
Two-player games

1. The Number Game. To play the number game, choose any positive whole number n
as your starting position. To make a move, choose a prime number p which divides n.
Then divide n by whatever positive power of p that you like, as long as the result is still a
whole number. For example if n = 12, the valid moves are 3, 2, and 4 (22) resulting in the
positions 4, 6, and 3 respectively. A player loses if n = 1 on the start of their turn, since
this means they have no legal moves left.

(a) Draw the game tree for the number game starting at n = 12? What is the best
strategy for the first player? Who wins the game?

(b) Draw the game tree for the number game starting at n = 36? What is the best
strategy for the first player? Who wins the game?

(c) Does this game feel familiar? Can you relate it to some other game you already know?
Explain.

2. The 15 Game. To play the 15 game, write the numbers 1 through 9 in a line:

1 2 3 4 5 6 7 8 9

Player one is X and player two is O. The players alternate turns. Player one starts by
drawing an X through any unchosen number. Then player two circles an unchosen number.
The game is won when one player has collected three numbers which add up to 15. In this
sample game:

1 2 3 4 5 6 7 8 9.O O X X X O O X
player two has won because 8 + 6 + 1 = 15. Note that having 9 and 6 alone would not be
a win even though 9 + 6 = 15, because you need three numbers which sum to 15.

(a) Can one of the player always force a win?

(b) Are draws possible? Can either player force a draw?

(c) Does this game feel familiar? Can you relate it to some other game you already know?

3. (a) Explain carefully in your own words why, in a 2-player game which always ends and
has no draws, one player necessarily has a winning strategy

(b) What conclusions can you draw from a similar analysis of 2-player games which may
end in draws?

4. (Likely this problem will be raised and answered in class, but in case not, here it is.)

(a) Which player has a winning strategy for ‘chomp’ on a 2 × n board? What is the
strategy?

(b) Which player has a winning strategy for ‘chomp’ on a n × n board? What is the
strategy?



5. In class you saw the ‘strategy stealing’ argument applied to Hex. Which of the following
games is amenable to ‘strategy stealing’ and which are not? Explain.

(a) Nim

(b) Tic-tac-toe

(c) Chomp

(d) Checkers

6. Look up the winning strategy for Nim for example at

http://www.archimedes-lab.org/game_nim/nim.html

Write down a few starting positions at random and work out for each whether the first or
second player has a winning strategy. Search for and read an explanation for about why
the winning strategy for Nim works.
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