MATH 321 Manifold(sI]a:l)nd Differential Forms

Homework 10 Solution

Due December 9, 3:00 p.m.

10.1 (3 points)

(i) Proof: [,,, o= [,,da = [,, dvdy — dydx =2 [, dvdy = 2(surface area
of M). O

(ii) Solution:
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(iii) Solution: faMoz = fM da = fM __, dz = n(Volume of M). O
10.3 (6 points) Proof:
(i)
g
df (xdg) = Z 5] —du;)

0f 09 ‘
Z@x 01‘de *d:z;J)

:Zaf agd
i@x@x,

= (grad(f) - grad(g))u




(i)

d(xdg) = d(z gjl (xdz;))

= Z (edaz;) + gjid(*dxi)]
= Z Z 5 a%dr] (#dz;)]
= Z e gda: = (Ag)u
O
(iii) d(f(xdg)) = df (xdg)+ fd(xdg) = (gradf -gradg)u+ f(Ag)p = (gradf -
gradg + fAg)u. O
(iv) four F(xdg) =[5, d(f(xdg)) = [y, (gradf-gradg)p+f(Ag)u = D(f,g)+
Ju (ng) [
V) Jor(f(xdg) — g(xdf)) = 9)+ [y (FAQ = D(f,9) — [y, (gAf)u =
Ju (fﬁg gAf)p. O

(vi) LHS= [, (f(gradg)—g(gradf)) mpuant = [y, (f(*dg)—g(xdf))u, since
gradg - nusy = *dg and gradf - nugy = *df. To see this, note by Corollary

9.11, pop = n - (xdx). So if we let n = (vq,- -+ ,v,), then we have

gradg - nusy = (gradg - np)(n - (xdz))
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= xdg

10.4 (6 points)

(i) Proof: By Corollary 9.11, pgp = n - (*dx). This is the restriction of v
to OB, where v is as in Exercise 9.5(ii). So A,(R) = faB UoB = fan|33. O

(i) Proof: V,( fo faB pap,dr = fo An(r)dr, where B, stands for the

ball with radius r. The first equahty is 1ntu1t1vely true and can be rigorously

2



proved if you know the definition of Riemann integral. We shall not present
a formal justification here, but will take it for granted henceforth. Therefore,
we have dV,(R)/dR = A,(R). By change of variable formula, we can deduce
V.(R) = R"V,. So A,(R) = dV,(R)/dR = nR"'V,. In particular, for
R =1, we have A, = nV},. So A,(R)/A, = nR" 'V, /nV, = R""'. Hence
A.(R)=A,R"". O

(iii) Proof:

/MB_/ dr an uaB_/ F(r)An(r)dr = A /ORf(r)rn—ldr

U
(iv) Proof: Let f(r) = e, we get by (iii)
2 R 2
/ e up = An/ r" e dr
B 0
Let R — oo, we get [5, e dr = A, fooo e r"~1dr. Note
LHS = H/ e dx; = (/ e dr)"
P -
we are then done. O
(v) Solution: By problem 2.6 (iii), and above (iv)
1 _14+n-1 1
= AT Ty 4 ST(n)2
) )
So, A, = 272 /T(n/2). For n=2m, by 2.6(ii), Az, = 27™/T(m) = 27™/(m —
1)!. For n=2m+1, by 2.6(i),
2m+1ﬂ.m
Agpny1 =
T35 (2m— 1)
U
(vi) Solution: By A, = nV, and (v) above, we get the formula for V,,. O
(vii) Proof: Proved in (ii). O
(viii) Solution: We just use the formula in (v) and (vi) to fill out the
table. O



(ix) Solution: All the limits are zero. To see this, instead of using Stirling’s
formula, we choose to use the formulas developed in (v) and (vi), which is
easier. E.g., to show lim,, ., A,, = 0 when n=2m,
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The first three terms are greater than 1. All the other terms are smaller than
1, and get smaller and smaller. So Ay, — 0 as m — oo. Other case can be
proved similarly. O

11.6 (2 points) Proof: We parametrize ¢x by ¢x = tx, where t € [0, 1], then

/cx ‘- /o1 C*(igidf“” - z:: /Olgi(tx)l’idt = z:: z; /Olg,»(tx)dt —3

]
11.7 (3 points)
‘a = f(tx)d(tz;,) - d(tz;,)
= f(tx)(a:il dt + tdaﬁ,’l) et (l’,kdt + tdl’,k)
k
= f(tx)() ¥ g, e (2, dt) - day, + tday)
m=1
So
k 1
kd*a = f(tx)tk_lximdt(—1)m+1d:z;,'l ceeddy, e da,
10
k ! 1
= (—1)m+1(/ f(tX)tk_ldt).fL‘imdiEil s di‘,m e d:l?,k
m=1 0
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