Marth 6520 HoMEwORK DUE WEDNESDAY 7 NOVEMBER 2018

1. Let G be a Lie group and M a manifold. Let 6 be a G-action on M, let a be
a point in M, and let G, denote its stabilizer. As usual we write 6(g,a) = ga =
Oq(a) = 0°(g). Prove the following statements.

(@) The map 6°: G/G, — M which sends the coset ¢G, € G/G, to 0°(g) € M
is well-defined and smooth (where G/G, is given the smooth structure
defined in Exercise 4 on the 2 Nov homework).

(b) 0% is an injective immersion and therefore the orbit Ga is an immersed
submanifold of M.

(c) Prove that the following conditions are equivalent:

(i) 67 is a surjective submersion for some a € M.
(if) 6“ is a surjective submersion for all 2 € M.
(iii) 6°: G/G, — M is a diffeomorphism.

Under any of the equivalent conditions in (c) we call M a homogeneous space or
homogeneous G-space. We can reformulate the result of (c) as follows: if X is any
set equipped with a transitive G-action such that the stabilizer G, of any point
x € X is closed, then there is a unique smooth structure on X which makes X a
homogeneous G-space.

2. Let F = R, C, or H. We equip F" with the standard Hermitian inner product

{u,v) = u'v = Zlfﬂ u;vj. This is a biadditive map (:,-): F* X F* — F with the
following properties: forall u, v € F* and forall A, y € F,

@) (uA,op) =A"(u, o)y,

(i) (v, u) =(u,v)",

(iif) (u, u) > 0 with equality only for u = 0.

(Here A — A" denotes conjugation in the skew field F. We have A = A* if and only
if A is real, so the quantity (u, u) is real for all u.)

A k-frame in F" is an ordered k-tuple of linearly independent vectors in F". We
denote the set of k-frames in F" by Fri(F"). A k-frame x is called orthonormal if
(xi,xj) = 0;jfori, j =1,2,.., k. The set of orthonormal k-frames in F" is called
a Stiefel manifold and denoted by Vi (F"). The main purpose of this exercise is to
show that the Stiefel manifold is a manifold.

(a) Identifying a k-frame (x1, x2, ..., xx) with the matrix x € M, (F) whose
columns are x1, xo, . . ., Xx, show that Fr(F") is open in M,k (F).

(b) Show that a k-frame x is orthonormal if and only if x*x = 1, the k X k-
identity matrix.

(c) Show that the Stiefel manifold Vi (F") is a compact submanifold of Fry(F").
(Define a suitable action of the unitary group U(n, F) on Fry E one of whose
orbits is the Stiefel manifold.)

(d) Show that the Stiefel manifold Vi (F") is diffeomorphic to U(n, F)/K, where
K is a closed subgroup of U(n, F) isomorphic to U(n — k, F).

3. Let m: E — B be a smooth real vector bundle. Let ¢ € I'(E) be a smooth
section satisfying d(bg) = 0 for a certain by in B. Show that ¢ can be written as
o= Zle fio; with o; € I'(E) and coefficients f; € C*(B) satisfying f;(bo) = 0. (Here
p is not necessarily equal to the rank of E.)



