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The aim of this note is to give a proof of the following result:

Theorem 1 LetT be a measure preserving transformation of the probability
space (2, A,m), and f : Q — R be such that [\/|f| < co. Then, for m
almost every w € §):

1 Nl
Jim > f(Tw) =0. (1)
n=0

In the case of independent random variables with the same law in L1/2,
Theorem 1 is a case of the Marcinkiewicz-Zygmund theorem. In general
actually, a stronger Theorem says that the same limit holds with identically
distributed variables (not necessary stationary), see [4], Corollary page 1651.
We want to present how Theorem 1 follows from a general Noncommutative
Ergodic Theorem. We may, without loss of generality, assume that the
transformation 7" is ergodic and invertible.

0.1 General Ergodic Theorems.

Let (X, d) be a metric space such that closed bounded sets are compact. Fix
a basepoint zg € X. Let
¢ X — C(X)
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be defined by = +— d(x,-) — d(x,zo) and where the topology on the space
of continuous functions C'(X) is uniform convergence on compact sets. It
can be checked that ® is a continuous injection, and we identify X with
its image. Let H = ®(X). It is easy to verify that H is a compact and
metrizable space. The points in H \ ®(X) are called horofunctions (based
at xg).

The action by Isom(X,d) on X extends continuously to an action by
homeomorphisms of H and is given by

g-h(z) = h(g~'x) — h(g~ " xo).

See [3] and the references therein for more information.
Suppose now that A : Q +— Isom(X) is a measurable map such that
[ d(z0, A(w)xg)dm(w) < co. Form the product

AN (w) = AW) o A(Tw)o---0 ATV 1w).

By the Subadditive Ergodic Theorem, we know that there is a number
a > 0 such that, for m almost every w € €0,

Jim %d(mo,A(N)(w)xo) _— @)

N—oo

On the other hand, by the law of large numbers from [3], we know that, for
m almost every w € €2, there is a horofunction h, € H such that

lim %hw(A(N)(w):no) = —a. (3)

N—oo

0.2 Heisenberg space.

We are going to apply the above results with X = R3. To define the metric
and the isometries, we think of X as a group with the product law defined
by

(z,y,2)@" Y, 2) = (e +2",y+y, 2+ 2 + 2y’ —zy)).

Then the norm ||(z,y,2)|| = (2* 4 22%y* + y* + 22)1/4 is subadditive ([2]).
Indeed, setting u = x+iy,u’ = x’+iy’, we can rearrange ||(x,y, 2)(z, ', 2/)||*



as:
lul* + 22 4+ 4(|Ju|? Reud 4 zImuu') +
+  4(Rewn!)? 4+ 4(Imun’)? 4 2)u*|u)? + 222’ +
4+ 4(Ju'PRevd + 2 Tmu) + |[u/|* + 2
< Jul*+2° + AVult + 2| +

/
74
+ 6(ulPle'? + =) + AV + 2l 4 | 2

The sum of the last two lines is term by term not bigger than
((]u\‘l +22)1/4 + (‘u/’4+2/2)1/4)4’
which is (||(z,y,2)]| + (', 5/, 2)[) "

Therefore the following formula

d((z,y,2), (2,9, 2") = |[(z,y,2) (", 9/, 2") 7|

defines a metric on X, which is invariant under right translations. The space
(X,d) is proper. By direct examination, one finds, setting zo = (0,0, 0):

Proposition 2 The space of horofunctions of (X,d) is a 2-sphere with
North and South poles identified. It can be parametrized by {(0,03),0 €
[, ), 0 € R} U{oo}, as follows:

xcosh+ysinh  [(ycosh — xsinf)

h@,ﬁ(xa Y, Z) =

(L4t A+
and hoo(z,y,2) = 0. Indeed, ®(u,v,w) — hg g if, and only if,
u 9 v g Y
71;2—1—1)2 — COS 77—212—1—1)2 — sin ’7u2+02 — 0,
and ®(u,v,w) — 0 if, and only if, uglﬂ}g — 0.

0.3 Proof of Theorem 1.

Let A : Q — Isom(X) be such that A(w) is the right translation by
(1,1, f(w)). We have

/d(xo,A(w)xo)dm(w) = /(4—|—f2)1/4 < 00.



Then, A™)(w) is the right translation by (N, N, Zg;ol (T"w)). Set Sy (w) =
ZnNz_Ol (T"w). By (2), there is a number « such that, for m almost every
w € Q,

. 1 4 o\ 1/4

hj{fnﬁ(ZlN +Snv(w)?) " = «
On the other hand, by (3) and Proposition 2, for m almost every w € €,
there is f(w), B(w) such that:

_(cosf(w) +sinf(w))  fw)(cosfw) —sinb(w)) _

(1+ Bw)?)? (14 Blw)?)?/4

The horofunction hs is impossible since, from the first equation, o > /2 >
0. The second equation yields that there are 6 and 3 such that

B cos(0 —m/4)  Bsin(d —7/4)
"o ﬂ( L+ (14 )P )

Set 3 = tan g, for some ¢ € (=%, %). Then a = \/2cospcos(d +¢ — 7).
Since a > /2, this is possible only if @ = v/2 (and then 6 = T =0).
Therefore, for m almost every w € Q, limy %(4]\/4 + SN(w)2)1/4 = V2
and the term ﬁS]QV does not contribute to the limit. This is the statement
of Theorem 1.

References

[1] J. Baxter, R. Jones, M. Lin and J. Olsen, SLLN for weighted Independent
Identically Distributed Random Variables, J. of Th. Prob. 17 (2004),
165-181.

[2] J. Cyran, Subaddivity of homogeneous norms on certain nilpotent Lie
groups, Proc. Amer. Math. Soc. 83 (1981) 69-70.

[3] A. Karlsson, F. Ledrappier, On laws of large numbers for random walks,
Ann. Prob. 34 (2006), 1693-1706.

[4] S. Sawyer, Maximal inequalities of weak type, Ann. Maths 84 (1966),
157-174.



