Math 4310 Solutions to homework 5 Due9/29/16

1. Let V be a vector space, and X and Y complementary subspaces so that V = X @ Y. Set
Py = Projxy) and P, = Projyx). Prove the following.

(@ PioPr =P
For vin V, there is a unique x € Xand y € Y such thatv = x +y. Then
(ProP)(v) =P1(P1(v)) =P1(Pi(x +y)) = P1(x) =x = P1(x +y) = P1(v).

(b) P1+Py =1y
For vin V, there is a unique x € X and y € Y such thatv = x +y. Then

(P1+P2)(v) =P1(v) + P,(v) = Pi(x +y) + P2(x +y) = x +y =v =1y (v).

(c) Py oPy; =0y_y is the zero transformation
For vin V, there is a unique x € Xand y € Y such thatv =x +y. Then

(P10 P2)(v) = P1(P2(v)) = P1(P2(x +y)) = P1(y) =0 = Ov_v(v).

2. Let V and W be vector spaces over F, and let £ (V, W) denote the linear transformations
from V to W. We proved in class that .Z(V, W) is a subspace of .Zun(V, W). Suppose that
dim(V) = 2, dim(W) = 3, and vq,v, € V and wi, w2, w3 € W are bases. Find a basis for
Z(V,W).

Suppose that dim(V) = 2,dim(W) = 3, and v;,v; € V and w;,w;,w3 € W are bases. For
je{1,2},i€{1,2,3}, let fj : V. — W be the linear transformation defined by

wi ifk =i
fylvid = {ol ifk#;'

We claim that the fj; form a basis of .2 (V, W).

First we will show linear independence. Suppose

2 3
Z Z oquij(x) = (D(X).

=1 i=1

Then in particular, for k € {1, 2},

2 3
Z Z oy (vid) = O(wi)

j=1 i=1

Z Xi kWi = 0.
i=1

Since {w1,W;, ws} is linearly independent, this forces «;x = 0 for each i and k, giving us
linear independence, as desired.
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Now let f be any element of .Z(V, W). Then f(vj) is a linear combination of {w1, w>, w3}, say

Then

and the fj; span .Z(V, W), completing the proof.

3. We will let £ (V) denote all linear transformations from a vector space V to itself (sometimes
called linear operators). Let T € .#(V), and let T? denote the composition To T.

()

(b)

(©)

Prove that if T2 = T, then V = ker(T) & ker(T — 1y/).

(There are interesting such T: e.g. P7 in 1(a).)

Since T? = T, this can be rewritten as (T? — T)(v) = 0 for all v € V. To show that
V = ker(T) @ ker(T — 1v), we need to show V = ker(T) + ker(T — 1y) and ker(T) N
ker(T —1v) = {0}.

To show that V = ker(T) + ker(T — 1v), letv € V. We claim thatv = (v —T(v)) 4+ (T(v))
is a decomposition such that (v —T(v)) € ker(T) and T(v) € ker(T — 1y). Indeed, since

Tv—=TW) =T((Iy = T)v)) = (T-T*)(v) =0,
we have (v —T(v)) € ker(T). Moreover, since
(T—1v)(TW) = (TP = T)(v) =0,

we have T(v) € ker(T — 1v). This verifies our claim.

To show that ker(T) N ker(T — 1y) = {0}, let v € ker(T) N ker(T — 1y). This implies
T(v) = 0and (T — 1y)(v) = T(v) —v = 0, which further implies v = 0. Therefore,
ker(T) Nker(T —1y) = {0}

Prove that if V = ker(T) + ker(T — 1y), then T2 =T.

Assume V = ker(T) + ker(T —1v). This means that givenv € V, we can writev =u+w
for some u € ker(T) and w € ker(T — 1y). The condition w € ker(T — 1v) is equivalent
to T(w) = w. It follows that

TV)=Tu+w) =T +Tw)=0+w=w

soT?2=T.
Give an example of a vector space V and T € .Z(V) such that T? = —1v.

Let V = C with the underlying field being R, and let T : V. — V be the linear transfor-
mation defined by T(v) = iv. Then T2(v) = —v.
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(d) Prove that if T? = Oy_,y is the zero transformation, then rank(T) < din;(v] .

The first isomorphism theorem tells us V/ker(T) = Im(T), so dimV = dimker(T) +
dim Im(T). Since T? = 0, it must be that Im(T) C ker(T), so dimIm(T) < dimker(T).
Putting these together, we get dim V > 2dim Im(T), or rank(T) = dimIm(T) < w.

4. LetF beafield and V = Zol([F). Define M : Z0ol(F) — Zol(F) by M(p(x)) = x-p(x). Show
that M is a linear transformation. Find ker(M) and Im(M). IsM™ = Mo---oM = 0y_,y the
zero transformation for any n?

Let p(x),q(x) € Zol(F) and c € F. Then
M(p(x) +q(x)) =x- (p(x) + q(x)) =x - p(x) +x- q(x) = M(p(x)) + M(q(x)),

M(c-p(x)) =x-(cp(x)) =c-x-p(x) =c- M(p(x)),
so M is a linear transformation.

Because deg(M(p(x)) = degp(x) + 1 and 0 has degree —oo, ker M = {0}. Equivalently,
M is injective, so M™ can never be the zero transformation. (As an alternative solution for
showing M™ # 0 for all n, notice that M™(1) = x™ # 0 for all n.)

Finally we claim Im(M) = {p(x) € Zol(F) : p(0) = 0}. Certainly if p(x) € Im(M), then there
isa q(x) € Zol(F) such that p(x) = x - q(x), sop(0) =0- q(0) = 0. This shows that ImM C
{p(x) € Zol(F) : p(0) = 0}. To show the other inequality, note that if p(x) = Y i, aixt and
p(0) =0, then oy =0, so

proving our claim.

5. Let T : V. — W be a linear transformation, and suppose that X; and X, are subspaces of V
both containing ker(T). Prove that if T(X;) = T(X3), then X; = X;.

First we will show X; C X;. Suppose x7 € Xj. Because T(X;) = T(X3), there is x, € X; such
that T(x;) = T(x;). Since T is linear, this means T(x; —x2) = 0, so v = x; — x3 is in ker(T).
X, contains ker(T) and X; is closed under addition, so x; = v + x; is in X, which shows
X1 € X;. A similar argument shows X, C X;, which concludes our proof.

6. Let U and V be vector spaces with respective subspaces X and Y. Prove that there is an
isomorphism (U x V)/(X x Y) = (U/X) x (V/Y).

Let
f:(UxV)/(XxY)— (U/X) x (V/Y)
[(wy V)Ixxy = (Tulx, Vly).
To show that this is well-defined, suppose [(u1,Vv1)lxxy = [(uz2,v2)lxxy. By definition of

quotient spaces, there is some (x,y) € X x Y such that (uy,v7) = (uz,v2) + (x,y). This means
u; = uw + x and vi = v, +y, which shows [u]x = [uz]x and [vi]ly = [v2]y. Thus

f([(wr, vi)lxxy) = (lwlx, ly) = (Tualx, valy) = f([(uz, v2)lxxv),



Math 4310 (Fall 2016) Solution 5 4

and f is well-defined, because it respects the equivalence relations.

Note that

F([(wr, vi)lxxy + [(uz, v2)lxxy) = f([(w 4+ uz, vi +v2)Ixxy) = ([ +u2] [vi +valv)
= ([wlx + [ualx, vily + valy) = (lwlx, vly) + (Tuzlx, valy)
= f([wr, vilxsxy) + f(luz, valxxy)

and

f(ellw, v)Ixxy) = f(l(cu, cv)lxxy) = ([culx, [evly)
= (clulx, cvly) = c(lulx, Mly) = cf([(u, v)Ixxv),

so f is a linear transformation.

Suppose [(u,V)Ixxy is in ker(f). Then f([(u,v)lxxy) = ([0]x, [0ly), which implies ([ulx, vly) =
([0]x, [0]y). This means [u]x = [O]x and [v]y = [Oly, so [(u,V)]xxy = [Olxxy. Thus ker(f) = {0},
so f is injective.

Finally for any ([ulx, [vly) in U/X x V/Y, take u and v to be representative elements of [u]x
and [v]y respectively. Then f([(u,v)lxxy) = ([ulx, [V]ly), so f is surjective.

To wrap it all together, we have shown f to be a bijective linear transformation, so f is an
isomorphism, and (U x V)/(X x Y) = (U/X) x (V/Y).

7. Let C*°(R) denote the vector space (over R) of infinitely-differentiable real-valued functions
f:R—R.

(a) Let U denote the subspace of C*°(R) consisting of functions which vanish at —2 and at
7. That is,

U= {f € C*(R)

f(—2) =0 and f(n) = O} .

(You do not need to prove that U is a subspace.) Prove that the quotient vector space
C*(R)/U is finite-dimensional. What is its dimension?

(Note: C*(R) is very infinite-dimensional!)
Define a map T : C*®(R) — R? by T(f) = (f(—2),f(m)). T is a linear transformation,
because

T(f+g) = ((f+ ¢)(=2), (f + g) (7)) = (f(=2) + g(=2), f(m) + g(7))
= (f(=2), () + (g(—2), g(m)) = T(f) + T(g)

and
T(cf) = ((cf)(=2), (cf)(m)) = (c - f(=2),c - f(n)) = c - (f(—2),f(7)) = cT(f).

Furthermore f is in ker(T) if and only if f(—2) = f(nr) =0, so U = ker T.

We claim that ImT = R%. Given (o, p) € R?, f(x) = (x + 2)77r2 —(x—msi;isa

C* function such that T(f) = («, ). By the first isomorphism theorem, C*°(R)/U =
C®(R)/ker T = ImT = R?, so dim(C*®(R)/U) =
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(b)

(©)

Let W denote the subspace of C*(R) consisting of those functions which “vanish to n"
order at 0”:

daf dnf
dxn '

W:{fGC‘X’(IR)‘f(O):O —(0)=0,..., and —(0) =0

Prove that the quotient vector space C*°(R)/W is finite-dimensional and find a basis.
Define amap T : C*°(R) — R+ by T(f) = (f(0), %(O), ey %(O)). Because % is linear,
we can use a similar argument to part (a) to show T is linear. Furthermore, f is in ker(T)
if and only if %(O) =0for0 <k <n,soW =ker(T).

We claim that Im(T) = R™*'. Given (&g, «1,. .., an) € R,

is a C* function such that T(f) = (g, &1,..., xn). By the first isomorphism theorem,
C®(R)/W = C*®(R)/ker(T) = Im(T) = R*', so C*(R)/W is finite-dimensional.

Note { { } 0<k< n} is a basis of C*°(R)/W because its image under the isomor-
phism C*®(R)/W = R™! is the standard basis of R™*".

Let O(R) = {f € C®°(R) | f(—x) = —f(x)} be the set of odd smooth functions and let
E(R) = {f € C*°(R) | f(—x) = f(x)} be the set of even smooth functions. Prove that O(R)
and E(R) are complementary. Prove that C*°(R)/O(R) = E(R). (You might want to find
a way to use the First Isomorphism Theorem.)

Define a map T : C*°(R) — C*(R) by T(f(x)) = %(f(x) + f(—x)). Because function
addition is linear, so is T. A function f is in ker(T) if and only if f(—x) = —f(x), so
ker(T) = O(R). Letting g(x) = %(f(x) + f(—x)), we see g(—x) = g(x), so Im(T) C E(R).
To show E(R) C Im(T), for an f € E(R), note

x\sz

T(f(x)) = %(f(x) 1 f(—x)) = 1

S (F() + F(x)) = F(x),

since f(—x) = f(x). Thus Im(T) = E(R). Then by the first isomorphism theorem,
C*®(R)/O(R) = C*(R)/ker(T) = Im(T) = E(R).

We claim T2 = T. To see this, for f € C*®(R),

200 = (1 T = 1 1
T() = T( () + 5F(—x)) = 3 T(G)) + 5 T(F(—x)
11 11 1
:Ez(f( )-l—f(—X))‘i‘E‘E(f( )+ 1( )):z(f(x)-l—f(—x)):—r(f)-

By problem 3(a), C*°(R) = ker(T) @ ker(T — 1). As argued previously, ker(T) = O(R).
Furthermore, (T—1)(f) = % f(—x)— f(x)),sofls in ker(T—1) if and only if f(—x) = f(x).
Thus ker(T — 1) = E(R), and E(R) and O(R) are complementary in C*°(R).
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Extended Glossary.

As has been shown in class, linear transformations form a vector space. The linear transforma-
tions from a vector space to its underlying field are particularly useful, with many interesting
symmetries.

Definition 1. Let V be a vector space over F. The dual vector space of V is the set of linear
transformations from V to [ and is denoted by V*.

In other words, V* = Z(V, ), which has been shown to be a vector space over [. In what follows,
we will show that when V is finite dimensional, dim V* = dim V by finding a basis of V*.

Theorem 2. Let dimV = n and let vi,vy,...,vpn bea basisof V. For 1 <k < mn, letvi : V — [ be the
linear transformation defined by vi(vi) = 1if i = kand = 0 if i # k. Then the vy, form a basis of V*.

Proof. We first show that the v are linearly independent. Suppose for some 1, ..., 0, € F, xjvi +
-+ + apvy, = 0. This means (x;v] + -+ + anV})(v) = 0 for all v € V. In particular, we have
(x1v] + -+ 4+ an vy ) (vi) = O for all k. But since

(Vi + - 4 anvi ) (Vk) = o Vi (i) + - - - + an Vi (Vi) = o,

o = 0 for all k. Thus the v; are linearly independent.

To show that the v; span V*, let f € Z(V,F). We need to show that f can be written as a linear
combination of the v;. Let o = f(vy) and define g = o;vj + - - - + xnvy;. We will show that f = g.
For all k, we have

gvi) = (oavi + -+ + anvy) (Vi) = vy (vid) + - - + oV (Vi) = o = Fvy).

Since f and g agree on a basis of V, they are the same linear transformation.
We conclude that dim V* = dim V = n and the v} form a basis of V*. ]

In the following result, we show that a linear transformation between vector spaces induces a
linear transformation between their duals.

Theorem 3. Let T : V. — W be a linear transformation. Then the map T* : W* — V* given by
T*(f) = f o T is well defined and is also a linear transformation.

Proof. To show that T* is well defined, we need to show that T*(f) € V* for any f € W*, i.e. T*(f)
is a linear transformation on V. Let v,v;,v; € Vand « € F. We have

TH() (w1 +v2) = F(T(vi +v2)) = F(T(v1) + T(v2)) = £(T(v1)) + F(T(v2)) = T (F) (v1) + T (F) (v2)

T () (ev) = £(T(ewv)) = (T (v)) = «(f(T)(v)) = «T*(f) (v).

Therefore, T* is well defined.
To show that T* is a linear transformation, let f, f;, f, € W* and let & € F. Then we have

T (1 + f2)(v) = (fi + £2)(TOV)) = {1 (TOV) + F2(TV)) = T (F) V) + T(f2) (v) = (T*(f1) + T*(f2)) (v)

T (af)(v) = (af)(T(v)) = «(f(T(v))) = T (f)(v)

forall v € V, as desired. O



