MATH 321 Manifold(sI]a:l)nd Differential Forms

Homework 7 Solution

Due October 26, 3:00 p.m.

5.9 (4 points)
(i) Proof: By 5.8 (ii),

det A

=det AT

= Z 51gn(0)ag(1),1 - - - Go(n)n
oESy

= Z sign(o)ayy ... o) + Z s1gn(0)ae),1 - - - Ao(n)n
0€Sn,o(1)=1 0E€Sn,a(1)#£1

By condition, a1y, = 0 if o(1) # 1. So

det A = ay; Z s1gn(7T)ar(2)2- - - Ar(n)n = @11 det Ayq

TESH_1

The last equality is by 5.8 (ii) again. O

(ii) Proof: We let A = (aj,a3,...,a,) and e = (0,...,0,1,0,...,0)T
where 1 only appears in the j-th slot. Note a5 = (ayj,...,a,;)T = 3., ai;e5,
we then by the multilinearity of the determinant function,

det A

:5 a;jdet(ag,... €5 ...,an)
J
1 a;r ... Qi1 Qi41 ... Qin

= Z aij(_l)i-H 0 Aij
= Z ai]‘(—l)H—j det A,’j

The last equality is by part (1). O



5.10 (4 points) Proof: First observe that det A is a polynomial of degree
n-1 and if #; = z; where 1 # j, then we have det A = 0. So det A must
have facotrs of the form (z; — x;) where ¢ # j. Hence det A is the product of
Hi;éj(x,' — ) and a polynomial Q. By counting the combinations, we see ()
has degree of 0. And finally it’s easy to see Q is 1. O

5.11 (4 points) Solution:

P*dx = cos ¢ cos Bdr — r sin ¢ cos de — r cos ¢ sin Odb
P*dy = cos ¢sinBdr — rsin ¢ sin 8d¢ + r cos ¢ cos Hdb
P*dz = sin ¢dr + r cos ¢pdo
P*(dzdy) = r cos® ¢pdrdf + r? sin ¢ cos pdfde
P*(dydz) = rsin 8dédr + r cos ¢ sin ¢ cos 8dfdr + r* cos® ¢ cos Bddr
P*(dzdz) = r cos fdrdf — rsin ¢ cos ¢ sin §dfdr — r? cos® ¢ sin §dfd¢p
P*(dxdydz) = r* cos ¢p[cos® ¢ + rsin® @|drdfde

O

6.2 (4 points)

() Proof: da = (dlxl|) S zider = allxl*=2(5, ada) (5 wads) =
ol [x|[*72 32, wirsdeide; = o[x|[*7? 30, (wiw; — xjai)deide; = 0 O

(ii) Solution: Let ¢(t) = (1 — ¢)x where ¢ € [0,1]. Then g(x) = [ a =
Jo L =t)x][* S0, —(1—t)a2dt = —||x||>+* [ (1—t)**1dt. So to let g(x) be
well-defined, a +1 > —1, i.e. @ > —2. And in this case, g(x) = ||x|]***/(a +
2). O

(iii) Proof: For o > —2, fo —t)*tdt = —1/(a + 2), and d||x|[*** =
(a + 2)||x||* > xidx;. So dg—a O

6.3 (4 points)
(1) Solution: ¢(t) = tx where t € [1,00). Then g(x) = fcx |x||* >0, vide; =
St x| S0 takdt = ||x||*t? [ t*tidt. So let g be well-defined, a + 1 <

—1,ie. a < —2, and hence g(x) = —||x||**?/(a + 2). O
(i) Solution: Tedious computation. (Omitted) O
(iii) Solution: Let o = —3, then o = ||x||7* Y, zidz; is Newton’s gravita-

tional force, and g(x) = 1/||x|| is the corresponding potential energy. O



