MATH 321 Manifold(sI]a:l)nd Differential Forms

Homework 8 Solution

Due November 8, 3:00 p.m.

6.5 (4 points) Solution:
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(i1) Assume there is such a nice 6, then we would have cosfdsinf —

sinfdcosf = df. Meanwhile, by (6.1) in the notes, LHS=a. So we get

a = df, which means « is exact. This is a contradiction. O
6.7 (4 points) Solution:

(1)

1 T =1 = t)der (1 — ) + e (1 — t)dea(1 — #)
e /o Al —t)+(1-1)
-1 /1 —e(1 =) (1 =)+ (1 —1)cy(1 — 1)

dt

27 Al —t)+c3(1-1)
1T =e(s)e(s) +als)d(s), )
“w) T d9tdls W
- —W.

— K



The geometric intuition is that this new closed curve is still the same curve,
except the orientation is reversed. O
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The geometric intuition is that this new curve is the old curve amplified,
without crossing with the origin. O

(iii) This is reduced to (i), by setting p = 1/||e(?)||. So We=W.=k. O
(iv)
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The geometric intuition is that the new curve is obtained by reflecting c(t)
with respect to the diagonal line of the plane. O

(v) Let p(t) = 1/]|e(t)]|?, then ¢ = p(¢)(c1, —c2). So
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The geometric intuition is that the old curve is flipped with respect to the
y-axis and meanwhile amplified. O

6.11 (4 points) Proof: We let g(t) = fot f(s)ds — At, where A\ = fol f(s)ds.
Then it’s easy to check ¢(t) is the desired function. O

7.7 (4 points) Solution:
(i) We let o = g, then da =gradg - dx.

(i1) We let a = fdx + gdy, then da = %dydw + %d:{;dy = (g—z — %)d:{;dy.

(i) Let @ = F - (xdx), then da = d(zi(—l)”_iFid;ﬁl cedZyee o dey) =
> O o+ - dx, =divFdz.
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(iv) Let a = ), Fidx;, then it’s easy to check da =curlF - (xdx).



8.2 (4 points) Proof: First of all, we need to clarify the problem. It’s
restated as follows: let (vy,Va,...,vyn) be a basis of an n-dimensional vector

space V, and (Ay, Az,...,A,) be the dual basis of V*. Let A be an n x n

invertible matrix. Then
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is a new basis of V. We want to find out the dual basis (A],..., ).
By definition, A}(v}) = d;;. But by the linearity of A} and the above

representation of v in terms of original basis (v1,..
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This means, if we let B = (b;;) = (M\(v;)). Then BAT = I,4,. So B =

(AT)=1 = (A~HT. Meanwhile,
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