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Abstract

We give an upper bound for the number up(n) of “overlattices” in the automor-
phism group of a tree, containing a fixed lattice I' with index n. For an example of T"
in the automorphism group of a 2p-regular tree whose quotient is a loop, we obtain a

lower bound of the asymptotic behavior as well.

Nous donnons une borne supérieure pour le nombre ur(n) de “surréseaux” con-
tenant un réseau fixé d’indice n dans le groupe d’automorphismes d’un arbre. Dans
le cas d’un arbre 2p-régulier T, et d’un réseau T' tel que T\T soit une boucle, nous

obtenons aussi une minoration du comportement, asymptotique.

Introduction. Given a connected semisimple Lie group G, the Kazhdan-Margulis lemma
says that there exists a positive lower bound for the covolume of cocompact lattices in G.
This is no longer true when G is the automorphism group of a locally finite tree. Bass
and Kulkarni (for cocompact lattices, see [BK]|) and Carbone and Rosenberg (for arbitrary
lattices in uniform trees, see [CR]) even constructed examples of increasing sequences of
lattices (I';)ien in Aut(T) whose covolumes tend to 0 as ¢ tends to oo.

If T is a cocompact lattice in the group Aut(T) of automorphisms of a locally finite tree
T, there is only a finite number up(n) of “overlattices” I'' containing I' with fixed index n
(IB]). Thus a natural question, which was raised by Bass and Lubotzky (see [BL]), would
be to find the asymptotic behavior of ur(n) as n tends to occ.

In [G], Goldschmidt proved that there are only 15 isomorphism classes of (3,3)-amalgams.
Thus for lattices I' in the automorphism group of a 3-regular tree T" whose edge-indexed
quotient is +>— %4 | one has ur(n) = 0 for n large enough. Moreover it is conjectured
by Goldschmidt and Sims that there is only a finite number of (isomorphism classes of)

(p, q)-almalgams, for any prime numbers p and q.

In this paper, we give two results: an upper bound of up(n) for any cocompact lattice,
and a surprisingly big lower bound of ur(n) for a specific lattice I" in the automorphism

group of a 2p-regular tree.



Theorem 0.1. Let I' be a cocompact lattice in Aut(T). Then there are some positive

constants Cy and Cy depending on ', such that
Vn > 1, ur(n) < Con®t log?(n)

Theorem 0.2. Let p be a prime number and let T be a 2p-reqular tree. Let T be a cocompact
lattice in Aut(T') such that the quotient graph of groups is a loop whose edge stabilizer is

trivial and whose vertex stabilizer is a finite group of order p.

Zlpz Q{l}

Let n = plgoplfl"'pft be the prime decomposition of n with pg = p. Then there exist

ur(n)
ncl logn

positive constants cg,c1 such that lim sup
k0—>00

< c¢y. Forn = pgo(ko > 3), we also have
ur(n) > naz(ko=3),

It is easy to see (|B]) that

UF(TL) < Z |NAut(T) (F”)/F”|v
[T:T"]|n!

r’cr

thus we could hope to use the results of Lubotzky on subgroup growth (see for instance [L1],
[L2]). However, the estimations given in this way do not seem to be sharp enough. Thus
our strategy consists in using the correspondence between cocompact lattices and graphs of
groups (the Bass-Serre theory, see section 1) and reducing the problem to counting certain
isomorphism classes of coverings of graphs of groups of index n (see section 2).

Together with the sharply contrasting examples satisfying the Goldschmidt-Sims con-
jecture, the examples in Theorem 0.2 are presently the only known behaviors for overlattice

counting functions.
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1 Overlattices and Coverings of graphs of groups

In this section, we briefly recall some background on group actions on trees and the theory
of graphs of groups, and we explain the correspondence between overlattices and coverings
of graphs of groups. We refer the reader to [S], [B] and |BL| for details on the standard

material, gathered in section 1.1.



Throughout the paper, we denote by T a locally finite tree, i.e., a tree having finite va-
lence at each vertex. We denote by Aut(T') the group of automorphisms without inversions
of the tree T. A subgroup I' of Aut(T) is discrete if the stabilizer T'; is finite for some,

thus for every, vertex x of T. The covolume of T" is defined by

Vol M\\T) = >

ze\VT

Tl

A discrete subgroup is a lattice if its covolume is finite. In this case, Aut(T) is uni-
modular, and the covolume is equal (up to a constant depending only on T") to the volume
of '\ Aut(T') induced by the Haar measure on the locally compact group Aut(7T) [BL]. A
lattice T is called cocompact if the quotient graph T'\T is finite. An owerlattice of T is a
lattice of Aut(T") containing I" with finite index.

1.1. Cocompact lattices and finite graphs of finite groups By a graph of groups
(X,G,), we mean a connected graph X, groups G, and G. = Gz assigned to each vertex
x in VX and each edge e in EX, together with injections G, — G, for each edge e with
origin o(e) = . This injective map will be denoted by a., whatever the graph of group
is. The edge-indexed graph of the graph of groups (X,G,) is the graph X with index
i(€) = |Go(e)/|Ge| associated to each edge e. Let us denote ad(g)(s) = gsg~' from now

on.

To every subgroup I' of Aut(T) is associated a graph of groups, well-defined up to
isomorphism of graph of groups (see definition below), whose graph X is the quotient graph
'\T. We will call it a quotient graph of groups of I and denote it by T'\\7. According to
[B](section 3), a construction of I'\\T" proceeds as follows. Let p: T'— X be the canonical
projection.

Choose subtrees R C S C T such that p|r : R — X is bijective on vertices, p|g: S — X
is bijective on edges, and for each edge e in E(S), at least one of o(e), t(e) belongs to R.
Define # = p|' (v) for each x in VX and é = p|g'(e) with é = & for each e in EX. For
each e in EX, choose an element g, in I" such that g.o(é) = of(\cj). We can and will always
choose g. = 1 for all e with o(e) € VR. Note that one of g., gz is equal to 1 for any edge
e. Now let G, be the stabilizer I'z of Z in I for z in VX U EX. The injective map «, is
defined as o = ad(ge). Note that for e such that o(e) is a vertex of VR, each a, is merely
an inclusion.

Conversely, for any graph of groups (X, G,), there exists a tree T' and a group I acting
on the tree T' (unique up to equivariant tree isomorphism) such that (X, G,) is isomorphic
to I\\7'. Let us call (T, I") a universal cover of (X,G,) and I its fundamental group.

Fix g € VX. The fundamental group I' of (X, G,) based at x( is defined as follows.



The path group I1(X, G,) is defined by

<x€>‘k/XGx> x F(EX)/(e7! =2, eaz(g)e™ = aclg) 1 g € Go),

where F(EX) denotes the free group with basis EX. For z,2’ in VX, we denote by
[z, 2] the subset of TI(X, G4) which consists of elements of the form gpe1gi1e2 - - gn—1€n9n
where e; is an edge from vertex z;_1 to vertex z;, g; € Ga,, To = z, and x,, = z’. The
fundamental group of (X,Ge) based at xo is I' = m (X, Ge,x0) = 7[x0, 0], endowed with
the group structure induced/_\by/H(X, Gh).

The universal cover (X, G,,x0) of (X,G,) based at z is defined as follows. It has as

vertex set

V((X7 G07$0)) = H 7T[$0)$]/G:E7
zeVX

and there is an edge between two distinct points [g] in 7[xg, z]/G, and [¢'] in 7|z, 2] /G

if and only if g7'¢’ € G,eG, where e is an edge in X from x to 2’. The fundamental

group (X, Ge,xg) = 7[xg, 0] acts on (X, Ge,xg) by the natural left action. The graph
(X, Ge,x0) is a tree and moreover, for any other universal cover (7,T') of (X,G,), there
is an isomorphism ¢ between I' and 71 (X, G, o) and a ¢-equivariant graph isomorphism

between T' and (X, G, z¢), see for example [S].

A graph of groups is called faithful (or effective) if there is no edge subgroup family
(Ne)ecmx satisfying the following conditions:

i) for each e and € in EX such that o(e) = o(€’), the images of N, and N coincide:
@e(Ne) = e (Ner). Let us denote it by Noe).

ii) For each x in VX, N, is a nontrivial normal subgroup in G,.

It is shown in |B] that the graph of groups (X, G,) is faithful if and only if its funda-
mental group I' is a subgroup of Aut(T) for its universal cover T, i.e., if and only if the
map ' — Aut(T) is injective. The fundamental group of a faithful finite graph of finite
groups is a cocompact lattice in the automorphism group of its universal covering tree and
conversely, a quotient graph of groups of a cocompact lattice in the automorphism group

of a locally finite tree is a faithful finite graph of finite groups.
In [B], Bass defines a covering of graphs of groups in such a way that the induced map
between the corresponding fundamental groups is a group monomorphism.

Definition 1.1. Let (X,Ge) and (Y, He) be two graphs of groups. We call a morphism of
graphs of groups, which we denote by po = (¢, bz, V) : (X, Ge) — (Y, Hs), the following
data

(i) a graph morphism ¢ : X —Y,



(ii) group homomorphisms ¢, : Gy — Hy(yy and ¢e : Ge — Hgy(e), for every verter x and
every edge e of X,

(111) families of elements (Vz)wevx € (Y, He, ¢()) and (Ve)ecex € (Y, H,)

such that for every edge e of X with origin x, we have v, 'y, € Hy(z) and the following

diagram commutes.
Qe

Ge G,

l% L%
d(’Y;1 ’Ye)OOé

ple) = Ho(x)

The induced homomorphism of path groups ® = &4, : II(X,G,) — II(Y, H,), is de-
fined as follows on generators (see [B]): ®(g9) = 7.0.(g)y; ' for g € G, and x € VX,
®(e) = vep(e)yz ! for e € EX. The induced homomorphism on path groups restricts to a
homomorphism 71 (X, Ge,z¢) — 71 (Y, He, $(x0)), which we will denote again by .

The induced homomorphism ® = &4, : 71 (X, Ge, x0) — m1(Y, He, ¢(20)) gives a $y -

—_~ e/~

equivariant graph isomorphism ¢ : (X, Gy, z,) — (Y, He, ¢(20)) defined by

9] € m[wo, 2]/ G = [B(9)72] € TD(20), p(2)]/ Hp(a)-

A morphism ¢¢ = (¢, s,V )zevxupx of graphs of groups is an isomorphism of graphs

of groups if ¢ is a graph isomorphism and ¢, are all group isomorphisms. In this case,
ot = (o7, ¢y,,) where ¢, = Pp—1(y) and 7y, = <I>_1(’y¢71(y))_1 forye VY UEY.

Definition 1.2. A morphism of graphs of groups ¢e is furthermore called a covering if

(a) the maps ¢pe and ¢, are injective for all x and e,

(b) for every edge f of Y with origin ¢(x),where x is in VX, the well-defined map

B, 11 Gr/ae(Ge) — Hy(yy/ap(Hy)
ecp=1(f),0(e)=x

[g]e I [¢x(9)’7:c_1'76]f

1$ bijective.

By the condition (b) in Definition 1.2, we have > |‘G””| = % for every

G|

e€p=1(f),0(e)=x
edge f of Y with origin ¢(x). Summing over all vertices x such that ¢(z) = y, it follows

that the value of | |
yl f
2 jai” 2 ja

z€p~1(y) e€p=1(f)

does not depend on vertices and edges, since the graph Y is connected. Note that n is an

integer since ¢,(Gy) is a subgroup of Hy, for each x such that ¢(x) =y. A covering graph

of groups with the above n is said to be n-sheeted.

5



Note also that by the condition (b), a covering of graphs of groups induces a covering
of the corresponding edge-indexed graphs. Recall that a covering ¢ : (X,i) — (Y,4) of
edge-indezed graphs is a graph morphism ¢ such that 3 ¢ -1 (cr) o(e)=s i(€) = i(€).

Theorem 1.3 ([B], Prop. 2.7). The morphism ¢e is a covering if and only if & :
T1(X, Ge, 20) — m (Y, He, d(20)) is injective and ¢ : (X, Ge,20) — (Y, He, d(20)) is an

1somorphism.

1.2. Counting overlattices Let I" be a cocompact lattice in Aut(7T"). Set
U(n) =Ur(n)={I":T cI' C Aut(T), [I" :T] =n}

and let u(n) = up(n) = |U(n)| be the number of overlattices of T" of index n. It is shown
in [BK] that u(n) is finite. We are interested in the asymptotic behavior of u(n). For that
purpose, we will show in this section that there is a bijection between overlattices of I" and
isomorphisms classes of coverings of graphs of groups by the quotient graph of groups of

T', in the following sense.

Definition 1.4. Let po = (¢, 0z, 72) 2 (X, Ge) — (Y, Ho) and e = (1,02, 7%) : (X, Ge) —
(Y',H.) be two coverings of graphs of groups. An isomorphism between them is an iso-
morphism of graphs of groups e = (0, 0y, py) : (Y,Hs) — (Y, H,) such that § o ¢ =1 as a

map of graphs and the corresponding induced diagram of isomorphisms between universal

covers
& —
(X7 G'7$0) (Y7H07¢(x0))
T
[%
(Y/v H/7 2/)($0))
commutes.

It will also be useful to consider a more restricted notion of isomorphism of coverings.

Definition 1.5. Let ¢y = (6, 6. 70) : (X, Ga) — (Yo Ha) and vhe = (0, ¢50,7,) : (X, Ga) —
(Y', H]) be two coverings of graphs of groups. A strong isomorphism between them consists
of a pair {0e = (0,0, py) : (Y, Hs) — (Y, H,),((z)zevxurx} where 04 is an isomorphism
of graphs of groups (Y, He) — (Y', H]) and ({;) € H;ZJ(%) are such that

a) 8o¢ =1 as a map of graphs,

b) For any x € VX UEX, we have 1, = ad((;l)%(x) o ¢p as maps G — H{b(w)’

c) Vo = O(V2)Pp(x)Ca for any z € VX UEX.
Lemma 1.6. Any two strongly isomorphic coverings ¢eo = (¢, ¢z, Vz) : (X, Ge) — (Y, H)
and Ve = (Y, Vz,7%) : (X,Ge) — (Y', H,) are isomorphic.
6



Proof. We have a triangle of morphisms of path groups

(X, Gy) —2=TI(Y, H.)
I
(Y, H.)

We claim that this triangle commutes. It is enough to check it on generators: let x € VX
and s € G,. We have ®(s) = v,02(5)72*, U(s) = 7.tbz(s)7, " and on the other hand

Oo (I)(S) :@(’Yx)@(qs:c(s))@( I)_l
:@(’Yx) (¢I( )) )@(’Y:c) ! (1)

(using property (b) of strong isomorphism of coverings), and this is equal to

= Yota(shy” = U(s)
by property (c) and the definition of . Similarly, for e € EX|
0 0 @(e) =O(7.)O0((¢))O(7e) ™"
=0 (7e)Py(e)0((€)) ) O (7)™ (2)
=0(7e)Po(e) ()P O (1) 1 = Altb(e)r

The last equality comes from the fact that since (. € H w(e) , by definition of the fundamental

group,
Ple) = Cep(e) !

Thus we have a commuting triangle of morphisms of fundamental groups

m1(X, Ga, 20) —2— m1(Y, H, $(0))
x l@
7r1(Y/, Hlv ¢(£L‘0))

(where © is an isomorphism), and a triangle of isomorphisms of trees, which is equivariant

with respect to the above triangle of groups:

Q’S —_——

(X7 Gh ‘TO) - (Y’ H'v ¢(£B0))




We claim that this triangle is also commutative. Indeed, by definition, if g € 7[xg, 2|/G, C
(X, Ge,xp) then

0(6(9)) = 0(®(g)v )—@@(9))@(%)%(@
= U(9)pl "t = T(g)v, = ¥(9)

where we used relation (c) together with the fact that ¢, € H{p(m) (observe that W(g)vy, €
w(zo), Y (x )]/H’ ) The Lemma is proved. O
For a given overlattlce IV of I', we can construct a covering m! "of graphs of groups as

follows. Let Y =T"\T and p’ : T — Y be the canonical projection.

Define subtrees R’ and S’ of R and S, respectively, in the following way. For each
vertex ¢ of Y, choose one vertex from each set {p’_l(y)} NV R and call it §. Let R’ be the
subgraph of R with vertices {g : y € Y'}. Since R is a tree, we can choose vertices § so
that R’ is connected. Let S’ be the maximal subtree of S containing R’ such that at p 'l is
injective on the edges. For e € EY, choose elements g, € I such that glo(é) = 0( ). The
graph of groups (Y, H,) is defined with respect to R, S” and ¢'’s, as (X, G,) is defined in
section 1.1.

Now the covering of graphs of groups, which will be denoted by m = m! : (X,G,) —
(Y, H,), is defined as follows. For the graph morphism m : X — Y, take the natural
projection 7. For the group morphisms my : Gy — Hy,(y), take an element o, in IV which
sends Z to p(z). We can choose 0, = 1 if £ € VR' U ES’. Note that p(z) is a vertex of
Y, thus pf(\a;) € R’ whereas z is a vertex of X, thus Z € R. Let m, = ad(o,) o ¢ be the
injection followed by the conjugation (g + 0,90, ). Since G, stabilizes € VT U ET,
the group 0,Gpo; ! stabilizes p/(\/x) € VT'U ET, thus it is a subgroup of Hy) = F;(x)
for + € VX U EX. For the elements 7,7, in (iii) of Definition 1.1, take v, = o, ! and
Ye = ge0, 1g (1) It follows that

ad(v; ') © (e © Me = ad(v; e) © ad(g), ) © ad(or)
= ad(ffxgeffe_lg;,:(le)) ° ad(g;n(e)) o ad(oe)
= ad(0zge) = ad(0y) © ad(ge) = My © ac.
Since ~;’s are the elements of I, the map m!" is a morphism of graphs of groups. The
maps my are clearly injective, thus it remains to show that the map ®,/; (in Definition

1.2. (b)) is bijective. Suppose that for e,e’ € EX and g, ¢’ € G4, we have [¢,(9)v; 1ve]r =
[02(9" )77 ey in Hypy/apHy. In other words,

e NatalgT g )z e € ap(Hy)
1,1y ol o™ - -1
Im(e)0eds 05 0ug T g0 0ge0 gy € ad(gy)(Hy)
0egs g g 900" € Hy = Stabri(f)



Since o, sends € to f and o sends € to f, the element 91971 g ger of T should send ¢
to é&. We conclude that e = €’ since no element of I' sends & to e/ where ¢/ # e in X ~'\T.
1—\/

We conclude that e = ¢’ and g7l¢g’ € G, ie. [gle = [¢']e- Therefore m!" is indeed a

covering of graphs of groups.

Proposition 1.7. Let T be a commpact lattice of Aut(T) and (X, Ge) be its quotient graph
of groups. The map T" — m' induces a bijection m between the set of overlattices of T' of
index n and the set of isomorphism classes of the n-sheeted coverings of faithful graphs of
groups by (X, G.).

The following lemma shows that the map m : IV — m!” is well-defined.

Lemma 1.8. Let I’ be a lattice in T, and let T' D T be an overlattice. Fiz (R,S,ge) giving
rise to a graph of groups structure (X,Ge) on I'\T (as in section 1.1.). Let (R',S’ g.)
(resp. (R",S”,q”)) be a data giving rise to a graph of groups structure (Y, H,) (resp.
(Y, H/)) on T'\T, and let (c))zevxurx (resp. (0))zevxupx) be a data giving rise to a
covering ba = (6 0er2) + (X, Ga) = (V, Ha) (resp. e = (b, e,2l) - (X, Ga) — (Y, H)

). Then the two coverings ¢o and e are strongly isomorphic.

Proof. Recall that by definition, we have ¢/, : & — ¢(x) and o : T — m where o/, and

o/ are in I, Recall also that 7/, = 0/, 7', 4/ = " for z € VX and 7/, = g0~ 19%(6)_1,

Ye = 9geOp 19://}(6) ! for e € EX. Now we want to construct a strong 1somorphlsm {6
(Y,H,) — (Y',H,),(;} of coverings of graphs of groups. First notice that there is a
canonical bijection 6 : Y ~ T"\T ~ Y”. Tt lifts to a bijection § : R — R” and it extends to
a unique bijection 6 : S — S”. Let us choose arbitrary elements el forye VYUEY
such that &,(7) = @ and define maps
0,: Hy =T}, — r’@ = Hy,): h— &he "

We have a morphism of graphs of groups 8, = (0,0, p,) : (Y, Hs) — (Y', H]) by setting
py = Ey_l for y € VY and p. = g.~ 56_1 oo for e € EY. It is clear by construction that
this is an isomorphism of graphs of groups (all maps are isomorphisms of groups). Note

that there is a commutative diagram of isomorphisms

7I-I(YY) HMZ/O) LF/
\L@ ‘/Id

, , Ty ,

7Tl(YV 7Ho70(y0)) —T

where we have denoted by iy, i} the isomorphisms 71 (Y, He, y0) ~ I, and 7 (Y’, H,, 0(yo)) =~
I, respectively.

Finally, put ¢, = &0, . For any vertex zx, there holds

Ad(gl)%(x)(ﬁx = ad((07)(0}) €5 0) © ad(Eg()) © ad(y,)



as desired. A similar computation holds for ¢, : G, — H:l}(e) when e € EX. This proves
condition (b) in the definition of strong isomorphism of coverings. Condition (c) follows
from the very definition of (;,0y,7, and ~2. O
Now let us define the inverse map ¢o — I'g of m as follows. Set I'y := w1 (Y, Hq, ¢(20)) C
Aut((Y, m:no))) We define an embedding ig : I'y — Aut((X,/é\;,/$0)) as follows :

ig(u)-v =0 u-pv)) foruelyandv e V(X,/é\;,/xo) U E(X, G, x0).

Let us denote by I'y, C Aut((X,/G\:a:o)) the image of i,. The following lemma shows that
this map is well-defined.

Lemma 1.9. If ¢ : (X,Ge) — (Y,Hs) and e : (X,Gs) — (Y',H]) are isomorphic
coverings of graphs of groups, then the corresponding subgroups I'y C Aut((X, G, x0)) and
I'y C Aut((X, Ge,x0)) coincide.

Proof. By definition of isomorphic coverings, we have a triangle of isomorphisms of trees

(5 —_——

(X7 G.,xo) —>(

=
5
=S
S

<

—_~—

(Y’ H', 4 (x0))
which is equivariant with respect to the action of the corresponding fundamental groups.
Define I'y C Aut((Y, I;._,\(—;(a;o))), an embedding iy : I'y — Aut((X,/é\;,/xo)) and put
Iy = Im(iy) C Aut((X,/é\.,/xo)) as above, and define I'y, in the same fashion. We claim
that I'y, = I'y,. Indeed, if v € T'y then O(u) € I'y» and for v € (X,/é\;,/$0) we have

67 (u- p(v)) = 67107 (O(u) - B((v)))
N (O(w) - P(v) = iy(O(u)) - v.

We deduce that I'y C I'y,. Replacing 6, by its inverse and exchanging the roles of 1), and

ip(u) v

¢e we obtain the reverse inclusion I'y, C I'y. Thus I'y, = I'y as desired. [l

Proof of Proposition 1.7. It remains to show that the map ¢ +— I'y is the inverse
map of m. To see this, let I D T' be an overlattice of I'. The quotient graph of groups
M\T = (X, G,) is formed relative to some datum (R, S, g, ); let us similarly choose datum
(R, S, g.) inducing a quotient graph of groups (Y, Hy) = I"\\T. Recall that by [S], §5.4,
there are, for any zyp € VX and yo € VY, canonical isomorphisms I' ~ 71(X, G,, o),
T ~ (X,/é\;,/xo) and I ~ m(Y, He,90), T =~ (Y,/I;T\.—,/yo). Choosing furthermore some

elements 6, as in the proof of Lemma 1.8 we get a covering (see [B|, Section 4.2)

m'" : (X,Gy) — (Y, H,).



>From [B]|, Proposition 4.2, the following diagrams commute :

r I

.

(X, Ge, 70) 2 71 (Y, Ha, y0)

where we denote M' the morphism of path groups induced by the covering ml

In particular, the pullback of 71(Y, He,yo) via the composition of isomorphisms 7" ~

(X,/é\.,/xo) e (Y,/I_f.—,/yo) is equal to I'. This shows that ¢e +— I'y is a left inverse of
I —m.

To prove the other direction, let ¢o : (X,Gs) — (Y, H,) be a covering of (X,G,)
and set I =Ty C Aut((X,/G\:xo)). Now let (Y', H]) be the quotient graph of groups

P

associated as in Section 1.1. to the action of IV on (X, G,, x¢), relative to some choices, and
let e : (X,Ge) — (Y',H') be a covering constructed as in Section 1.2. By construction
there is an isomorphism ¥ : (X,/G\:xo) = (Y, m(:no)), equivariant with respect to an
embedding U : 7 (X, G, z9) — m1(Y', H,, 9 (x0)), and by the first part of the proof of
Proposition 1.5., we have IV = iy (m1(Y', H],¢(x0))). Thus, composing ¢! with ¢ and
U~ with ® yields an isomorphism of trees 6 : (Y’,ﬂ(mo)) = (Y, m:ﬂo)) which is
equivariant with respect to an isomorphism © : 71 (Y’ H.,¥(x0)) = m1(Y, He, ¢(z0)). At
this point, we use the following Lemma:

Lemma 1.10 ([B|, Prop. 4.4, Cor. 4.5.). Let (Z, K,) and (W, Js) be two graphs of groups.
For any isomorphism of trees & : (Z,/K\:zo) = (Wmo) which is equuariant with respect
to an isomorphism of fundamental goups ¥ : m1(Z, Ke,20) — w1 (W, Je,wq) there eists
a (unique) isomorphism of graphs of groups we(Z,Ke) — (W, Js) such that Y =& and
Y =0Q.

Using the above Lemma, we conclude that there exists an isomorphism 6, : (Y', H,) —
(Y, H,) making the diagram

(Ylv H', ¢(x0))
commute. Hence the coverings ¢o and e are indeed isomorphic as desired.

11



Finally, we check that the above bijection sends an overlattice of index n to an n-

sheeted covering. Let I be an overlattice of T of index n. We claim that m! is an

n/-sheeted covering with n = n/. Indeed, we have

1 1
=) = LW mgv:x‘c’ﬂc| _ yezvyxe(;(y)lcx\ ) ZV
R I Rl Si= Sl =it o e

yevy yevy

Note that the first equality comes from the fact that T is a left I"-set (and T'-set) with
finite stabilizers (see |BL|, page 16). O

It follows from the above proposition that to find u(n), it suffices to count the number

of isomorphism classes of coverings of faithful graphs of groups by (X, Gl,).

2 Main results

2.1 Let G be a group of order n and let n = H';:lpfi be the prime decomposition of
n. Let g = p(n) be the maximum of k;. We denote by d(G) the minimal cardinality of a
generating set of G and by f(n) the number of isomorphism classes of groups of order n.

In [P], Pyber showed that the number of isomorphism classes of groups of order n with
a given Sylow set, namely the set of Sylow p;-subgroups defined up to conJugacy, is at
most n H+16 Together with the result of Sims ([Si]), namely f(p*) < p27k ta kg, we get

the following upper bound for f(n):

2 341 8/3
soki+3k; 1 T5H+16
(A

;:]N

fn) < || pi

IT
ﬁw [

ZpP+ 5 ps/ 3475416

IN

n

Let g(n) = Zu2(n) + 3153 (n) + 75u(n) + 16 so that f(n) < n9™).

On the other hand, Lucchini and Guralnick showed that if every Sylow subgroup of
G can be generated by d elements, then d(G) < d + 1 (|Luc|, [Gu|). Combining with the
basic fact that d(H) < n for any group H of order p™ ([Si]), we deduce that

d(G) < p+1.
Using these results, we obtain the following upper-bound for u(n).

Theorem 2.1. Let T' be a cocompact lattice of Aut(T). Then there are some positive

constants Cy and Cy depending only on T, such that

Vn > 1, ur(n) < C’oncllog2(").
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Lemma 2.2. Any covering ¢o = (¢, 02, V2) : (X, Ge) — (Y, He) is strongly isomorphic to
a covering ¢y = (¢, ¢4, %) + (X,Ge) — (Y, H,) where ~, € I(Y', H]) is a product of at
most 12 x diameter(X) generators h, € H; and e € EY".

Proof. Fix xg € X. Associated to ¢, is a lattice IV C Aut((X,/é\;,/xo)) containing
m1(X, Ge, ). From (X, G,, z() we construct (R, S, ge) such that the quotient of (X,/é\;,/$0)
by 11 (X, Ge, xg) is exactly (X, Gs). Namely, first fix a maximal tree 7 in X. We may choose
R={ei---e,|e1 - -eyisapath fromzgint}, S ={ey - -eneni1|er---e,isapathinr}
and g. = €} -+ €jept17 1 e17! where €] --- €] is a path in 7 from z¢ to t(e), and where
e is the edge connecting ej---e, to e1--ept1. In particular, g. is a product of at most
twice the diameter of X number of generators of II(X,G,). Now we choose R, S’ subsets
of R, S in such a way that the restriction of the projection (X,/é\.,/xo) — F’\(X,/C_?\.',/xo) on
R’ is bijective for vertices (resp. the restriction of S’ is bijective on edges). We also choose
g, in a similar fashion as above, hence ¢/ is also a product of at most twice the diameter
of X number of generators of II(X,G,). From this data, we construct a graph of groups
(Y', H,) as usual, and we have a canonical injection IV C TI(Y”', H,). For x € X there exists
a unique lift # € R and a unique 2/ € R’ in the ["—orbit of Z. Choose 0, € I' C II(X, G,)
such that 6,(%) = 2/ and such that 6, is a product of at most I(Z, %) + (4o, ') generators
of TI(X, G,): here I(a,b) is the distance in the tree R between a and b. This is possi-
ble since we may first choose a path in the path group II(X,G,) from & to 2y of length
< (&, 40) and then a path from 2 to 2/ of length < I(#, ). Observe that since we chose
R’ C R, we have [(§,w) < diameter(X) for any vertices w,y € VX. We do the same
thing for edges in S, to define 6, € II;(X,G,) such that 6.(¢) = ¢’ and 6, is a product
of at most 2 x diameter(X) generators of II(X,G,). Then we can construct from 6, and
f.’s a covering ¢, : (X,G,) — (Y',H)), with 7/, = ;' and 7, = g.0;'g", which are
both products of at most 6 x diameter(X) generators of II(X, G,). Observe that a word of
length [ in generators of II(X, G,) belonging to I" is also expressible as a word of length [
in generators of II(Y’, H,). Finally, by the proposition on bijection of isomorphism classes

of coverings and overlattices, ¢ : (X, Go) — (Y, H,) is isomorphic to ¢,. O

Proof of Theorem 2.1. Let us fix a quotient graph of groups (X, G,) of I" as in section 1.1.
There exist only finitely many coverings of edge-indexed graphs by the edge-indexed graphs
underlying (X, G,), thus it is enough to show the assertion for the number of overlattices
with a fixed edge-indexed graph. Thus we want to count n-sheeted covering graphs of
groups ¢ : (X,Ge) — (Y, H,) such that Y is a fixed subgraph (with fixed indices) of X
and ¢ : X — Y the natural projection, and that the edge group H, is a subgroup of Hy ).

Let ¢; = |G| for any  in VX UEX and let ¢, = (Y. ¢;1)~!. By the definition
z€p~ 1 (y)
of n-sheeted covering, the cardinality |H,| = nc,, for any y in VY U EY".

Now we claim that for any group H of order n, there are at most (m!)“(”)Jrl subgroups
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of index m. For to any transitive H-action on the set {1,---,m}, we can associate a
subgroup of H with index m, namely the stabilizer of 1. This map {p : H — S,,} —
{H'" C H|[H : H'] = m} is surjective since for any subgroup H' of H with index m, the
action of H on the cosets H/H' gives (among many) an action on {1,--- ,m}, where we
let 1 stand for the trivial coset H'. Again by the theorem of Luccini and Guralnick, there
are at most (m!)*™*1 transitive H-action on the set {1,--- ,m}, as claimed.

There are at most Hyevy(cyn)g(cy") isomorphism classes of H,’s. By the above claim,
the number of subgroups as(Hy) of Hy is at most ((c,/cy)!)*(e™+1 There are at most

erEy(cfn)“(cf”)Jrl isomorphisms ¢ : ayHy — apHy and at most [Tocy x (Con)He=)tt

)12K

injections ¢, : G, — Hg(y). By Lemma 2.2, there are at most (mawxy|H,| choices for

each 7, or 7., where K = diameter of X. Hence

#{(Vas7e)} < H mazyevy (e,n)? x H mazyevy (¢yn)'?K
zeVX ecEX

which is bounded by (Mn)(lzK)(‘VXH‘EX').
Note that by the condition of injectivity and the commutativity of the diagram,

Qe

Ge G,

iqse quz
d(vz 've)oa

Heyey — Hoy(s)

the group morphism ¢. : Ge — Hg(e) is completely determined by the morphism
¢z Gy — Hy.

Let M = = u(Mn). Let g = [VY|, ¢; = |EY], c3 = o)y

e ye B8, Gy o= (M) Let ¢ = [VY], e = |EY], ep = max {(2)1,

let cg = > p(cy) + 1. Combining all the estimates above, we get the following upper
zeVX

bound for u(n),

ur(n) < H (¢yn)9tesm) H (%(x)n)u(%)ﬂ H (cpn)Hesmtt

yevy zeVX fEEY
H ((Co(e)/ce)!)ﬂco(e)n-‘rl . ((Mn)12K(\VX\+|EX\))
fEEY

< H (Mn)g(Mn) H (Mn)u(cm)ﬂ H (Mn)u(Mn)H
yevy zeVX fEEY
H (co)PMn L (M) 2KV XIHIEX])
fEEY

S(Mn)cog(Mn)—i-cs—i-q (u(Mn)+1) (62)c1(,u(Mn)+1) (Mn12K(\VX\+|EX\))
S(Mn)%cou%r%0u5/3+(75c0+2c1)u+(16co+2cl+c?,)c§1(““) (Mn) 2K (VX +HEX])

<(Con) " < (Cyn)Cillosn)?
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where Cy = maz{M,c2}, C1 = co(& + 5 + 75+ 16 + 2) + 6¢1 + ¢3 + 12K (|[VX| + |EX])

and O = by O

2.2. Let p be a prime number. >From now on, we assume that T is a 2p-regular tree

and that I' is a cocompact lattice in Aut(T") with a quotient graph of groups given by

Zlpz Q{l}

The aim of this section is to give, in this situation, a smaller upper bound on ur(n)

than the previous one, as well as a lower bound.

Theorem 2.3. Let n = plgoplfl .- 'pft be the prime decomposition of n with po = p. Then

there exist positive constants cg,c1 such that lim supnzlrl(fg)n <cy. Forn= pgo (ko > 3), we
ko—o00

also have ur(n) > nz(k=3),
In the following lemma, we denote by [g, h] the commutator ghg~'h~! in G.

Lemma 2.4. Let A = (ast)1<st<k—1 be a lower triangular matriz with coefficients in
0,---,p—1 and G = G(A) be a group defined by the generators go,g1,--- ,gr and the

following relators

gf:]w i:0717"'7k
[givgi-i-l]:l) 2207177k_1
[giagi-i-Q] :g;:l_’llu 1 :0717"' 7k_2 (**)
[giagi+3] :gﬁ.’llgﬁ’; 1= 0717”' 7k_3
(i Girk] = Gip1 " Gign G 0= 0

glo ..

Then any element of G can be written as gb -gfj where 0 < 15 < p.

Proof. We proceed by induction on & > 1. It is clear for the case k = 1 since the

generators gg and g; commute. Now suppose that the assertion is true for all kK < m — 1.

For k = m, consider the subgroup G7 generated by go, g1, - ,Gm—1- It is a quotient

of G(A’) with A" = (as4)1<st<k—2, by induction hypothesis, any element of G can be
—lm—1

written as gf)o “+Gm_1 where 0 < i; < p. Now we only need to consider the elements of

G — G1. By an easy induction, it suffices to consider the elements G, = [Gi, Gm) ' GiGm

fori =0,1,--- ,m — 1. Since [g;, gm| € [G,G] C G1, the element [g;, G| 17 is an element
in GG1, thus can be expressed as géogil oo g for some ij in {0,--- ,p—1}. Therefore we
get GmJi = 90+ Gm1 Im- O
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Lemma 2.5. Let G be a group of order p*1(k > 1), G1 and Gy be two isomorphic
subgroups of index p in G and ¢ be an isomorphim from Gi to Gso. Suppose that G

contains no subgroup N which is normal in G and @-invariant. Then

(a) there exist elements g; in G fori=0,--- ,k, such that p(g;) = gi+1 fori =0, [ k—
1, G = <907"' 7gk> and Gy = <907"' 7gk—1>7

(b) There exists a lower triangular matrise A with coefficients in 0,--- ,p — 1 such that

the map ¢ : G(A) — G defined by g; — g; is well-defined and is an isomorphism.

Proof. We proceed by induction on k > 1, using the fact that any maximal proper subgroup
of a p-group is normal, see for instance [Su.

We first consider the case k = 1, that is when G has order p?. Since G; and Gs
are maximal, they are normal. Thus they are not equal by the normality assumption
and G = (G1,G2). Let gy be an element in G; — Gy and set g1 = ¢(go). Then clearly
G1 = (g0),G2 = (1) and G = (go, g1). Moreover, since |G| = p?, G is abelian [Su|. Thus
[90,91] =1 and G = {géogil : 0 <ig,i1 < p— 1}, which shows that ¢ in (b) is well-defined
and surjective. Since G(A) has cardinality at most p? by Lemma 2.3, and G has cardinality
p?, the map 1 is an isomorphism.

Now suppose that the assertion is true for all K < m. For kK = m, consider G, Gy, Go
and ¢ as in the statement of the lemma. As above, G; and G5 are normal, distinct and
G = <G1,G2>. Since [Gg :Ga N Gl] < [<G1,G2> : Gl] = p, we have [GQ :G1 N GQ] =p
and similarly [Gy : G1 N Gg| = p. Therefore G; N G5 is maximal, thus normal in G; and
G9. Since G is generated by G and (9, the subgroup Gy N Gs is normal in G. By the
assumption, (G N Gq) # G1 N Go.

Claim. If a subgroup N of G1NG2 is normal in G5 and g-invariant, then N is normal in G.

/\
\/\

G1 NGy (Gl mG2)

~

Proof. Consider gNg~", for amy g € G1. As p(gNg~") = g(g)e(N)p(9)~" = p(g)No(g)~" =
N (since p(g) € G3) and ¢ is an isomorphism, we deduce that gNg=! = o~}(N) = N.
Therefore G; € Ng(N) and similarly Go € Ng(N). Thus G, as a group generated by Gy
and G2, is also contained in Ng(N). Hence N is normal in G. O

By the above claim, we can use the induction hypothesis on G = Gy, G} = G1 N Gy,
G,y = p(G1NGy) and ¢’ = 9| nG,- It follows that there is an element g; in Go such that

G2 = <gla"' 7gm>7 Gl mGQ = <gla"' 7gm—1> and (lp(g'l) = Gi+1 for i = 17 , M — 1.
16



Let go = ¢~ '(g1). If go € G1 NGy, then g; € (G NGy), which contradicts G; N Gy #
©(G1 N G). Thus go is an element of G — Go. Since Gy is maximal in G, the group G is
generated by Go and go, i.e., G = (go, 91, "+ , gm). It is clear that G1 = (go," - ,gm—1) as
G1 N Gg is maximal in G1 and gy € G1 — (G1 N G2).

To prove the assertion (b), note that [go, 9] = ¢~ ([g1,9i+1]) = ¢ Hgo™" -+ g;"") =
gi”’l . gfii for1 <+ <m—1and g =1, for all ¢+ > 1 by induction hypothesis. Thus
we only need to consider [gg, g,,] and go?. The element gg clearly has order p since ¢ is an
isomorphism and g; = ¢(go) has order p. It is easy to see that if two subgroups H and K
are normal subgroups of a group G, then so is the commutator subgroup [H, K| and we
have [H, K] C HN K. Since g9 € Gy and g, € Go, it follows that [gg, 9] € G1 N Gy =
(91,92, »gm—1), which proves that 1 is a well-defined homomorphism. By the previous
paragraph, it is surjective. Since G and G(A) are of cardinality p**' and at most p*+!

respectively, the map 1 is an isomorphism. O

Proof of Theorem 2.2. By Proposition 1.2, the number u,, is the number of isomorphism
classes of n-sheeted coverings of faithful graphs of groups ¢ : I'\\T — (X, G, ). As already
seen, we may assume that X = I'\T. The following commutative diagram summarizes the
data defining ¢,:

1——=7Z/pZ
|
G G

-
_—
Qe

€ x

Let’s first consider the case when n = p*. Let G = G, G1 = a.(G.) and Gy = az(G,).
By the condition of faithfulness, G; and G9 are distinct as they are normal subgroups of
G. Hence if we let ¢ = az o ae_l : G1 — G, then @ is an isomorphism and there is no
subgroup of GG; which is normal in G and g-invariant. Thus we can use Lemma 2.4 to
find an element g in G such that G, = (go, g1, - - - gr) Where ¢(g;) = gj+1. Moreover, the
group G is isomorphic to G(A), which is determined by A. (note that A also determines
G. and the maps «a, and ag.) Thus we have at most pi;éj choices for G, Ge, a. and ag,
which is exactly the number of choices of (ast)1<t<s<k—1. Once we have fixed G, Ge, o
and ag, an injection i from Z/pZ into G is determined by the image of a generator in the

domain, which implies that we have at most |G| = p*T! choices for i. Therefore we have

_ 2
k+1 :p(k 21)k+k+1 :p%

k-1 .
an upper bound ur(n) < pi=tip

Now let us construct non-isomorphic classes of faithful covering graph of groups to
deduce a lower bound of u(n). Fix a lower triangular matrix A = (agy) 1 <t <s<k-—1
with coefficients in 0,---,p — 1 such that furthermore ay_1; = 0 for j = 0,--- ,k — 1.
Let G, = G(A) be the group defined in Lemma 2.3, and define the covering graph of
groups ¢e = Pe(A) : I'\\T' — G, as follows. Let G, be the subgroup of G, generated

by go, - ,gr—1- Let the injection «, be the inclusion map and the other inclusion ag

17



be defined by az(g;) = Gi+1 € Gz, which is indeed a monomorphism by the definition of
G(A). Therefore, the group morphism ¢ = ¢4 defined by ¢(g;) = gi+1 is an isomorphism
from a.(Ge) onto az(G.). The data G thus defines a faithful graph of groups, as there

is no -invariant subgroup of G.. Indeed, for any nontrivial element h = g;éo- g;it
in G, (with nonzero ij,), =9t (h) = g;f)%rk i 2“ ¢ G.. Let v be a generator of

Z/pZ and set ¢, (v) = gogr. This defines a group monomorphlsm ¢y 2 L/PZ — G, as
¢ (v)? = (Gogr)? = Gy, = 1. The map ¢, is clearly injective since the order of gogy is p.
Thus we have constructed a covering of graphs of groups. Now suppose that the coverings
of graphs of groups ¢e(A) and ¢e(A4") : T\\T — (X, G,) are isomorphic. Let us denote by
¥ (X,Ge) — (X,G,) an isomorphism between them. Then there exists a commutative

diagram as follows:

//M

Since 9. (respectively 1) is a group isomorphism from Gy = a.(G.) to G} = a.(G.)
(respectively from Gy = az(Ge) to Gy = az(GL)), it follows that 1, maps the following

hierarchy to the corresponding one in G’.

/\
\/\

G1 N Go »(G1 N Go)
\- . -/

In particular, ¢, preserves the smallest group in the hierarchy, i.e. ¥, ({gx)) = (g,). Let b
be an element in 0, - - - , p — 1 such that ¢, (gx) = gfcb. The map 1, is completely determined
since ¥, (g;) = ggb fori =0,--- ,k. In other words, if A and bA’ are not equivalent modulo
p for any integer b = 0,--- ,p — 1, then ¢¢(A) and ¢¢(A’) are non-isomorphic coverings.

pzizl

This implies that there are at least non-isomorphic covering graphs of groups given
by the above examples ¢q(A) with “non-homothetic” A = (a; ;)’s. Therefore we have a

ko2 k2 —3k

Zi:
lower bound u,, > pT =p 2

Now let’s consider the general case. Recall that |G.| = []'_, pfi and |G| = [T, pfip =
ko“ Hf 1pfi, thus the order of the Sylow p;-subgroup of G, and that of G, are the same
for all 4 # 0. Let G%) be q Sylow p;-subgroup of G.. For i # 1, let G = a (G(p'))
Choose one p-Sylow subgroup GE}’) of G, containing ae(Ggp)).
We are now going to show that the faithfulness condition is inherited to the Sylow

p-subgroups Gép), Gﬁf’) of G, and G, from which we can use the upper bound given in the
18



first part of the proof. Conjugating ag by an element of G, if necessary, we may assume
that ag(Ggp)) C Gﬁf’), thus we have the following diagram:

Qe
G.—=0,

] . ]

Ggp) — Ggp)

Suppose that N <1 G¥) and N = ae(N) = ag(N) < G, Let N = (gNg™t : g € Ge)
(respectively N = (gNg~' : g € G.)) be the smallest normal subgroup of G, (respectively
G.) containing N (respectively N).

Note that a; (i = e,€) induces a bijection between left cosets

Ge/Gép) - G:C/chp)
9G¥ — a;(9)GP).

For since «; is injective, if gGgp) is mapped to chp), then g is in a;(G.) mGép), which is a p-
group in «;(G.) containing ai(Ggp)). Since ai(Gép)) is a Sylow p-subgroup, ai(Ggp)) nGY
is equal to a;(Ge). Thus a;(g~th) is contained in G if and only if g7'h € G and the
map is injective. It is surjective since the source and the target have the same cardinality.

Thus any element g in G, can be written as «;(g')h; for some ¢’ € Ge, h; € chp) and we
have gNg™' = ai(¢ VN tai(g ™) = ai(¢ )N ai(g™") (i = 1,2). Therefore a;(N) =
as(N) = N and it is normal in G,. As a consequence, G and GP satisfy the condition of
faithfulness, i.e., there is no subgroup N of G such that ae(N) = ag(N) is normal in lel2)

By the first part of the proof, this implies that the number of choices for Gi”), Ggp), el

) k3 +kg+2
1s at most p= 2

Gép)

and aé’Gép)

Since all the other Gépi) and G;pi) have fixed cardinality, we have a constant total
number of choices for them and the injections a.|GE', say cg. Recall that once all the
Gépi)’s and Ggpi)’s are chosen, the number of G, with a given fixed Sylow system is at most
(pn)™#E)+16([P]). Recall also that the injections a, are determined by its restriction to
Sylow subgroups of G, since they generate the group. Finally we have the following upper
bound.

(kg+1)2+(kg+1)+2 75 416 k2 +5kg+8 T5u+16
Up < Cop 2 (pn)PHEMFI0 < o (er) ™ (pn) ™K

where ¢; = p and p = u(pn). O

Remark. It follows from the proof above that each prime factor of |G| is less than or

equal to p, thus in the case p = 2, u(n) = 0 if n is not a power of 2.
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