let X C D, be a chain of cardinality x. We produce a chain in
(2(*15) C) of cardinality s, where [w*]=% = {X C w® | |X| < w}. This suffices
because |[w”]=¥| = 2“. Let X C 2*“ consist of a choice of one representative X C
w* from each degree in X so that X is a chain of cardinality x under <. For each
XeXletDy={WCX|W| <w}andletCr = | {Dy | (¥ € X)A(Y >, X)}.
Then, for X, ) € §C, X <sY implies Cx 2 Cy. The inequality Cx 2 Cy is clear. To
see that the inequality is strict, apply Lemma 3.3.2 (as X 2, )) togeta W C X
such that [W| < wand W #; Y. W is in Dy and hence in Cy, but W cannot be in

Cy as this would imply W >, ). Thus {Cx | X € X} is the desired chain. O

Theorem 4.3.1 is also valid for D, in place of D. In the forward direction of
Theorem 4.3.1, we actually proved that, for C,D € ¢, C C D implies ¢ >, Xp.
The proof given for the reverse direction is also valid for D, but a simpler one
is possible. Notice that a mass problem X C w* is Muchnik-equivalent to its
Turing upward-closure {f € w* | (3g € X)(f >1g)}. Furthermore, if X and )
are Turing upward-closed then X <, YV if and only if X O Y. Soif X C D,, is
a chain of cardinality «, choose a set of representatives X C 2+ that are Turing

upward-closed. Then X is a chain in (2¢”, Q) of cardinality .

Corollary 4.3.2. The following statements are both independent of ZFC. “There is a
chain in the Medvedev degrees of cardinality 22° " and “there is a chain in the Muchnik
degrees of cardinality 2*°.”

Proof. By Theorem 4.3.1, both statements are equivalent under ZFC to the state-
ment “there is a chain in (2%, C) of cardinality 22°.” The result then follows
from Corollary 4.2.7. O

In contrast, it is a ZFC theorem that (22w, g), D, and D,, all have antichains
(in the pairwise incomparable sense) of cardinality 22° [47].
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CHAPTER 5
MENGER’S THEOREM IN II}-ca,

The results of this chapter also appear in [55] by the author.

Konig’s duality theorem for finite bipartite graphs is a classic theorem in
graph theory and one of the pillars of matching theory. It expresses a duality
between matchings and covers in bipartite graphs. Let (X, Y, E) be a bipartite
graph. A matching is a set of edges M C E such that no two edges in M share a
vertex. A cover is a set of vertices C' C X UY such that every edge in £ has a ver-
tex in C'. Finite Konig’s duality theorem says that the cardinalities of matchings
and the cardinalities of covers meet in the middle.

Finite Konig’s Duality Theorem. In every finite bipartite graph, the maximum car-
dinality of a matching equals the minimum cardinality of a cover.

Finite Menger’s theorem generalizes finite Konig’s duality theorem from bi-
partite graphs to arbitrary graphs. Let G be a graph with vertices V(G) and
edges E(G). A web is a triple (G, A, B) where G is a graph and A and B are dis-
tinguished sets of vertices A, B C V(G). The notion of a matching in a bipartite
graph is generalized by the notion of a set of disjoint A-B paths' in a web. An
A-B path in a web (G, A, B) is a path that starts in A and ends in B. Two paths
are disjoint if they have no vertices in common. The notion of a cover in a bi-
partite graph is generalized by the notion of an A-B separator in a web. An A-B
separator in a web (G, A, B) is a set of vertices C' C V(G) such that every A-B
path in G contains a vertex of C (so that removing C' from the graph separates
A from B).

Finite Menger’s Theorem. In every finite web (G, A, B), the maximum cardinality
of a set of disjoint A-B paths equals the minimum cardinality of an A-B separator.

Finite Menger’s theorem is itself a special case of the famous max-flow min-
cut theorem for network flows. See [21] Section 2.1 for a full treatment of fi-
nite Konig’s duality theorem, [21] Section 3.3 for finite Menger’s theorem, and
[21] Section 6.2 for the max-flow min-cut theorem.

The conclusions of finite Konig’s duality theorem and finite Menger’s theo-
rem remain true for infinite bipartite graphs and infinite webs, but they are more
an exercise in cardinal arithmetic than they are in combinatorics. To deepen
the combinatorial content of these theorems, Erdés conjectured that there al-
ways exist a matching and a cover that simultaneously witness each other’s
optimality. His reformulations are what we now call Konig’s duality theorem
and Menger’s theorem.

Konig’s Duality Theorem. In every bipartite graph (X,Y, E), there is a matching
M and a cover C' such that C consists of exactly one vertex from each edge in M.

Menger’s Theorem. In every web (G, A, B), there is a set of disjoint A-B paths M

and an A-B separator C such that C consists of exactly one vertex from each path in
M.

!For us, “path” always means “simple path,” that is, no repeated vertices.
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The most general case, Menger’s theorem for webs of arbitrary cardinality, is
now known to be true. The proof took more than forty years to discover. The
first progress was by Podewski and Steffens, who proved Konig’'s duality the-
orem for countable bipartite graphs [48]. Aharoni next proved Konig’s duality
theorem for arbitrary bipartite graphs [1]. He then proved Menger’s theorem
for countable webs [2]. Finally, Aharoni and Berger proved Menger’s theorem
for arbitrary webs [3].

The question motivating our work is the following.

Question 5.0.3. What is the axiomatic strength of Menger’s theorem for count-
able webs in the context of second-order arithmetic?

Aharoni, Magidor, and Shore [4] and Simpson [63] answered Question 5.0.3
for Konig’s duality theorem for countable bipartite graphs. Aharoni, Magidor,
and Shore noticed that Aharoni’s proof of Konig’s duality theorem in [1] actu-
ally proves a stronger statement, which they call extended Konig’s duality theorem.
They proved that extended Konig's duality theorem is equivalent to II}-CA,
over RCA, and they proved that Konig’s duality theorem implies ATR, over
RCA( [4]. Simpson produced a new proof of Konig’s duality theorem in ATR,
by exploiting the fact that ATR, proves the existence of models of ©]-AC, [63].
Therefore Konig’s duality theorem for countable bipartite graphs is equivalent
to ATRy over RCA,.

A priori, Menger’s theorem for countable webs implies ATR, over RCA, be-
cause it implies Konig’s duality theorem for countable bipartite graphs over
RCAj. Here we provide a proof of Menger’s theorem for countable webs in
I1}-CAy (Theorem 5.2.4). The general plan for our proof is inspired by Aharoni’s
proof in [2] and Diestel’s presentation of it in [21] Section 8.4. As with Konig's
duality theorem, we notice that this proof in fact proves a stronger statement,
which we call extended Menger’s theorem, that is equivalent to IT} -CA over RCA,.
By general considerations, Menger’s theorem cannot imply IT}-CA, over RCA,.
Menger’s theorem can be written as a II} sentence in the language of second-
order arithmetic, and no true II} sentence implies I1{-CA,, even over ATR, (see
[4] Proposition 4.17). Question 5.0.3 now becomes more specific.

Question 5.0.4. Is Menger’s theorem for countable webs provable in ATR?

5.1 Warps, waves, and alternating walks

In this section we use ACA, to develop the basic tools we need to prove Menger’s
theorem in II}-CA,. Our notation and terminology mostly follows [2] with some
ideas borrowed from [21] Section 8.4.

All the graphs that we consider are countable because we are working in
second-order arithmetic. All the graphs that we consider are directed. Menger’s
theorem for undirected graphs follows from Menger’s theorem for directed
graphs by the usual trick of replacing an undirected edge by two directed
edges. Henceforth a “graph” is a countable directed graph. If G is a graph and
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z € V(G), then in-deg,(x) denotes the in-degree of =, and out-deg.(z) denotes
the out-degree of z.

As defined above, a web is a triple (G, A, B) where G is a graph and A and
B are distinguished sets of vertices A, B C V(G). We often abuse this notation
by writing G for (G, A, B). For convenience, we always assume that there are
no edges directed into A, that there are no edges directed out of B, and that
ANB=0.

If H and H' are subgraphs of a graph G, then H U H' is the subgraph of G
induced by V(H) UV (H'), and G \ H is the subgraph induced by V' (G) \ V(H).

Let G be a graph. If P is a path in G, we write in(P) for the first vertex of P
(if it exists) and ter(P) for the last vertex of P (if it exists). If P is a path with
in(P) € Aand ter(P) € B for some A, B C V(G), then we call P an A-B path. If
Pisapathand x € V(P), then Pz denotes the subpath of P consisting of all the
vertices up to and including z, and Pz denotes the subpath of P consisting of
all the vertices up to and not including . Similarly, P denotes the subpath of
P consisting of all the vertices following = and including x, and x P denotes the
subpath of P consisting of all the all the vertices following = and not including
x. If P and @ are paths with V(P) NV (Q) = {z}, then Pz( is the path obtained
by concatenating the paths Pz and zQ. If V(P) N V(Q) = {ter(P)} = {in(Q)},
then PQ denotes P ter(P)(Q, the concatenation of the paths P and Q.

For the purposes of this chapter, a (graph-theoretic) tree is a directed acyclic
graph T that has a distinguished root r € V(7') such that for any « € V(T
there is a unique path in 7" from 7 to z. The path in a tree 7" from its root to an
x € V(T) is denoted T'z. If P is a finite path, a tree with trunk P is a tree T of
the form P U T’ where 7" is a tree rooted at ter(P). A tree with trunk P has root
in(P). If G = (G, A, B) isaweb, an A-B tree in G is a subgraph of G that is a tree

with root in A and exactly one vertex in B.

Definition 5.1.1. A warp ina web G = (G, A, B) is a subgraph W of G such that

o« ACV(IW),
e every z € V(W) has in-degy, (z) < 1 and out-degy, (z) < 1, and
e every z € V(W) is reachable from some a € A by a pathin V.

A warp is thus a collection of disjoint paths in G with each path starting at
a distinct vertex in A and such that for every a € A there is a path in the warp
starting at a. Such paths may be one-way infinite. It is often convenient to think
of a warp W as the collection of its component paths {F, | « € AAin(P,) = a}
with the understanding that this collection is coded by the set {(a,(n,z)) |
x is the n'™ vertex of P,}. “P is a path in W” always means that P is one of these
component paths.

If W is a warp, then let ter(W) = {z € V(W) | out-degy, () = 0}. That is,
ter(W) is the set of terminal vertices of the paths in W. The statement “if W is a
warp then ter(WW) exists” is equivalent to ACA, over RCA(, hence our assumption
of ACA, throughout this section.
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Definition 5.1.2. A wave in a web G = (G, A, B) is a warp W such that ter(WW) is
an A-B separator.

The warp {P, | a € A} in which each path F, is the trivial path (a) is always
a wave, and we call it the trivial wave.

Definition 5.1.3. For warps W and Y ina web G = (G, A, B), Y is an extension
of W (written W <Y) if and only if W is a subgraph of Y.

Definition 5.1.4. If (W; | i € N) is a sequence of warps such that W; < W,
for each i € N, then |J,.y W; denotes the limit warp defined by V ([J,.x Wi) =
UiEN V(W;) and E(UieN WZ) = UiEN E(W;).

It is easy to check in RCA, that a limit warp, if it exists, is indeed a warp.
However, the statement “if (IV; | i € N) is a sequence of warps such that IV; <
Wiy for each i € N, then ;. W; exists” is equivalent to ACA, over RCA,.

Definition 5.1.5. Let W = {F, | a € A} be awaveinaweb G = (G, A, B). Then

€N

e P, is W-essential in G if and only if P, is finite and there is a ter(P,)-B path
in G disjoint from V(W) \ {ter(P,)},

o a € Ais W-essential in GG if and only if P, is W-essential in GG, and
e cssg(W) ={a € A| ais W-essential in G}.

The motivation behind the definition of W-essential in G is that if P is a path
in a wave W that is W-essential in G, then ter(W) needs ter(P) to separate A
from B. If Q is a ter(P)-B path disjoint from V(W) \ {ter(P)}, then PQ is an
A-B path disjoint from ter(W) \ {ter(P)}. One readily checks that {ter(P) |
P is a W-essential path in G'} is an A-B separator.

Definition 5.1.6. If IV and Y are waves ina web G = (G, A, B) with W <Y,
then Y is a good extension of W if and only if essq(W) = ess¢(Y'), and Y is a bad
extension of W if and only if essg (W) # essq(Y).

If W and Y are waves ina web G = (G, A, B) with W <Y, then it is always
the case that essg(Y') C essq(WV). Thus Y is a good extension of I if and only if
essg(W) Cessg(Y).

Lemma 5.1.7 (in ACA; see [2] Lemma 2.5). If (W; | i € N) is a sequence of waves in
aweb G = (G, A, B) such that W; < Wy, for each i € N, then | J;.y W; is a wave in
G.

Proof. Let W = |J,cy Wi. It is easy to check that 1 is a warp. We need to show
that ter(W) is an A-B separator. Let P be an A-B path, and let X = {(z,7) |
xz € V(P) N ter(W;)}, which exists by arithmetical comprehension. Each W; is
a wave, hence X is infinite. As V(P) is finite, there must be an = € V(P) such
that {i | « € ter(W;)} is infinite. Then = = ter(Q) for the path @) in W containing
x. If not, then there is a vertex following = on (), the corresponding edge must
appear in W, for some n, and so x ¢ ter(W;) for all i > n. O
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Definition 5.1.8. Let W and Y be warps ina web G = (G, A, B) with W < Y.
Let () be a finite path in both Y and W (i.e., the path ) is in W and is not
properly extended in Y). A (Y \ W)-alternating walk from ter(Q) is a walk R =
To€oX1€1 - - - en_1Ly such that

(i) o = ter(Q),
(ii) foralli <n,z;, € (V(G)\ V(W)) U ter(W),

(iii) foralli < n,ife; ¢ E(Y), thene; = (2, x;11),

(iv) foralli < n,ife; € E(Y), thene; = (41, ;) (i-e., R traverses e; backwards),
(v) foralli,j <nwithi # j,if z; = z;, thenz; € V(Y), and

(vi) forall ¢, 7 < nwithi # j, e; # e;.

(vii) forall 0 < i <mn,if z; € V(Y), then either ¢;_; ore; isin E(Y).

Note that if z,, is the last vertex on a (Y \ W)-alternating walk from ter(Q))
and z,, € V(Y), then item (vii) implies thate,_; € E(Y). A (Y \ W)-alternating
walk from ter(Q) is similar to a Y-walk as defined in [2] and to a walk which
alternates with respect to Y as defined in [21] Section 3.3. The difference is that
a (Y \ W)-alternating walk from ter(Q) is not allowed to use the vertices in
V(W) \ ter(W), hence the notation “Y" \ W.”

Definition 5.1.9. Let W = {P, | a € A} and Y = {Q, | a € A} be warps in a
web G = (G, A, B) with W < Y. Let Q,, be a finite path in both Y and W. Then
altg(Y \ W, ter(Q,,)) denotes the warp {Q)), | a € A} where @, = Q. if x is
the last vertex on ) which lies on a (Y \ W)-alternating walk from ter(Q,,) and
Q!, = P, if no such x exists.

Our definition of altg(Y \ W, ter(Q,,)) is analogous to the definition of
M (ag, W) in [2]. Also, note that W < altg(Y \ W, ter(Qq,)) < Y. The first
inequality is by Definition 5.1.8 item (ii) and the second inequality is clear.

The crucial lemma from this section is Lemma 5.1.12. Lemma 5.1.10 and
Lemma 5.1.11 are used to prove Lemma 5.1.12.

Lemma 5.1.10 (in ACAg). Let W and Y be warps in a web G = (G, A, B) with W <
Y. Let Q) be a finite path in both Y and W. Let R be a (Y \ W)-alternating walk
from ter(Q). Then there is a warp Z > W in G with ter(Z) = (ter(Y) \ {ter(Q)}) U

{ter(R)}.

Proof. Let R = xpepzi€y - - - €12, Where zy = ter(Q) and z,, = ter(R). Assume
n > 0, for otherwise we may take Z = Y. Let Z’ be the subgraph of G with
EZ") = EY)AFER)and V(Z') = AU{x | (Fe € E(Z'))(x is a vertex of e)}.
One readily checks the following equalities.

olf x € V(Y)\ V(R), then in-deg, (x) = in-degy(x) and out-deg, (z) =
out-degy (),

o for0 <i<n,ifx; € V(R)\V(Y), then in-deg, (z;) = 1 and out-deg, (z;) =
L,
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o for0 <i<mn,ifz; € V(R)NV(Y)isinV(Z'), then in-deg, (z;) = in-degy (x;)
and out-deg, (x;) = out-degy (z;),

e in-deg, (zo) = in-degy (z) and out-deg, (z) = 1, and
e in-deg, (x,) = 1 and out-deg(x,) = 0.

It follows that in-deg,, (z) < 1 and out-deg, (z) < 1 for all z € V(Z’), which
means that every component of Z' is either a path or a cycle. Let Z be the
subgraph of Z’ consisting of the component paths of Z’ (i.e., Z is the subgraph
of Z'induced by {z € V(Z') | zisnoton a cycle in Z'}). Z contains every vertex
x € V(Z') with in-deg, (z) = 0 or out-deg,/(z) = 0. In particular, A C V(Z2)
and ter(Z) = (ter(Y) \ {ter(@Q)}) U {ter(R)}. To show that Z is a warp, we
need only show that in(P) exists and is in A for every path P in Z. The above
equations imply that if x € V(P) \ A4, then in-deg,(z) # 0 and hence that = has
an immediate predecessor on P. This fact together with the fact that R is finite
implies that there is an = € V(P) such that (V(Pz) N V(R)) \ A = 0. Thus the
edges of Px must all be edges of Y, which means that Pz must be an initial
segment of some path in Y. Hence in(P) exists and is in A. Finally, Z > W by
Definition 5.1.8 item (ii). n

Lemma 5.1.11 (in ACAy; see [2] Lemma 2.7). Let W and Y be waves in a web G =
(G,A,B) with W < Y. Let Q be a finite path in both Y and W. Then altg(Y \
W, ter(Q)) is a wave.

Proof. Let U = alte(Y \ W, ter(Q)). Suppose for a contradiction that P is an A-B
path disjoint from ter(U). W is a wave, so the last vertex on P that is in V(1)
must be in ter(W). Let w be this vertex, and let S the path in W with ter(S) = w.
The path SwP is an A-B path disjoint from ter(U). Y is a wave, so wP intersects
ter(Y'), which must happen at a vertexin V(Y') \ V(U). Let y be the first vertex
on wP in V(Y) \ V(U). Let z be the last vertex on wPy in V(U), which exists
because w € V(U).

Claim. Thereis a (Y \ W)-alternating walk from ter(Q) ending at z.

Proof of claim. Let Q)" be the path in Y containing z. We show that there is a
(Y \ W)-alternating walk R from ter(()) that meets @)’ at a vertex  which is past
zon (. If r is the first such vertex on R, then RrQ’z (following the edges of ()’
backwards) is the desired walk. If z = w, then @)’ extends S, so if there is no
such walk R then by Definition 5.1.9 S is a path in Z which contradicts that P

is disjoint from ter(U). On the other hand, if z # w, then z ¢ V(W) by choice of
w. Asz € V(U)\ V(W) and z ¢ ter(U), again by Definition 5.1.9 it must be the

case that some (Y \ W)-alternating walk R from ter(Q)) meets ()’ at a vertex past
z. 0

Now let R be the walk provided by the claim, let  be the last vertex of 2Py on
R, and let y' be the vertex immediately preceding y on the path in Y containing
y. Then RrPy(y',y)y is a (Y \ W)-alternating walk from ter(Q)) on which y lies
which contradicts y ¢ V(U). O
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Lemma 5.1.12 (in ACAZ,; see [2] Lemma 2.8). Let W be a wave in a web G =
(G, A, B) that has no bad extensions in G. Let x € V(G)\ V(W) be such that there is a
waveY > Win G\ {z} = (G\ {z}, A\ {z}, B\ {z}) with essc\ (o1 (V) C essq(W).
Then there is a wave Z > W in G with x € ter(Z).

Proof. Let G = (G, A,B), W = {P, |a € A}, z,and Y = {Q, | a € A} be as in
the statement of the lemma. Let ag € essg(W) \ essg\ (3 (Y). If we replace @,
with P,, in Y, then we retain that this path is not Y-essential in G\ {z}. Thus we
may assume (),, = F,,. In particular, @, is a finite path that is not Y -essential

in G\ {z}.
Claim. In G, there is an alternating (Y \ W)-walk from ter(Q,,) ending at x.

Proof of claim. If there is a ter((Q),,)-= path disjoint from V(Y') \ {ter(Q,,)}, then
this path is the desired walk. So suppose instead there is no such path. Let U =
altey (23 (Y \ W, ter(Qq,)). U isawave in G'\ {z} by Lemma 5.1.11. Furthermore,
ag ¢ essq\(23(Y) implies that ag ¢ essg (21 (U) because if P is a ter(Q,, )-B pathin
G\ {z}, then the first vertex on P in V(Y \ {ter(Qq,)} is alsoin V(U). We prove
that U is not a wave in G. To do this, it suffices to show that every ter(Q,,)-B
path in G intersects V' (U) \ {ter(Q,, ) }. Therefore if U were a wave in G, it would

be a bad extension of W in G because ay would be in essg (V) \ essg(U). This
is a contradiction. Consider a ter(Q,,)-B path P. If z ¢ V(P), then P is a path

in G'\ {z} and hence P intersects V' (U) \ {ter(Q,,)} because ag ¢ essc(o}(U). If
x € V(P), then by assumption Pz intersects V' (Y) \ {ter(Qq,)}. Again, the first
vertex on Pin V(Y) \ {ter(Q,,)} is alsoin V(U).

We now know that U is a wave in G\ {2} but not in G. Thus there is an
A-B path S in G avoiding ter(U), and x must lie on S. Let z be the last vertex

of Sz that is in V(U). It must be that z € (V(U) \ V(W)) U ter(W)) \ ter(U).
Hence there must be an alternating (Y \ W)-walk R from ter(Q),,) to z. Lety
be the last vertex of Sz which lies on R. Then RyPx is the desired alternating
(Y \ W)-walk from ter(Q,,) to x. O

By the claim, let R be an alternating (Y \ W)-walk from ter(Q,,) ending at
z. Apply Lemma 5.1.10 to get a warp Z > W in G with ter(Z) = (ter(Y) \

{ter(Quo)})U{z}. Zis a wave because ter(Y) \ {ter(Qy,)} isan (A\{z})-(B\{z})
separator in G\ {z}, thus (ter(Y)\ {ter(Qq,)})U{x} is an A-B separatorin G. [

5.2 Menger’s theorem in I1{—CA,

We plan to prove Menger’s theorem as follows. Givenaweb G = (G, A, B), start
with W a <-maximal wave in G. Let C be the terminal vertices of the paths in W
that are I¥-essential. Then extend these W-essential paths to be the collection
of disjoint A-B paths M. Lemma 5.2.1 provides the <-maximal wave W, and
Lemma 5.2.2 is the tool we use to extend the ¥-essential paths to a collection of
disjoint A-B paths. The proof of Lemma 5.2.1 is the only argument in which we
employ the full strength of IT;-CA,.

84



Lemma 5.2.1 (in II} -CA; see [2] Corollary 2.5a). In every web there is a <-maximal
wave.

Proof. Let G = (G, A, B) be a web, let (g, | n € N) be an enumeration of V(G),
and by Theorem 1.6.3 let M be a countable coded S-model with (G, A, B) € M.
Using ACA, outside M, we construct a sequence of integers (i, | n € N) such
that (M);, is a wave for each n € N and (M);, < (M);,,, for each n € N. Let
ip be an index such that (M);, is the trivial wave {(a) | a € A}. Suppose we
have ig, ..., i,. If there is an ¢ € N such that (M), is a wave with (M); > (M);,
and g, € V((M),), then let i,,,1 be such an i. Otherwise let i,,,1 = i,,. With the
desired sequence (i, | n € N) in hand, let W be the limit W = J,,.(M);,, which
is a wave by Lemma 5.1.7. This W is <-maximal in (G, A, B). If not, there is a
wave Y > W with some g, € V(Y) \ V(IV). As (M);, <W <Y, atstagen + 1
in the construction the 3{ formula (3Y)(Y isawaveAY > (M); Ag, € V(Y))

is true and hence is true in M because M is a f-model. Therefore we chose i,,,,
so that g, € V((M),,.,), contradicting g, ¢ V(). O]

In [2] and [21], Lemma 5.2.1 is obtained by a simple application of Zorn's
lemma. Our proof above is the most effective proof possible, in the sense that
Lemma 5.2.1 is equivalent to [T} -CAj over RCA, (see Corollary 5.3.3).

The following Lemma 5.2.2 is the key tool used to complete the proof of
Menger’s theorem. We first give a proof of Lemma 5.2.2 in the style of ordi-
nary mathematics for the sake of clarity. We then explain how to formalize
Lemma 5.2.2 in a way that will allow us to complete the proof of Menger’s the-
orem in I1}-CA,.

Lemma 5.2.2 (see [2] Theorem 3.4). Let W be a wave in G = (G, A, B) that has no
bad extensions in G, let a € essq(W), and let P, be the component path of W starting at
a. Then there is a finite a-B tree T with trunk P, such that V(T)N(V(W)\V(P,)) = 0,
and there is a wave Y in G \ T such that Y > W \ P,, essq\r(Y) = essq(W) \ {a},
and Y has no bad extensions in G \ T.

Proof. We assume that the conclusion of the lemma is false and construct a bad
extension of W in (G, which is a contradiction.

Let (Q, | n € N) list all the ter(P,)-B paths with each path occurring on the
list infinitely often. We construct sequences (7;, | n € N) and (Y,, | n € N) such
that for eachn € N

(i) T, is a finite tree in G with trunk P,
(i) Y, isawavein G\ T,
(iii) T,,_1 C T, (if n > 0),
(iv) Y1 <Y, (if n > 0),

(v) esse\1, (V) = essq(W) \ {a}, and
(vi) Y, has no bad extensions in G \ T,.
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Start with Ty = P, and Yy, = W \ F,. Items (i), (ii), and (v) are easily checked
for n = 0. Furthermore, if Y were a bad extension of Y in G \ Tj, then Y U { P, }
would be a bad extension of W in G. Hence we have item (vi) for n = 0 as well.

Suppose we have constructed 7,, and Y,,. If V(Q,,) NV (Y,,) # bor T = T,,UQ,
is not a tree with trunk P,, set 7,,.; = T,, and Y,,,; = Y,,. Otherwise V(Q,) N
V(Y,) =0and T =T, U Q, is a tree with trunk P,. The situation now is that

e T is a finite a-B tree with trunk P, such that V(T) N (V(W)\ V(R,)) = 0
and

e YV, isawavein G\ T such thatY, > W\ P,.

We are assuming that the lemma is false, so either essq\r(Y5,) € essq(W)\ {a} or
Y, has a bad extension in G'\ 7'. Both cases imply the existence of a wave Y > Y,
in G\ T with essq\r(Y) C essq(W) \ {a} = esse\7, (V) (Where the equality is by
item (v)). Let x be the first vertex on (), such that there exists a wave Y > Y, in
G\ (T, UQy,x) with essc\ (1,u0,2)(Y) € essa\1, (Ya) (note x # ter(F,) by item (vi)).
Let 7,41 = T, U Q,z. By the choice of z, Y,, has no bad extensions in G \ T},41,
but there is an extension Y > Y, in (G \ T,41) \ {x} with essi\7,, 0\ 23(Y) €
eSS\ 7,1 (Yn). Thus by Lemma 5.1.12 there is a wave Y,,;; > Y, in G \ T},;; with
x € ter(Yy,41). With this 7,11 and Y,,, 4, items (i)—(iv) are clear for n+1. Item (v) is
by the choice of z, which implies that essg\7,,,, (Yat1) = essevr, (Ya) = essa(W) \
{a}. Item (vi) is again by the choice of = because a bad extension Y > Y,,.; in
G\ T,41wouldbeaY >V, in G\ T,y withessenp, ., (Y) € essevg, (Yn)-

Let T = (J,en Th, and let Y = |, .y Yn- By construction, V(Y,) N V(T;,) = 0
for all n,m € N, which means that each Y,, is a wave in G \ T. Therefore Y
is a wave in G \ T' by Lemma 5.1.7. It remains to show that ter(Y') is an A-B
separator in G. Our desired contradiction follows because then Y U { P, } would
be a bad extension of W in G because a € essg(W) \ essg(Y U{P,}).

Let P be an A-B path in G. It suffices to show that there is a final segment S
of P that lies in G \ T and intersects V (Y'). This is because if x is the last vertex
of S'in V(Y) and ( is the component path of ¥ containing z, then QS is an
A-B path in G \ T which means that xS (and hence P) must intersect ter(Y").
Thus let = be the last vertex of P on T’ (if there is no such z, then P is a path
in G\ T and thus intersects ter(Y')), let n be such that z € T, and let m > n
be such that @, = ter(P,)T,xP. Consider stage m + 1 of the construction. If
V(Qm)NV(Yy) # 0, then it must be that 2P intersects Y;,, and hence intersects Y’
as desired. Otherwise V(Q,,) NV (Y,,) = 0 and T}, U Q,, is a tree with trunk P,.
Thus we choose Y, ;1 to contain a vertex of P, so Y intersects P as desired. [

Lemma 5.2.3 (in ACAq). If M is a countable coded w-model of ¥1-DCq, then
Lemma 5.2.2 holds in M.

Proof. Consider the formula ¢(G,Y, P, x) which says there exists a number z
such that

(i) z codes a finite subset of V' (P),
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(ii)
Vy(YY'(Y'is awave > Y in G\ Py — essgp,(Y') = essa(Y)) 2y € 2),

(iif)
Vs(s codes a finite set
AVy(3Y'(Y'isawave > Y in G\ Py Aessg (V') S essa(Y)) =y € )
—V(P)\zCs), and

(iv) z is the first vertex on P not in z.

Claim. In M, suppose that G = (G, A, B) is a web, Y is a wave in G, and P is a finite
path in G disjoint from V (Y') such that Y has no bad extensions in G but there exists a
waveY' >Y in G\ P with essq\p(Y') C essg(Y). Then M = o(G,Y, P, x) if and
only if, in M, x is the first vertex on P such that there exists a wave Y' > Y in G \ Px
with essg\p.(Y') C essg(Y).

Proof of claim. For the forward direction, using ACA, outside M, let

Z ={y € V(P) |essq\5;(Y') = essa(Y)
for all waves Y’ > Y in G\ Py that are in M}.

Let z be a number coding Z and let s be a number coding V(P)\ Z. In M, z and
s code the same sets that they do outside of M, and M interprets that

z codes {y € V(P) | ess\p;(Y') = essg(Y) for all waves Y’ > Y in G\ Py} and
s codes {y € V(P) | essqy5,(Y") S essa(Y') for some wave Y’ > Y in G\ Py}.

Hence in M, this z is the only z which satisfies items (i)—(iii). Thusif ¢(G,Y, P, z)
holds in M, = must be the first vertex on P not in z for this z. Thus z must be
the first vertex on P such that, in M, there exists a wave Y’ > Y in G \ Pz with
essa\pz(Y') C essq(Y).

For the converse, by using ACA, outside of M, let x be the first vertex on P
such that, in M, there existsawave Y’ > Y in G\ Pz with essg\ po(Y’) C essq(Y).
Let 2 be a number coding V (Px). In M, z also codes V (Pz), and this z witnesses
M E p(G,Y, P, x). O

The reason for the somewhat convoluted definition of ¢ is that prenexing this
¢ yields a ¥ formula.

Suppose for a contradiction that Lemma 5.2.2 is false in M and, in M, let
W, G = (G, A, B), and P, be a counterexample to Lemma 5.2.2. We use ¥{-DCy
in M to run the construction from Lemma 5.2.2. This produces in M a bad
extension of W in GG, which is a contradiction.

We apply X1-DCy to the formula n(n, X, Y") below. Our n has fixed parameters
G, W, P, and (@, | n € N) (a list of all ter(P,)-B paths with each occurring
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infinitely often). We think of a set Y C N as coding a pair Y = (tY, wY’) where
wY is a wave in G \ tY. Formally, tY = (Y), and wY = (Y);. Our formula
n(n, X,Y) says that if ¢(X),_; is the tree and w(X),,_; is the wave constructed at
stage n — 1 in Lemma 5.2.2, then tY is the tree and wY is the wave constructed
at stage n in Lemma 5.2.2. Formally, 7(n, X,Y’) says the following.

o Ifn=0,thentY = P,and wY = W\ P,.

o If n > 0, if ¢(X),_ is a finite tree with trunk P, such that V(¢(X),—1) N
(VOW)\ V(P,)) = 0, if w(X),.y > W\ P, is awave in G \ #(X),_, if

eSS\H(X)n_1 (W(X)p—1) = essg(W) \ {a}, and if w(X),_; has no bad exten-
sions in G \ ¢(X),_1, then
- if V(Qu-1) N V(w(X)p_1) # 0 orif ¢(X),—1 U@Q,_1 is not a tree, then
tY =t(X),_1 and wY = w(X),_1, and
- V(Qu_1) NV (w(X),—1) =0 and if ¢(X),—1 UQ,_1 is a tree, then there

is an x such that tY = #(X), 1 UQ, 1z, wY isa wave in G \ tY, x €
ter(wY), wY > w(X),—1, and o(G \ t(X)p—1, W(X)n-1, Qn_1, ).

Prenexing 7 yields a ¥ formula. To see this, observe that all the subformulas
of n are arithmetic, with the exception of “w(X),_; has no bad extensions in
G\ t(X)n-1,” which is II{ and appears in the antecedent of 7, and ¢, which is ¥}
and appears in the consequent of 7.

We show that M = VnVX3Yn(n, X,Y). The interesting case is when n > 0
and X € M is such that, in M,

e {(X),_1 is a finite tree in G with trunk P, such that V(¢(X),_;) N (V(W) \
V(F.)) =0,

w(X)p1 > W\ Pyisawavein G\ t(X),_1,

esSc\t(X),1 (W(X)n—1) = essa(W) \ {a},

w(X),_1 has no bad extensions in G \ ¢(X),,_1,

V(Qn-1) NV (w(X),—1) =0, and

t(X)n_1 UQ@Qp_1 is a tree in G with trunk F,.

By applying ACA, outside M, let x be the first vertex on @),_; such that,
in M, there is a wave Z > w(X),; in G \ (t(X),-1 U Q,_1z) with
eSS\ (H(X ) 1UQn12)(Z) S essai(x),_, (W(X)n—1). Such an z exists by the assump-
tion that G, W, and F, are a counterexample to Lemma 5.2.2 in M. By the
claim, (G \ t¢(X)n—1,w(X)n-1,Qn-1,z) holds in M. As M |= ACA,, apply
Lemma 5.1.12 inside M to getawave Z > w(X),_1in G\ (¢(X),—1UQ,_17) with
z € ter(Z). SettY = t(X),—1 UQp_1z and wY = Z to geta Y € M witnessing
Y n(n, X,Y).

Now apply ¥{-DCy inside M to conclude that M = 32Vnn(n, (Z2)",(Z),),
and let Z € M be such a Z. By induction (on an arithmetic formula) outside M,
verify that, foralln € N,
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o %(Z)n is a finite tree in G with trunk P, such that V (¢(2),,)N(V(W)\V (F,)) =

o w(Z), > W\ P,isawavein G\ t(2),,

o t(Z)n1 Ct(Z), (ifn>0),

o wW(Z),—1 <w(Z), (ifn >0),

o essa\y(2), (W(Z)n) = essa(W) \ {ao},

e w(Z), has no bad extensions in G \ t(Z),,

and additionally that if V(Q,) N V(w(Z),) = 0 and ¢(Z),, U @, is a finite tree
in G with trunk P,, then ter(w(Z),;1) contains a vertex of @,. Inside M, let
T=U,nt(Z2)nand Y = |, cy w(Z)n. Just as in the proof of Lemma 5.2.2, Y is a
wave in G \ T and ter(Y') is an A-B separator in G. Thus Y U {P,} € M is the
desired bad extension of W in G, which gives the contradiction. O

Theorem 5.2.4. Menger's theorem for countable webs is provable in 11} -CA,.

Proof. Let G = (G, A, B) be a countable web. By Lemma 5.2.1, let W = {P, | a €
A} be a <-maximal wave in G. Let C' = {ter(P,) | a € essq(W)}. We extend the
pathsin {P, | a € essg(W)} to be a collection of disjoint A-B paths M. M and C
then witness Menger’s theorem for G.

By Theorem 1.6.4, let M be a countable coded w-model of ¥1-DCy con-
taining G and W. By Lemma 5.2.3, Lemma 5.2.2 holds in M. Also, M |=
“W is a <-maximal wave”, therefore M = “WW has no bad extensions in G” be-
cause W has no proper extensions in G whatsoever. Let (a,, | n € N) enumerate
essq(W). Outside M, we construct sequences (X,, | n € N), (Y,, | n € N), and
(Qn | n € N) such that, foralln € N,

e X, e M, Y, e M,and Q, € M,

e X, CV(G)isafiniteset, X, N A ={a; |i <n},and X,, C X1,

e Y, isawavein G\ X, suchthaty, > W\U,,
in G\ X,,, and essc\x,, (Yn) = {a; | i > n}, and

e (), is an A-B path extending F, .

P,,, Y, has no bad extensions

To get started, by Lemma 5.2.3 let " € M be a finite ay-B tree in G with trunk
P,, such that V(T)n (V(W)\ V(P,,)) = 0, and let Y, € M beawavein G\ T
such that Yy > W'\ F,, essq\r(Yo) = {a; | i > 0}, and ¥ has no bad extensions
in G\ T. Let Xy =T, and let (), be the ay-B path in 7. Suppose we have X,,, Y,
and @,,. Let P;nH be the path in Y,, starting at a,,1;, and note that Pénﬂ extends
P By Lemma 5.2.3, let 7' € M be a finite a,,+1-B tree in G \ X,, with trunk

an+41°

P, . such that V(T) N (V(Y,) \ V(F, . ) = 0,and let Y,,,; € M be a wave in
G\ (X,UT)suchthatV,,; > Y, \ P esse\ (xour)(Yog1) = {a; | i > n + 1},
and Y,,; 1 has no bad extensions in G\ (X,,UT). Let X,,.; = X,,UT and let Q,,1;
be the a,,+1-B path in T'. In the end, the collection M = {@,, | n € N} consists of
disjoint A-B paths in G, and C = {ter(P,) | a € essq(WV)} is an A-B separator
containing exactly one vertex from each path in M. O
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5.3 Extended Menger’s theorem

Although Menger’s theorem for countable webs cannot be equivalent to I} -C2,
over RCA as discussed in the introduction, the proof given in Theorem 5.2.4 is
equivalent to II}-CA, in the sense that it proves a stronger statement, called
extended Menger’s theorem, that is equivalent to I1;-CA, over RCA. This addi-
tional strength comes from our application of Lemma 5.2.1.

Extended Menger’s Theorem. Let (G, A, B) be a countable web. Then there is a
set of disjoint A-B paths M and an A-B separator C' such that C' consists of exactly
one vertex from each path in M. Furthermore, C is the set of terminal vertices of the
essential paths in a <-maximal wave.

Let G be a graph. For z € V(G), N(z) = {y € V(G) | (z,y) € E(G)} denotes
the set of neighbors of z. For X C V(G), D(X) = {y € V(G) | N(y) € X} denotes
the demand of X . In the proof of Kénig’s duality theorem for countable bipartite
graphs in [4], the following lemma plays the role that Lemma 5.2.1 plays in the
proof of Menger’s theorem for countable webs given in Theorem 5.2.4.

Lemma 5.3.1 ([4] Lemma 3.2). Let (X, Y, E) be a countable bipartite graph. Then
there is a C-maximum Yy C 'Y for which there is a matching of Yy into D(Yy).

The application of Lemma 5.3.1 yields a stronger form of Koénig’'s duality
theorem, called extended Konig’s duality theorem.

Extended Konig’s Duality Theorem. Let (X, Y, E) be a countable bipartite graph.
Then there is a matching M and a cover C' such that C consists of exactly one vertex
from each edge in E. Furthermore, for every y € Y, y € C if and only if there is a
Yo C Y containing y and a matching of Yy into D(Yy).

Extended Konig’s duality theorem is equivalent to I1{-CA, over RCA, by
[4] Theorem 4.18. In fact, Lemma 5.3.1 itself is equivalent to II;—CA, over RCA,
by [4] Corollary 4.20. In contrast, recall from the introduction that Koénig’s du-
ality theorem is equivalent to ATR, over RCA,. We show that the existence of a
<-maximal wave, that is, Lemma 5.2.1, implies Lemma 5.3.1 over RC2. It fol-
lows that both Lemma 5.2.1 and extended Menger’s theorem are equivalent to
[1;-CAq over RCA,.

Lemma 5.3.2. Lemma 5.2.1 implies Lemma 5.3.1 over RCA.

Proof. We prove the lemma in two steps. First, we prove that Lemma 5.2.1 im-
plies ACA, over RCA,. Second, we prove that Lemma 5.2.1 implies Lemma 5.3.1
over ACA,.

First work in RC2,. We use the fact that ACA is equivalent to the statement
“for every injection f: N— Nthereisa Z C Nsuch thatVn(n € Z < 3Im(f(m) =
n))” (see [67] Lemma III.1.3). So let f: N— N be an injection. Let (X,Y, E) be
the bipartite graph with sides X = {z,, | »n € N} and Y = {y, | n € N} and
edges £ = {(zm,yn) | f(m) = n}. Let G be the web G = ((X,Y,E), X,Y), and
by Lemma 5.2.1 let W be a <-maximal wave in G. Let Z = {n | y, € V(W)}.
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We show that Vn(n € Z <« 3Im(f(m) = n)). If f(m) = n, then (z,,,y,) is the
only edge incident to either z,, or y,, because f is an injection. Thus the path in
W starting at z,, is either the trivial path (z,,) or the path (z,,,y,). If the path
is (z,,), then the path could be extended to (z.,,y,), giving a proper extension
of the wave W and contradicting maximality. Thus the path is (z,,, y,), hence
y, € V(W) and n € Z. Conversely, if n € Z, then y,, € V(W) so (z,, y,,) must be
an edge for some m € N. This can only happen if f(m) = n.

Now work in ACAq. Let (X,Y,E) be a countable bipartite graph. By
Lemma 5.2.1, let W be a <-maximal wave in the web G = ((X,Y,FE), X,Y).
Let Yy = Y Nter(W). We show that Y witnesses Lemma 5.3.1 for (X, Y, E). Let
M be the matching consisting of the paths in W of length 1. If y € Y}, then by
choice of Y and M there is an x € X such that (z,y) in M. If x ¢ D(Y}), then
thereisay € Y \ Yj such that (z,y’) € E. Clearly y' ¢ ter(W), and = ¢ ter(WV)
as well because (z,y) is a path in W. Thus (z,) is an X-Y path in G avoiding
ter(W), contradicting that 1/ is a wave. Therefore M is a matching of Y, into
D(Yy).

To see that Y{ is C-maximum, suppose for a contradiction that thereisa Y’ C
Y and a matching M’ of Y’ into D(Y”) such that Y’ € Y;. Let W’ be the subgraph
of (X,Y, E) with vertices V(W)UY’ and edges E(W)U{(z,y) e M’ |y ¢ Yo}. W
is a proper subgraph of W/, so if we can show that I/’ is a wave, then we have
that W < W', contradicting the maximality of W. Consider an edge (z,y) € M’
with y ¢ Y. It must be that x € ter(W) because otherwise (z,y) would be
an X-Y path in G avoiding ter(W). It follows that 1’ is a warp. To see that
ter(W’) is an X-Y separator, consider an edge (z,y) € E. We know ter(V)
is an X-Y separator, so either x € ter(W) or y € ter(W). If y € ter(W) then
y € ter(W’), so assume z € ter(W). If x ¢ ter(W’), then there must have been
an edge (z,y') € M’ for some y' € Y’ \ Y. By assumption, M’ is a matching
from Y’ into D(Y’), so z € D(Y’) because M’ matches 3’ and x. Therefore y € Y’
because z € D(Y’) and (z,y) is an edge. Clearly Y’ C ter(W’), so y € ter(W’) as
desired. O

Corollary 5.3.3. Lemma 5.2.1 is equivalent to II}—CAy over RCA,.

Proof. The given proof of Lemma 5.2.1 is in I3-CA;. By Lemma 5.3.2,
Lemma 5.2.1 implies Lemma 5.3.1 over RCA. By [4] Corollary 4.20, Lemma 5.3.1
is equivalent to I} —CA, over RCA,. O

Corollary 5.3.4. Extended Menger’s theorem is equivalent to TI;—CAq over RCA,.
Proof. Theorem 5.2.4 proves extended Menger’s theorem in II{-CA,. Extended

Menger’s theorem asserts the existence of a <-maximal wave, which is equiva-
lent to II}-CA( over RCA, by Corollary 5.3.3. O
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CHAPTER 6
PARTIAL ANALYSES OF BIRKHOFF'S THEOREM AND OF
UNFRIENDLY PARTITIONS

In this chapter, we present a few partial results concerning the reverse math-
ematics of Birkhoff’s theorem and of unfriendly partitions.

6.1 Countable Birkhoff’s theorem in WKL,

Three classic theorems in finite matching theory are Hall’s theorem, Konig’s du-
ality theorem, and Birkhoft’s theorem. The reverse mathematics of Konig’s du-
ality theorem was begun in [4] and was completed in [63]. The theorem is that
Konig’s duality theorem (for countable graphs) is equivalent to ATR, over RCA,.
The reverse mathematics of Menger’s theorem, a generalization of Kénig’s du-
ality theorem, was analyzed in the previous chapter.

If Gisagraphand S C V(G),let N(S) ={y € V(G) | (3s € ) ((z,y) € E)}
denote the neighbors of S. A bipartite graph (X, Y, E) satisfies Hall’s condition
if and only if, for all finite S C X, |S| < |[N(S)|. A bipartite graph (X,Y, E)
satisties symmetric Hall’s condition if and only if, for all finite S C X and all finite
S CY,|S| <|N(S)|. The classical versions of Hall’s theorem are the following.

Finite Hall’s Theorem. In every finite bipartite graph (X, Y, E), there is a complete
matching of X into Y (i.e., a matching in which every vertex of X is matched) if and
only if (X,Y, E) satisfies Hall’s condition.

Finite Symmetric Hall’s Theorem. In every finite bipartite graph (X,Y, E), there is
a perfect matching if and only if (XY, E) satisfies symmetric Hall’s condition.

Call a graph locally finite if every vertex is has finitely many neighbors. By
easy compactness arguments, a locally finite bipartite graph (X, Y, E) has a com-
plete matching of X into Y if and only if it satisfies Hall’s condition, and a locally
finite bipartite graph has a perfect matching if and only if it satisfies symmetric
Hall’s condition.

Hirst analyzed the reverse mathematics of Hall’s theorem for countable lo-
cally finite graphs in [27]. For reference, we summarize Hirst’s results in the
following theorems.

Theorem 6.1.1 ([27] Theorem 2.2 and [27] Theorem 3.1). The following are equiv-
alent over RCA.

(i) ACA,.

(i) Every countable locally finite bipartite graph (X, Y, E) satisfying Hall’s condition
has a complete matching of X into Y.

(iii) Every countable locally finite bipartite graph satisfying symmetric Hall’s condition
has a perfect matching.

Call a countable graph (with V(G) = N) bounded if there is a function
f: N— N such that VaVy((z,y) € E(G)—y < f(x)). Thatis, f(z) is a bound
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on the neighbors of z. Of course a countable graph is locally finite if and only if
itis bounded, but it takes ACA to prove this. In WKL,, Hall’s theorem is provable
for bounded graphs, but locally finite graphs are not in general bounded. For
k € N, call a graph k-regqular if and only if every vertex has exactly k£ neighbors.
Under RCA, a countable k-regular graph is bounded.

Theorem 6.1.2 ([27] Theorem 2.3 and [27] Theorem 3.3). The following are equiv-
alent over RCA,.

(i) WKLg.
(ii) Every countable bounded bipartite graph (X, Y, E) satisfying Hall’s condition has
a complete matching of X into Y.

(iii) Every countable bounded bipartite graph satisfying symmetric Hall’s condition
has a perfect matching.

(iv) For every k > 1, every countable k-regular bipartite graph has a perfect matching.
(v) Every countable 2-reqular bipartite graph has a perfect matching.

We make use of the implication (v) = (i), and we now provide a proof that is
simpler than the original proof in [27].

Proof of Theorem 6.1.2 (v) = (i). By [67] Lemma IV.4.4, it suffices to show that if
f,9: N—N are injections such that VmVvn(f(m) # g¢g(n)) then 32Vm(f(m) €
ZNg(m) ¢ Z). Thus let f and g be injections such that VmVn(f(m) # g(n)).
We build a 2-regular bipartite graph G = (X, Y, E) such that any matching in G
determines a set Z such that Vm(f(m) € ZAg(m) ¢ Z). Let

X ={z,|neNtu{al,|nieNAj<4}
Y:{yn\nEN}U{ygvo,yfho\nEN}U{yi’i]nEN/\izl/\j<4}
E={(zn,ypo) | n € N} U{(2n,y0) | n € N}

U{(zn0:9n) | n € N}U{(a7,0,90) | n € N}

UA{(@n00 Y1) | 105 € N} U {(27,, Yn i) | 200 € N}
UA(anyni) | F() #nAg(@) #ny U{(an,,yn,) | F(1) #nAg(i) #n}
{(xil,ym) IneNAT>1}U{(x 7”,ym) |neNAi>1}
U@ Ynicd) | F(0) #nAg(i) #ny U{(zp Yn 1) | F2) #nAg(i) # n}
U5 una) | F(1) = n} U{(an0m,) | F(3) = n}

U (23 Un) | 9(0) = n} U{(a5.9n) | 9(i) = n}

U {(xgwyi,wl) | f(i) =nVg(i) =n} U{(z n,iqu?;,i—l-l) | f(i) =nVg(i) =n}

Clearly G is bipartite. To see that G is 2-regular, we check that every vertex has
exactly two neighbors.

e 1, is adjacent to y,, ;, and ¥, ,, and y, is adjacent to z, ; and z7 .
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e 1) ;is adjacent to y)) , |, and it is adjacent to ;) ; (if f(i) # n A g(i) # n) or to
yfmﬂ (otherwise).

e z, ; is adjacent to ;. ;,,, and it is adjacent to y,, ; (if f(i) # n A g(i) # n) or to
Y3 111 (otherwise).
e 12, is adjacent to y, (if i = 0) or 32 ; (if 7 > 1), and it is adjacent to y7 ., (if
£) #n Agli) #n) or y, ; (if f(i) = n) or y,; (if g(i) = n).
e 1), is adjacent to y, (if i = 0) or 3 ; (if 7 > 1), and it is adjacent to v ,,, (if
f@) # nAg(i) # n)ory,; (if f(i) = n) oryy ; (if g(i) = n).
e y, ;is adjacent to z,, (if i = 0) or z}, ; | (if i > 1), and it is adjacent to zJ) ; (if
Fi) # nAg(i) #n)or a2, (if (i) =n) or a3, (if g(i) = n).
e 4, is adjacent to x,, (if i = 0) or z,;_, (if i > 1), and it is adjacent to z,, ; (if
F(i) # nAg(i) #n)or a3, (if (i) =n) or 22, (if g(i) = n).
) ym is adjacent to 2?2 and it is adjacent to 27, _, (if f(i) # nAg(i) # n) or
), (otherwise).

n,t/

o Z/n ; is adjacent to 23
z,,;_, (otherwise).

and it is adjacent to z} ;_, (if f(i) # nAg(i) # n) or

n,t/

Thus G is a 2-regular bipartite graph. Let M be a perfect matching, and by
AY comprehension, let

Z ={n| ((xn»yg,o) € M A(x nann) € M) \/((xn,yi,o) € M Az nann> € M)}

Suppose f(m) = n. Exactly one of (z,,,y) o) and (z,,y,, o) is in M. If (2,5 )
is in M, then so are (z; ;,y,.,) for 0 < i < m, (22 592 ,) for 0 < i < m, and
(220 Yn)- If (2,4 o) is in M, then so are (z,, ;, y,, ;1) for 0 < i <m, (z} ;, 5 ;) for

0 < i < m,and (z,,yn). Hence ((zn,yn,) € M A3 0, 4n) € M)V((n, yno) €
M Az o, yn) € M), thusn € Z.

Conversely, suppose g(m) = n. Exactly one of (z,,,y) o) and (2,4, () is in M.
If (x,, yn 90)isin M, thenso are () ;, 49 ;,,) for 0 § i <m, (x3;,y5;) for0 <i <m,
and (z} o, yn). If (2, y,, o) isin M, then so are (» Ty iy Y i) for0 <i <m, (22 ;,92,)
for0 < i <m,and (x no,yn) Hence ((zn,9p0) € M A3 o, yn) € M)V (20, yp o) €

M A2 o, yn) € M), thusn ¢ Z.
Thus Vm(f(m) € ZANg(m) ¢ Z) as desired. O

We are now ready to discuss Birkhoff’s theorem. For n € N, an n x n matrix of
non-negative reals is called doubly stochastic if every row sums to one and every
column sums to one. A permutation matrix is a matrix whose entries are either 0
or 1 and such that every row and every column contains exactly one 1. A linear
combination A\oFy + A\ Py + - - - + A\, P, of permutation matrices %, Py, ..., P, is
convex if and only if \; > O foreach0 <¢<nand Ao+ A\ +---+ A, = 1.
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Finite Birkhoff’s Theorem. Every n x n doubly stochastic matrix is a convex linear
combination of n x n permutation matrices.

Birkhoff asked in problem 111 of [12] for an N x N version of this theorem.
The solution we consider was provided by Isbell in [29]. Isbell makes the fol-
lowing definitions.

Definition 6.1.3. For an N x N matrix A4, let

41 = o sup 3 1A ) sup 314001 ).

jeN JEN ien

Definition 6.1.4. A doubly stochastic N x N matrix A satisfies () if and only if
for every e > 0 there is an n such that, in any row or column, the sum of the n
largest entries is > 1 — e.

Isbell’s solution to Birkhoff’s problem 111, what we call countable Birkhoff’s
theorem, is the following.

Countable Birkhoff’s Theorem ([29] Theorem 3). If A is an N x N doubly stochas-
tic matrix satisfying (x), then for every e > 0 there is a convex linear combination of
N x N permutation matrices B such that ||A — B|| <.

Countable Birkhoff’s theorem may be rephrased as follows. In the Banach
space of N x N matrices A with || A finite and norm ||-||, the convex closure of
the set of permutation matrices is the set of doubly stochastic matrices satisfying
().

The main result of this section is a proof of countable Birkhoff’s theorem in
WKLo. In order to give this proof, we first need a version of Theorem 6.1.2 for
bipartite multigraphs. The key to approximating a doubly stochastic matrix
by a convex combination of permutation matrices is the following fact. Any
doubly stochastic matrix consisting of rational entries with a fixed denominator
m is a convex linear combination of permutation matrices. In the language of
matchings, this says that every m-regular bipartite multigraph is the union of
m edge-disjoint perfect matchings. We use multigraphs because p/m at entry
(4, j) in the matrix corresponds to p edges (7, j) in the graph. Classically, the fact
is proved by applying Hall’s theorem for regular graphs m times. However,
iterating Hall’s theorem this way is not formalizable in WKL,. Instead, we use a
compactness argument that produces the m matchings simultaneously. To get
started, we need the following finite cases. The arguments are standard and are
formalizable in RCA,,.

Lemma 6.1.5 (in RCA). Let G = (A, B, E) be a finite bipartite multigraph graph
with Ay C Aand By C B such that (VS C Ap)(|S| < |N(S)|) and (VS C Bo)(|S| <
|N(S)|). Then there is a matching (not necessarily perfect) covering Ay U By.

Proof. Induct on (|Ay|, | Byl ). If there are no edges between A, and By, then we
can apply finite Hall’s theorem to A, and B, independently to get a matching of
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Ay into B\ By and a matching of B, into A\ A. The union of these two matchings
is a matching covering AyUB,. This handles the cases where |Ay| = 0 or | By| = 0.

Suppose that |[N(S)| > |S| + 1 for all non-empty S C A, and all non-empty
S C Bjy. We may assume that there are « € A; and b € B, such that (a,b) is an
edge. Let A" = A\ {a}, A) = Ao \ {a}, B’ = B\ {b}, and Bj = By \ {b}. Then
(VS C Ap)(|S] < IN(9)]) and (VS C Bj)(|S] < |N(S)]). By induction, there is a
matching covering Aj U Bj. Adding the edge (a,b) gives a matching covering
Ao U B().

Suppose instead that |[N(S)| = |S]| for some non-empty S C A, (the case
where S C B, is symmetric). Finite Hall’s theorem gives a matching M, of S
into N(S), and this matching is perfect because |N(S)| = |S|. Put A’ = A\ 5,
A =Ap\S,B'=B\N(S),and B = By \ N(S). Let H = (A", B", EN (A" x B")).
We need to show that T| < |NH(T)] for allT C Ajand all T C B). LetT C Al
If [Ny (T)| < [T then [Ne(T'U S)| = [Na(7)] + [Ne($)] < 7T+ 18] = |7 US|,
which is a contradiction because 7 U S C Ay. Let T' C B|. Ny(T) = Ng(T)
because if b € T had a neighbor in S, then b would be in N(.5) and hence not in
T. Since B|, C By, it follows that |T'| < |Ng(T)| = |Ny(T')|. Thus by induction
there is a matching M, in H covering Aj U B(. The matching M; U M, covers
AO U Bo.

The formula ¢((n,m)) on which we induct says “for every finite bipartite
multigraph (4, B, F) and for every Ay, C A and By, C B with [4j] = n and
| By| = m such that (VS C Ay)(|S] < |N(S)|) and (VS C By)(|S| < |N(9)]), there
1s a matching covering A, U B,.” Given a sensible coding of finite multigraphs
G = (A, B, E) over N, bounds on the possible codes for subsets of A, B, and F
can be calculated from the code for GG. Thus the only unbounded quantifier in ¢
is “for every bipartite multigraph,” hence ¢ can be written as a II{ formula. RCA,
proves the II{ induction scheme (see [67] Corollary 11.3.10), so the foregomg
argument is formahzable in RCA.

Lemma 6.1.6 (in RCA). Let G = (A, B, E) be a finite bipartite multigraph with A, C
Aand By C B such that every vertex of AU B has multidegree < m and every vertex of
AoUBy has multidegree = m. Then there are m edge-disjoint matchings (not necessarily
perfect), each covering Ay U By.

Proof. Induct on m. Suppose m = 1. Let S C Ay. The number of edges incident
to S'is | S|, so the number of edges incident to N(5) is > |S|. Hence the average
multidegree of a vertex in N(S) is > |S|/|N(S)|. If [N(S)| < |S], then this aver-
age is > 1, which means some vertex of B has multidegree > 1, a contradiction.
Hence |S| < |[N(95)| for all S C A, and similarly this holds for all S C B,. By
Lemma 6.1.5, there is a matching covering Ay U By.

Now consider the case m + 1. Remove all edges without an endpoint in
AgUBy. If a € A\ Ap has m + 1 edges incident to By, then put a in A,. Similarly,
if b € B\ By has m + 1 edges incident to Ay, then put b in By. In the resulting
multigraph, all vertices of Ay U By have multidegree = m + 1, and all vertices
of (A\ Ap) U (B \ By) have multidegree < m. Let S C Ay. The number of
edges incident to S is (m + 1)|S|, so the number of edges incident to N(.5) is
> (m + 1)|S|. Hence the average multidegree of a vertex in N(S) is > (m +
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D|SI/IN(S)|. If IN(S)| < |S], then this average is > m + 1, which means that
some vertex of B has multidegree > m + 1. Hence |S| < |[N(5)| for all S C A,,
and similarly this holds for all S C B,. By Lemma 6.1.5, there is a matching A/
covering Ay U By. Remove the edges of this matching from the multigraph. In
the resulting multigraph, all vertices of Ay U By have multidegree = m, and all
vertices of AUDB have multidegree < m. By induction there exist m edge-disjoint
matchings, each covering A, U By. Add M to this list and we have m + 1 such
matchings.

As in Lemma 6.1.5, the property on which we induct can be written as a I1{
formula, and hence the foregoing argument is formalizable in RCA,. O

We can now decompose a countable m-regular bipartite multigraph into m
edge-disjoint perfect matchings in WKLy.

Lemma 6.1.7 (in WKL). Let (X,Y, E) be a countable m-reqular bipartite multigraph.
Then (X, Y, E) is the union of m edge-disjoint perfect matchings.

Proof. Assume X and Y are copies of N. We will define a tree T C ((N?)™)<N
ordered by extension. An element of 7" looks like

(o, 7o), (e ey ) )y (2 )y (o2 ™)) )

The idea is that (yl,z}), ..., (y:, 2! ) codes the i" partial matching: for k < n,

k € X is matched to yj, € Y and k € Y is matched to z}, € X. Thus we define T
to be the set of all such sequences with the following properties.

(i) If k <nandi < mthen (k,y.) and (%, k) are edges.

(i) If k,1 < nand i < m then y, = [ if and only if 2 = k (this guarantees that
the i™ partial matching is a matching).

(iii) For each k < n, the number of times each y € Y occurs as some yi. fori < m
is < the multiplicity of the edge (k,y), and the number of times each z € X
occurs as some z}, for i < m is < the multiplicity of the edge (z,k) (this
guarantees that the matchings are disjoint).

One readily proves that 7" is bounded using the fact that (X,Y, F) is m-
regular (hence bounded). Thus to apply weak Konig’s lemma, we need only
to show that for each n € N there is a sequence in 7" of length n. Let A, =
{0,...,n — 1} C X be the first n elements of X and By = {0,...,n — 1} C Y be
the first n elements of Y. Let IV, be the largest neighbor of a vertex in 5, and let
N, be the largest neighbor of a vertex in 4y. Let A = {0,..., N} C X, and let
B ={0,...,N,} C Y. By Lemma 6.1.6, there are m edge-disjoint matchings in
the finite bipartite multigraph (A, B, EN (A x B)), each covering A, U By. Such a
sequence of matchings corresponds to an element of the tree of length n. Apply
weak Konig’s lemma to 7. Any infinite path through 7" gives a decomposition
of (X, Y, F) into m edge-disjoint perfect matchings. O

Lemma 6.1.7 is in fact equivalent to WKL, over RCA,.
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Theorem 6.1.8. The following are equivalent over RCA,.

(i) WKLj.
(ii) Every countable m-regular bipartite multigraph is the union of m edge-disjoint
perfect matchings.

Proof. Lemma 6.1.7 proves (i) = (ii). For (ii) = (i), observe that (ii) implies that
every 2-regular bipartite graph has a perfect matching which implies (i) by The-
orem 6.1.2. n

Theorem 6.1.9. Countable Birkhoff’s theorem is provable in WKLy.

Proof. Let A be an N x N doubly stochastic matrix of reals satisfying (x). Let
€ > 0 be rational. By (x), let n be such that, in any row or column, the sum of the
n largest entries is > 1 — €/4. We first do some pre-processing of A in RCA,. Let
m = (E/%J Define an N x N matrix of rationals C' by letting C(i, j) be the largest

p/m < A(i, 7). Then ||[A — C|| < ¢/2 as follows. Fix a row i, and let S be a set of
n indices such that ), A(i,7) > 1 — ¢/4. Then

> (14G.5) = ClE.)) = DA H) = CENN) + D (1A ) = ClEI)D).

jeN jes jigs
By choice of C, C(i,j) < A(7,7) and |A(i, j)—C(i,7)] < 1/mforalliand j. There-
fore 3 ;1A 5) = C(i,5)]) < n(1/m) < e/4and 3 _;.4(JA(6, ) — C(i,4)]) <
> jes Ali, ) < €/4 (because } ;o A(i,j) > 1 — €/4). Thus > (|A(i,]) —
C(i,7)|) < €/2. Similarly, each of the absolute column sums of A —C'is < ¢/2, so
[A—=Cll < e/2.

Since each entry of C' is of the form p/m, and since C(i,j) < A(s,7) for all ¢
and 7, it follows that each row and column of C' sums to a rational of the form
p/m < 1. Therefore we can recursively define an N x N doubly stochastic matrix

B by alternating adding entries of the form 1/m in each row and column of C.
It must be that every row and column of C' sums to at least 1 — ¢/2 because

|A — C| < ¢/2. Therefore at most ¢/2 is added to each row and column of C' to
get B, hence ||C' — B|| < ¢/2. Thus ||A — B|| < e. We use WKL, to show that B is

a convex linear combination of permutation matrices.

The matrix B is an N x N doubly stochastic matrix in which every entry is of
the form p/m. View B as a bipartite multigraph (X,Y, E) where X = {z; | i €
N}, Y = {y; | i € N}, and E contains p copies of the edge (z;, y;) if B(4, j) = p/m.
(X, Y, E) is m-regular because B is doubly stochastic. By Lemma 6.1.7, let M,,
M, ..., My, be m edge-disjoint perfect matchings such that & = | J,_,,, M. For
each k < m, let P, be the permutation matrix corresponding to M, (i.e., P(i,7) =
1 if and only if (z;,y;) € My). Then B = (1/m)Py + (1/m)P, + --- + (1/m) P,y
as desired. O]

Unfortunately we do not have a reversal of Theorem 6.1.9.

Isbell’s solution to Birkhoff’s problem 111 is not the only one. Solutions by
Kendall [34] and Révész [50], for example, also deserve reverse mathematical
attention.
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6.2 Variations on countable Birkhoff’s theorem

In the phrasing of countable Birkhoff’s theorem above, we are given a doubly
stochastic N x N matrix A satisfying (*) and an € > 0, and we ask for a N x N
matrix B that is a convex linear combination of permutation matrices such that
|A—B|| < e. Instead, we could ask for a sequence of convex linear combinations
of permutation matrices converging to A. That is, we could ask for a sequence
(NP + -+ A% Pt | n € N)suchthat ||[A— (ANjFF +---+An, Pr )| < 1/n
for each n.

Another variation on countable Birkhoff’s theorem is to strengthen (x).

Definition 6.2.1. If A is an N x N doubly stochastic matrix, a function f: N—N
witnesses () for A if and only if, for every n € N, in any row or column the sum
of the h(n) largest entries is > 1 — 1/n.

Theorem 6.2.2. The following statement is provable in WKLy. If A is an N x N doubly
stochastic matrix and h witnesses (x) for A, then there is a sequence ( \gP} + -+ +
v Pr | n€ N) such that ||A — (ANj Py 4 - -+ A, PP )| < 1/n for each n.

Proof. In the proof of Theorem 6.1.9, given ¢ > 0, we found a N x N doubly
stochastic matrix B such that ||[A — B|| < € and every entry of B is a rational
of the form p/m for fixed m. Then, using Lemma 6.1.7, we define from B an
infinite bounded tree 7" such that any infinite path of 7' codes a decomposition
of B into a convex linear combination of permutation matrices.

Now, the function i witnessing (x) for A lets us make the argument from
Theorem 6.1.9 uniformly in 1/n. In RCA; we can find a sequence (B, | n € N)
of N x N doubly stochastic matrices such that every entry of B, is a rational of
the form p/m,, and ||A — B, || < 1/n for each n. From the sequence ( B,, | n € N),
produce a sequence of infinite bounded trees (7, | n € N) such that every
infinite path of 7,, codes a decomposition of B,, into a convex linear combination
of permutation matrices. Then code the sequence of trees (7, | n € N) into a
single infinite bounded tree 7™

(Vo € N)(o € T(V(i,j) <o) (@((i,0))o((i,1))---o((i,5)) € Tr)).

Any infinite path through 7" codes infinite paths through every 7, and hence
codes a sequence (AP} +---+ AL, P! | n € N)suchthat ||[A — (MNP +--- +
ArPr || < 1/n for each n. O

mn™ Mn

Unfortunately we do not have a reversal of Theorem 6.2.2.

If Ais an N x N doubly stochastic matrix satisfying (x), then finding an &
witnessing () for A requires ACA,.

Lemma 6.2.3. The following are equivalent over RCA,.

(i) ACA,.

(i) If A is an N x N doubly stochastic matrix satisfying (x), then there is an h wit-
nessing (x) for A.
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Proof. (i) = (ii): Let A be an N x N doubly stochastic matrix satisfying (). In
ACAy, we may define a function f by

f({n,i)) = the least m such that, for all j <,
there are m entries in row j that sum to > 1 — 1/n, and
there are m entries in column j thatsumto > 1 — 1/n.

For each n, lim; f((n,7)) exists because A satisfies (). Again in ACA,, define
h(n) = lim; f((n,i)).
(ii) = (i): By [67] Lemma III.1.3, it suffices to show that if f: N— N is an

injection, then there is a Z C N such that Vn(n € Z <« 3Im(f(m) = n)). Let
f: N— Nbe an injection. Define a N x N block diagonal matrix

Co
Cy
A= Ch

as follows. Each C,,, will be a finite doubly stochastic matrix, which means that
A will be doubly stochastic. If f(m) = n, then C,,, will witness h(n) > m. Define
the matrix C,, as follows. Suppose f(m) = n. Let N = max(m, n). Then let

a e Ay bl [P bgm Ccy . e Cﬂm
an'fl 1— (p—1
b1 11— bl
Cn = :
be,, 1 —by,
a1 11—
CZ.;,L 1-— Cg;n
where
® (1 = Qg = 1/4,
el —(a1+-+ap)=1/kfor2<k<n-—1,
e by =---=0b, =1/l,(n*—n), where/,, isleast > N such that1//,,(n>—n) <
an—1 (thismakes 1 — (a; + -+ ap_1+ b1 +---+by,,) = 1/n), and
® ¢y =---=c¢p =1/l n,where () isleastsuch that1/¢, n < 1/(,(n*—n).

We show that A satisfies (x). Let ¢ > 0, and let 1/n < e. The function f
is an injection, so there must be a greatest k for which f(k) < n. Let N be the
maximum of 2, n, and the maximum size (i.e., number of rows) of Cy, C1, ..., Cy.
Then in any row or column of A, the largest IV entries sum to at least 1 — 1/n.
This is true for any row or column which goes through a block C; for i < k
because such rows and columns have at most N non-zero entries. Consider
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a row or column going through a block C; with i > k. If the row or column
contains two non-zero entries which sum to one, then the NV largest entries sum
to 1. Otherwise, the row or column contains ay, . .., azs -1, f(7) > n by choice of
k,and a; + - - - 4+ a, = 1 — 1/n by construction.

By (ii), let h be a function witnessing (*) for A. By A{ comprehension, let
Z ={n| (3m < h(n))(f(m) = n)}. Clearly if n € Z, then Im(f(m) = n).
Conversely, suppose that Im(f(m) = n). In the first row through block C,,,
the m largest entries are among ay,...,a,-1,b1,...,bp,, and a3 + -+ + a,—1 +
by +---+ by, =1—1/n. Hence h(n) > m, so (Im < h(n))(f(m) = n). Thus
Vn(n € Z < dm(f(m) =n)). O

The strongest version of countable Birkhoff’s theorem we consider is equiv-
alent to ACA, over RCA,.

Theorem 6.2.4. The following are equivalent over RCA,.

(i) ACA,.

(ii) If Ais an N x N doubly stochastic matrix satisfying (x), then there is a sequence
(ANGPy+---+ A P | neN)suchthat |A—(MNgFg+---+ A% PP || < 1/n
for each n.

Proof. (i) = (ii): By Lemma 6.2.3, let h witness (x) for A. Then apply Theo-
rem 6.2.2.

(if) = (i): Let A be a N x N doubly stochastic matrix satisfying (x). By (ii), let
(NP +---+An, Pr | neN)besuchthat |[A—(AfPy+---+ A, Pl )| <1/n
for each n. Let h(n) = m,. Then h witnesses () for A, so (i) follows from
Lemma 6.2.3.

6.3 Reverse mathematics and unfriendly partitions

A partition V(G) = X,UX; of the vertices of a graph G is unfriendly if and only if
(Vi < 2)(Vv € X;)(|N(v)NX;| < |N(v)NX;_;|). Thatis, every vertex in the graph
has at least as many neighbors outside its side of the partition as inside its side of
the partition. Every finite graph has an unfriendly partition: simply choose any
partition that maximizes the number of edges that have an endpoint in each side
of the partition. It follows by compactness that every locally finite graph has an
unfriendly partition. Shelah and Milner give an example of a graph that has no
unfriendly partition [58]. The cardinality of their example is the w' successor
of the continuum. Amazingly, it is not known whether every countable graph
has an unfriendly partition. The assertion that every countable graph has an
unfriendly partition is now known as the unfriendly partition conjecture.

Aharoni, Milner, and Prikry show that a graph with only finitely many
vertices of infinite degree has an unfriendly partition [5]. They also show
that if G is a graph for which there exist a finite number of infinite cardinals
Ko < K1 < --- < Ky with s; regular for 1 < ¢ < k such that < &, vertices
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have finite degree and every vertex with infinite degree has degree r; for some
0 < i < Fk, then G has an unfriendly partition. More recently, Bruhn, Diestel,
Georgakopoulos, and Spriissel show that every graph with no infinite path has
an unfriendly partition [13]. Although an infinite graph may not have an un-
friendly partition, Shelah and Milner also show that every graph, regardless of
cardinality, has an unfriendly 3-partition, that s, a partition V (G) = X,UX;UX,
such that (Vi < 3)(Vv € X;)({u € N(v) |u e X;}| < {ue N(v) | u ¢ X;}|) [58].

The unfriendly partition conjecture motivates our study of the reverse math-
ematics of unfriendly partitions. We present some initial results.

Theorem 6.3.1. The following are equivalent over RCA,.

(i) ACA.
(ii) Every locally finite graph has an unfriendly partition.

Proof. (i) = (ii): Let G = (V, E) be a locally finite graph and enumerate V" as {v; |
i € N}. By arithmetical comprehension, let f: N— N be such that (Vi)((v;,v;) €
E—j < f(i)). Define a tree T C 2<N by

ceT <M <lo|)(lo] < f(i)—
{7 <lol[v; € N(v) No(j) = o)} < [{7 <ol [v; € N(vi) Aa(j) # a(i)}]).

The fact that every finite graph has an unfriendly partition implies that 7" is
infinite. Apply Konig’s lemma to 7. Any infinite path through 7" codes an
unfriendly partition of G.

(ii) = (i): By [67] Lemma III.1.3, it suffices to show that if f: N— N is an
injection, then there is a Z C N such that Vn(n € Z <« 3Im(f(m) = n)). Let
f: N—N be an injection. By A! comprehension, let G = (V, F) be the graph
where

V= {anabnycnudnyen | n e N}
E ={(an,byn), (cn,dp), (dy,e,) | n € N}
U {(an7 Cm)7 (an7 em)a (bn7 Cm)? (bn7 em) ‘ f(m) == Z}

By (ii), let X, U X; be an unfriendly partition of V. By A} comprehension, let
Z ={neN| (a, € XoNb, € Xo)V(a, € XiAb, € X7)}. If =3Im(f(m) = n),
then a,, and b,, are only adjacent to each other and so must be in opposite sides
of the partition. Hence n ¢ Z. Conversely, suppose f(m) = n, and suppose for
a contradiction that a,, and b,, are in opposite sides of the partition. Say a,, € X
and b, € X;. The set {a,, by, ¢, dn, e} is a connected component because f
is an injection. Vertices c,, and e,, cannot both be in X, because otherwise a,
has two neighbors in X, and only one neighbor in X;. Similarly, ¢,, and e,,
cannot both be in X;. Thus one of ¢,, and ¢,, is in X, and the other is in Xj;.
Say ¢, € Xy and e, € X;. Then d,, cannot be in X, because this would give ¢,
two neighbors (a,, and d,,,) in X, and only one neighbor (b,,) in X;. Similarly, d,,
cannot be in X;. This contradicts the fact that X, U X; is an unfriendly partition
of V. Thus a,, and b,, are either both in X, or both in X;. Hence n € Z. O
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We see from the proof of Theorem 6.3.1 (i) = (ii) that WKL, proves that ev-
ery bounded graph has an unfriendly partition. In that proof, ACa, is used
to produce the bounding function f, and the rest of the proof goes through in
WKLy. Unfortunately we do not have a reversal for the bounded version of The-
orem 6.3.1.

Shelah and Milner’s method of producing unfriendly 3-partitions in [58] goes
through in ACA in the countable case. It is convenient to make the following
definition.

Definition 6.3.2. Let G = (V, E) be a graph. A function f: V — N is unfriendly
atv e Vifand only if |[{u € N(v) | f(u) = f(v)}| < {u e N(v) | f(u) # f(v)}]
A function f: V —{0,1,2} is an unfriendly 3-partition of G if and only if f is
unfriendly at every v € V.

Lemma 6.3.3 (in ACA). Let G = (V, E) be a graph. Let A, B C V be such that
ANB = 0and (Vv € A)(N(v)N (AU B) is finite). Then any function g: B —{0, 1,2}
can be extended to a function h: AU B —{0, 1,2} such that h(A) C {0,1} and h is
unfriendly at every v € A in the subgraph induced by AU B.

Proof. First assume that A is finite. Choose ¢': A—{0,1} so that h = g U ¢
maximizes the number n = |[{(v,u) € E | v € AANu € AUBAh(v) # h(u)}
Then h is unfriendly at each v € A in the subgraph induced by A U B. If no
then there is a v € A such that

{u e N(v)n (AU B) | h(u) = h(v)}| > [{u € N(v) N (AU B) | h(u) # h(v)}].

B
t,

Thus we could increase n by replacing ¢'(v) with 1 — ¢’(v), contradicting that &
maximizes n.

If A is infinite, let A = {a; | i € N}, and let A,, = {a; | i < n}. For 0 € 2<V
with |o| = n, define g/,: A, ={0,1} by (Vi < n)(¢.(a;) = o(i)). Let h, = gU g.
By arithmetical comprehension, define a tree T C 2<N by

oceT&(Vi<|o])(N(a;) NAC Ay —
he is unfriendly at a; in the subgraph induced by A ,| U B).

The finite case implies that 7" is infinite, so by Konig’s lemma let p: N—{0, 1} be
a path through 7. Define f: A —{0,1} by f(a,) = p(n) for each n. We show that
h = gUf is unfriendly at every a,, € A in the subgraph induced by AUB. Leta,, €
A, and let m be large enough so that N(a,) N A C A,,. Let o = (p(0),...,p(m)).
Then h, is unfriendly at a,, in the subgraph induced by A,, U B because o € T.
However, N(a,)N(AUB) C N(a,)N (A, UB), and h agrees with h, on A4,, U B.
Thus h is unfriendly at a,, in the subgraph induced by AU B. O

Theorem 6.3.4. The following statement is provable in ACR,. Every graph has an
unfriendly 3-partition.

Proof. Let G = (V, E) be a graph. By arithmetical comprehension, let X = {v €
V | N(v) is finite}, and let Y = {v € V | N(v) N X is infinite}. Let Z = V' \ (X U
Y). Define g: Y UZ —{0, 1,2} by setting ¢(Y) = 2 and by defining ¢(Z) C {0, 1}

103



by the following recursive procedure. Let Z = {z; | i € N}. Initialize an empty
priority queue. For n = 0,1,2,... do the following. If z, is not a neighbor
any z in the queue, then set g(z,,) = 0. Otherwise, let z be the highest priority
neighbor of z,. Set g(z,) = 1 — g(2). If z is at the front of the queue (i.e., has
highest priority), then move z to the back of the queue. If N(z,) NY is finite,
then add z, to the back of the queue. This completes the definition of g.

By Lemma 6.3.3, let h be a function extending ¢ such that A(X) C {0,1} and
that h is unfriendly at every v € X. We show that h is an unfriendly 3-partition
of G. We already know that h is unfriendly at every v € X. The function h
is also unfriendly at every v € Y because h(v) = 2 for every v € Y and h(u)
is either 0 or 1 for every v € X. Let z € Z. If N(z) NY is infinite, then & is
unfriendly at z because h(z) € {0,1} and h(Y) = 2. Suppose N(z) NY is finite.
Then N(z) N Z must be infinite. Every time z reaches the front of the queue, we
eventually define ¢(z) # g(z) for some neighbor of 2’ of z. Thus it suffices to
show that z reaches the front of the queue infinitely many times. If not, then =
never reaches the front of the queue after some step n. Since the priority of =
either increases or stays the same at each step after n, there is some step m after
which the priority of z never changes. This contradicts the fact that the vertex
with priority one at step m has infinitely many neighbors in Z. Thus h is our
desired unfriendly partition. O

We do not have a reversal for Theorem 6.3.4, but we can prove that RCA is
not strong enough to produce unfriendly 3-partitions.

Theorem 6.3.5. There is a recursive locally finite graph with no recursive unfriendly
3-partition. It follows that the statement “every graph has an unfriendly 3-partition” is
not provable in RCA,.

Proof. Our graph G = (V, E) has V = N, and we construct £ in stages (e, s).

For fixed e, in stages (e,s) we diagonalize against ®. in the e™ column of N.
This diagonalization occurs in three phases. Together phases I and II force ®.
to take on the values 0, 1, and 2 four times each. Phase III consists of several
subphases which finish the diagonalization. Call column e good at stage (e, s )
if the diagonalization succeeds at this stage. Once column e is good at stage

(e, s), the construction is finished in the e column and we skip all subsequent
stages (e, t).

Initially, £ has edge ((¢,7,0,0), (e,7,1,0)) for each e and foreach ¢ = 0, 1,2, 3.
Each column begins in phase I. At stage (e, s) do the following.

e If column e is in phase I, then do the following.

- If @, 4((e,7,7,0))1 for some i = 0,1,2,3 and some j = 0,1, then go to
the next stage.

— Otherwise, column e is good at (e, s) if either of the following condi-
tions are met:

(i) ®.s((e,i,5,0)) > 2forsome: =0,1,2,3and some j = 0,1, or
(i) ®.s((e,7,0,0)) = . 5((e,,1,0)) forsomei =0,1,2,3.
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If column e is not good, then add edges ((e,1,j,s), (e, i, k,0)) for i =
0,1,2,3,j=2,3,and k = 0,1, and add edges ((e,7,4,s), (e, i,7,s)) for
i=0,1,2,3 and j = 2, 3. Enter phase IL

e If column e is in phase II, then let (e,t) be the stage at which column e
entered phase Il and do the following.

- If &, 5((e,i,j,t))T for somei = 0,1,2,3 and some j = 2, 3,4, then go to
the next stage.

— Otherwise, column e is good at (e, s) if either of the following condi-
tions are met:
(i) P.s((e,i,7,t)) > 2forsomei=0,1,2,3 and some j = 2, 3,4, or
(ii) for some i = 0,1,2,3, ®., takes on only two values on the five

vertices (e,4,0,0), (e,1,1,0), (e,4,2,t), (e,4,3,t),and (e, i,4,1).

If column e is not good, then add edge ((e,4,0,s),(e,4,1,s)). Enter
phase III.

e Phase III consists of sixteen subphases and begins in subphase 1. Let (e, )
be the stage at which column e entered phase III, and do the following.

— If column e is in phase III, subphase 1, do the following.

« If @, ,((e,4,7,7))T for some j = 0, 1, then go to the next stage.

* Otherwise, column e is good at (e, s ) if either of the following con-
ditions are met:
(i) P.s((e,4,4,7)) > 2forsomej=0,1,or
(i) Pes((€,4,0,7)) = Do s((e,4,1,7)).
If column e is not good, then ®.,((e,4,0,7)) = z < 2 and
O, ((e,4,1,r)) =y < 2, where x # y. Let z < 2 be the number
not equal to = or y. For each ¢ < 3, let b; be the least of (e,7,0,0),
(e,i,1,0), (e,i,2,t), (e,i,3,t),and (e,i,4,t) such that D, ;(b;) = 2,
where t is such that column e entered phase II at stage (e, t) (the
b; exist by the fact that column e was not good in phase II). Add
edges ((e,4,7,5),(e,4,k,r)) for j = 2,3 and k = 0,1, and add
edges ((e,4,j,s),b;) for j = 2,3 and i = 0,1,2. Enter subphase
2.

— If column e is in phase III, subphase 2, do the following. Let (e,t) be
the stage at which column e entered subphase 2.

« If &, (((e,4,7,t))1 for some j = 2, 3, then go to the next stage.
* Otherwise, column e is good at (e, s) if any of the following condi-
tions are met:
(i) P.s((e,4,7,t)) > 2forsome j = 2,3,
(ii) @.s((e,4,4,t)) = = for some j = 2,3 (where z is as in subphase
1), or
(iil) D.s((€,4,2,t)) = P.s((e,4,3,t)).
If column e is not good, then ®. ; is = on one of the two vertices
(e,4,2,t) and (e, 4,3,t), and P, is y on the other vertex. Let v,
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be the vertex on which @, ; is x, and let v, be the vertex on which
O, is y. Add edges ((e,4,4,s),(e,4,k,r)) for k = 0,1 and edges
((e,4,4,5),b;) fori =0, 1,2. Enter subphase 3.

— If column e is in phase III, subphase 2n + 1 for 1 < n < 7, then do the
following. Let (e, t) be the stage at which column e entered subphase
2n + 1.

« If &, ;((e,4,2n 4+ 2,t))7 then go to the next stage.

* Otherwise, column e is good at (e, s ) if either of the following con-
ditions are met:
(i) P.s((e,4,2n+2,t)) >2,0r
(i) Des((e,4,2n+2,1)) = 2.
If column e is not good, then add edges ({e,4,2n+3,s), (e,4,k,r))
for k = 0,1 and edges ((e,4,2n+3,s),b;) fori = 0,1, 2, 3. Addition-
ally, if . ;((e,4,2n+2,t)) = z, then add edge ((¢,4,2n+3,s),v,),
and if @, ;((e,4,2n+2,t)) = y, then add edge ((e,4,2n+3,s),v,).
Enter subphase 2n + 2.

— If column e is in phase III, subphase 2n + 2 for 1 < n < 7, then do the
following. Let (e,t) be the stage at which column e entered subphase
2n + 2, and let (e, p) be the stage at which column e entered subphase
2n + 1.

« If O ;((e,4,2n 4+ 3,t))T, then go to the next stage.
* Otherwise, column e is good at (e, s ) if any of the following condi-
tions are met:
(i) Pes((e,4,2n+3,t)) > 2,
(i) . s((e,4,2n+3,t)) =z,
(iil) ®.s((e,4,2n+3,t)) = P 5((e,4,2n+2,p)), or
(iv) this is subphase 16.
If column e is not good, then add edges ({e,4,2n+4,s), (e, 4,k, 7))
for k = 0,1, and add edges ((e,4,2n +4,s),b;) for i = 0, 1, 2. Enter
subphase 2n + 3.

This completes the construction of G. Suppose @, is a recursive function
N — {0,1,2}. We show that ®. is not an unfriendly 3-partition of G.

d. is total, so the construction in column e will progress through the phases
until column e becomes good. Suppose column e becomes good at stage
(e,s). If this stage is in phase I, then ®.((e,7,0,0)) = ®.((e,7,1,0)) for some
i = 0,1,2,3. These two vertices only have each other as neighbors, so ®. is not
an unfriendly partition.

If column e is good at stage (e, s) in phase II, then, for some i = 0,1,2,3,
P, uses only two values on the five vertices (e,7,0,0), (e,i,1,0), (e,i,2,1),
(e,,3,t), (e,i,4,t) (where t is such that column e entered phase II at stage
(e,t)), and ®.((e,4,0,0)) # ®.((e,i,1,0)). In this case these five vertices have
no other neighbors, and one checks that ¢, cannot be an unfriendly partition of
the subgraph induced by these vertices.
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If column e is good at stage (e,s) in phase III, subphase 1, then
D.((e,4,0,7)) = P.((e,4,1,7)) (Where r is such that column e entered phase I1I,
subphase 1 at stage (e,7)). These two vertices only have each other as neigh-
bors, so ®. is not an unfriendly partition.

If column e is good at stage (e,s) in phase III, subphase 2, then either
d.((e,4,75,t)) = z for some j = 2,3, or .((e,4,2,t)) = ., ((e,4,3,t))
(where t is such that column e entered phase III, subphase 2 at stage (e,t)).
If ®.((e,4,7,t)) = z then (e, 4,j,t) has five neighbors, and ®. is z on three of
these neighbors. Hence ®. is not an unfriendly partition. If ®.((e,4,2,t)) =
D.((e,4,3,t)) # z, then the value of ®. on these two vertices is the same as the
value of &, on (e, 4,j,7) for either j = 0 or j = 1 (where r is such that column
e entered phase III, subphase 1 at stage (e, )). For the witnessing j, (e, 4,7,7)

has three neighbors, and ®,. agrees with ®.({e,4,j,7)) on two of these neigh-
bors. Hence @, is not an unfriendly partition.

If column e is good at stage (e,s) in phase IIl, subphase 2n + 1, then
D.((e,4,2n + 2,t)) = z (where ¢ is such that column e entered phase III, sub-
phase 2n + 1 at stage (e, t)). In this case (e, 4, 2n + 2,t) has five neighbors, and
®. is z on three of these neighbors. Thus @, is not an unfriendly partition.

If column e is good at stage (e, s) in phase III, subphase 2n + 2, then either
D.((e,4,2n + 3,t)) = z, O.((e,4,2n + 3,t)) = D.((e,4,2n + 2,p)), or this is
subphase 16 (where ¢ and p are such that column e entered phase III, subphase
2n + 2 at stage (e,t) and entered phase III, subphase 2n + 1 at stage (e, p)).
If ®.((e,4,2n + 3,t)) = 2, then (e,4,2n + 3,t) has seven neighbors, and ®.
is z on four of these neighbors. Hence ®. is not an unfriendly partition. If
D.((e,4,2n+3,t)) = P.((e,4,2n+2,p)), then for either j = 0 or j = 1 the vertex
(e,4,7,7) has 2n + 3 neighbors, and ®. agrees with ®.((e,4,7,7)) on n + 2 of
these neighbors (where r is such that column e entered phase III, subphase 1 at
stage (e, r)). Hence ®. is not an unfriendly partition. If this is subphase 16, and
®.((e,4,2n + 3,t)) is neither z nor ®.((e,4,2n + 2,p)), then either ¢, is = on
over half of the neighbors of v,, or @, is y on over half of the neighbors of v,. In
either case @, is not an unfriendly partition.
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